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To understand the oscillatory behavior exhibited in the timelike electromagnetic form factors of
nucleons, we propose a toy model based on the Jost function of the NN̄ pair into the timelike form factors
with the help of the distorted-wave Born approximation. By constructing a simple square-well potential
reflecting the final-state interaction of NN̄, we naturally represent the damped oscillatory phenomenon in
the timelike electromagnetic form factors of nucleons. Especially, our study reveals that the “period” of the
oscillation is approximately determined by the Yukawa interaction range 1=mπ . Other possible potentials
are also discussed. The threshold enhancements of the cross sections for eþe− → nn̄, ΛΛ̄, and ΛcΛ̄c can
also be understand within this scenario.
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I. INTRODUCTION

Nucleon electromagnetic form factors (EMFFs) are of
fundamental interest with the aim to understand the internal
structure of this subatomic entity (see Refs. [1–3] for recent
reviews). They describe the couplings of virtual photon
with nucleon electromagnetic current, which is closely
related to the dynamical properties of internal quarks and
gluons. At small momentum, the EMFFs describe the gross
electromagnetic properties of nucleon. At large momen-
tum, they are related to the quark dynamics inside nucleon.
As a function of the 4-momentum squared q2 of virtue

photon, the EMFFs of nucleon have two physically separated
region. The EMFFs in space-like region (q2 < 0) have been
obtained from precise electron-nucleon scattering data with
large statistics [4,5] and have been widely investigated.
However, it is only in recent years that precise data on
timelike (q2 > 2mN) EMFFs have become available via the
measurements of the eþe− annihilation process [6–9]. These
precise measurements provide a good opportunity to study
the EMFFs in the two regions simultaneously. Recently,
a combined analysis of the EMFFs in both regions was

performed using dispersion theory to extract the electromag-
netic radius of the proton [10].
The precise measurements on the timelike EMFFs of

nucleon also brought some puzzles. As first pointed out in
Ref. [11], the timelike EMFFs of proton show an unexpected
oscillation behavior in the near-threshold region. This osci-
llation feature was later confirmed by the BESIII measure-
ments [8], and new data show that a similar oscillation
phenomenon exists in the neutron sector [9,12]. The effective
form factors Geff of the nucleons were found to be well
divided into two parts. Themain partG0 can be obtainedwith
a perturbative QCD parametrization and describes the main
decreasing behavior of the form factor very well, while the
remaining part Gosc exhibits a damped oscillation with
regularly spaced maxima and minima over the sub-GeV
scale [11].
The oscillation phenomenon of the EMFF of nucleons

has been discussed in different approaches [13–16]. The
crests and troughs of the oscillation pattern can be
explained by introducing some meson resonances [13,14].
The fit in Ref. [13] shows that the ΓNN̄ of the hypothetical
mesons will be large compared to J=ψ and ψ 0, this may
cause potential problems for this explanation and needs
further research. A good separation of the damped oscil-
latory part from a smooth part indicates two different
intrinsic mechanisms. A natural speculation is that these
two correspond to the bare formation of NN̄ and the
rescattering of the NN̄ pair with the final-state interaction
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(FSI) [11]. A qualitative analysis shows that the oscillation
can be produced by an optical potential of a special
form [15]. A complete and plausible understanding of
the emergence of the oscillation behavior is still lacking. A
more natural explanation for the observed good periodicity
is needed.
In the present work, we propose a toy model, which focus

on how the interaction between NN̄ pair leads to the
oscillation feature. The effect of the interaction between
NN̄ on EMFFs is closely related to the zero-point wave
function of NN̄ due to the small interaction range for the
formation process compared to that for rescattering. Our
study shows that the oscillationlike behavior arises naturally
from the rescattering of NN̄ with a well ranged potential of
square-well shape, and the “period” of the oscillation is
approximately determined by the Yukawa interaction range
1=mπ . As a by-product, our approach can also interpret the
threshold enhancement of timelike form factors.

II. TOY MODEL

We note that the interaction between NN̄ in the eþe− →
NN̄ process should be different from those obtained
directly from NN̄ → NN̄ experiments. One obvious obser-
vation is that the NN̄ → NN̄ proceed with partial or no
annihilation of a quark-antiquark pair, while the NN̄ →
eþe− process requires the annihilation of three quark-
antiquark pairs, hence a perfect overlap of wave functions.
For this reason, we might expect a separation between the
short-range formation and the long-range interaction
between NN̄. This separation allows us to study the FSI
modification of the production process eþe− → NN̄. It is
more intuitive to understand this effect for the time reversal
process NN̄ → eþe−, since the attractive interaction
between NN̄ will increase the probability that they meet
each other and thus increase the cross section, while the
repulsive interaction will suppress it.
The formation of the NN̄ pair by the virtual photon is of

short-range nature, and a naive estimate is r0 ∼ 1=ð2mNÞ.
While the interaction range associated to NN̄ rescattering is
approximately given by a ∼ 1=mπ. An estimate of a=r0 ≈
14 indicates an explicit separation of formation and
rescattering processes. In this sense, we can write the total
cross section as:

σ ¼ 1

jJ ðpÞj2 σ0: ð1Þ

From the distorted-wave Born approximation, the enhance-
ment or suppression factor J ðpÞ is the Jost function of the
final states NN̄ with the pure FSI V [17], and it is closely
related to the zero-point wave function.
The radial wave function ψl;pðrÞ of NN̄ can be given by

the radial Schrödinger equation for each l partial wave

�
d2

dr2
−
lðlþ 1Þ

r2
− 2μV þ p2

�
ψl;pðrÞ ¼ 0; ð2Þ

where μ is the reduced mass and p is the center-of-mass
momentum of NN̄ system. In S-wave dominant processes,

J ðpÞ ≈ J l¼0ðpÞ ¼ lim
r→0

j0ðprÞ
ψ0;pðrÞ

: ð3Þ

The regular spherical Bessel function j0ðprÞ ¼ sinðprÞ is
the free radial solution of Eq. (2). From Eq. (3), this
enhancement/suppression factor j1=J j2 has a good prob-
ability interpretation, i.e., the ratio of the probability
density for finding the scattering state NN̄ near the origin
with FSI to that without FSI.
The interaction range of the annihilation and recreation

processes of NN̄ is close to r0, and they should be strongly
involved in the initial formation of the NN̄ pair. Therefore,
we also include their contribution in σ0, i.e., the FSI V does
not contain the annihilation potential and therefore we
neglect its imaginary part in this work.
The Coulomb interaction between the NN̄ pair is weaker

and has a much larger interaction range compared to the
strong interaction for NN̄ rescattering, and this leads to the
additional well-known Sommerfeld factor C ¼ j1=Sj2
with [18]

S ¼
�

y
1 − e−y

�
−1=2

; y ¼ πα
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
β

: ð4Þ

Here, α is the electromagnetic fine-structure constant, β ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

N=s
p

is the center-of-mass velocity of nucleon, and
s is the Mandelstam variable. Actually, we can repeat this
Coulomb enhancement factor very easily in our approach.
Substituting theCoulomb potential in Eq. (2) forV, Eq. (3) is
reduced to S by using the nonrelativistic approximationffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
≈ 1 in the near-threshold region.

First, we consider the simple case of a rectangular
potential well:

VðrÞ ¼
�−Va for 0 ⩽ r < a

0 for r ⩾ a
: ð5Þ

We can easily adjust the interaction range a and the
potential depth Va to glimpse some features of a somewhat
complicated potential. The Schrödinger equation with this
potential has an analytical solution. The general solution
for l ¼ 0 is

ψ0;pðrÞ ¼

8>><
>>:

eiδ0 sinðpinrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2ðpinaÞþp2

p2
in

cos2ðpinaÞ
q for 0 ⩽ r < a

eiδ0 sinðprþ δ0Þ for r ⩾ a

; ð6Þ
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where δ0 is the S-wave phase shift, and

pin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 2μVa

q
: ð7Þ

We have the enhancement factor

jJ ðpÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

p2
in

sin2ðpinaÞ þ cos2ðpinaÞ
s

: ð8Þ

The attractive potential gives an enhancement factor as one
can easily check that j1=J j2 > 1 in this model.
Surprisingly this enhancement factor j1=J j2 is of “oscil-

lation” nature: it reaches the local maximum j1=J j2max ¼
1þ 2μVa=p2 when pina ¼ nπ þ π=2 and local minimum
j1=J j2min ¼ 1 when pina ¼ nπ. The energy gaps between
the 1st, the 2nd, the 3rd, and the 4th minima are:

3π2

2μa2
;

5π2

2μa2
;

7π2

2μa2
: ð9Þ

The energy gaps, which are a manifestation of the observed
oscillation period, are approximately determined by the
interaction range a. For the NN̄ scattering, we have μ ¼
mN=2 and a ≈ 1=mπ , and this gives the 1st gap
ΔE1 ≈ 0.6 GeV. This is close to the value observed in
experiment. In addition, the peaks of j1=J j2 decrease with
the increasing energies. This feature describes the damping
behavior of the oscillation observed in the experiment.
In Fig. 2, we show the FSI factors 1=jJ j2 of several other

potentials together with the simple rectangular potential
well (Potential I). The FSI factor of Potential II, a smeared
rectangular potential well with smooth edge, also exhibit
oscillatory feature but have a weaker effect than Potential I.
Potential III is a smooth potential well located around
1.0 fm and exhibit oscillatory behavior as well. So it is
interesting that a potential of similar interaction range with
the rectangular well does result into oscillatory features of
form factors. However, we found that a simple exponential
potential (Potential IV in Fig. 2) of the form V ¼ −V0e−r=a

does not induce any oscillation behavior. The genuine form
of NN̄ potential is complicated and unclear, especially for
the short range part where annihilation dynamics take
place. It is premature and beyond the scope of this work
to investigate which kind of potential is more appropriate
for the treatment of FSI. As a compromise, we will adopt
the simple framework of rectangular well in the following.

III. DESCRIPTION FOR THE
EFFECTIVE FORM FACTOR Geff

It is common to express the cross section data in terms of
the effective form factor which can be obtained as

jGeffðsÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3s
4πα2βCð1þ 2m2

N=sÞ
σeþe−→NN̄

s
: ð10Þ

It can be factorized with the NN̄ rescattering correction
1=jJ j and the form factor G0 without FSI:

jGeffðsÞj ¼
1

jJ jG0ðsÞ; ð11Þ

where G0 describes the short range production and deter-
mines the main feature ofGeff in timelike region. Following
Ref. [8], it can be parametrized as

G0ðsÞ ¼
A

ð1þ s=m2
aÞ½1 − s=ð0.71 GeV2Þ�2 ; ð12Þ

where m2
a ¼ 7.72 GeV2 and A is a constant. With fitted

Ap ¼ 9.37 and An ¼ 5.8, G0 can give excellent overall
descriptions of effective form factors for nucleons over a
wide range. By subtracting the smooth continuum G0 from
jGeff j, we get the oscillation behavior

GoscðsÞ ¼ jGeff j − G0 ¼
�

1

jJ j − 1

�
G0ðsÞ: ð13Þ

In the previous section we showed that a simple
rectangular potential well already leads to an oscillatory
feature, and the enhancement factor is larger than 1 in that
case, meaning that Gosc will be positive with the attractive
interaction. To get the observed oscillatory structure, we
need to make the potential a bit more complicated by using

VðrÞ ¼
8<
:

−Vr 0 ⩽ r < ar
−Va ar ⩽ r < a

0 r ⩾ a

; ð14Þ

where 0 < Vr < Va and we take ar ¼ 0.5 fm.
We show the FSI effect with such potentials on the pp̄

and nn̄ effective form factors in Fig. 1. The corresponding
parameters are listed in Table. I. The overall oscillatory
behavior is well reproduced by the FSI effect with the
interaction range a about 1.4 ∼ 1.6 fm.
The details of the description of the effective form factors

depend on the choice of the continuum part G0, which we
still do not understand very well, because the formation
process involves the complicated hadronization and other
difficulties. Perhaps better descriptions can be obtained for
jGeff j by using different G0 rather than the same as in the
experimental collaborations.

IV. THRESHOLD ENHANCEMENT
OF TIMELIKE FORM FACTORS

From Fig. 1, it can be seen that the neutron effective form
factor has a stronger enhancement near the threshold than
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that for the proton. The SND measurement observed the
enhancement on the neutron cross section just above
threshold at

ffiffiffi
s

p
− 2mn ≈ 5 MeV [9], which contradicts

the naive phase space expectation. The enhancement of
nucleon form factors have long been discussed in NN̄ →
eþe− process and similar enhancement phenomenon in
baryon pair production in eþe− annihilation should also
exist [19–26]. In the discussion here, this can be seen with a
simple rectangular well potential, where the FSI factor near
the threshold 1=jJ jp→0 → 1= cos2 ð ffiffiffiffiffiffiffiffiffiffiffi

2μVa
p

aÞ has an attrac-
tive squared-well potential. With suitable Va and a,
1=jJ jp→0 can lead to very large enhancement near the
threshold.
In addition to theNN̄ production, other baryon-antibaryon

pair productions near thresholds have also been measured
[27–32]. Abnormally large cross sections are observed in
eþe− → ΛΛ̄ near the threshold ð ffiffiffi

s
p

− 2mΛÞ ≈ 1 MeV [27]
and possibly eþe− → ΛcΛ̄c at ð ffiffiffi

s
p

− 2mΛc
Þ ≈ 1.58 MeV

[28]. However, no such phenomenon were found in
the ΞΞ̄ [29,30] and ΣΣ̄ [31,31,32] productions. These

have been studied with different approaches [25,33–41].
Our framework can provide a naturally unified explanation
for the near-threshold enhancements, which are either large
or almost nonexistent, based on the different FSIs between

FIG. 1. The effective form factors for protons (left) and neutrons (right) in the timelike region. At the top are the effective form factors
jGeff j, while at the bottom is the oscillation part Gosc after subtracting the smooth background part G0 (gray dashed line). The threshold
positions

ffiffiffi
s

p ¼ 2mN are marked as gray dot-dashed vertical lines. In the figure, we only include BESIII [8] (green square) and BABAR
[11] (blue circle) data for pp̄ and BESIII [12] (green square) and SND [9] (blue triangle) data considering the precision and
covering range.

TABLE I. Parameters for pp̄ and nn̄ potentials in Eq. (14).

NN̄ ar ðfmÞ Vr ðMeVÞ a ðfmÞ Va ðMeVÞ
pp̄ 0.5 50 1.6 90
nn̄ 0.5 400 1.4 650

FIG. 2. Different potentials and their FSI factors. Potential I: the
rectangular well with range a ¼ 1.43 fm and potential depth
V0 ¼ 110 MeV. Potential II: V ¼ −V0=ð1þ re

r−R
a Þ with

V0 ¼ 110 MeV, R ¼ 1.49 fm, and a ¼ 0.1 fm. Potential III:

V ¼ −ðV0e−r=a1Þ=ð1þ e
−rþR
a2 Þ with V0 ¼ 140GeV, R ¼ 0.99 fm,

a1 ¼ 0.16 fm, and a2 ¼ 0.08 fm. Potential IV: V ¼ −V0e−r=a

with V0 ¼ 180 MeV and a ¼ 0.30 fm.
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these baryon-antibaryonpairs.We can nicely fit the enhanced
near-threshold cross sections for productions of ΛΛ̄
and ΛcΛ̄c with simple squared-well potentials as shown
in Fig. 3.

V. SUMMARY

We have introduced a simple framework to deal with the
damped oscillation observed in the electromagnetic form
factors of nucleons which is measured in eþe− → NN̄. The
FSI effect is important for this phenomenon and leads to a
factor consisting of the NN̄ Jost function with the distorted-
wave Born approximation. Using the squared-well poten-
tials, the FSI factors are naturally damped oscillatory and the
experimental data can be well explained. It can be easily
extended to interpret the threshold enhancements on the
production cross sections for the nn̄, ΛΛ̄, and ΛcΛ̄c, and
moreover, same approach can also give inapparent enhance-
ments in other channels just with a proper adjustment of the
FSI parameters.
The oscillation phenomenon could also exist in the

production of hyperon-antihyperon and other pairs, which
is an interesting topic in both experiment and theory [44].
With the better understanding of the form factors in the
future, we hope that it will also be possible to reveal the
related structures of nucleons and other baryons.
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