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We present the leading-order mixed-action effect Δmix ≡m2
π;vs −

m2
π;vvþm2

π;ss

2
using highly improved

staggered quarks (HISQ), clover, or overlap valence fermion actions on gauge ensembles using various sea
fermion actions across a widely used lattice spacing range a ∈ ½0.04; 0.19� fm. The results suggest that
Δmix decreases as the fourth order of the lattice spacing on the gauge ensembles with dynamical chiral sea
fermions, such as domain wall or HISQ fermions. When a clover sea fermion action that has explicit chiral
symmetry breaking is used in the ensemble, Δmix can be much larger regardless of the valence fermion
action used.

DOI: 10.1103/PhysRevD.107.L091501

I. INTRODUCTION

Lattice provides a unique gauge invariant, nonperturba-
tive regularization method for non-Abelian gauge field
theories. However, the infamous fermion doubling problem
prevents a straightforward discretization of the continuum
Dirac fermion action used in four-dimensional lattice QCD
calculations. The overlap (OV) fermion [1–3], which
satisfies the Ginsparg-Wilson relation, would be the opti-
mal choice for the discretized Dirac operator, but requires a
factor ofOð100Þ cost of computational resources compared
to the widely used Wilson-like fermions; on the other hand,
the staggered fermion and its improved versions can also
provide exact chiral symmetry with a cost much lower than
the Wilson-like fermion, at the expense of mixing between
four equivalent “tastes” of a given flavor. Ideally, results
obtained with different fermion formulations are expected

to agree in the continuum limit. But for practical lattice
spacings used in the state-of-the-art lattice calculations, it is
not entirely clear to what extent they should agree [4].
Since, in practice, generating large ensembles using an

expensive fermion action can take several months or even
years, using a more expensive “valence” fermion action on
an ensemble generated with a cheaper “sea” fermion action
has become a popular compromise in the past decade, such
as in the calculations of the glue helicity [5], nucleon axial
charge [6,7], hadron vacuum polarization [8], and so on.
But most of the conventional lattice QCD studies still prefer
a single fermion action for both the valence and sea
fermions, as the “mixed-action” setup can introduce addi-
tional discretization effects as well as those (e.g., Ref. [9])
from the valence and sea fermions themselves.
From the analytical side, the mixed-action partially

quenched chiral perturbation theory (MAPQχPT) [10–12]
suggests that the only mixed-action effect at leading order
is replacing the mass squared m2

π;vs of “mixed-action pion”
with one valence quark and one sea antiquark into

m2
π;vs ¼ m2

π;vvþm2
π;ss

2
þ ΔB=A

mix ðaÞ, where mπ;vv is the pion mass
with two valence quarks of action A, and mπ;ss is that with
two sea quarks of action B. After this replacement, standard
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partially quenched (PQ) χPT can be applied to study
nucleon twist-two matrix elements, the nucleon-
nucleon system, neutron electric dipole moment, and so
on [12]. Recent high-precision mixed-action lattice QCD
studies with different pion masses also show that the pion
form factor (which is related to the rho meson pole) can be
described by PQχPT if and only if the above mixed-
action replacement is applied [13]. Thus, we can define
an additional leading-order MAPQχPT low-energy con-
stant as

ΔB=A
mix ðmπ;vv; mπ;ss; aÞ≡m2

π;vs −
m2

π;vv þm2
π;ss

2
; ð1Þ

and it is generally assumed that ΔB=A
mix is a Oða2Þ effect in

most of the cases.
On the other hand, the numerical lattice QCD studies are

very limited in number.Assumingmπ;vv ¼ mπ;ss ∼ 300 MeV
and a ∼ 0.09 fm, the mixed-action effect will make
δmπ ≡mπ;vs −mπ;ss to be 153(59) MeV for the overlap
valence quark on the clover (CL, a typical Wilson-like
fermion) sea [14], while δmπ will be reduced to
30–60 MeV for the combination of the domain wall fermion
(DW, a different implementation of the overlap fermion by
introducing an extra fifth dimension for the fermion) valence
and staggered sea [15–17], and it can be as small as∼10 MeV
if we use the overlap valence quark on the DW sea [18].
There are also studies on other combinations, such as
overlap on highly improved staggered quarks (HISQ) [19] at
a ≃ 0.12 fm [20].
However, all of the above estimates, which are based on

the imprecise calculation at a ∼ 0.1 fm, can misrepresent
the situation and render the reliability of any high-precision
mixed-action calculation questionable. In this work, we
present the most systematic mixed-action-effect study so
far with several valence and sea fermion combinations. The
results suggest that Δmix decreases faster than the naive a2

estimate in all the cases we studied and at Oða4Þ when the
fermion action used in the sea has chiral symmetry.

II. METHODOLOGY AND SETUP

The naive fermion action has the infamous fermion
doubling problem, and it leads to 16 fermions as opposed
to one in four dimensions. The staggered fermion intro-
duces a redefinition of the quark field [e.g., ψ stðxÞ ¼
γx44 γ

x1
1 γ

x2
2 γ

x3
3 ψðxÞ at the site x ¼ fx1; x2; x3; x4g in the

MILC convention] to partially fix the fermion doubling
problem, and further improvement such as the use of the
HISQ action [19] is needed to suppress the mixing between
the four residual fermions. On the other hand, the Wilson
fermion avoids the entire doubling problem, but it intro-
duces an explicit chiral symmetry breaking effect on the
quark mass. Such an effect can be suppressed by adding a
clover term. The solution to avoid the entire fermion

doubling problem without explicit chiral symmetry break-
ing is to use a Ginsparg-Wilson action [21], such as the
overlap fermion [22,23]. More details of the fermion
actions can be found in the Supplemental Material [24].
At the next-to-leading order (NLO) of the PQχPT, the

mixed-action effect defined in Eq. (1) can be nonzero when
mπ;vv ≠ mπ;ss, even if the fermion actions used by the
valence and sea quarks are the same. Thus, in this work, we
majorly concentrate on the unitary case with the valence
pion mass tuned to be the same as the sea pion mass,

Δmix;uniðmπ; aÞ≡ Δmixðmπ; mπ; aÞ: ð2Þ

Δmix;uni approaches exactly zero in the continuum and thus
is a good reference to verify the additional discretization
error in the mixed fermion action simulation. Such a
definition is different from that used in the previous
χQCD study [18], but still provides consistent results,
and detailed comparisons can be found in the Supplemental
Material [24].
Since the Hypercubic (HYP) smearing [25] can make the

cost of the overlap fermion calculation to be much cheaper
and the fluctuation of the clover fermion around the
physical pion mass to be smaller, we will concentrate on
the following three kinds of the valence fermion actions to
calculate Δmix:
(1) OV: Overlap fermion with one-step HYP smearing

and ρ ¼ 1.5.
(2) HI: HISQ action without any additional smearing on

the gauge link.
(3) CL: Clover fermion with one-step HYP smearing

and tree level tadpole improved clover coefficient
csw ¼ hUpi−3=4, where hUpi is the vacuum expect-
ation value of the plaquette on the HYP smeared
configurations, calculated nonperturbatively on each
gauge ensemble.

For the sea fermion actions, we use three kinds of the
gauge ensembles to cover the popular choices:
(1) those from the RBC=UKQCD Collaboration, which

use the 2þ 1 flavor DW fermion action and Iwasaki
gauge action (I) at four lattice spacings and physical
pion mass [26,27], noting that the ensembles at the
two largest lattice spacings include the dislocation
suppressing determinant ratio (DSDR) term [27]
(DWþ Iwasakiþ DSDR, DD for short) and those
at the finer two lattice spacings do not (DWþ I, DW
for short);

(2) those from the MILC Collaboration, which use the
2þ 1þ 1 flavor HISQ fermion action with one-loop
Symanzik improved gauge action [28] at four lattice
spacings and mπ ¼ 310 MeV [29–31] (HIþ Sð1Þ,
HI for short); and

(3) those from the CLQCD Collaboration, which
use the 2þ 1 flavor tadpole improved clover fer-
mion action (with one-step stout link smearing on
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the gauge link with smearing parameter 0.125)
and tadpole improved Symanzik gauge action at
three lattice spacings and mπ ≃ 300 MeV [32]
(CLstout þ Stad, CLstout for short).

We also repeat the calculation on a JLQCD ensemble
[33] at a ¼ 0.112 fm and mπ;ss ¼ 290 MeV. This ensem-
ble uses the 2þ 1 flavor overlap fermion (ρ ¼ 1.3 without
any HYP smearing [25] on the gauge link) and Iwasaki
gauge action with an additional ratio of extra Wilson
fermions and associated twisted mass bosonic spinors
[34]. The brief information of all the ensembles used in
this work is collected in Table I. More details of those
ensembles can be found in the Supplemental Material [24].
On the DW=DD ensembles, we use the existing point

source DW fermion propagators with the field sparsening
compression [35] and generate the valence quark propa-
gators with similar source positions. On the other ensem-
bles, we use the Coulomb gauge fixed wall source to take
advantage of the L3 enhancement of statistics. Note that the
wall source using the HISQ action is practically a grid
source, which picks only the even points in each spacial
direction, as the Dirac space has been mapped to the even/
odd sites and should be treated separately in the source. At
the same time, we also use low-mode substitution [36] to
suppress the statistical uncertainty of the pion correlators
using the overlap fermion on the HISQ ensembles at small
lattice spacings. The details of the unitary CHROMA [37] þ
QUDA[38–40] interface for various fermion actions can be
found in Ref. [41].

III. RESULTS

The lattice spacing a dependence of Δmix;uni on the
DW=DD ensembles are shown in Fig. 1, and the

symbol X=Y corresponds to the case with valence fermion
action X on the sea fermion action Y. If we take

ΔOV=DW
mix ða ¼ 0.114 fmÞ ¼ 0.00477ð20Þ GeV2 and assume

the lattice spacing dependence is a4 (black line), then the
prediction at 0.084 fm will be 0.00141(6), which agrees
with the data 0.00141(9) perfectly. On the other hand, the
prediction with a simple a2 dependence (dashed line) will
be 0.0026(1), which is more than 5σ higher than the
practical result. We can also solve n from the data using
the Can form with different valence fermion actions;
we obtain n ¼ 4.0ð2Þ (OV=DW, purple crosses), 4.0(2)
(HI=DW, red boxes), and 4.0(7) (CL=DW, blue upward
triangles), respectively.
It is interesting to see that the similar calculations on two

coarse lattice spacings 0.141 and 0.194 fm provide a similar
power of the lattice spacing, as n ¼ 4.8ð2Þ (OV=DD,
purple stars), 4.2(7) (HI=DD, red circles), and 3.9(4)
(CL=DD, blue downward triangles), respectively; but they
are a factor ∼2 smaller than ΔX=DW

mix assuming an a4 lattice
spacing dependence, as illustrated by the black line for the
ΔOV=DW

mix case. Such a suppression of Δmix would relate to
the DSDR term, as the setup of the DD and DWensembles
are the same except this term.
Based on the MAPQχPT framework, the quark mass

dependence of Δmix is a NLO correction and is thus
relatively weak. It has been verified by our numerical cal-
culations on both the DWþ I and HIþ Sð1Þ ensembles
[24]. Thus, we turn to the HIþ Sð1Þ ensembles [29,30] with
∼310 MeV pion mass to further investigate the lattice
spacing dependence ofΔmix with the same simulation setup
and show the results in Fig. 2.
With the data at four lattice spacings, it is more

obvious that the a4 behaviors observed on the DW=DD
ensembles are not accidental and can dominate in a wide
lattice spacing range. Note that the relative uncertainty at
a ¼ 0.043 fm is large as the mixed-action effect only

TABLE I. Information of the ensembles [26,27,29–33] used in
this calculation.

Action Symbol L3 × T a ðfmÞ mπ ðMeVÞ
DWþ ID 24D 243 × 64 0.194 139
DWþ ID 32Df 323 × 64 0.143 143
DWþ I 48I 483 × 96 0.114 139
DWþ I 24I 243 × 64 0.111 340
DWþ I 64I 643 × 128 0.084 139
DWþ I 32I 323 × 64 0.083 302

OV0HYP þ IR JLQCD 243 × 48 0.112 290

HIþ Sð1Þ a12m310 243 × 64 0.121 310

HIþ Sð1Þ a09m310 323 × 96 0.088 310
HIþ Sð1Þ a06m310 483 × 144 0.057 310
HIþ Sð1Þ a04m310 643 × 192 0.043 310

CLstout þ Stad C11 243 × 72 0.108 290
CLstout þ Stad C08 323 × 96 0.080 300
CLstout þ Stad C06 483 × 144 0.054 300

0.0001

 0.001

 0.01

 0.1

 1

 0.05  0.1  0.2

a (fm)

�mix, uni(139 MeV, a) (GeV2)

OV/DW
OV/DD
HI/DW
HI/DD

CL/DW
CL/DD

a4

a2

FIG. 1. The mixed-action effect Δmix on the DW and DD
ensembles, as functions of the lattice spacing a. The symbol X=Y
means the case with valence fermion action X on the sea fermion
action Y. The figure also illustrates the a4 (solid line) and a2

(dashed line) dependence for comparison.
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changes the pion mass by ∼1ð1Þ MeV there, and then one
cannot exclude the possibility on the dominance of the
lower-order lattice spacing dependence [e.g., Oða2Þ as
expected by lattice perturbation theory [10]].
We also report the calculation on the CLstout þ Stad

ensembles [32] in the lattice spacing range a ∈ ½0.054;
0.108� fm, and show the results in Fig. 3. Unlike the DWþ
I or HIþ Sð1Þ ensembles using the chiral fermion, Δmix;uni

at a ¼ 0.080 and 0.108 fm look like an a2 behavior, but the
lattice spacing dependence becomes closer to a4 from a ¼
0.080 to 0.054 fm. Thus, the behavior at larger lattice
spacing could come from the cancellation between the a4

and a6 terms. At the same time, the mixed-action effect of
the overlap fermion is larger than that of the HISQ fermion,
which is also different from the behavior on the DWþ I or
HIþ Sð1Þ ensembles that use the chiral sea fermion actions.
Since the CLstout þ Stad ensembles and HIþ Sð1Þ ensembles
using similar Symanzik gauge actions with a minor differ-
ence in the one-loop correction, the huge Δmix;uni would be
majorly related to the clover fermion action in the ensem-
bles, while more accurate comparison with exactly the
same gauge action is worth further study in the future.
In order to further investigate the likeness between

different fermion actions, we define the mixed-action effect
of two valence fermion actions B and C on the same gauge
ensemble with sea fermion action A as

Δ̄BþC=A
mix;uni ðmπ; aÞ

≡m2
π;BC −

m2
π;BB þm2

π;CC

2

�
�
�
�
mπ;BB¼mπ;CC¼mπ;AA¼mπ

: ð3Þ

As shown in Fig. 2, Δ̄CLþOV=HI also decreases as a4 while
that at 0.06 fm has large uncertainty. At the same time, we
will see that Δ̄BþC=A

mix;uni is very sensitive to the sea action A
which does not appear in the definition explicitly.

To make a fair comparison of different cases, we do a
linear m2

π interpolation based on MAPQχPT and also a
linear logðaÞ interpolation on logΔmixðaÞ, which is exact
when ΔmixðaÞ ∝ an. Eventually, we show the interpolated
values of Δmix;uni and Δ̄mix;uni on the OV0HYP þ IR,
DWþ I, HIþ Sð1Þ, and CLstout þ Stad ensembles in
Fig. 4, for a ≃ 0.11 fm and mπ ∈ ½290; 310� MeV.
The red, blue, and purple bars correspond to Δmix;uni of

the HISQ, clover, and overlap valence fermion actions,
respectively. Also, green, orange, and yellow bars corre-
spond to Δ̄mix;uni of different valence fermion actions. The
uncertainties of Δmix;uni and Δ̄mix;uni are also shown at the
top of the bar in the figure. In addition, the HISQ valence
quark is the same as the sea quark under the HIþ Sð1Þ

0.0001

 0.001

 0.01

 0.1

 1

 0.05  0.1  0.2

a (fm)

�mix, uni(300 MeV, a) (GeV2)

OV/HI
CL/HI

CL+OV/HI
a4

a2

FIG. 2. The mixed-action effects of the overlap fermion (purple
crosses) or clover fermion (blue upward triangles) on the HIþ
Sð1Þ ensembles at four lattice spacings, together with that of the
two valence fermion actions (yellow stars). The latter two types of
data points are shifted horizontally to improve the visibility.

0.0001

 0.001

 0.01

 0.1

 1

 0.05  0.1  0.2
a (fm)

�mix, uni(300 MeV, a) (GeV2)

OV/CLstout

HI/CLstout

CL/CLstout

a4

a2

FIG. 3. The mixed-action effects of the overlap fermion (OV,
purple crosses), HISQ fermion (HI, red boxes), or HYP smeared
clover fermion (CL, blue triangles) on the clover fermion
ensembles at three lattice spacings.

FIG. 4. The mixed-action effects Δmix;uni for various valence
fermion actions (OV, HI, and CL) and Δ̄mix;uni for different
valence fermion actions (OVþ HI, OVþ CL, and CLþ HI)
on the OV0HYP þ IR, DWþ I, HIþ Sð1Þ, and CLstout þ Stad

ensembles. All the quantities are in units of GeV2 and are
interpolated to a ¼ 0.11 fm and mπ ∈ ½290; 310� MeV to make a
fair comparison.
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ensemble, therefore the “HI” bar in the third group of this
figure is exactly zero.
From the figure, the mixed-action effect on the

OV0HYP þ IR ensemble seems to be smaller than the
DWþ I case, which is comparable with the DWþ ID
case given the factor of 2 suppression shown in Fig. 1. It is
predictable, as the DSDR term provides somehow similar
impact on the near-zero modes of the Dirac operator as the
ratio term [34,42].
Compared to the mixed-action effects on the DWþ I

ensembles, those on the HIþ Sð1Þ ensemble are somehow
similar. But when we consider the valence CL or OVaction,
the Δmix;uni on the HIþ Sð1Þ ensemble are still larger than
those on the DWþ I ensemble. Since the gauge action used
by these two setups are quite different from each other, it
requires further study using different fermion actions and
the same gauge action to understand the impact of the
gauge action in the mixed-action effects.
Contrary to the above three cases, the mixed-action

effects on the CLstout þ Stad ensemble are much larger, even
for the case of the HYP smeared clover valence fermion
action on stout smeared clover sea action. The origin of this
huge mixed-action effect presumably relates to the additive
chiral symmetry breaking of the clover fermion action.
Besides the sensitivity on the sea actions, our results also

suggest that Δ̄mix;uni satisfies the following triangle inequal-
ities within the statistical uncertainty,

jΔB=A
mix;uni − ΔC=A

mix;unij ≤ Δ̄BþC=A
mix;uni ≤ ΔB=A

mix;uni þ ΔC=A
mix;uni; ð4Þ

jΔ̄BþD=A
mix;uni − Δ̄CþD=A

mix;uni j ≤ Δ̄BþC=A
mix;uni ≤ Δ̄BþD=A

mix;uni þ Δ̄CþD=A
mix;uni ; ð5Þ

where D is a valence fermion action different from B and C.
The inequalities in Eq. (4) would have fundamental origin
other than simple empirical observations, as both the sea
action sensitivity and the a4 behavior of Δ̄mix;uni can be
deduced from Eq. (5). But MAPQχPT just includes one
kind of valence fermion action and should be extended to
describe our observations here. The numerical results of
Δmix;uni and Δ̄mix;uni in all the cases we studied, and also the
illustration of Fig. 4 as triangles, can be found in the
Supplemental Material [24].

IV. SUMMARY

Based on the calculation of the mixed-action pion mass
using three kinds of the fermion actions, including overlap
fermion, HISQ fermion, and clover Wilson fermion, on
different kinds of the dynamical ensembles, we found that
the leading mixed-action effect is numerically small and
decreases with small lattice spacing as a4. It is particularly
small when the sea fermion action has chiral symmetry,
much smaller than the naiveOða2Þ estimate at small lattice
spacings. We note that a similar a4 behavior was observed

in the taste mixing effect of the HISQ fermion in
Refs. [4,8].
Based on MAPQχPT, Δmix;uni is the only leading-order

low-energy constant, so we expect the mixed-action effect
in other quantities will also be Oða4Þ, even though this
expectation should be verified by the practical calculations.
Thus, our study suggests that the “distance” between
various discretized fermion actions is closer than the
previous estimate, especially at smaller lattice spacings.
Furthermore, our observation of the strong sensitivity of
Δmix;uni to sea fermion chirality can shed light on a deeper
understanding of the impact of chirality in the vacuum on
valence quark dynamics.
The result also provides the first quantitative estimate on

the systematic uncertainty from the mixed-action lattice
QCD simulation and potentially releases the restriction to
do the simulation using the gauge ensemble with cheaper
fermion actions but larger volume, smaller lattice spacing,
and light pion mass. The mixed-action effects studied in
this work can also serve as one benchmark for the
differences of results obtained with different fermion
actions.
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