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The recent BESIII data on J=ψ → γðKSKSπ
0Þ, which is significantly more precise than earlier

ηð1405=1475Þ-related data, enables quantitative discussions on ηð1405=1475Þ at the previously unreach-
able level. We conduct a three-body unitary coupled-channel analysis of experimental Monte Carlo
outputs for radiative J=ψ decays via ηð1405=1475Þ: KSKSπ

0 Dalitz plot distributions from the BESIII,
and branching ratios of γðηπþπ−Þ and γðγπþπ−Þ final states relative to that of γðKK̄πÞ. Our model
systematically considers (multi)loop diagrams and an associated triangle singularity, which is critical
for making excellent predictions on ηð1405=1475Þ → πππ line shapes and branching ratios. The
ηð1405=1475Þ pole locations are revealed for the first time. Two poles for ηð1405Þ are found on different
Riemann sheets of the K�K̄ channel, while one pole is found for ηð1475Þ. The ηð1405=1475Þ states are
described by two bare states dressed with continuum states. The lower bare state would be an excited η0,
while the higher one could be an excited ηð0Þ, hybrid, glueball, or a mixture of these. This work presents the
first-ever pole determination based on a manifestly three-body unitary coupled-channel framework applied
to experimental three-body final state distributions (Dalitz plots).

DOI: 10.1103/PhysRevD.107.L091505

I. INTRODUCTION

The nature of isoscalar pseudoscalar meson(s) in the
1.4–1.5 GeV region, ηð1405=1475Þ, has been controver-
sial. On the experimental side, two different states seem to
work for KK̄π final states produced in π−p scattering [1,2],
pp̄ annihilations [3], and radiative J=ψ decays [4,5].
However, only one resonant peak, whose position is
somewhat process dependent, is observed in the following:
ηππ final states in pp̄ annihilation [6] and J=ψ decays
accompanied by γ [7–9] and ω [10]; KK̄π and ηππ final
states in γγ collisions [11]; and γρ0 final states in radiative
J=ψ decays [9,12,13] and pp̄ annihilation [6]. These data
are statistically limited, allowing various theoretical
descriptions. In particular, whether ηð1405=1475Þ is one
or two states remains as a major puzzle.
The quark model predicts only one state, a radially

excited η0ð958Þ, in this energy region, and the ideal
mixing (ss̄) [14,15] seems consistent with a lattice QCD

(LQCD) [16]. To accommodate two states, ηð1405Þ was
proposed as a glueball [17]; however, it is disfavored by
LQCD predicting a significantly heavier mass [18–22]. The
ηð1405=1475Þ couples to quasi-two-body channels such as
K�K̄ and a0π, which further decay to three-body channels
such as KK̄π and ππη, forming a complicated coupled-
channel system. In addition, a kinematical triangle singu-
larity is caused by the coupled-channel dynamics and plays
an important role [23–26]. Thus, a sophisticated coupled-
channel analysis of high quality data has been long-awaited
to determine the nature of ηð1405=1475Þ.
The recent high-statistics BESIII experiment provides

a good opportunity to improve our understanding of
ηð1405=1475Þ. They collected ∼1010J=ψ decay samples
and conducted an amplitude analysis on J=ψ→ γðKSKSπ

0Þ
[27]. Their bin-by-bin analysis of the KSKSπ

0 invariant
mass extracted a JPC ¼ 0−þ contribution. Then, their
energy-dependent analysis identified two ηð1405=1475Þ
states with a high statistical significance and determined
their Breit-Wigner (BW) masses and widths. However, the
BW amplitude does not respect the unitary and is therefore
not suitable in situations where more than one resonance
are overlapping and/or a resonance is close to its decay
channel threshold [28]; the situations apply to ηð1405Þ and
ηð1475Þ that are overlapping, and ηð1405Þ being close to
the K�K̄ threshold. Thus, an important issue is to determine
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the ηð1405=1475Þ pole locations, which can be achieved by
analytically continuing a unitary coupled-channel J=ψ
decay amplitude fitted to the BESIII data.
Another puzzling issue is a large isospin violation in

ηð1405=1475Þ → πππ [29]. An explanation has been pro-
posed in Refs. [23–25]: the K�K̄K-loop mechanism
involving a triangle singularity significantly amplifies the
isospin violation due to the mass difference between K�

and K0. Now, the issue is to confirm this explanation by
examining whether the three-body unitary coupled-channel
model fitted to the recent BESIII data [27] can also
consistently describe line shapes and branchings of the
three-pion final states; the triangle singularity mechanism is
automatically included in the unitary framework.
In this work,1 we conduct a coupled-channel analysis of

radiative J=ψ decays via ηð1405=1475Þ. Our three-body
unitary coupled-channel model is fitted to KSKSπ

0 Dalitz
plot distributions from the BESIII Monte Carlo (MC)
simulation [27], as well as to branching fractions of
ηπþπ− and ρ0γ relative to that of KK̄π. The model will
clarify the main ηð1405=1475Þ decay mechanisms and
predict ηð1405=1475Þ → ηππ; πππ line shapes and branch-
ings. The analysis addresses three major puzzles regard-
ing ηð1405=1475Þ:

(i) Process-dependent line shapes of ηð1405=1475Þ
decays.

(ii) Large isospin violation in ηð1405=1475Þ → πππ.
(iii) One or two states of ηð1405=1475Þ, equivalently,

pole structure.

II. MODEL

Our three-body unitary coupled-channel model is pri-
marily based on the formulation in Refs. [31,32]. Similar
three-body unitary formulations were presented recently
[33–35]. A notable extension here is to consider charge-
dependent particle masses for describing the isospin
violations. Thus, a radiative J=ψ decay amplitude2 via
ηð1405=1475Þ excitations is diagrammatically represented
in Fig. 1(a) and given by

Aγabc;J=ψ ¼
Xcyclic

abc

X

RR0szR

X

ij

Γab;RτR;R0 ðpc; E − EcÞ

× Γ̄cR0;η�i
ðpc; EÞḠijðEÞΓγη�j ;J=ψ

; ð1Þ

where a, b, and c are pseudoscalar mesons (π, K, η), and R
denotes a two-meson resonance such as K�, K�

0ð700Þð¼ κÞ,
a0ð980Þ, and f0ð980Þ; cyclic permutations ðabcÞ; ðcabÞ;
ðbcaÞ are indicated by

Pcyclic
abc ; the indices i and j specify

one of the bare η� states; and E denotes the abc total energy
in the abc center-of-mass (CM) frame. We introduce a
J=ψ → γη�i vertex (Γγη�j ;J=ψ ), a dressed η� propagator (Ḡij),

a dressed η�i → Rc vertex (Γ̄cR;η�i
), a dressed R propagator

(τR;R0 ), and an R → ab vertex (Γab;R).
The dressed R propagator matrix is

½τ−1ðp;EÞ�R;R0 ¼ ½E − ERðpÞ�δR;R0 − ½Σðp; EÞ�R;R0 ; ð2Þ
where a matrix ΣR;R0 is the R self-energy caused by Γab;R.
The dressed η�i → Rc vertices are

Γ̄cR;η�i ðpc; EÞ ¼
Z

d3qΦcR;c0R0 ðpc; q;EÞΓc0R0;η�i ðqÞ; ð3Þ

with
P

c0R0sz
R0

being implicit; Φ ¼ ð1 − R
d3qVτÞ−1 is a

wave function, and ΓcR;η�i
is a bare η�i → Rc vertex.

The Rc → R0c0 interaction V includes Z diagrams in which
R → c0c̄ is followed by c̄c → R0 via a c̄ exchange.
An isospin-violating K�K̄ → f0π process is caused by a
K-exchange Z diagram andmK� ≠ mK0 . Formulas for the Z
diagrams can be found in Appendix C of Ref. [31]. In
addition, V includes vector-meson exchange mechanisms,
based on the hidden local symmetry model [36], for
K�K̄ ↔ K�K̄; K̄�K; see Appendix A of Ref. [32] for
formulas. The nonperturbative treatment of Vτ in Eq. (3)
is a requirement from the three-body unitarity.
The dressed η� propagator is

½Ḡ−1ðEÞ�ij ¼ ðE −mη�i
Þδij − ½Ση�ðEÞ�ij; ð4Þ

where mη�i
is the bare mass and the η� self-energy is

½Ση� ðEÞ�ij ¼
X

cRR0szR

Z
d3qΓcR;η�i

ðqÞ

× τR;R0 ðq; E − EcðqÞÞΓ̄cR0;η�j
ðq; EÞ: ð5Þ

FIG. 1. (a) Radiative J=ψ decay model. The dashed and solid lines represent pseudoscalar mesons and bare two-meson resonances R,
respectively. The double lines represent bare ηð1405=1475Þ states. Dressed propagators and vertices are represented by the solid circles.
The main η� decay mechanisms are (b) direct decays and (c) single triangle mechanisms.

1A fuller account of this work will be given separately [30].
2We denote a particle x’s mass, momentum, energy, spin, and z

component in the abc center-of-mass frame bymx, px, Ex, sx, and
szx, respectively; Ex ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

x þ jpxj2
p

. The mass values are from
Ref. [14].
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The coupled channels included in our default model
are two bare η� states and Rc ¼ K�ð892ÞK̄, κK̄, a0ð980Þπ,
a2ð1320Þπ, f0η, ρð770Þρð770Þ,3 and f0π: K̄�ð892ÞK and
κ̄K are implicitly included to form positive C-parity states.
The bare R states and their decay channels (two-meson
continuum states) couple nonperturbatively to generate
scattering amplitudes and resonance poles. Thus, we can
fix the coupling and cutoff parameters in Γab;R and mR

(bare mass) by fitting ab → ab scattering data. Meanwhile,
real and complex coupling parameters in ΓcR;η�i

and Γγη�i ;J=ψ
,

respectively, and mη�i
are fitted to MC outputs for J=ψ →

γηð1405=1475Þ → γðabcÞ as detailed in Sec. III A; cutoffs
of dipole form factors in ΓcR;η�i

are fixed to 700 MeV. To
describe the γðπþπ−γÞ final state, we assume the vector-
meson dominance mechanism where ρρ from the dressed
η�i → ρρ is followed by ρ → γ and ρ → πþπ−, with no
additional parameters. We have 25 fitting parameters
in total.

III. RESULTS

A. Fit and comparison with data

Using the JPC ¼ 0−þ partial wave amplitude from the
BESIII MC (E-dependent solution) for J=ψ → γKSKSπ

0

[27], we generate KSKSπ
0 Dalitz plot pseudodata for each

of 30E bins (10-MeV bin width; labeled by l) in the range
of 1300 ≤ E ≤ 1600 MeV. The pseudodata are thus detec-
tion efficiency corrected and background-free. The Dalitz
plot for an lth E bin is further binned by equally dividing
ð0.95 GeVÞ2 ≤ m2

KSKS
≤ ð1.50 GeVÞ2 and ð0.60 GeVÞ2 ≤

m2
KSπ

0 ≤ ð1.15 GeVÞ2 into 50 × 50 bins (labeled by m);

mab is the ab invariant mass. The pseudodata include
∼1.23 × 105 events in total, consistent with the BESIII
data. The event numbers in the fl; mg and lth bins are Nl;m

and N̄lð≡P
m Nl;mÞ, respectively, with statistical uncer-

tainties
ffiffiffiffiffiffiffiffiffi
Nl;m

p
and

ffiffiffiffiffi
N̄l

p
, respectively. Fitting fNl;mg and

fN̄lg pseudodata would constrain the detailed decay
dynamics and the resonant behavior (pole structure) of
ηð1405=1475Þ, respectively. We generate and fit 50 pseu-
dodata samples to estimate the statistical uncertainty of the
model with the bootstrap method [37].
Ratios of partial decay widths are also fitted: Rexp

1 ¼
Γ½J=ψ → γηð1405=1475Þ→ γðKK̄πÞ�=Γ½J=ψ → γηð1405=
1475Þ → γðηπþπ−Þ� ∼ 6.8–11.9 [14] and Rexp

2 ¼ Γ½J=ψ →
γηð1405=1475Þ → γðρ0γÞ� = Γ½J=ψ → γηð1405= 1475Þ →
γðKK̄πÞ� ¼ 0.015–0.043 [12,13]. We calculate the partial
widths Γ by integrating the E distributions for the KK̄π,
πþπ−η, and πþπ−γ final states over the range of
1350 MeV < E < 1550 MeV. The above ratios can

constrain parameters associated with the f0η and ρρ
channels that are not well determined by the KSKSπ

0

Dalitz plots.
Our default model is simultaneously fitted to the MC-

based fNl;mg, fN̄lg, Rexp
1 , and Rexp

2 with a χ2-minimization,
with no direct fit to the actual BESIII data. To keep a
reasonable computational cost for calculating χ2 from
fNl;mg, we compare Nl;m with the differential decay width
evaluated at the bin center and multiplied by the bin
volume. Accordingly, Nl;m on the phase-space boundary
are omitted from the χ2 calculation. In addition, a bin
of Nl;m < 10 is combined with neighboring bins so that
bins with more than nine events are included in the χ2

calculation. The number of bins for fNl;mg is 4496–4575,
depending on the pseudodata samples. Note that χ2 from
fN̄lg, Rexp

1 , and Rexp
2 are appropriately weighted so

that these data can reasonably constrain the model. By
fitting the 50 samples, we obtain χ2=ndf¼1.40–1.54

Our fit
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FIG. 2. Dalitz plot distributions of J=ψ → γηð1405=1475Þ →
γðKSKSπ

0Þ. The E values (MeV) used in our calculation (central
values of the MC E bins) are indicated.

3The ρρ channel needs slight modifications of the presented
formulas; see Ref. [30].
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(ndf: number of degrees of freedom) from comparing with
fNl;mg, and Rth

1 ∼ 7.5 and Rth
2 ∼ 0.025.

In Fig. 2, we show the KSKSπ
0 Dalitz plot distributions,

at representative E values, from one of the pseudodata
samples and our default fit to them.4 Their patterns agree
well overall. The a0ð980Þ-like peak is clearly seen near the
KSKS threshold for 1.3≲ E≲ 1.44 GeV, while the K�
peak is clear for 1.5≲ E≲ 1.6 GeV. Good-quality fits are
more clearly shown in Fig. 3 where the a0ð980Þ-like and
K�ð892Þ peak structures in the KSKS and KSπ

0 invariant
mass distributions, respectively, are well reproduced.
The absolute values of the distributions are large in the
ηð1405=1475Þ peak region (E ¼ 1.4–1.5 GeV). By inte-
grating the distributions at each E, we obtain the E
distribution shown in Fig. 4(a).
We show contributions from the main η� → KK̄π decay

mechanisms. The η� decay mechanisms can be classified
according to final Rc states in Fig. 1(a) that directly couple
to the final abc states. As shown in Fig. 4(a), the final K�K̄
and κK̄ give the first and second largest contributions,
respectively. The clear a0ð980Þ-like peak in the KSKS
invariant mass spectra (Fig. 3) is mostly formed by a
constructive interference within the final Bose-
symmetrized K�

SKS → π0KSKS contribution at the KSKS
threshold; the small final a0ð980Þπ contribution slightly
sharpens the peak through an interference.
Our decay mechanisms are rather different from the

BESIII MC [27], where the a0ð980Þπ contribution is the
largest overall, and the K�K̄ contribution is comparable
only at E ∼ 1500 MeV. There are three important improve-
ments in our model: including the κK̄ channel, fitting the
ratio Rexp

1 , and accounting for the coupled-channel effects.
The large Rexp

1 is, albeit a large uncertainty, an important

constraint on the final a0ð980Þπ contribution to KK̄π since
the coupling magnitude of a0ð980Þ → KK̄ relative to
a0ð980Þ → πη is determined experimentally [38]. Our
a0ð980Þπ contribution to fit Rexp

1 is small, and the final
κK̄ contribution is significant.
Among the coupled-channel mechanisms included in

Fig. 1(a), direct decays [Fig. 1(b)] and single triangle
mechanisms [Fig. 1(c)] play an important role. The direct-
decay and single-triangle mechanisms are dominant in
the final K�K̄ and κK̄ contributions, respectively, while
they are comparable in the final a0ð980Þπ contribution.
Figure 4(a) shows that the broad peak structure from the
full calculation is mainly formed by the final K�K̄
contribution.
To address whether ηð1405=1475Þ is one or two states,

we attempt to fit the BESIII MC output for KSKSπ
0 with a

single bare η� model. The final κK̄ and a0π contributions
have similar line shapes peaking at E ∼ 1420 MeV, while
the final K�K̄ contribution has a peak 30–40 MeV higher
since K�K̄ is relatively a p-wave and its threshold is at
E ∼ 1400 MeV. Their coherent sum cannot reproduce the
∼100-MeV wide flat peak, even if only fitting the E
distribution. We thus conclude that two bare η� states
are necessary to explain the 0−þ contribution of the
BESIII MC.
Now, our default model makes predictions for η� → πππ

and ππη. The predicted E dependence for J=ψ →
γηð1405=1475Þ → γðηπþπ−Þ is shown in Fig. 4(b). The
line shape is consistent with the MC [7,8]. Although both
KK̄π and ππη originate from the same resonance(s), the
ππη final states give a single peak at mππη ∼ 1400 MeV
while the mKK̄π distribution has a broad peak. This is
becauseKK̄π and ππη are from different final Rc states that
have different E dependence. As shown in Fig. 4(b), the
comparable final a0ð980Þπ and f0η contributions explain
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4Figures 2 (right), 3, and 4(a) show the same pseudodata.
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the full result for the ππη final states. On the other hand, the
KK̄π final states are mainly from the final K�K̄ and κK̄
contributions, as seen in Fig. 4(a). This explains the process
dependence of the ηð1405=1475Þ line shapes.
For the isospin-violating J=ψ → γηð1405=1475Þ →

γðπππÞ, our coupled-channel model predicts the mπþπ−π0

and mπþπ− distributions as shown in Figs. 5(a) and 5(b),
respectively, in good agreement with the BESIII data [29].
The authors of Refs. [23,24,26] proposed that these proc-
esses are dominantly caused by the K�KK̄ triangle loop
mechanisms [Fig. 1(c)]. While the K�KþK− and K�K0K̄0

triangle loops cancel each other almost exactly for the
isospin symmetry, due to mK� ≠ mK0 , a significant isospin
violation occurs in the small window of 2mK� ≲mπþπ−≲
2mK0 . The mechanism satisfies the kinematical condition
to cause a triangle singularity at mπþπ−π0 ∼ 1410 MeV and
mπþπ− ∼ 2mK , and the peaks appear as a result, as shown in
Fig. 5. This mechanism is required by the three-body
unitarity; thus, it is automatically included in our calculation.
The KK̄π and πππ branching ratios in Refs. [14,29]

give the following ratios: Γ½J=ψ→γηð1405=1475Þ→
γðπþπ−π0Þ�=Γ½J=ψ→γηð1405=1475Þ→γðKK̄πÞ�¼0.004–
0.007 and Γ½J=ψ → γηð1405=1475Þ → γðπ0π0π0Þ�=
Γ½J=ψ → γηð1405=1475Þ → γðKK̄πÞ� ¼ 0.002–0.003.
Our coupled-channel model predicts 0.0045–0.0047 and
0.0015–0.0016, respectively, in good agreement with the
experimental ones. These reasonable predictions for the
ππη and πππ final states support the model’s dynamical
content.

B. Pole structure of ηð1405=1475Þ
Extraction of poles from amplitudes that respect three-

body unitarity has long been discussed [39–41]. However,
until recently, this method had not been applied to data
involving three-body final states. A breakthrough was
made by extracting an a1ð1260Þ pole from mπþπ−π− line-
shape data for τ− → πþπ−π−ντ with a ρπ single-channel
model [42,43]. The three-body unitarity was rigorously

(partially) considered in Ref. [43] ([42]). Consequently, an
additional spurious pole was found in Ref. [42], indicating
the importance of the full three-body unitarity for studying
pole structures. The analysis method of Ref. [43] should be
further improved by considering coupled channels and
fitting Dalitz plots. Below, we extract ηð1405=1475Þ poles
with such improvements; the three-body unitarity is treated
as rigorously as in Ref. [43].
We search for ηð1405=1475Þ poles (Eη�) that satisfy

det½Ḡ−1ðEη� Þ� ¼ 0 with Ḡ−1ðEÞ defined in Eq. (4). The
analytic continuation of Ḡ−1ðEÞ involves appropriately
deforming the integral paths in Eqs. (3) and (5) to avoid
crossing singularities and to select a relevant Riemann sheet
(RS) [39–41,43,44]. Our analytic continuation method is
quite similar to that described in Ref. [43].
Three poles labeled by α ¼ 1, 2 [α ¼ 3] corresponding to

ηð1405Þ [ηð1475Þ] are found; see Table I. Statistical errors
are based on 50 bootstrap fits. Although the mass and width
values from our analysis and the BESIII analysis (BW
parameters) do not agree within the errors, they are fairly
similar. The poles are close to the branch points associated
with the K�ð892ÞK̄ and a2ð1320Þπ channels, as shown in
Fig. 6. Thus, we specify the RS of these channels in
Table I.5 The two-pole structure of ηð1405Þ does not mean
two physical states but is simply due to the fact that a pole is
split into two poles on different RSs of its decay channel.
The two ηð1405Þ pole values are very similar except for the
RS due to their proximity to the K�ð892ÞK̄ threshold. As a
consequence of the unitarity, the pole structure (η� propa-
gation) and the Dalitz plot distributions (η� decay mecha-
nism) are connected by the common dynamics in our model
but not in the BW model.
The bare states in our model are conceptually similar to

states given by quark models or LQCD without two-hadron
operators. The new BESIII data [27] require two bare
states. The lighter one, ∼1.6 GeV, seems compatible with
the excited ss̄ [14,15]. The heavier bare mass can be in the
range of 2–2.4 GeV to give comparable fits. This state
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FIG. 5. (a) The mπþπ−π0 and (b) mπþπ− distributions for
J=ψ → γðπþπ−π0Þ. Our full results have been smeared with
the bin width, scaled to fit the BESIII data [29], and augmented
by the background polynomials (BG) of [29].

TABLE I. Pole positions (Eη� ) labeled by α. The mass and
width are M ¼ Re½Eη� � and Γ ¼ −2Im½Eη� �, respectively. The
Riemann sheet (RS) of Eη� is specified by (sK�K̄ , sa2ð1320Þπ) where
sx ¼ pðuÞ indicates the physical (unphysical) sheet of a channel
x. The BESIII result shows Breit-Wigner parameters. All errors
are statistical.

M (MeV) Γ (MeV) RS

α ¼ 1 1401.6� 0.6 65.8� 1.0 ðupÞ
α ¼ 2 1401.6� 0.6 66.3� 0.9 ðppÞ
α ¼ 3 1495.0� 1.5 86.4� 1.8 ðupÞ
BESIII [27] 1391.7� 0.7 60.8� 1.2

1507.6� 1.6 115.8� 2.4

5Section 50 of Ref. [14] defines the (un)physical sheet.
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could be either of a second radial excitation of ηð0Þ, a
hybrid [16], a glueball [18–22], or their mixture. The two
bare states are mixed and dressed by continuum coupled
channels to form the ηð1405=1475Þ poles.

IV. SUMMARY AND OUTLOOK

We conducted a coupled-channel analysis of radiative
J=ψ decays via ηð1405=1475Þ and addressed the long-
standing ηð1405=1475Þ puzzles itemized in the Introduction.
Our three-body unitary coupled-channel model is reasonably
fitted to the KSKSπ

0 Dalitz plot pseudodata samples
generated with JPC¼0−þ amplitude of the BESIII MC
[27], and also to branching fractions of ηπþπ− and γπþπ−

final states relative to that of KK̄π. The model predicts the
different ηð1405=1475Þ line shapes for the ηπþπ− and πππ

final states in reasonable agreement with experimental
results. The model also predicts the branching fractions
well for the isospin-violating πππ final states and their
narrow f0ð980Þ-like πþπ− line shape; the triangle singu-
larity effect automatically included in our unitary model
plays a crucial role. Our model revealed the ηð1405=1475Þ
pole structure for the first time. Two poles on different
Riemann sheets of the K�K̄ channel correspond to ηð1405Þ,
and one pole corresponds to ηð1475Þ.
Finally, we presented the first pole determination based on

a manifestly three-body unitary coupled-channel framework
applied to experimental Dalitz plot distributions. In the
future, the present analysis for 0−þ should be further
extended to include more JPC to analyze the radiative
J=ψ decay data directly, consistently addressing pole struc-
tures of ηð1405=1475Þ, f1ð1420Þ, etc. with the unitary
coupled-channel framework. This development is important
since the present analysis results could have been biased by
the 0−þ components in the radiative J=ψ decays determined
with simpler Breit-Wigner models [7,8,12,13,27].
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