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We report the first calculation using physical light-quark masses of the electromagnetic form factor VðzÞ
describing the long-distance contributions to the Kþ → πþlþl− decay amplitude. The calculation
is performed on a 2þ 1 flavor domain wall fermion ensemble with inverse lattice spacing
a−1 ¼ 1.730ð4Þ GeV. We implement a Glashow-Iliopoulos-Maiani cancellation by extrapolating to the
physical charm-quark mass from three below-charm masses. We obtain Vðz ¼ 0.013ð2ÞÞ ¼ −0.87ð4.44Þ,
achieving a bound for the value. The large statistical error arises from stochastically estimated quark loops.
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I. INTRODUCTION

The Kþ → πþlþl− (l ¼ e, μ) decays are flavor-
changing neutral current processes that are heavily sup-
pressed in the standard model (SM), and thus expected to be
sensitive to new physics. Their branching ratios, taken from
the latest PDG average [1], are Br½Kþ → πþeþe−� ¼
3.00ð9Þ × 10−7 and Br½Kþ → πþμþμ−� ¼ 9.4ð6Þ × 10−8.
This process is dominated by a single virtual-photon
exchange ðK → πγ�Þ, whose amplitude is predominantly
described by long-distance, nonperturbative physics [2].
With tensions between the LHCb measurement [3] of and
SM predictions for the ratio RK contributing to increased
interest in lepton-flavor universality (LFU) violation, impor-
tant tests of LFU in the kaon sector could also be provided
by Kþ → πþlþl− decays [4].
The amplitude for the K → πγ� decay can be expressed

in terms of a single electromagnetic form factor VðzÞ
defined via [2,5]

Aμ ¼ −i
GF

ð4πÞ2 VðzÞ½q
2ðkþ pÞμ − ðM2

K −M2
πÞqμ�; ð1Þ

where μ is the photon polarization index, z ¼ q2=M2
K ,

q ¼ k − p, and k and p indicate the momenta of the K and
π respectively. From analyticity, a prediction of VðzÞ is
given by [2]

VðzÞ ¼ aþ þ bþzþ VππðzÞ; ð2Þ

where aþ and bþ are free real parameters and VππðzÞ
describes the contribution from a ππ intermediate state
(detailed in [2]) with a πþπ− → γ� transition. The free
parameters have, until recently, only been obtained by
fitting experimental data. Having previously measured the
Kþ decay channel for electrons and muons at the NA48
experiment at the CERN SPS [6], the follow-up NA62
experiment measured the Kþ → πþμþμ− decay during the
2016–2018 run 1 [7], with prospects for further measure-
ments during the 2021–2024 run 2 [8]. From the NA48
electron data, values of aþ ¼ −0.578ð16Þ and bþ ¼
−0.779ð66Þ have been found [6], and the available
NA62 muon data resulted in aþ ¼ −0.592ð15Þ and bþ ¼
−0.699ð58Þ [7].
In parallel, the theoretical understanding of these

processes is being improved. The authors of [9,10]
construct a theoretical prediction of aþ and bþ by
considering a two-loop low-energy expansion of VðzÞ
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in three-flavor QCD, with a phenomenological determi-
nation of quantities unknown at vanishing momentum
transfer. From the electron and muon they find aþ ¼
−1.59ð8Þ and bþ ¼ −0.82ð6Þ, in significant tension with
the experimental data fit. The authors acknowledge that
more work is being done to estimate more accurately the
ππ and KK contributions.
The nonperturbative ab initio approach of lattice QCD is

well suited to study the dominant long-distance contribu-
tion to the matrix element of the Kþ → πþγ� decay.
Methods with which such a lattice calculation could be
performed were first proposed in [11], and additional
details on full control of ultraviolet divergences were
introduced in [12]. An exploratory lattice calculation
[13], using unphysical meson masses, demonstrated a
practical application of these methods.
This paper describes a lattice calculation following the

same approach as [13], but using physical light-quark
masses, thereby allowing for the first time a direct com-
parison to experiment.

II. EXTRACTION OF THE DECAY AMPLITUDE

The procedure and expressions in this section are largely
a summary of the approach described in [13]. We wish to
compute the long-distance amplitude defined as

Aμðq2Þ ¼
Z

d4xhπðpÞjT½Jμð0ÞHWðxÞ�jKðkÞi ð3Þ

in Minkowski space, where q, k, and p are defined as
above, Jμ is the quark electromagnetic current and HW is a
ΔS ¼ 1 effective Hamiltonian density, given by [14]

HW ¼ GFffiffiffi
2

p V�
usVud

X2
j¼1

CjðQu
j −Qc

jÞ; ð4Þ

where theCj are Wilson coefficients, andQq
1 andQ

q
2 are the

current-current operators defined (up to a Fierz trans-
formation) by [11]

Qq
1 ¼ ½s̄γμð1 − γ5Þd�½q̄γμð1 − γ5Þq�; ð5Þ

Qq
2 ¼ ½s̄γμð1 − γ5Þq�½q̄γμð1 − γ5Þd�: ð6Þ

We renormalize the operators Qq
i nonperturbatively within

the RI-SMOM scheme [15] and then follow [16] to match
to the MS scheme, in which the Wilson coefficients have
also been computed.

A. Correlators and contractions

The corresponding Euclidean amplitude—which is
accessible to lattice QCD calculations—can be computed
with the “unintegrated” 4pt correlator [12]

Γð4Þ
μ ðtH; tJ;k;pÞ ¼

Z
d3x

Z
d3ye−iq·xhϕπðtπ;pÞT½JμðtJ;xÞ

×OWðtH;yÞ�ϕ†
KðtK;kÞi; ð7Þ

where ϕ†
Pðt;kÞ is the creation operator for a pseudoscalar

meson P at time t with momentum k. To obtain the decay
amplitude we take the integrated 4pt correlator [12]

IμðTa; Tb;k;pÞ ¼ e−ðEπðpÞ−EKðkÞÞtJ

×
Z

tJþTb

tJ−Ta

dtHΓ̃
ð4Þ
μ ðtH; tJ;k;pÞ; ð8Þ

in the limit Ta; Tb → ∞. The exponential factor translates
the decay to tJ ¼ 0, allowing us to omit any tJ dependence

in further expressions. Here Γ̃ð4Þ
μ is the “reduced” correlator,

where we have divided out factors that are not included in
the final amplitude, i.e.,

Γ̃ð4Þ
μ ¼ Γð4Þ

μ

ZπK
; ZπK ¼ ZπZ

†
KL

3

4EπðpÞEKðkÞ
e−tπEπðpÞþtKEKðkÞ; ð9Þ

where L3 is the spatial volume, Zπ ¼ h0jϕπðpÞjπðpÞi,
Z†
K ¼ hKðkÞjϕ†

KðkÞj0i, and EKðkÞ and EπðpÞ are the
initial-state kaon and final-state pion energies, respectively.
The spectral decomposition of Eq. (7) has been discussed

in detail in [13], in particular describing the presence of
intermediate one-, two-, and three-pion states between the
Jμ and OW operators. As these states can have energies
E < EKðkÞ they introduce exponentially growing contri-
butions that cause the integral to diverge with increasing
Ta. These contributions do not contribute to the Minkowski
decay width [12] and must be removed in order to extract
the amplitude

Aμðq2Þ ¼ lim
Ta;Tb→∞

ĨμðTa; Tb;k;pÞ; ð10Þ

where Ĩμ is the integrated 4pt correlator with intermediate-
state contributions subtracted. The methods used to remove
the intermediate states follow the same steps as in [13], and
are outlined in Sec. II B.
The four classes of diagrams—Connected (C), Wing (W),

Saucer (S), and Eye (E)—that contribute to the integrated
correlator are represented schematically in the Supplemental
Material [17]. The current can be inserted on all four
quark propagators in each class of diagram, in addition
to a quark-disconnected self-contraction. Diagrams of these
five current insertions for the C class are also shown in the
Supplemental Material [17]. The 20 resulting diagrams need
to be computed in order to evaluate Eq. (7).
When working on the lattice there are potentially

quadratically divergent contributions that come about as
the operators Jμ and HW approach each other when the
current is inserted on the loop of the S and E diagrams
[11,12]. Since we perform our calculation with conserved
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electromagnetic currents the degree of divergence is
reduced to, at most, a logarithmic divergence [11] as a
consequence of U(1) gauge invariance and the resulting
Ward-Takahashi identity. We emphasize that, due to exact
gauge symmetry in lattice QCD there is a vector current,
which is exactly conserved on each configuration, inde-
pendent of any residual chiral symmetry breaking. The
remaining logarithmic divergence is removed through the
Glashow-Iliopoulos-Maiani (GIM) mechanism [18], imple-
mented here through the inclusion of a valence charm quark
in the lattice calculation.

B. Intermediate states

The contribution of the single-pion intermediate
state can be removed by either of the two methods
discussed in [13]. The first of these (method 1) recon-
structs the single-pion state using 2pt and 3pt correlators
to subtract its contribution explicitly. The relevant ampli-
tude can be extracted with this method in several ways,
including a direct fit of Aμ and the intermediate state, the
reconstruction of the intermediate states using fits to 2pt
and 3pt correlators, a zero-momentum-transfer approxi-
mation and an SU(3)-symmetric-limit approximation, all
of which are discussed in detail in [13].
The second method proposed in [13] (method 2)

involves an additive shift to the weak Hamiltonian by
the scalar density s̄d [19]:

O0
W ¼ OW − css̄d; ð11Þ

where the constant parameter cs is chosen such that

hπðkÞjO0
W jKðkÞi ¼ 0: ð12Þ

ReplacingOW withO0
W in Eq. (7) removes the contribution

of the single-pion intermediate state. As the scalar density
can be written in terms of the divergence of a current, the
physical amplitude is invariant under such translation [12].
The two-pion contributions are expected to be insignificant
until calculations reach percent-level precision and the
three-pion states are even more suppressed [12]. As we
do not compute the rare kaon decay amplitude to such a
precision, the two- and three-pion states are not accounted
for in our studies.

III. DETAILS OF CALCULATION

This calculation is performed on a lattice ensemble
generated with the Iwasaki gauge action and 2þ 1 flavors
of Möbius domain wall fermions (DWF) [20]. The
spacetime volume is ðL=aÞ3 × ðT=aÞ ¼ 483 × 96 and
the inverse lattice spacing a−1 ¼ 1.730ð4Þ GeV. The
fifth-dimensional extent is Ls ¼ 24 and the residual mass
is amres ¼ 6.102ð40Þ × 10−4. The light and strange sea
quark masses are aml ¼ 0.00078 and ams ¼ 0.0362
respectively, corresponding to pion and kaon masses of
Mπ ¼ 139.2ð4Þ MeV and MK ¼ 499ð1Þ MeV. We use 87

gauge configurations, each separated by 20 Monte Carlo
time steps.
The Möbius DWF action [21] was used to simulate the

sea quarks, with a rational approximation used for the
strange quark. In this calculation the light valence quarks
make use of theMöbius action [22], an approximation of the
Möbius action where the sign function has had its Ls
dimension reduced by using complex parameters matched
to the original real parameters using the Remez algorithm.
This gives a reduced fifth-dimensional extent Ls ¼ 10,
reducing the computational cost of light-quark inversions.
The lowest 2000 eigenvectors of the Dirac operator were
also calculated (“deflation”), allowing us to accelerate the
light-quark zMöbius inversions further. We correct for the
bias introduced by the zMöbius action with a technique
similar to all-mode-averaging (AMA) [23] by computing
light and charm propagators also using theMöbius action on
lower statistics, using the Möbius accelerated DWF algo-
rithm [24] with deflated zMöbius guesses in the inner loop
of the algorithm for the light and a mixed-precision solver
for the charm quarks. Further details are in the Supplemental
Material [17].
The GIM subtraction relies on a precise cancellation, in

particular in the low modes of the light and charm actions,
and it is paramount to use the same actions for those
quarks. With the choice of zMöbius parameters for the
light quark, the DWF theory breaks down for the physical
charm-quark mass [25]. We instead perform the GIM
subtractions using three unphysical charm-quark masses,
chosen to be amc1 ¼ 0.25, amc2 ¼ 0.30, amc3 ¼ 0.35, and
extrapolate the results to the physical point. The physical
charm-quark mass was found to be amc ¼ 0.510ð1Þ by
computing the three unphysical ηc-meson masses and
extrapolating to the physical ηc mass. Previous work
has demonstrated that, for the lattice parameters in use
for this calculation, such an extrapolation is well con-
trolled [26].
We use Coulomb-gauge fixed wall sources for the

kaon and pion. The pion and kaon sources are separated
by 32 lattice units in time, with the kaon at rest at tK ¼ 0

and the pion with momentum p ¼ 2π
L ð1; 0; 0Þ at tπ ¼ 32.

The electromagnetic current is inserted midway between
the kaon and the pion at tJ ¼ 16, so that the effects of the
excited states from the interpolating operators are sup-
pressed. We omit the disconnected diagram, since it is
suppressed by SU(3) flavor symmetry and 1=Nc to an
expected ∼10% of the connected-diagram contribution
[13]. Given the error on our final result, the disconnected
contribution is negligible. Control of the error is being
explored in an ongoing project.
We use the Möbius conserved lattice vector current [20]

with only the time component μ ¼ 0, which is sufficient to
extract the single form factor from Eq. (1).
To compute the loops in the S and E diagrams we use

spin-color diluted sparse sources, similar to those used
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in [27], the structure of which is described in the
Supplemental Material [17]. We use the AMA technique
[23] for our calculation of these diagrams, computing one
hit of sparse noise with “exact” solver precision (10−8,
10−10, 10−12, and 10−14 for the light, c1, c2, and c3 quarks,
respectively) and the same hit of sparse noise with “inex-
act” solver precision (10−4 for all quarks). We then compute
an additional nine hits of sparse noise with inexact solver
precision and apply a correction computed from the differ-
ence of the reciprocal noises.
We performed all correlation function calculations using

dedicated software [28] based on the Grid [29,30] and
Hadrons [31] libraries. All three are free software under
GPLv2. The raw lattice correlators used in this work are
publicly available online [32].

IV. NUMERICAL RESULTS

The 4pt functions for the lightest charm-quark mass are
shown in Fig. 1, and Fig. 2 shows the Ta dependence of the
integrated correlator for fixed Tb both before and after
removing the exponentially growing contributions using
method 2. We perform a simultaneous fit to the 2pt, 3pt and
integrated 4pt functions, extracting matrix elements, ener-
gies, form factors and A0, using a covariance matrix with
fully correlated 2pt and 3pt sectors and uncorrelated 4pt
sector. From this fit, we obtain A0 ¼ 0.00022ð172Þ with a
χ2=dof ¼ 0.996. Further details on the fitting procedure,
including a discussion of the fit ranges which were used,
are presented in the Supplemental Material [17]. The error
on A0 is entirely statistical.
Table I shows the results for A0 using the three charm-

quark masses, extracted using the different methods
detailed above. The results from method 2 have statistical

(a) (b)

FIG. 1. The (a) Q1 and (b) Q2 operator contributions to the amc1 ¼ 0.25 integrated 4pt rare kaon correlator, separated into C, W, S,
and E diagrams. The light- and charm-quark contributions to the S and E diagrams are shown individually, as well as their difference, the
“GIM” contribution.

FIG. 2. The amc1 ¼ 0.25 integrated 4pt rare kaon correlator
shown for I0ðTa; Tb ¼ 8;k;pÞ [cf. Eq. (8)] to demonstrate the Ta
dependence. The green data shows the raw 4pt function, and in
red we show the same data after removing the single-pion
exponential growth via method 2. The fit to the plateau, shown
in blue, gives A0 ¼ 0.00022ð172Þ.

TABLE I. Fit results for A0 for the three unphysical charm-
quark masses and value found from extrapolating these to the
physical point. The first four results are obtained using
the various approaches to method 1, as described in Sec. II B,
and the final result is obtained using method 2.

Analysis mc1 mc2 mc3

Method 1
Direct fit −0.00052ð208Þ −0.00046ð210Þ −0.00040ð211Þ
2pt/3pt recon −0.00036ð162Þ −0.00024ð164Þ −0.00017ð165Þ
0 mom transfer −0.00087ð165Þ −0.00086ð166Þ −0.00086ð167Þ
SUð3Þ symm lim 0.00055(165) 0.00085(166) 0.00112(167)

Method 2
cs shift 0.00022(172) 0.00024(173) 0.00027(174)
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errors compatible with method 1 results. As method 2 has
the simplest fit structure, we use it to extrapolate to the
physical charm-quark mass and to compute the form factor
as our final result. We stress that method 1 remains an
important cross-check on the analysis. Figure 3 shows the
extrapolation of the method 2 results to the physical charm-
quark mass, giving a value of A0 ¼ 0.00035ð180Þ. From
Eq. (1) we can relate our result to the form factor to achieve
VðzÞ ¼ −0.87ð4.44Þ. For our choice of kinematics we have
z ¼ 0.013ð2Þ; we expect the bþz contribution to be ∼10−2
assuming bþ is Oð1Þ, and we estimate VππðzÞ ¼
−0.00076ð73Þ following [2]. We may therefore take our
result for aþ as an approximation for the intercept of the
form factor.

V. CONCLUSION

We have carried out the first lattice QCD calculation of
the Kþ → πþlþl− decay amplitude using physical pion
and kaon masses. When using physical light-quark masses,
even with unphysically light charm-quark masses, the
contributions in the GIM loops statistically decorrelate,
as shown in Fig. 4. This contributes to the unsatisfactory

amount of noise in GIM subtraction, as can be seen in
Fig. 1. Although sparse noises reduced the statistical error
introduced by the single-propagator trace contribution to
the Eye and Saucer diagrams, we are not able to obtain a
well-resolved result for the amplitude.
The form factor that encapsulates the behavior of the

long-distance amplitude of the rare kaon decay was found
to be Vð0.013ð2ÞÞ ¼ −0.87ð4.44Þ. When this is compared
to experimental results, Vexpð0Þ≡ aexpþ ¼ −0.578ð16Þ
from the electron and aexpþ ¼ −0.592ð15Þ from the muon,
it can be seen that the error on our lattice result is about 8
times larger than the central value of the experimental
result. However, our error is 3 times larger than the
phenomenological central value obtained in [9,10], which
suggests that lattice QCD calculations will be able to
provide a competitive theoretical bound on aþ in the
coming years.
We would like to stress that since the noise emerges

mainly from the lack of correlation in the GIM subtraction,
the error obtained here has the potential to be reduced
beyond square-root scaling by optimizing the stochastic
estimator used for the up-charm loops. Such problems have
common elements with similar challenges in computing
quark-disconnected diagrams, for example as discussed
in [33].
Finally, it might also be possible to work in three-flavor

QCD, forgoing the calculation of the charm-quark loop
[34], further reducing computational costs. This would
require a new renormalization procedure which would be
analogous to that of the K → πνν̄ study that was performed
by the RBC-UKQCD collaborations previously [35,36].
In conclusion, despite obtaining a first physical result

with a large uncertainty, we believe that optimization of the
methodology, combined with the increased capabilities of
future computers, should allow for a competitive prediction
of the Kþ → πþlþl− amplitude within the next years.

FIG. 3. The extrapolation of the A0 results found using method 2
to the physical charm-quark mass. The linear fit and extrapolated
result are shown in blue, giving a result of A0 ¼ 0.00035ð180Þ.
Red, green, and black show the results at the cmasses we simulate
at, and we extrapolate those to the blue data point at physical
charm mass.

(a) (b)

FIG. 4. The cross-correlation in the Eye diagram between the light-quark and the lightest charm-quark correlation functions for
(a) the exploratory study [13] at heavier-than-physical light-quark mass and (b) the calculation reported on in this work at physical
light-quark mass. Although equal time slices exhibit a distinguishable correlation in both cases, it is greatly diminished in the
physical-point calculation. This results in a poor statistical cancellation in the GIM loop, driving the large statistical error from this
calculation.
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