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Recent LHCb amplitude analysis on BT — J/yw¢pK™ suggests the existence of exotic X and Z,.; hadrons,
based on an assumption that Breit-Wigner resonances describe all the peak structures. However, all the
peaks and also dips in the spectra are located at relevant meson-meson thresholds where threshold
kinematical cusps might cause such structures. This points to the importance of an independent amplitude
analysis with due consideration of the kinematical effects, and this is what we do in this work. Our model
fits well J/w¢, J/w K™, and K¢ invariant mass distributions simultaneously, demonstrating that all the X,
Z., and dip structures can be well described with the ordinary s-wave threshold cusps. Spin-parity of the
X (4274) and X (4500) structures are respectively 0~ and 1~ from our model, as opposed to 17 and 0" from
the LHCb model. With all relevant threshold cusps considered, the number of fitting parameters seems to be

significantly reduced. The LHCb data requires DE*)

zero, disfavoring D' D* molecule interpretations of Z.,(4000) and Z.,(4220) and, via the SU(3) relation,
being consistent with previous lattice QCD results.

D scattering lengths in our model to be consistent with

DOI: 10.1103/PhysRevD.107.L011504

I. INTRODUCTION

Recent experimental developments resulted in many
discoveries of new hadrons that are not categorized into
the conventional gqq and gg structures. Countless theo-
retical papers followed to understand the nature of such
exotic hadrons often called XYZ, thereby deepening our
knowledge of QCD in the nonperturbative regime; see
reviews [1-3]. Hadron properties such as mass, width, and
spin-parity (J¥) are crucial information to address the
hadrons’ nature and structures, and amplitude analysis is
the method to extract those information from data.
However, amplitude analysis results are often neither
unique nor model-independent for assumptions and
simplifications that go into the analyses. It is therefore
important to bring different and independent analysis
results together to establish the hadron properties through
critical reviews and comparisons.
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The Bt — J/w¢K* decay' is an interesting case. Earlier
analyses [5—12] fitted structures in the J /¢ invariant mass
(M;),,) distribution with Breit-Wigner amplitudes, and
claimed exotic X(4140) and X (4274) without J¥ determi-
nations. A first six-dimensional amplitude analysis was
done by the LHCb Collaboration [13,14], and four X states
with JP were reported: X(4140) and X(4274) with
JP =1%; X(4500) and X(4700) with J¥ = 0. These X
states were confirmed with higher statistics data recently,
and 17X(4685), 27X(4150), and 17X(4630) were also
added [15]. Furthermore, the LHCb claimed 1"cucs
tetraquarks Z..(4000)* and Z.,(4220)" appearing as
bumps in the M, k+ distribution.

The LHCb’s analysis assumes that all bumps in the
My, and M, g+ distributions are caused by X and Z,,
resonances that can be simulated by Breit-Wigner ampli-
tudes. However, these X [Z.,] bumps and also dips are
located at Djl_)g*), DS)DE*), and y'¢p (D' D*] thresholds
where kinematical effects such as threshold cusps and/or

'We follow the hadron naming scheme in Ref. [4]. We often
denote J/y and w(2S) by w and v/, respectively, for simplicity.

D#(2317) and Dy, (2536) are generically denoted by DS). The
charge conjugate decays are implied throughout, and charge

indices are often suppressed.
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FIG. 1. B* — J/yw$K* mechanisms: (a) D" D™ (0=, 17) one-loop; (b) D+ D"~ and y/¢ (0%, 1) one-loop; (c) DS "D (1+)

one-loop; (d) K (K, K*, Ky, K;) excitations.

triangle singularities may cause resonancelike and dip
structures [16]. Indeed, it has been shown that X(4140)
and X (4700) can be described with DD, and y’'¢ thresh-
old cusps, respectively [14,17-21]. While 17X(4274)
[07X(4500)] at the D*,(2317)D, [D;,(2536)D;] threshold
cannot be an ordinary s-wave cusp for having different J?,
they might still be described with p-wave cusps enhanced
by quasi double-triangle singularities [21]. It is however
noted that the LHCb’s J” assignments are not model-
independent but influenced by their assumptions. Once
possible threshold cusps not only at the peaks but also at
the dips are considered in the fit, it is unclear whether the
LHCb’s J? assignments remain unchanged. We address
this issue.

Another issue concerns the nature of the Z.,(4000)
and Z.,(4220). A similar structure, called Z. (3985),
was also discovered by the BESIII Collaboration in
ete” —» K*(DyD* + D:~D") [22]. While Z_,(4000)
and Z.,(3985) have similar masses (4003 & 61}, MeV
and 3982.55‘;2 + 2.1 MeV), their widths are rather differ-

ent (131415426 MeV and 12.8777 +3.0 MeV); the
first (second) errors are statistical (systematic).
Z.:(3985) and Z,,(4000) are argued to be the same
cucs tetraquark state in Refs. [23,24]. However, other
works considered them to be different tetraquark states

[25-28], or different D§*>D(*) molecules [25,29,30], or one
of them is a tetraquark and the other is a molecule [31].
Z.+(3985) and Z.(4000) may also be from a common
virtual pole that enhances the D;D* threshold cusp [32,33],
as demonstrated by fitting both the LHCb’s M, k+
distribution and BESIII data [32]. Also, J/wK*" and
w'K* threshold cusps could cause the Z.,(4000) and
Z.+(4220) structures, respectively [34].

Z.+(3985/4000) may be regarded as a SU(3) partner of
Z.(3900) [23,26,30,32,35,36]. Lattice QCD (LQCD)
results disfavor the existence of a narrow Z.(3900) pole,
suggesting Z.(3900) to be a kinematical effect [37-41].
This implies, via the SU(3) relation, no pole for Z.,(3985)
and/or Z.;(4000). However, consistency with the LQCD
results was not considered in most previous models.”

’An exception is Refs. [42,43].

In this work, we develop a model that simultaneously
describes the J/w¢, J/wK™', and K'¢ invariant mass
distributions for B* — J/w¢K™* from the LHCb. We
demonstrate that all the peaks (X, Z.,) and dips in the
My, and M, g+ distributions are well described with
ordinary s-wave threshold cusps from one-loop diagrams in
Fig. 1; virtual poles near the thresholds are not necessary
for a good fit. Our model, J* of the cusps as well, should be
well-constrained by simultaneously fitting the three invari-
ant mass distributions. Thus, we claim J© = 0~ and 1~ for
the X(4274) and X(4500) cusps, respectively, alternative
to J¥ =17 and 0" from the LHCb analysis; the different
JP assignments would be from considering different
mechanisms. We will argue possible advantages of our
model over the LHCb model. We also examine to what

extent the D\ D* molecule interpretation of Z.,(4000) and

Z.,(4220) is allowed by the LHCb data. The D!”D*
scattering lengths in our model is required to be consistent
with zero, disfavoring the molecule interpretation, and
being consistent with the above-mentioned LQCD results.

II. THE MODEL

We consider one-loop mechanisms of Figs. 1(a) and 1(b)
[Fig. 1(c)] and their s-wave threshold cusps that generate
structures in the M, [M;),k+] distribution of B* —
J/w@pK". We also consider K% excitation mechanisms
of Fig. 1(d) that would shape the Mg+, distribution.
We assume that other possible mechanisms play a minor
role, and their effects can be effectively absorbed by the
considered mechanisms. We derive the corresponding
amplitudes by writing down effective Lagrangians of
relevant hadrons and their matrix elements, and combining
them following the time-ordered perturbation theory.

The one-loop mechanisms of Fig. 1(a) include s-wave
pairs of
D*,(2317)"D; (07),

N

D, (2536) D5 (17),

D3y (2317)*D;=(17),
D;(2536)"'D5=(07). (1)
where J? of a pair is indicated in the parenthesis; a

JP =07 (17) pair is from a parity-violating (conserving)
weak decay. These mechanisms include short-range
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(e.g., quark-exchange) DS)D(Y*) — J/w¢ interactions that
would require a ¢S component in DE,?. D,,(2536) is
considered to be a p-wave c5 [44]. While D},(2317)
may have a dominant DK-molecule component as found
by analyzing LQCD energy spectrum [44-47], a bare cs
component can still be an important constituent [44]. The
diagrams of Fig. 1(b) include s-wave pairs of

DDy (17).  Dy*Di=(07),

w(0"),  ywe(lh),

(2)

where a JP =17 (0%) pair is for a parity-violating
(conserving) process. Since DD (17) and J /w¢(17) have
different C-parity, D D:(17) does not contribute here. The
diagrams of Fig. 1(c) include s-wave pairs of

DD*(1%),  DytD?(17), (3)
that can contribute to both parity-conserving and violating
processes. While a D+ D°(1%) one-loop mechanism is also
possible, its singular behavior is similar to that of Dy D*0(11)
due to almost degenerate thresholds (~1.8 MeV difference).
We thus assume that the Dy D*°(17) one-loop amplitude
implicitly absorbs the D:*D%(1%) contribution.

In Egs. (1)-(3), we did not exhaust all possible J”
such as Dg;(2536)"D;~(17,27) and D;TD}~(2"). While
they can in principle contribute to the process, we found
them unnecessary to reasonably fit the three invariant
mass distributions. We thus do not consider them and
keep the number of fitting parameters smaller. Also, we
do not explicitly consider charge analogous amplitudes
that include, for example, D D¥;(2317)" rather than
D*,(2317)* Dy in Fig. 1(a). While the charge analogous
amplitudes generally have independent strengths, their
singular behaviors are the same as the original ones. It
is understood that their effects and projections onto positive
C-parity are taken into account in coupling strengths of the
considered processes.

We consider the K’j-excitation mechanisms of Fig. 1(d)
in Breit-Wigner forms. With the LHCb’s amplitude analy-
sis result as reference, we consider K7 as listed in Table I.
Each K may have parity-conserving and/or violating
BT — K3J/y couplings, depending on J¥ of K.

TABLE I. K7 in Fig. 1(d). The first row indicates JP of Kj. In
the default model, parity-conserving (pc) and/or violating (pv)
amplitudes or neither (—) are considered, as indicated in the
square brackets.

0- 1- 1+ 2-
K(1460)[-] K*(1410)[pc]  K,(1400)[-]  K,(1770) [pc]
K*(1680) [pc]  K;(1650) [pc.pv] K, (1820) [pc]

We present an amplitude formula for Fig. 1(c) with a
D} D*(1%) pair that generates a Z.(4000)-like cusp;
see the Supplemental Material [48] for amplitude formulas
for other mechanisms. We denote the energy, width,
three-momentum and polarization vector of a particle x
by E,, '\, p,, and €,, respectively. The particle masses
and widths are taken from Ref. [4] unless otherwise stated.
A parity-conserving (pc) Bt — D} D*0¢ vertex and the
subsequent D D*® — J/wK™* interaction that enter the
amplitude are

pe 2 = 00

CDXD*O(IJr)gD*O S‘IJ’FDJD*%S,B’ (4)
1+ 2 = 0 40

Cyx.0,00ED" " Eyfyk S pos (5)

respectively, where we introduced dipole form factors

! .
Fi, and ff; we use a common cutoff of A =1 GeV in

. b
all form factors; Cp, Do)

constants. With the above ingredients, the one-loop ampli-
tude is given by

and ¢!" . are couplin
wK.D, D™ pling

- -

— 1F

1L,pc pc
A = Cyk.0,0°Cp,po(11) 6y " €0

DD, (1%)

0 00
f V/Kf%_yD*OF D,D*°¢.B
X d3PD —, (6)
$ Ml/IK —_ ED\. —_ EDxO + 1253

where ' has been neglected for being estimated to be
small (I'p0 ~ 55 keV [50]).

The D\’ D* threshold cusps from Eq. (6) could be
enhanced by virtual or bound states near the thresholds
[51]. To implement this effect, we describe the D§*>+ D -
J/wK* transition with a single-channel D{"" D*0 scatter-
ing followed by a perturbative D{’TD* — J/ywk+

transition. We use a D' D*0 interaction potential of

Ua<p/vp) :fg(pl)hafg(p)7 (7)

where a labels an interaction channel; 4, is a coupling
constant and f% is a dipole form factor. We can implement
the rescattering effect in Eq. (6) by multiplying
[1- haaa(M,/,,,K+)}" with

o )P
o) = [ dag® 5 Ep(q) — Epol) +ie” )

The default model does not include the rescattering effects
(h, = 0) for Figs. 1(a) and 1(c). We will examine the
rescattering effect on the Z_, structures separately.
Meanwhile, our default model includes similar rescatter-
ing effects in the D}‘Dﬁ*) — J/w¢ transitions of Fig. 1(b).

The DjDﬁ*) interaction strengths are chosen to be moder-
ately attractive (h, = —2). The scattering length is
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FIG. 2. B* — J/w¢K* Dalitz plot distributions from the
default model. No smearing is applied.

a~0.55 fm,” and a virtual pole is located at ~20 MeV
below the D} Dﬁ*) threshold. In Ref. [19], the authors used a

contact D}‘Dﬁ*) interaction saturated by a ¢-exchange
mechanism, and found similar virtual poles.

III. RESULTS AND DISCUSSIONS

We simultaneously fit the M, 4, M/, k+, and Mg+,
distributions of Bt — J/y@K™ from the LHCb using the
model described above. As seen in Eq. (6), each amplitude
has a complex overall factor from the product of coupling
constants. We determine the complex factors by fitting the
data since other experimental inputs are lacking. During the
fit, we remove relatively unimportant mechanisms to reduce
the fitting parameters and retain essential mechanisms.
For Fig. 1(c) with Eq. (3), we remove a parity-violating
[conserving] one with D D*(17) [Di*D*°(1+)]. Among
the Kj-excitation mechanisms, we retain only those indi-
cated by “pc” and/or “pv” in Table I. Our default model
totally has 16 mechanisms, and 2 x 16 — 3 = 29 fitting
parameters where —3 is from the arbitrariness of the
absolute normalization of the full amplitude, and that of
overall phases of the parity-conserving and parity-violating
full amplitudes. The parameter values and fit fractions for
the default model are provided in the Supplemental
Material [48].

We first present Dalitz plot distributions from the default
model in Fig. 2. Comparing with the LHCb’s Dalitz plots
[15], the overall patterns are similar. Since our plots are not
smeared with the experimental resolution, the peak struc-
tures seem sharper than the data.

In Figs. 3 and 4, our default model (red solid curves) is
shown to agree well with the LHCb data for the M4,

M;,k+, and Mg+, distributions; 4?/ndf = (102.3 +
94.2 4+ 113.7)/(3 x 68 — 29) = 1.77 where three y* values
are from the M Ty M T/yK*s and M K+ distributions,

The scattering length (a) is related to the phase shift (6) by
peotd = 1/a+ O(p?).

respectively, and ndf is the number of the bins subtracted
by the number of fitting parameters. All theoretical curves
are smeared with the experimental bin width. The X (4140),
X(4274), X(4500), and X (4700/4685) peaks in the M,
distribution are well described by the D}*Dy(1%) [red
dashed curve], D},(2317)*D;(07) [purple dash-dotted],
D (2536) "Dy (17) [purple solid], and y/'¢p(0" /17) [green
solid/yellow solid] threshold cusps, respectively. Also,
the three dips are well fitted with the D:*D}=(0")
[black solid], D%,(2317)"D;~(17) [orange solid], and
Dy (2536)*D}~(07) [black dashed] threshold cusps. The
cusp peak positions are slightly above the thresholds due to
smearing the asymmetric cusp shapes.

In the M,k distribution, the D D**(17) threshold
cusp [magenta dash-two-dotted] fits well the Z,(4000)-
like peak. The D:*D*°(1*) threshold cusp [blue solid]
creates a dip at M/, g+ ~ 4120 MeV and, combined with
the shrinking phase-space near the kinematical endpoint,
the Z.,(4220)-like structure is formed. While the K-
excitation mechanisms do not create noticeable structures
in the M-+, distribution, their contributions and interfer-
ences are important for a reasonable fit.

We examine if the fit is stable against changing the form
factor. Instead of A = 1000 MeV (cutoff) in all the dipole
form factors of the default model, we fit the data with
A =750, 1250, and 1500 MeV. As seen in Fig. 5 for the
My, distribution, while the sharpness of the X(4274)
peak is somewhat sensitive to the cutoff value, the fit is
reasonably stable overall. Similarly, stable fits are also
obtained for the M, x+ and Mg+, distributions. This
stability is expected since the threshold cusps are caused by
low-momentum components in the loop integrals, and are
insensitive to how high-momentum components are cut off.
We also used monopole and Gaussian form factors with
A =1 GeV, and confirmed that the result is very similar to
the case of A = 1250 MeV in Fig. 5.

Our results are different from the LHCb’s in many
points. First, all X and Z, structures are from the threshold
cusps in our model, while they are from resonances of
the Breit-Wigner forms in the LHCb’s. Second, J¥ of the
X(4274) and X(4500) peaks are respectively 0~ and 1~
cusps in our model while 17 and O™ resonances in the
LHCb’s. This difference in J” might be from the fact that
our model creates the sharp three dips in the M,
distribution with the threshold cusps. In Fig. 6, we see
that the dip regions are not well fitted with a model in which
the threshold cusps at the dips are removed from the default
setting [blue dashed]; adding more K7 in Table I does not
help. On the other hand, the LHCb did not introduce
resonances but use complicated interferences to fit the dip
regions. Possibly due to this fitting choice, the LHCb
amplitude model actually needs significantly more mech-
anisms and fitting parameters than our model does, as will
be discussed shortly.
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[black dashed], w'¢p(0%) [green solid], w’¢ (1) [yellow solid], D} D*°(1*) [magenta dash-two-dotted], and D+ D*°(17) [blue solid].
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FIG. 4. Continued from Fig. 3.

Another noteworthy point is that the LHCb’s model
includes a contact B — J/y¢(1")K' mechanism with a
large (~28%) fit fraction while our model does not. Since
sequential two-body decay chains usually dominate, this
large fit fraction could hint relevant missing mechanisms.
Although our model also includes contact mechanisms
such as B* — D)DK+, DIVD*p in Figs. 1(a)-1(c),
they can be understood as color-favored sequential two-

body decay chains such as BT — DE}%D’ followed by

D — DK+, D*¢, and the off-shell excited charmed
mesons (D) in the loops can be shrunk to the contact
mechanisms.

700 pr
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Candidates/(10 MeV)

200 |

100 |

0 el T~ l 1 . L 1 . 1
4100 4200 4300 4400 4500 4600 4700
MJ/¢¢ [1\19\/}

FIG. 5. The J/w¢ invariant mass distributions from the fits
with different cutoff (A) values in the dipole form factors. The
blue dashed, red solid, green dotted, and magenta dash-dotted
curves are obtained with A = 750, 1000, 1250, and 1500 MeV,
respectively. Other features are the same as those in Fig. 3(a).

We also point out the difference in the number of fitting
parameters (N;) and its implication. Our default model is
fitted to the M, 4, M, k+, and M+, distributions with
N, = 29. The LHCb’s amplitude model is fitted to the six-
dimensional distribution with Np = 144 and, in compari-
son with the M T/ M T/yK* and M Kt distributions,
x> =825, 79.4, 60.7, respectively. This large difference
in N, should be partly from the fact that the six-
dimensional distribution include more information, and
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FIG. 6. The J/w¢ invariant mass distributions from the fits
with different mechanisms. The red solid curve is from the default
model. The blue dashed curve is from a model where the
DDy~ (01), D% (2317)*Di~(17), and Dy (2536)"Di=(07)
loop mechanisms [Figs. 1(a) and 1(b)] are removed from the default
mechanisms. Other features are the same as those in Fig. 3(a).

that the LHCb’s fit quality is somewhat better. However,
this might not fully explain the difference in N,. Possibly,
the LHCb’s model misses relevant mechanisms and needs
many others to mimic the missing ones through compli-
cated interferences, resulting in the large N,,. At present, we
cannot discuss which of the LHCb’s model or ours is
statistically more significant, since they were fitted to the
different datasets.

Since the LHCb claimed X(4630)(17) and
X(4150)(27), we added them to our default model to
see their relevance. Although the fit quality is slightly
improved (y?/ndf = 1.74) a similar improvement can also
be made by Kj-excitation mechanisms not included in the
default model. We thus conclude that X(4630)(17) and
X(4150)(27) are not relevant in our model and their
importance seems model dependent, as far as we fit the
three invariant mass distributions.

Our default model fits well the Z_,-like structures in the
M,k distribution with the threshold cusps without any
poles nearby. We examine to what extent a molecule (pole)
scenario for the Z_.; structures is allowed by the LHCb data.
We vary the fitting parameters for Fig. 1(c) and also two
independent D} D*° and D+ D*? interaction strengths h,, in
Eq. (7), and find their allowed ranges. For the D} D*0

scattering, we find —0.33 < £, < 0.93 that corresponds to
the scattering length of —0.12 < a(fm) < 0.06, and a
virtual pole at 93 MeV below the threshold or deeper.
Regarding the D;*D*® scattering, —0.17 < h, < 2.02,
—0.21 < a(fm) < 0.03, and a virtual pole at 103 MeV
below the threshold or deeper.

The result would disfavor the D\ D*® molecules as an
explanation for the Z, structures. Meanwhile, Ortega et al.

[32] fitted well the M),k distribution with D{"* D
threshold cusps enhanced by virtual poles at 5-14 MeV
below the thresholds. The difference from our result is
partly from the fact that they used momentum-independent

DIt po production vertices while we used form factors. If
we also use momentum-independent production vertices,
we obtain, for the DﬁD*0 scattering, —1.09 < h, < —0.25,
0.04 < a(fm) < 0.22, and a virtual pole at 48-99 MeV
below the threshold. The molecule picture is still not clearly
seen. To further examine the molecule scenario, Ref. [52]
stressed the importance of considering also the elastic final
state [e.g., the BESIII e*e™ — K+ (D;D* + D~ D) data
[22] in the present context].

The LQCD results [37-41] suggested weak hadron-
hadron interactions and neither bound nor narrow reso-
nances in the channel for Z,(3900) (J*€ = 177) and its
17+ partner. Our results above, including the default model,
are consistent with the LQCD results via the SU(3) relation;
most of the previous Z., models did not take the con-
sistency into account. Yet, a nonpole scenario has not well
explained the experimentally observed peak structures
[22,53] that are commonly interpreted with the Z.(3900)
and Z.,(3985) states. More works from experimental,
phenomenological, and LQCD approaches are necessary
to reach a consistent picture of Z ).
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