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Bern-Carrasco-Johansson relations in AdSs x S° and the double-trace
spectrum of super gluons
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We revisit the four-point function of super gluons in AdSs x S* and show how the integrand of a
generalized Mellin transform satisfies the U(1) decoupling identity, Bern-Carrasco-Johansson relations
and color-kinematic duality, in a way that directly mirrors the analogous flat space relations. We unmix the
spectrum of double-trace operators at large N and find all anomalous dimensions at leading order which
follow a very simple pattern, as in other theories with hidden conformal symmetries.
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I. INTRODUCTION

Properties of (quantum) gravity theories and their relation
to gauge theories is a primary focus of modern physics. Most
of these relations are obscured in a Lagrangian formulation
and manifest their full majesty only through observables such
as scattering amplitudes. The study of amplitudes has led to a
series of impressive and deep results, for example, Bern-
Carrasco-Johansson (BCJ) dualities [1] and double-copy
constructions [2] in various theories (for a recent review,
see [3]). Such properties hint at an underlying common
structure between gravity and gauge theories, yet to be fully
understood. Most such efforts have related to flat space,
mainly because of the difficulties in performing computa-
tions in curved backgrounds. However, recent work has
begun the exploration of these properties in AdS back-
grounds, in Mellin space [4-7], position space [8,9] and
momentum space [10,11]. Many of these studies use boot-
strap methods that have been successful in exploring super-
gravity in AdS [12-26], or its string corrections [27-39]. For
example, in [5], AdS versions of color-kinematic and double-
copy relations were found.

Here we explore these relations, focusing on four-point
functions of half-BPS operators dual to the scattering of
four super gluons in AdSs x 3, as computed in [4]. As
in [5], we focus on the “reduced” Mellin amplitude. Using
ideas developed in [35] for N' = 4 super Yang-Mills, we
find the amplitude manifests color-kinematics and BCJ
relations in a way strikingly similar to flat space. We
ascribe this to the existence of an 84 conformal symmetry.
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We then unmix the spectrum of double-trace operators
exchanged in the operator product expansion (OPE) and
compute their anomalous dimensions at leading order.

The anomalous dimensions we find are given by a very
simple formula, similar to previous results in other back-
grounds [19,40,41], and suggest that the hidden conformal
symmetry, unavoidably, plays a primary role in con-
straining the data of these superconformal field theories.

II. AdSs x S* MELLIN TRANSFORM AND THE
LARGE p FORMALISM

The AdSs x S® background arises in two basic stringy
setups. One can either consider a stack of N D3-branes
probing F-theory 7-brane singularities or a stack of N D7-
branes wrapping an AdSs x S° subspace in the AdSs x §°
geometry of a stack of N D3-branes. In both cases, the
system preserves eight supercharges; therefore, the dual
CFTis a4d N = 2 theory with flavor group G, which we
will keep generic because it is mostly irrelevant for the
details considered in this paper. The low-energy degrees of
freedom are those of an A/ =1 vector multiplet which
transforms in the adjoint of Gr. Upon reducing on the
sphere, it provides an infinite tower of Kaluza-Klein modes
organized in different multiplets. In the dual CFT, the super
primaries of these multiplets are half-BPS scalar operators
of the form Oi,a'az"'a” %2 Here [ is the color index, p
is the scaling dimension of the operator, a,...,a, are
symmetrized SU(2), R-symmetry indices and similarly &,
are indices of an additional SU(2), flavor group; these last
two groups realize the isometry group of the sphere S3. As
usual in these contexts, it is convenient to contract the
indices with auxiliary bosonic two-component vectors 7
and 7 to keep track of the SU(2), x SU(2), indices:

OI _ Ol;alaz...a,,;alaz...a,,,z

»=0p Nay--Na, M, ---Ala, ,- (1)
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In this paper we consider the amplitude of four super
gluons, which we denote by

6%1121314(xi9’7i7l_7i) = <O§;l] 02220§733O;44>' (2)

A crucial point here is that the strength of the self-gluon
coupling is larger than the coupling of gluons to grav-
itons [4]. Thus one can perform an expansion in 1/N in
which gravity is 1/N suppressed. Schematically, we have

1
Gyt = Gl LGUELL e ()
The first “disconnected” term is a sum over products of
two-point functions and takes the form of (generalized) free
theory. In terms of OPE data, it contains the leading-order
contributions to the three-point functions of the external
operators with exchanged two-particle operators. We refer
to the second term as the “tree-level” amplitude.

The superconformal Ward identities [42] allow us to split
the correlator into two parts, each separately respecting
crossing symmetry:

1131y _ Gdghh + PIA{'IZI3[4. (4)

tree-gluon,p P

The term G ; contains all contributions due to protected
multiplets at this order in 1/N. The second term contains all
the logarithmic terms which arise due to two-particle
operators receiving anomalous dimensions. It contains
kinematic factors P and Z, due to bosonic and fermionic
symmetries, respectively. We define the propagator

yi = (nm;) (i) (5)

where (7;1;) = n;anjpe® and (7j;77;) = ﬁiafljl_;eab' We intro-
duce cross-ratios via

2 .2 2,2
XTH X _ X4 X _

;2 34:U:xx, ;4 §3=V:(l—x)(l—x),
X13¥24 X13X24

2 4,2 2 42
Y1y ~ - Y14y &

P =U =y, 2 =V=(>1-y)(1-7)
Y1324 Yi3Y24

_ (mm)(nana) S _ (i) (7isia) ; :
Note that y = (i3} (nana) and y = (13} (i) The kinematic

factors are then given by

ko k k,
915914924(913924) P>

P ==ttt IT=(x-y)(x-y), (6
<’11'I3>2<’72'74>2
where
X _P1+pP2—pP3s—Pa A _ b1t pPi—pPr— D3
s 2 ’ 1 2 ’
X P2t Ppa—p3— P
u B .

Note that, due to the presence of the factor Z, the remaining
factor Aj; has equal degrees in y and §. Moreover, since Aj;

is symmetric under y,y exchange, we can write it as a
function of U, V (as well as U, V and p).

The function A; admits a very compact and natural
representation that extends the well-known Mellin trans-
form [43,44] to the compact space. The transform makes
manifest the so-called large p limit [35]—where p refers to
the charges—which was found to be very useful in the context
of AdSs x $° [35,37] and AdS; x S backgrounds [40]. The
generalized Mellin transform is defined via

Ag’2’3’4 = 7{ dsdt 7{ d§d?USV’fJ§\7?FM%‘IZI3I“, (7)

where /\/l;‘ Lhl M;}"Qlﬂ“ (s,1,5,7). The kernel T factor-
izes into AdSs and S* contributions and takes the form
I'=erII,[", with
(=)' (=)"

sin(z7) sin(zit)’

_ T[=s|T[=s+kj]
ST 431 +35+ k&, ®)

and I, and I', defined similarly. Note that the Mellin
variables obey

_77:2

s+t4+u=-p3—1, S+i4+u=p3;—2, (9)

which may be used to eliminate « and ii. Note also that the
amplitude A; is polynomial in U and V. In fact, the integral
over 5, 7 becomes a discrete sum over a certain domain that
in our case is given by

T = {5 > max(0, —k;),7,it > 0}. (10)

The contour integral in s and 7 requires a little care and we
will return to this point in the next section. The double
integral (7), when combined with the amplitude M3 given
in the next section, precisely coincides with the result
given in [4].

III. BCJ AND COLOR KINEMATICS
IN AdS; x 3

Let us consider the field theory amplitude computed
in [4] within this formalism. As in [5], we consider the
reduced Mellin amplitude M. In the color-factor basis,
M takes the following simple form when written in the
large p formalism (s = s+ 3, t =t+7,u = u + i):
nucu
u+1’

M11121314 _ ngCy n;C;

11
P s+1 t+1 (11)

Here we have

1 1 1
n=-——0-
o3\t 4+1 u+l

and similarly for ¢,, n,, c,,, n,, where the bold-face variables
satisfy

>, ¢y =[BT (12)

s+t+u=-3. (13)
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Note that the large p limit [35] ensures that the correlator
reduces to the flat S matrix (see e.g. [45] for the flat space
expression) with the Mandelstam replaced by boldface
variables. The large p limit can be seen as a generalization
of the usual flat space limit [44] in which only the AdS
(Mellin) variables s, t are taken to be large.

In principle, away from large p, nothing would prevent
the amplitude from depending on s,5,... separately.
However, from (11) we see that in fact the full amplitude
M is just a function of bold-facevariables, as a conse-
quence of a hidden 8d conformal symmetry of the
amplitude. This is completely analogous to AdS; x §°
[40,46-48] and AdSs x S° [20,35] backgrounds where
the dynamics is also controlled by hidden conformal
symmetries.

In fact, due to (13), the Mellin amplitude M is literally
the same function as the flat space amplitude with the
Mandelstam variables s, 7, and u replaced by (s + 1),
(t+1), and (u + 1), respectively. It follows immediately
that all relations obeyed by the flat space amplitudes also
apply to M. Note that it is not trivial that this holds;
for example, the analogous relation for AdSs x S° is
s+t+u=—-4 [35]. As an example of the properties
obeyed by M we have that

ng+n,+n, =0, cy+e,+c, =0, (17)
which gives an AdS version of the color-kinematic duality,
which was already observed in [5]. Note that (17) captures
this duality for all Kaluza-Klein modes. This duality is
intimately connected to the so-called BCJ relations between
color-ordered amplitudes. Recall that the full color-dressed
amplitude is

M{ﬂz’ﬂz& —

. Z Tr(Th TRTHTIM5(1,2,3,4),

P(2.34)

where M ;,(1, 2,3, 4) are the color-ordered amplitudes and
P(2,3,4) are the permutations of (2, 3, 4). The translation
from one basis to the other is

¢, = Tr(THTRTHTS) + Te(TH T THT!)
—To(THhTRTHTS) — Te(THTHTHTR)  (18)
and similarly for c,, c¢,. The color-ordered amplitudes then
read as follows:

N n;
s+1 t+1°

M;5(1,2,3,4) = M;5(1,4,3,2) = (19)
and analogously for the others. All the relations obeyed by
the flat space color-ordered amplitudes obviously also hold
here. For example, from (19), we can see that an analogous
U(1) decoupling identity holds:

M;(1,2,3,4) + M5(1,2,4,3) + M5(1,3,2,4) =0.  (20)

Moreover, it is immediate to see that (a generalization of)
BCJ relations also holds:

(t+ DM;(1,2,3,4) = (u + 1)M;5(1,3,4,2), (21)

where we used the on-shell relation (13). We stress again
that the relations (21) capture the appearance of BCIJ
relations in AdS for all Kaluza-Klein modes. Such relations
are manifest at level of the reduced Mellin amplitude while
they do not hold, at least directly, for the full Mellin
amplitude [7]. It is an interesting open question how such
relations might extend to higher point amplitudes in AdS
and what the role of a reduced Mellin amplitude might be in
this regard.

We now return to the issue of the contour in the Mellin
integral (7). The presence of poles at s = —1, t = —1 and
u = —1 is potentially a problem for the contour of
integration. Indeed (13) implies the simultaneous presence
of these poles leaves no region in the real s, ¢ plane for the
contour to pass through, while separating left-moving and
right-moving sequences of poles in the Mellin integrand.
Thus the same property which leads to the direct analogy
with the flat space amplitudes also leads to a subtlety in
returning to position space from Mellin space. For the
color-ordered amplitudes, one does not have all three poles
present simultaneously. Thus we propose that the correct
definition for the contour is tied to the color ordering and
we define analogously a color-ordered correlator:

A(1,2,3,4) = —fdsdtfd@a’iva’UfV?FM(l,z,3,4).

The contour can now be taken to lie slightly below s = —1
and t = —1. Note then that this introduces a subtlety in
interpreting the BCJ relations (21) back in position space,
since the left- and right-hand sides of these equations are to
be integrated over slightly different contours.

Finally, let us observe that there is also an AdS version of
the double-copy prescription [5]. Replacing color with
kinematic factors we get

2 2 2
11,151, ny 4 ny ny
P c-ms+1 t+1 u+1

1
= o MSUGRA (22
(s+1)(t+1)(u+1) P (22)
This is nothing but the supergravity (SUGRA) amplitude in
AdSs x S [12] rewritten in the large p formalism [35],
upon reinterpreting s, t, u as the N’ =4 variables, i.e.
subject to the constraint u = —s —t — 4.

IV. LONG DISCONNECTED FREE THEORY

We now examine the anomalous dimensions of the
double-trace operators exchanged in the OPE at large N.
To do so, we need the superconformal block decomposi-
tions of disconnected free theory and of the logU
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discontinuity of the tree-level correlator. We also have to
deal with the flavor structure of the amplitude. Since this
just amounts to considering certain symmetric or antisym-
metric combinations built out of the correlator, we postpone
the discussion on flavor structures to the end of the next
section. More details can be found in [6].

We begin with disconnected free theory. Only represen-
tations with a definite parity under ¢ <> u exchange enter
the s-channel OPE. Thus we need to decompose the
following combinations of disconnected diagrams:

jS -5 9?49]273 9’1739(2]4 '
Bepapd TP (iig) 2 (iafis)?  (iits)? (Tafla)

Following [42], we extract the unprotected contribution and
decompose it into long superblocks L; [50], whose form we

give in the Appendix:
ZL L;. (24)

We find that the coefficients are particularly simple:

+1 4 (=1)4ts
F=- + (1) P9 AWAB;B;6. (25)
(p=1(g-1)

Here the A and B factors are given, respectively, by

(23)

dlSC Pqprq |long

D(h + 4T (h = BT (h + 252~ 1)
Ay = 2 : ptq : + (26)
T(2h— 1)0(h =254+ 1)
l—~2_2~1"l7_+‘1_|_'—11—‘p—+q— !
p, - G-I /- DI =)17 )
I(1—j+59T(1 - j - 29
while 4 is given by
(2) (2)
s\ — 5t
=R )~ (= j)(h4j—1).  (28)
2) <@ J
5h.j5i¢.j

Here, h,h and Jj label the conformal and internal
representations, respectively. We can also express them

in terms of the more common quantum labels
7= (z,b,1,a):
T - T b - b
h==+1+1, h== j=——— j=——, (2
2+ +1, 7 FTa X (29)

where 7 and [ are twist and spin, respectively, and b and a
can be seen as the analogs of twist and spin on the sphere.
Note the different ways the two internal SU(2) factors
enter the coefficients. On the one hand, SU(2), only
comes in through the function B;. On the other hand,
the decomposition under the R-symmetry group SU(2),
produces also the function é and, in particular, the

combination 55”)5< ) It is not difficult to see that this

object is the elgenvalue of a Casimir operator acting on the
blocks. We refer to [20,41] for more details, where the logic
is exactly the same, although the background is different.

V. ANOMALOUS DIMENSIONS
AND RESIDUAL DEGENERACY

The details of the computation are similar to the
AdSs x §° case [16,19] and the AdS; x S case [40].
The main difference with the AN/ =4 case is that here
double-trace operators have flavor structure. There will
then be two types of anomalous dimensions, those of
operators exchanged in symmetric or antisymmetric
channels.

At large N, the operators acquiring anomalous dimen-
sions are of the schematic form:

O3, = P}, O d BP0 0f, (30)

where P;; is an appropriate projector that projects onto
symmetric or antisymmetric representations of the gauge
group exchanged in the OPE. For any given quantum
numbers 7 = (z,b,l,a), the number of operators
exchanged in the OPE can be represented with the number

of pairs (pq) filling a rectangle [19]:
L1 }
ap—=1J

R~—{( 7 >.p:i+|a|—|—1+r
(31)

‘g=ita+1l+b-r
Thus R; consists of d = u(z — 1) lattice points where
LH“%WJ a+ leven,
LBty 4 dodd.

i=1,..
r=20,..

[ _(z=b)_(a+la)
2 2

The picture below shows an example with 4 =4, t =9:

D

«

C
A=(la]+2.a+b+2)
B=(la|+1+pa+b+3—p)
C=(la|+p+t—1a+b+1+t—p)
D= (| +ta+b+t)

Let us now consider the OPE at genus zero. This is best
cast in a matrix form [16]. First, arrange a d x d matrix of
correlators:

0y .0

P1P37 P2P4

dlsc b |long +—= P()C y)( y)A% (32)

with the pairs (p;, p,) and (p3, p4) running over the same
R:. Here, we denote by A%E the inverse Mellin transform of

the following Mellin amplitudes:

1
M =2 (M5(1.2.3.4) £ M;(1.3.4.2))
11
_§s+1<t+1 ) (33)
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The OPE equations then read

CECIT=LE GG =ME (4
Here L?jE is a (diagonal) matrix of conformal partial waves
(CPW) coefficients of disconnected free theory (24), while
M;jE is a matrix of CPW coefficients of the logU dis-

continuity of A3

P(x = y)(& = V) Aflgy = D _MZLs. (35)

T

Finally, ngc is a diagonal matrix of anomalous dimensions
and C = (0,0,K5) is a matrix of three-point functions
with two half-BPS and one double-trace operator. Here, we
denote with KCF; the true two-particle operator in interacting
theory, that differs from (’)Ifq, precisely because there is
mixing. Note that, since .A?) can be written as a function of
U and V, the SU(2), x SU(2)y representations contribut-
ing to MZ can be reorganized into SO(4) representations,
while this is not so for the disconnected contribution L;‘.

It is simple to show, with some linear algebra, that the
anomalous dimensions are the eigenvalues of the matrix
M:(LZ)"'. By computing them for various quantum
numbers, we find a very simple formula:

5252

+ hj”h,j
= =——77 - (36)
N (lgy+ 1),

Here Iy, = 14+2(p—2) + w — |a| can be interpreted
as an effective 8d spin, defined in analogy to the partial
wave decomposition of the flat amplitude in 84 [20]. Note
that (36) only depends on p, not ¢, or, in other words,
operators on the same vertical line in the rectangle will
acquire the same anomalous dimensions.

We conclude by commenting on the flavor structure of
the correlator. One way to deal with it is to decompose ¢, u
channel flavor structures (of both disconnected and tree-
level correlators) in a basis of representations appearing in
the tensor product of two adjoint representations in the s
channel. We then read off the coefficients associated to
each flavor structure which are of the form

NS NS 11,151,
G, x G, + G, ,

where a runs over all symmetric (antisymmetric) repre-
sentations in adj @ adj with the proportionality coefficient
depending on the specific group and exchanged represen-
tation. Examples of such coefficients are given in [6]. The
unmixing procedure can then be consistently carried for
each a separately. For the symmetric (antisymmetric)
representations the relevant double-trace operators
exchanged are of the type O}, (O,,) with the respective
anomalous dimensions proportional to 77?+ (nz). The only
antisymmetric representation exchanged is the adjoint.

VI. OUTLOOK AND CONCLUSIONS

In this paper we discussed color-kinematics and BCJ
relations between color-ordered amplitudes of super gluons
in AdSs x S5, making use of the large p formalism [35].
We believe this formalism makes clearer the direct parallel
with the flat space versions of these relations and that they
hold for all Kaluza-Klein modes. In turn, this shows, as in
flat space, that there is a precise relation between color-
kinematic duality and BCJ relations.

We then computed the anomalous dimensions in the
large N limit. Due to the 84 hidden conformal symmetry,
and as for the analogous problems in AdSs x $° and
AdS; x $3, the anomalous dimensions exhibit a residual
degeneracy, nicely captured by the vertical columns of the
rectangular lattice R; described in (31) and below.

These results open many exciting possibilities. Firstly, as
mentioned in the introduction, the knowledge of the
anomalous dimensions can be of use in bootstrapping loop
corrections, beyond the lowest charge correlator studied
in [6], and help in further exploring whether some features
of the double-copy relations persist beyond tree level.
Moreover, following the procedure described in [49],
one can imagine treating the theory of gluons as an effective
model and introduce higher-order D"F* interactions,
analogous to the higher curvature corrections present for
gravitons in e.g. AdSs x $°. Much like the curvature
corrections responsible for completing the Virasoro-
Shapiro amplitude in AdSs x §° [34,37], such terms will
induce a splitting of the residual degeneracy in the
anomalous dimensions. Finally, the computation of open
and closed string amplitudes in AdS might give a clue on
how Kawa-Lewellen-Tye and world-sheet monodromy
relations work in a curved spacetime.
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APPENDIX: SUPERCONFORMAL BLOCKS

We quickly review here the superconformal blocks used
in this paper. The long blocks [50], which capture the
unprotected multiplets exchanged in the OPE, are the
simplest. They are the product of ordinary conformal
and internal blocks for both SU(2) factors:

U

L= Pl =3)3 =) () " Geslr Do 3). (A1)

Here we have
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—1)! ~ ~
Gt =Y (Pl 0F ) - (x o 9.
(x=x)U2> °* 2
1 _
Hpa = ﬂf%_a()’)}—:g()’)’ (A2)
with
FE(x) = x",F, [h ¥ %,h ¥ %,24 (x).  (A3)

Note, G, ;(x, X) are the standard 4d conformal blocks (up to
a shift by 2 in the twist 7) and H,, ,(y, y) are internal blocks
given by the product of two SU(2) spherical harmonics,
one for the R-symmetry group SU(2), and the other for the
flavor group SU(2), . Finally, 7 and [ are, respectively, twist
and spin, and b and a label the different representations of
SO(4) and can be viewed as the analogs of twist and spin
on the sphere.
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