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We propose an alternative scenario for the axion misalignment mechanism based on the nontrivial
interplay between the axion and a light dilaton in the early universe. Dark matter abundance is still sourced
by the initial misalignment of the axion field, whose motion along the potential kicks the dilaton field away
from its minimum, and dilaton starts to oscillate later with a delayed onset time for oscillation and a
relatively large misalignment value due to the kick; eventually the dilaton dominates over the axion in their
energy densities, and the dilaton is identified as dark matter. The kick effect due to axion motion is the most
significant if the initial field value of dilaton is near its minimum; therefore, we call this scenario the axion
“free-kick” misalignment mechanism, where the axion plays the role similar to a football player. Dark
matter abundance can be obtained with a lower axion decay constant compared to the conventional
misalignment mechanism.
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I. INTRODUCTION

Ultralight scalars are ubiquitous in particle physics; they
can play various important roles in solving the strong
CP problem [1–4], attempting to solve the cosmological
constant problem [5], generating dark matter (DM) relic
abundance [6–8], explaining matter-antimatter asymmetry
[9], driving inflation [10,11], and selecting the weak scale
in the early universe [12]. (See, e.g., [13,14] where the
hierarchy problem of the weak scale and the strong CP
problem are solved jointly.) Ultralight scalars can also arise
from string theory [15] and lead to various interesting
phenomenological consequences [16]. In recent years,
ultralight scalars are under extensive phenomenological
and experimental scrutinies (see Refs. [17,18] for reviews).
Given the richness of possible ultralight scalars, there might
be nontrivial interplay between them that can change the
conventional picture.
In the conventional misalignment mechanism [6–8], the

DM abundance is produced in the early universe due to the
initial misalignment of scalar field value away from its
minimum. When the time-dependent Hubble parameter
drops below the scalar mass, the scalar field starts to
oscillate, and its energy density redshifts as nonrelativistic

matter as the universe expands. The dynamics of scalar
misalignment crucially depends on the initial condition, the
shape of the scalar potential, and interactions between the
scalar and other particles. Along these directions, one can
possibly modify the conventional misalignment mecha-
nism, and there has been significant progresses in recent
years, especially for axions or more generally axionlike
particles (ALPs). Several novel and interesting scenarios
are discussed in Refs. [19–29]. On the other hand,
identifying new scenarios of scalar misalignment with
interesting phenomenology is still an ongoing endeavor.
In this paper, we propose a new alternative to the

conventional axion misalignment mechanism [6–8] and
several others [19–29]. Our scenario is based on the
interactions between an axion and a light dilaton if the
sector relevant for the axion is UV completed into a scale
invariant theory, whereas at low energy scale invariance (or
conformal symmetry) is nonlinearly realized by the dilaton
field [30–32]. In this work, we do not distinguish axion
from ALPs, and dilaton in general means an ultralight
scalar field with dilatonic couplings (i.e., a dilatonlike
particle). In particular, we consider that the axion mass is
larger than the dilaton mass, and we assume zero initial
velocities for both the axion and the dilaton. In our
scenario, the DM abundance is still initially sourced by
the axion misalignment away from the minimum of axion
potential. Therefore, only the initial axion energy density is
nonvanishing, whose value is the same as in the conven-
tional misalignment mechanism for any fixed values of
axion mass, decay constant, and initial axion field value.
When the Hubble parameter drops below the axion mass,
axion starts to oscillate first, whose motion kicks the dilaton
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away from its minimum. Here, the axion plays a role
similar to a football player. Later on, when the Hubble
parameter drops below the dilaton mass, dilaton starts to
oscillate with a relatively large (but still order one) field
value due to the axion kick and a delayed onset time for
oscillation. Eventually, dilaton dominates over axion in
their energy densities, and dilaton is identified as cold DM.
The key points of our mechanism are depicted in Fig. 1,
where the kick effect is most efficient if initially the dilaton
is trapped near its minimum. In this case, we call it the
axion “free-kick” misalignment mechanism. Otherwise,
DM abundance is also partially sourced by the initial
dilaton misalignment, the kick effect is less efficient.
Notice that the “kick” effect on ultralight scalars can also
be induced by their interactions with other particles in the
thermal bath [33]. In this work, we propose the general
mechanism and find a particular realization using a light
dilaton.
As wewill justify, due to the interplay between axion and

dilaton, the dark matter abundance can be reproduced with
a lower axion decay constant fθ in our scenario, which is
interesting for all the axion detection experiments.

II. SETUP

We consider a scenario where the axion theory is UV
completed into a scale invariant theory, whereas at low
energy scale invariance is nonlinearly realized. In the
broken phase, the theory can be formally promoted to a
scale-invariant one using the Weyl compensator [34,35]

χ ¼ Fχ̂ ¼ Fe
σðxÞ
F ; ð1Þ

where σ is the dilaton field with F being its decay constant.
For example, scale invariance is formally broken if there is
a dimensionful scale or mass f in the theory, as f → eΔf
under scale transformation, where Δ is a proper parameter.
However, one can dress the Weyl compensator χ̂ on f such
that the combination fχ̂ is invariant under scale trans-
formation. The dilaton realizes the scale invariance non-
linearly, since rescaling the dimensionful parameter f is
equivalent to shifting the σ field value, i.e., under scale
transformation σ → σ − FΔ such that fχ̂ is invariant.
Notice that the dilaton σ and the Weyl compensator χ̂
are completely analogous to the pions π and the pion matrix

U ¼ ei
πðxÞ
fπ in the conventional chiral Lagrangian, which are

used to realize the chiral symmetry nonlinearly.
In this work, we study the interactions between dilaton σ

and axion θ from the viewpoint of effective theories.
Following the previous considerations, we have

L ¼
ffiffiffiffiffi

jgj
p

�

f2θχ̂
2

2
ð∂μθÞ2 þ

1

2
ð∂μχÞ2 − Vðσ; θÞ

�

; ð2Þ

where the axion decay constant fθ breaks scale invariance
explicitly, nevertheless the combination fθχ̂ is formally
scale invariant. One can recover the conventional
axion kinetic term by taking the limit χ̂ → 1. As in the
conventional case, we assume a radiation-dominated
Universe with the flat FRW metric g ¼ diagð1;−RðtÞ2;
−RðtÞ2;−RðtÞ2Þ [where the scale factor is denoted as RðtÞ],
hence

ffiffiffiffiffijgjp ¼ RðtÞ3.
The full potential Vðσ; θÞ consists of the dilaton potential

VðσÞ and the axion potential VðθÞ, i.e.

Vðσ; θÞ ¼ VðσÞ þ χ̂4VðθÞ
¼ VðσÞ þm2

θf
2
θχ̂

4ð1 − cos½θ�Þ; ð3Þ

where mθ and fθ are the mass and decay constant of axion.
Both mθ and fθ break scale invariance explicitly, but the
combination m2

θf
2
θχ̂

4 is formally scale invariant. Similar to
the axion kinetic term, here the usual axion potential is
recovered when χ̂ → 1. In this work, we keep the values of
mθ and fθ being general, while they have to satisfy the
constraintm2

θf
2
θ ∼ ð80 MeVÞ4 for QCD axion. In this work,

we keep the origin of dilaton potential agnostic, it in
general can take the form of

VðσÞ ¼ λF4

�

−
4

4 − ϵ
χ̂4−ϵ þ χ̂4

�

þ λF4
ϵ

4 − ϵ

¼ λF4

�

−
4

4 − ϵ
eð4−ϵÞσF þ e4

σ
F

�

þ λF4
ϵ

4 − ϵ
; ð4Þ

where the parameter λ controls the overall magnitude of the
dilaton potential, and ϵ > 0 parametrizes the explicit
breaking of scale invariance, i.e. the operator F4χ̂4 is

FIG. 1. Cartoon of the axion free-kick misalignment mecha-
nism. We consider the case where axion is heavier than dilaton,
such that axion starts to oscillate first. The motion of axion θ
along its potential kicks the dilaton σ away from its minimum
through the kick term denoted asKðθÞ, where axion plays the role
similar to a football player. Later on, the dilaton starts to oscillate
with a relatively large field value due to the axion kick and a
delayed onset time for its oscillation. Eventually, dilaton energy
density dominates and redshifts as cold dark matter.
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formally scale invariant while the operator F4χ̂4−ϵ breaks
scale invariance explicitly. The constant term λF4 ϵ

4−ϵ
breaks scale invariance as well, it is added such that
VðσÞ ¼ 0 when σ ¼ 0. Roughly speaking, the dilaton
potential is of order λF4, which might dominate over the
axion potential, whose magnitude is of order m2

θf
2
θ, or vice

versa. The minimum of VðσÞ corresponds to hχ̂i ¼ 1 (or
equivalently hσi ¼ 0). Accordingly, the global minimum of
Vðσ; θÞ corresponds to hσi ¼ 0 and hθi ¼ 0 mod 2π. The
masses of dilaton and axion are m2

σ ¼ 4ϵλF2 and m2
θ,

respectively. It is natural to require that F ≥ fθ, since scale
invariance is necessarily broken once Peccei-Quinn (PQ)
symmetry is broken. Nevertheless, since λ and/or ϵ can be
small, the dilaton can be very light; see, e.g., [36–38] on
how to naturally obtain a light dilaton.

III. MECHANISM

The equations of motion of θ and σ can be worked out
straightforwardly. In particular, θ and σ are assumed to be
spatially homogeneous and only time-dependent. The
equations of motion are

θ̈ðtÞ þ
�

3H þ 2

F
_σðtÞ

�

_θðtÞ þm2
θe

2
σðtÞ
F sin ½θðtÞ� ¼ 0; ð5Þ

and

σ̈ðtÞ
F

þ
�

3H þ _σðtÞ
F

�

_σðtÞ
F

þm2
σ

ϵ
e2

σðtÞ
F ð1 − e−ϵ

σðtÞ
F Þ

þ 4
m2

θf
2
θ

F2
ð1 − cos½θðtÞ�Þe2σðtÞF −

f2θ
F2

_θðtÞ2 ¼ 0: ð6Þ

There is nontrivial interplay between the evolution of axion
and dilaton. As seen in Eq. (5), the dilaton velocity and
dilaton field value effectively change the Hubble friction
and mass for the axion, respectively. If _σðtÞ > 0 while
σðtÞ < 0, the effective Hubble friction for the axion is
increased and the effective mass of the axion is decreased,
so the onset of axion oscillation is delayed in this case. As
seen in Eq. (6), the motion of axion can also backreact to
the evolution of dilaton via the kick term

KðθÞ ¼ 4m2
θf

2
θð1 − cos½θ�Þe2σðtÞF − f2θ _θ

2

F2
; ð7Þ

which kicks the dilaton even when the dilaton is sitting at
the minimum of VðσÞ. Notice the kick term does not vanish
as long as the axion field is not sitting in the minimum of
VðθÞ and it is efficient without the exponential suppression
from the dilaton, for example, when σ ∼ 0.
The dynamics of misalignment depends on the masses

and initial conditions. If mσ > mθ, the dilaton just starts to
oscillate first if the initial misalignment is not zero and then
settles in the minimum afterwards. In this case, there is

almost no interplay between axion and dilaton; the oscil-
lation of the axion would be the same as in the conventional
scenario, despite the fact that the dilaton may still dominate
the energy density due to its large mass. Therefore, we only
consider mθ > mσ instead. For simplicity, we also assume
that the velocities are zero for both the axion and dilaton at
initial time ti, i.e., _θðtiÞ ¼ _σðtiÞ ¼ 0. The axion free-kick
mechanism is efficient when the initial misalignment of the
axion is nonzero while that of the dilaton is zero, i.e.

θðtiÞ ∼Oð1Þ; σðtiÞ ≃ 0: ð8Þ

Notice that σðtiÞ ≃ 0 can be dynamically realized if the
effective dilaton mass is enhanced during inflation, such
that, if the effective dilaton mass is larger than the infla-
tionary Hubble scale, the dilaton field value is relaxed to
zero naturally. Similar idea was proposed in Ref. [39] to
dynamically realize a small initial axion misalignment
value. In the case of Eq. (8), only the initial axion energy
density is nonzero, which sources the DM abundance;
otherwise, the DM abundance is sourced by both the initial
misalignment of the axion and the dilaton, and the kick
effect can be less important even though it does not vanish.
For example, when mθ > mσ while σðtiÞ=F ∼Oð−1Þ, the
onset of axion misalignment is delayed due to the dilaton-
dependent exponential suppression for the effective axion
mass, this is different from the conventional axion mis-
alignment scenario. However, the kick effect is also sup-
pressed due to the same exponential factor. We find
numerically that the total DM abundance is also enhanced
with dilaton dominance, but a detailed analysis is beyond
the scope of this work.
Despite the fact that DM abundance is still initially

sourced by axion misalignment, the role of axion in our
scenario is different from other previous scenarios, which
makes our mechanism distinct. When the Hubble parameter
H drops below the axion mass mθ, axion starts to oscillate
and kicks the dilaton away from its minimum via KðθÞ in
Eq. (7); here axion plays the role similar to a football
player. Through the kick, axion transfers its energy density
to dilaton. When the Hubble parameter is still above the
dilaton mass mσ, the dilaton misalignment gets accumu-
lated until the onset of its oscillation, which happens when
the Hubble drops below the dilaton mass. The amount of
dilaton misalignment at the onset of its oscillation is
determined by the kick effect, which is more significant
if the ratio mθ=mσ is bigger. Moreover, a smaller mσ also
delays the onset of oscillation. After the onset of dilaton
oscillation, its energy density dominates over that of the
axion and it redshifts like matter. Eventually, we will have
dilaton DM in our scenario.
The time evolution of axion and dilaton in our mecha-

nism is depicted in the upper panel of Fig. 2, which is
shown by the blue and red lines, respectively. For com-
parison, the motion of axion (with the same mass and decay
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constant) in the conventional misalignment mechanism is
also shown by the magenta line. For convenience, here and
in the following, we use the dimensionless dilaton field,
which is defined as σ̄ ≡ σ=F.

IV. DARK MATTER ABUNDANCE

The energy densities of the axion and the dilaton are

ρθ ¼
f2θχ̂

2

2
_θ2 þ χ̂4VðθÞ; ð9Þ

and

ρσ ¼
1

2
_χ2 þ VðσÞ; ð10Þ

respectively. The total energy density is given by
ρ ¼ ρθ þ ρσ, it is useful to define the redshift-invariant

quantity ρ=s, where sðTÞ ¼ 2π2

45
geffT3 is the entropy density

and RðTÞT ¼ constant. We fix geff ∼ 100 throughout the
calculation, but the result does not crucially depend on the
chosen value of geff . The comoving energy densities ρθ=s
and ρσ=s are shown in the lower panel of Fig. 2, where ρθ=s
is shown by the blue line, and ρσ=s is shown by the red line.
For comparison, we also include the axion comoving
energy density (with the same axion mass and decay
constant) in the conventional misalignment mechanism,
which is shown by the magenta line. The observed
comoving DM energy density is indicated by the dashed
horizontal line, which is ρobs=s ≃ 0.45 eV. The numerical
values of mθ, fθ, mσ , and F are chosen only as a bench-
mark. One can easily see from Fig. 2 that, for any fixed
values of ðmθ; fθ; θiÞ, the final DM abundance is enhanced
in our free-kick scenario compared to the conventional one.
It is useful to understand more quantitatively how much

the DM abundance can be enhanced. The DM abundance is
determined by the misaligned field value of dilaton and the
time at the onset of its oscillation, which in turn depend on
the axion kick effect and the dilaton mass, respectively. As
a result, the DM energy density in our scenario ρσ versus
that in the conventional misalignment scenario ρconθ is
roughly

ρσ
ρconθ

∼
�

mθ

mσ

�

1=2
�

fθ
F

�

2

ð1 − cos θiÞ ð11Þ

up to an overall coefficient which will be determined
numerically. The details which give rise to the above
equation are collected in the Supplemental Material [40].
It suggests that, for any fixed values of ðmθ; fθ; θiÞ, DM
relic density is more enhanced when mσ and F are smaller.
The reasons are twofold: first, the onset of dilaton oscil-
lation gets delayed with a smaller mσ; second, the kick
effect is more significant in the same limit.
We examine the axion free-kick misalignment in the

QCD axion scenario, which is strongly motivated as a
solution to the strong CP problem [1–4]. We consider the
nontrivial temperature dependence of the QCD axion mass
[41–49] above the scale of QCD phase transition
ΛQCD ∼ 100 MeV. Besides, the QCD axion mass and
decay constant are related roughly as m2

θf
2
θ ∼ ð80 MeVÞ4.

For simplicity, we consider the dilaton mass
mσ < HðΛQCDÞ ∼ 10−11 eV, such that the dilaton starts
to oscillate after QCD phase transition; the other case, i.e.,
mσ > HðΛQCDÞ ∼ 10−11 eV, is left for future work. The
parameter space of the QCD axion and the dilaton is shown
in Fig. 3. Assuming θðtiÞ ≃ 1, DM is overproduced for
fθ ≳ 1012 GeV in the conventional misalignment mecha-
nism [41–44]; see the upper gray-shaded region. When
fθ ≲ 1012 GeV, the QCD axion does not constitute all the
DM, we compute the value of F=fθ for each ðmσ; mθÞ such
that ρσ=ρconθ ¼ 1; see the dashed contours in the unshaded

FIG. 2. Time evolution of dimensionless axion θ and dilaton
σ̄ ≡ σ=F field values (upper panel) and their energy densities
normalized with the entropy density s (lower panel), where the
axion and dilaton in our free-kick misalignment mechanism are
shown by the blue and red lines, respectively. As a benchmark,
we choose parameters mθ ¼ 10−2 GeV and fθ ≃ 7 × 1011 GeV
for the axion mass and decay constant, while the dilaton mass and
decay constant can be read off through the relations mσ=mθ ¼
10−2 and F=fθ ¼ 4. The axion in the conventional misalignment
mechanism with the same mθ and fθ is denoted as θcon, whose
evolution is described by the magenta line. The observed value of
comoving DM energy density is shown by the dashed line
(lower panel).
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region. Using Eq. (11), one can estimate how much ρσ is
enhanced compared to ρconθ with lower values of F. The
stellar cooling bound from SN1987A [50–55] is illustrated
as the lower gray-shaded region. Although our free-kick
mechanism is very different from the axion kinetic mis-
alignment mechanism [19,21], a similar lowered axion
decay constant can be realized.

V. DISCUSSION AND OUTLOOK

In this paper, we propose a new mechanism called the
axion free-kick misalignment mechanism, where DM
abundance is produced due to the initial misalignment of
the axion, but the axion itself is not identified as the main
component of DM. Rather, the motion of axion kicks the
other ultralight scalar field in the setup, which in this work
is the dilaton. Eventually, the dilaton starts to oscillate, and
at the onset of oscillation, the misaligned dilaton field value

can be calculated from the kick effect. We find that the
dilaton dominates over the axion in the DM energy density,
and total DM abundance today is enhanced compared to the
conventional misalignment mechanism, despite the fact
that the initial energy densities are the same in our scenario
and the conventional scenario. One future direction is to
perform the current analysis more systematically and
precisely.
Dilaton phenomenology is also important to confirm or

exclude our mechanism. Here we predict a dilaton whose
mass is lower than that of an axion but with a larger decay
constant. See, e.g., Refs. [56–58] for discussions on dilaton
phenomenology. Furthermore, similar to pions or axions,
precision measurements of dilaton couplings can also shed
light on UV physics based on the anomaly matching
argument. Anomalous couplings in the effective theory
of dilaton can also change the conventional picture phe-
nomenologically [59]. See also [60,61] on the interplay
between axion and dilaton in cosmology.
Last but not least, we see the possibility that the

cosmological constant (CC) problem can be solved with
a dilaton-like particle in the paradigm of cosmological
naturalness, where the nonvanishing CC can induce a scale-
invariant potential for the dilatonlike particle, which might
be used to select the value of CC in the early universe.
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