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Entanglement negativity in TT-deformed CFT,s
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We apply a suitable replica technique to develop a perturbative expression for the entanglement
negativity of bipartite mixed states in TT-deformed CFT,s up to the first order in the deformation
parameter. Utilizing our perturbative construction we compute the entanglement negativity for various
bipartite mixed states involving two disjoint intervals, two adjacent intervals, and a single interval in a

TT-deformed CFT, at a finite temperature, in the large central-charge limit. Subsequently, we advance
appropriate holographic constructions to compute the entanglement negativity for such bipartite states in
TT-deformed thermal CFT,s dual to BTZ black holes in a finite cutoff bulk geometry and find agreement
with the corresponding field theoretic results in the limit of small deformation parameter.

DOI: 10.1103/PhysRevD.107.126026

I. INTRODUCTION

Over the past three decades, diverse areas of physics
ranging from quantum many body systems in condensed
matter to quantum gravity and black holes, have seen
tremendous progress with the toolbox of quantum entangle-
ment. For bipartite pure states, the entanglement entropy,
defined as the von-Neumann entropy of the corresponding
reduced density matrix, correctly captures the entanglement
structure. On the other hand, for bipartite mixed states or
tripartite pure states, entanglement entropy fails to be a
viable measure of the entanglement structure due to con-
tributions from irrelevant classical and quantum correla-
tions. To address this significant issue, various other
measures for bipartite mixed-state entanglement have been
introduced in the literature. Among these, a computable
entanglement monotone termed the entanglement negativity
was introduced in the seminal work [1]. This nonconvex [2]
entanglement measure serves as an upper bound on the
distillable entanglement for a given mixed state.

Although the calculation of these entanglement measures
in extended many-body systems is in general computa-
tionally challenging, remarkably in (1 + 1)-dimensional
conformal field theories (CFT,s) the entanglement entropy
for bipartite pure states may be explicitly computed
utilizing a novel replica technique [3-5]. Interestingly, a
similar replica technique to compute the entanglement
negativity for various bipartite mixed states in CFT,s
was introduced in [6-8].

With the advance of the holographic correspondence [9],
there has been intense focus on the holographic
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characterization of the entanglement structure in conformal
field theories with large central charge and a sparse
spectrum which are dual to bulk anti-de Sitter (AdS)
geometries. Such advent was pioneered by the celebrated
Ryu-Takayanagi formula [10] which states that the entan-
glement entropy of a subsystem in a CFT} is given by the
area of a codimension-two minimal spacelike surface in the
bulk dual AdS,, geometry, homologous to the subsystem
under consideration. Furthermore, a covariant generaliza-
tion of this formula was proposed in [11]. These proposals
were proved in a series of subsequent interesting commu-
nications [12—15]. With these developments in character-
izing the pure state entanglement, the authors in [16-25]
explored several holographic constructions' for character-
izing the mixed state entanglement structure through the
entanglement negativity,” which reproduced the field theo-
retic results [32,33] in the large central-charge limit.
Interestingly, these geometric constructions were substan-
tiated through the consideration of a replica symmetry-
breaking saddle to the bulk gravitational path integral for
the replica partition function in [34,35].

In a separate context, Zamolodchikov showed in a seminal
work [36] that CFT,s deformed by the determinant of the
stress-energy tensor have a solvable structure in the sense
that the energy spectrum and the partition function may be
determined exactly. This particular class of irrelevant defor-
mations is generally termed as the TT-deformations. The UV
structure of such theories are nonlocal and there are an
infinite number of possible RG flows to the same fixed point.

'For analogues of these proposals in the context of flat
holography, see [26].

Note that, in [27-31], an alternative holographic proposal
based on the bulk entanglement wedge cross section was also
investigated.

© 2023 American Physical Society
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Furthermore, a holographic dual for such theories which
alter the UV physics must be different from asymptotically
AdS geometries which correspond to UV fixed points i.e.,
CFTs. A particularly simple description for a holographic
dual was provided in [37] which change the asymptotics of
the dual AdS spacetime by putting a finite cutoff radius. This
proposal has passed several tests including the matching of
the bulk and boundary two-point function, the energy
spectrum and the partition function [37]. For further develop-
ments in this direction, see [38-46]. The entanglement
entropy for bipartite pure states in different TT-deformed
CFTs has been investigated in [47-56]. While the holo-
graphic entanglement entropy may be exactly computed via
the Ryu-Takayanagi formula, for the field theoretic compu-
tations one needs to resort to conformal perturbation theory
[51]. Furthermore, in [57], a total correlation measure for
bipartite mixed states known as the reflected entropy [58,59]
and the corresponding holographic dual, namely the minimal
entanglement wedge cross-section (EWCS) [60,61] were
investigated.

The above developments bring into sharp focus the
outstanding issue of characterizing the mixed-state entan-
glement structure in such TT-deformed CFTs. In this
article, we address this issue by studying the entanglement
negativity for various bipartite mixed states in TT-
deformed CFT,s. Motivated by [49,51], we advance a
suitable replica technique and subsequently a conformal
perturbation theory for computing the entanglement neg-
ativity in TT-deformed CFT,s. Following this, we compute
the entanglement negativity for two disjoint, two adjacent
and a single interval in a thermal CFT, deformed by the TT
operator. Furthermore, we utilize the holographic construc-
tions in [18-20] to reproduce these field theoretic results in
the large central-charge limit. We would like to emphasize
that the study of mixed state entanglement in TT-deformed
CFTs investigated in the present work provide interesting
insights on the entanglement structure of UV nonlocal
theories and information theoretic aspects of the RG group.

The rest of the article is organized as follows. In Sec. II,
we review the basic features of TT-deformed conformal
field theories, the quantum information theoretic definition
of the entanglement negativity and the corresponding
replica technique in CFT,s. Following this, in Sec. III,
we develop an appropriate replica technique to compute the
entanglement negativity for various bipartite states in a
CFT, with TT-deformation. Utilizing this replica tech-
nique, we subsequently compute the entanglement nega-
tivity for the mixed state configurations of two disjoint, two
adjacent and a single interval in a TT-deformed CFT at a
finite temperature defined on a temporally compactified
cylinder. The holographic characterization of the entangle-
ment negativity for such mixed states forms the subject
matter of Sec. IV. In the Appendix, the technical details are
collected. Finally, in Sec. V, we provide a summary of our
results and present a discussion of the future open issues.

II. REVIEW OF EARLIER LITERATURE
A. TT-deformation in a CFT,

In this subsection we briefly review the salient features
of two-dimensional conformal field theory deformed by the
insertion of the following double-trace operator into the
undeformed Lagrangian [36]

((Tap)(T) = (T5)?). (2.1)
This composite operator, satisfying the factorization prop-
erty [36], is called the TT operator and correspondingly the
deformed CFT is termed a TT-deformed CFT. The TT
deformation of a CFT, defines a one parameter family of
theories characterized by a deformation parameter y(> 0)
having the dimensions of length squared. The deformed
theory is described by the flow equation [36,49,51]

sy _ ()
d—u:/ Px(TT),,  Sgerlu—o = S, (22)

where Sg‘F)T and Scpr are the actions of the deformed and

undeformed theories respectively. The energy spectrum of a

TT-deformed CFT, is exactly solvable [62,63].
Perturbatively, for a small deformation parameter u, the

action of the deformed CFT may be written as [49,51]

Sg‘% = Scrr +y/d2x (TT)y:O

= Scrr + 1 / x(TT - ©?), (2.3)

whereT=T,,,,T =T, and ® = T, are the components
of the undeformed energy momentum tensor expressed in
the complex coordinates (w,w). In this manuscript, we
always consider the deformed CFT on a cylinder for which
the expectation value of ® vanishes and hence we may
omit the ®? term entirely [49]. A holographic description of
TT-deformed CFTs was given in [37], for which the relevant
discussions are deferred until Sec. I'V.

B. Entanglement negativity in CFT,s

In this article, we will focus on a computable mixed state
entanglement measure termed the entanglement negativity
introduced in [1]. This nonconvex entanglement mono-
tone [2] provides an upper bound to the distillable entan-
glement. For a bipartite mixed state p,5 € Hy ® Hp, the
logarithmic entanglement negativity between subsystems A
and B is defined as the natural logarithm of the trace norm
of the density matrix partially transposed with respect to the
subsystem B as

E(A:B) =log|lpa5]].

(2.4)
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where for an arbitrary hermitian matrix M the trace norm is
defined as ||M|| = TrvVMM" and the partially transposed

density matrix pﬁ“g is defined through the following
operation

(iarjnloaslka. 1) = (in. Iglpaslka. jB). (2.5
with {i,} and {jz} representing orthogonal bases for the
Hilbert spaces H, and Hjp, respectively.

A replica technique to compute the entanglement neg-
ativity for bipartite states in a CFT, was developed in [6-8],
where one considers n, € 2Z" copies of the original
manifold M, with branch cuts along the subsystems A
and B. Finally, the entanglement negativity for the bipartite
state p,p is obtained by considering the even analytic
continuation n, — 1 of the replica index as follows:

E(A:B) = lim £ (A:B) = lim log Tr(pht)"™.  (2.6)

The Riemann surface computing the path integral for the
trace in Eq. (2.6) is prepared via a particular gluing of the
individual copies where the branch cuts along A are sewed
cyclically while those along B are sewed anticyclically.
The partition function on this replica manifold computes
the Renyi entanglement negativity £0%). Utilizing the
replica technique, the entanglement negativity between
two subsystems A and B in M may be expressed in terms
of the logarithm of the (normalized) partition function on
the n, sheeted Riemann surface as follows [6—8]:

z
E(A:B) = lim log M, ]

i r I

where M, denotes the n, sheeted Riemann surface glued
cyclically along A and anticyclically along B. In a CFT,,
the partition function in Eq. (2.7) may be recast in terms of
various correlation functions of twist operators placed at
the endpoints of the subsystems A and B in the orbifold
theory /\~/1,,€ =M, /Z, obtained by quotienting via the
replica Z, symmetry [6-8]. For example, in the case of
two disjoint intervals A = [z;,2,] and B = [z3, z4] in the
vacuum state of a CFT,, the entanglement negativity
between A and B may be expressed as [6,7]

&= lim ]0g <6ne (Zl )5ne (Z2)5-ne (Z?’)O-ne (24)>M ’ (28)

n,—1 ne
where 6, and 6, are the twist and antitwist fields

respectively. These are primary operators in the CFT,
with conformal dimensions

(2.9)

III. ENTANGLEMENT NEGATIVITY
IN TT-DEFORMED CFT,

In this section, we devise a suitable replica technique to
compute the entanglement negativity for various bipartite
mixed states in a CFT, perturbed by the TT operator. We
utilize the twist-operator formalism to compute the corre-
lation function on the n,-sheeted (with n, even) Riemann
surface in the replica method.

Consider a TT-deformed CFT, living on some manifold
M. We are concerned with calculating the entanglement
negativity for bipartite mixed states consisting of two
spatial intervals A and B. The n,-sheeted Riemann surface
M,,, is obtained by joining n, copies of the manifold M,
cyclically along A and anticyclically along B. The partition
function of the deformed theory may be written in the path
integral representation as follows:

Z[Md:/ D¢e—58‘3ﬂ¢]’ (3.1)
M,,

where S&ET is the action for the TT-deformed CFT. For the

case with a small deformation parameter in Eq. (2.3) we
may obtain the entanglement negativity from Eq. (2.7) as

e Jun, D
EW(A:B) = lim log | == S —| (32
ne— (f/\/l D¢e_ CFT—#fM( ))

Ju

where the superscript y indicates that we are working with a
deformed CFT,. Since the deformation parameter u is
small, we may further expand the exponential in terms of x,
to obtain

EW(A:B)

= lim log

n,—1

|:f/\/l,,€ nge—Sch(] —u ane (TT) + 0(/«!2))]
[Jsi Dpecm(1 = p [ (TT) + O(w?))]" ]’
(3.3)

(1—u fM <TT>M,,€)
(=t [ TT) )" ] 34

Here Ecpr(A:B) is the entanglement negativity of the
bipartite quantum state p,5 in a CFT, and the expectation
value of the TT operator on the manifold M is defined as
(similarly on M,, ),

= Ecrr(A:B) + lirnl log{

— _ JuDpe S (TT)
<TT>M - fM D¢€_SCFT

(3.5)

Therefore, the first-order correction in the entanglement
negativity of CFT, due to the deformation by the TT
operator is given by
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FIG. 1.

Schematics of the replica manifold computing the path
integral for the entanglement negativity of two disjoint intervals A
and B in a TT-deformed CFT,. Figure modified from [7].

3E(A:B) = —ulim [ /M (T, e /M <TT>M].
e (3.6)

In this article, we consider the deformed CFT), in an excited
state at finite temperature 1/f and the manifold M is an
infinitely long cylinder whose Euclidean time direction is
compactified with the circumference f. We set up
the complex coordinates w = x 4 it and w = x — iz on
the cylinder M, where x € (—o0, 00) and 7 € (0, §) with the
periodic identification 7 ~ 7 4 . The cylinder is described
by the following conformal map from a complex plane C,

27w 2mw

where (z,Z) are the coordinates on the complex plane.
Under this map, the energy momentum tensors transform as
follows:

7I2C

_6_ﬂ2’

JZ'2C

-—. (3.8
Since for the vacuum state of a CFT, described at the
complex plane, (T(z))c = (T(Z))c = 0, we obtain

(3.9)

A. Two disjoint intervals

In this subsection we calculate the first-order correction
in the entanglement negativity for a bipartite mixed state
comprised of two disjoint spatial intervals A = [x;, x,] and
B = [x3,x,4] in a finite temperature TT-deformed CFT,.
Consider a CFT, living on the cylindrical manifold M with
temperature 1/, perturbed by TT- deformation. To com-
pute the entanglement negativity in the mixed state p,p
defined in a TT-deformed CFT,, we need to determine the
expectation value of the TT operator. On the Riemann
surface M, (cf. Fig. 1), the value of (TT) M, may be

obtained from inserting the TT operator into the correlation
function of the twist operators located at the end points of

r=er, I=e’, (3.7)  intervals A and B as follows [3,5]:
|
/ (TTY,, = N / (T T (W), (W1, 1)8,, (W, 9,)5, (W3, W3)6,,, (Wa, W4))
M,, M =1 I M (00, (W1, W1)8,, (W2, W2)5,, (W3, W3)0,, (Wa, W4))
(TEI (W) T (W), (W1, W1)5,, (Wa W2)8,, (W3, W3)0, (War Wa)) g

1
n

I
o

<¢7ne(W1,W1) n((WZ’W2>

(3.10)

n, (WB’W3) Op, (W4vw4)>/\/1

In the above expression, T (w) represents the stress energy tensor corresponding to the undeformed CFT, living on the kth
sheet of the replica manifold M,, , and 6, , 5, are the twist operators that are inserted at the endpoints w; of the intervals
[3,5]. Note that in the second line of the above expression, T") is the energy-momentum tensor on the n,-sheeted Riemann
surface M,, and we have utilized an identity described in [51] to arrive at the second line. To proceed, we transform the

energy momentum tensor defined on the cylindrical manifold to the complex plane through Eq. (3.8) and apply the
following Ward identities [64]:

<T("e)(z)(91(zl,21)...o Zm’Zm

Z ( Z -z )2 (Z_IZ ) ><OI(Z1’Z1) Om(zmﬂzm»ﬂi’

f (o %) 2 Ontan 2l

(T")(2)O01(21,21) - O (Zims Zm)) (3.11)

where O; are primary operators with conformal dimensions (;, &;).
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The expectation value in Eq. (3.10) may therefore be rewritten as

- 1 1 ’cn, 2 g n, —i 1
/-/\/ln(, <TT>M”E _n_e/./\/l <O-”e(Z1’21>5ng(Z2722)5'ng(Z3723)0ng(24724)>c |:_ 6ﬂ2 ( > Z (24 Z Z] (Z_Zj>azf>i|

J=1

2¢n, 27 \2 <& c(ne—nl) 1 o o B B
e e B e iy | CCEN NS EER IR O

(3.12)

In the 7-channel, where the two disjoint intervals are in proximity, the four-point function of twist operators in Eq. (3.12) is
given by [32,33]

<Gng (Z17 Z1)6ne<z27 22)5716 (ZS’ Z3>O-Vle (Z4’ Z4)>¢: ~ (l - ) (1 - )h”e)' (313)

The cross ratio 7 is defined as 5 := Z”Z“ w1th 7;; = (z; — z;). Now substituting Eq. (3.9) and Eq. (3.12) into Eq. (3.6) and

subsequently utilizing Eq. (3.13) we obtaln the first-order correction in the entanglement negativity of two disjoint intervals
due to the deformation by TT operator as follows:

. __/ﬁ 1 22212234 22Z12%34
o6(AB) =~ M 12(<z—zo(z—z»(z—m(z—zn+<z z><z—zZ><z—zg><z—z4>)

1 ZZZ12234 77712234
i ((z —2)(z-)(z-2)(z - 14)> <(Z ~2)Z-2)(EZ-2) (- Z4)>} ' (3.14)

The definite integrals in Eq. (3.14) are evaluated explicitly in the Appendix. Utilizing these results, we obtain

2.3
SE(A:B) = _He 7[2 Ki log <Z—1> - Z—llog <Z—1> —log (Zz) + Z—210g <Z—2>> + H.c} + 6E cross
24p 213 23 214 24 223 23 224 24

2 4
. _”162;3 {mcoth( ; ) +X42C0th< 5 > — Xy coth(%) — X3 coth< 5 >] +0Ec0ss- (3.15)

ZI[X[ . .. . . .
In the second line we have used z; = z; = ¢ 7 with 7; = 0. Note that the additional term 6 originates from the crossing
correlation of the holomorphic and the antiholomorphic sector in the integration. For two disjoint intervals in proximity, this
crossing term is found to be vanishingly small (cf. Appendix) and hence may be neglected in the leading order.

B. Two adjacent intervals

In this subsection, we will compute 5E(A:B) for a bipartite mixed state of two adjacent intervals A U B = [x, x,] U
[x,,x3] in a thermal TT-deformed CFT,. The computation of the expectation value of the composite operator (77T M, for

the mixed state with two adjacent intervals follows closely from the case of two disjoint intervals:

/ i<T("")(W)T<”E)(W)Gn (w1, 1)65, (W2, W2)6,, (W3.W3)) (3.16)
M

n, < <W1,W1) %e(Wz,Wz) n(,(W37W3)>M

/. (1T, =

Now, we utilize the conformal transformation specified in Eq. (3.8) to transform the energy momentum tensor on the
complex plane and employ the Ward identities Eq. (3.11) to obtain,

126026-5
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/M,,e - _/ Zl, 21)6 (2217 Zz)ﬁng%, Z3)>C [_ ”26;?6 - (%)2 i ((Z —hij)z - (z _1 Zj) az’)]

Jj=

) [_ ”26;?6 N (%)2 23: ((Z _ﬁkzky E _1 2 azkﬂ (04,(21.21)87, (22, 22) 0, (23, 23)) - (3.17)

k=1

Here (h;, h;) refer to the conformal dimensions of twist operator inserted at (z;,Z;). The three-point function of twist

operators in the above expression is given by [64]

C_ -
- _2 - - _ H O-IXL:O'IXL:
<6ne(zla Zl)o—nE(Z% ZZ)GnF(Z3’ Z3)>C - h’(lze) hf,zg) 2y hr(lf) hz(ng) }—1"2 2h,,e—h Q) (318)
Z1p 223 213 Z1p 223 213

where an & o, 18 the operator product expansion (OPE) coefficient. Substituting Egs. (3.17) and (3.9) into Eq. (3.6), and
utilizing Eq. (3.18) we obtain the first-order correction to the entanglement negativity for two adjacent intervals as follows:

.py _,‘ﬁ _ 212203 21220
PEAB) =~ Ai n(@—m&—@ﬂaﬁg+&—axaaﬁ@—z9
1 ZZZ12223 22212223
+4<&—AXZ—QV&—QQ(@—ZO&—@V@—%Q} (3.19)

Once again, we leave the technical details of the integrations in Eq. (3.19) in the Appendix. The correction to the
entanglement negativity is then given by

2 3
ucrn 21223 4| 21243 22
6E(A:B) = — log| — ) +—==log| =) )] + H.c.| + 6&ross
(4:8) 2452 [(212213 g(Zz) 213223 g<13>> ]

uczﬂ
= 25 [xmc th( 5 )+x32coth< 5 )—x31coth< 5 )} + 8E cross- (3.20)

We expect the crossing term 6E..s to vanish similar to the case of two disjoint intervals.

C. A single interval

To compute the entanglement negativity for a single interval A = [~#, 0] in a TT-deformed CFT, at finite temperature,
we follow the prescription in [8] and introduce two large auxiliary intervals B; = [-L, —¢] and B, = [0, L] sandwiching the
interval A. The correct entanglement negativity for the mixed state of the single interval A is then obtained by taking the
bipartite limit L — oo subsequent to the replica limit.

Under the TT deformation, the expectation value of the composite TT operator for the single interval is
obtained as

1) (WYT ) (W) 6, (W, W1)52 (Wa, )02 (W3, W3)5, (Wy, Wy
[ T, = [ LT o o )5 0 B o o, o).
M,, M

—— - (3.21)
ne <0nf(W1,W1)036(W27W2) %E(W&W%) Op, (Wy, W4))

Note that here we have kept the coordinates of the endpoints generic in the correlation function and the specific
configuration involving the desired single interval will be considered towards the end of our discussion. Using the
transformation of the energy momentum tensor from Eq. (3.8) and the Ward identities with the energy momentum tensor
from Eq. (3.11) we may simplify Eq. (3.21) as

126026-6
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/M T, = /Mnl (on, (zl,Zl)éﬁe(Zziz)lU%e (23:23)5, (24, 24)) {_”Z;’;q <%>2§: <(z —}l;j)2+(z—lzf)azf)]

J=1

{ r*cn,

272\’ ~ [ 1 N N
|-t () S (et ey ) fon 60208, 22200 (2, ezl (322

k=1

The four point function in the above expression has the following form [8]:

—\=2 _ b N _ o (2) fng(n) ﬁne (]_7)
<on‘,(zlvzl)Gng(ZZ’ZZ)GnE(Z31Z3)6n€(Z47Z4)> = €y, Cn, 2y, 212 0 i, 20D 4 (3.23)
14 Tz M 214 23 M
with the functions F, (1) and F, (i7) obeying the following OPE limits:
T T ””e{}%e{}”e
Fu(DF, (D=1, F, (0)F, (0) = (3.24)
Cn,

where Can 3 5, 1s the OPE coefficient and ¢, , cﬁ,ze) are normalization constants. Now, we substitute Eqgs. (3.22) and (3.9)

into Eq. (3.6) and use the four-point function from Eq. (3.23) to obtain,

SE(A:B) = —’%/M [% (<Z _Z;)z 7 _Z;)z - (i G ij) 6z,> log [Z%wf(n)])

J=1

— Zz) = (Z _ Zj)
1 72 72 4 2
i 4 <(Z -n) (z-z)° - (}Zl (z—1z) aZ/) log k%z’?f(ﬁ)])
32 2 2 o
- ((Z —7)? * (z-23)% (]Zl z-1)) a"j) log [Z23’7f(’7)])] ; (3.25)

IV. HOLOGRAPHIC ENTANGLEMENT
NEGATIVITY

where we have defined

lim 7, (n) = [f(n)]* and lLimF, (7) = [f(7)]/".

Hy—1 n,—1 In this section, we apply the holographic construction
for the entanglement negativity advanced in [18-20] to the
case of various bipartite mixed states in a TT-deformed

CFT, defined on a thermal cylinder of circumference f. As

Now we specialize to the specific configuration the single
interval of length # and subsequently take the bipartite limit
L — oo. The first-order correction in the entanglement
negativity of a single interval in a finite-temperature CFT,
with TT-deformation is therefore given by

‘e 2 ! -4
senia) =ML com (5F) - L]

f(e™7)
F 5 ros (3.26)

*Note that, an alternative proposal for the holographic entan-
glement negativity exists in the literature [27,28], which concerns
the area of a backreacting bulk cosmic brane homologous to the
EWCS. In particular for spherical entangling surfaces, the effects
of the backreaction from the cosmic brane may be captured by a
dimension dependent prefactor y,; and the holographic entangle-
ment negativity is proportional to the area of the minimal EWCS,
& = y,Ew. However, it has been demonstrated that the area of the
said cosmic brane only agrees with the field theoretic result for
the entanglement negativity up to certain constants (possibly

The details of integrations to realize Eq. (3.26) from Eq. (3.25)

can be found in the Appendix. We expect the crossing term to
vanish in a similar fashion like the earlier cases.

related to the holographic Markov gap [65]), in the context of
AdS;/CFT, [30] as well as flat-space holography [31].
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described in [37], the holographic dual for a TT-deformed
CFT, with deformation parameter x > 0 is given by a
portion of AdS; geometry cutoff at a finite radius r with

[6R* R?
rc = _— .
cu €

where R is the AdS; radius, ¢ and € are the central charge
and the UV cutoff of the dual field theory.

Following the proposal in [37], the thermal CFT, with
TT-deformation is dual to a BTZ black hole [66] in the
finite radius bulk geometry, with the metric

(4.1)

2 2
ds2:r

—r R
e Rdr + ———dr? + r’d¥?,
r—=rg

(4.2)

where r = ry is the horizon of the black hole. The
Euclidean time ¢ is identified as ¢t ~t+ f, where f =

% is the inverse temperature of the black hole as well as

the dual CFT,. The dual TT-deformed CFT, is located at
the cutoff radius 7. and hence the metric of the background
manifold is conformal to the flat metric as follows [49,51]:

d~2
ds? =dP + —— =dP +do, (4.3)
1
C
where x = ¥(1 — ;ig')_l/z is the spatial coordinate in
C

the CFT2

In [49,51], the holographic entanglement entropy for
bipartite states in a thermal TT-deformed CFT, was
investigated, where it was found that for high temperatures
the Ryu-Takayanagi formula [10] still applies in the dual
finite-radius geometry. The length of the minimal spacelike
geodesic homologous to a subsystem A = [x;,x;]

J
|

3R (A(xy,x3) +

A(xy, x3)> = 1) (Alxo, x4) +

(cf. Fig. 2) in the deformed CFT, at a temperature 1/
was computed to be [49,51]

‘Cij =R log (A(xi,xj) + \/.A(x,»,xj)z - 1),

where

(4.4)

22 i =X 2
Alyxy) = 1+ e (Ml ) s
T p e

In the following, we will utilize the above geodesic
length to compute the holographic entanglement negativity
corresponding to two disjoint, two adjacent and a single
interval in a TT-deformed CFT, at finite temperature.

A. Two disjoint intervals

The holographic construction for the entanglement
negativity of two disjoint intervals A and B in a CFT,
[23,34] concerns an algebraic sum of the lengths of bulk
minimal spacelike geodesics homologous to various com-
bination of subsystems as follows:

3

(Laue + Lpoc — Le = Lavpue):  (4.6)

where C is another interval sandwiched between A and B.
Note that the above holographic formula is valid only when
the intervals A and B are in close proximity.*

Now we apply the above holographic formula’ to the
case of two disjoint intervals A = [x;, x,] and B = [x3, x4]
in a TT-deformed thermal CFT, defined on a cylinder of
circumference . The schematic of the setup is depicted in
Fig. 3. Utilizing Eq. (4.4) in Eq. (4.6) we obtain

A(XZ’ )C4)2 - 1)

W(A:B) = 1
) 166y 8 Az e) +

where the superscript indicates a finite deformation param-
eter for the dual CFT,. Note that as ro — oo, the cutoff
radius approaches the asymptotic boundary of the AdS;
geometry and £;; in Eq. (4.4) becomes proportional to the
holographic entanglement entropy in the usual AdS;/CFT,

“On the other hand, for two disjoint intervals which are far
away from each other, the holographic-entanglement negativity
vanishes identically [23,33].

’Note that, the applicability of the formula in Eq. (4.6) for a
deformed CFT, is assumed a priori.

A(xy, x3)% = 1) (A(xy, x4) +

, 4.7
Alxy.xg)* = 1) 7

|

setting. In this limit, the above expression reduces to the
holographic entanglement negativity for two disjoint in-
tervals in a thermal CFT,, obtained in [23].

To compare with the field theory computations in
Sec. III A, we consider the limit of small deformation
parameter p, which corresponds to a large cutoff
radius according to Eq. (4.1). Expanding Eq. (4.7) for
large r- and further considering the high-temperature
limit # < x;; (the dual geometry corresponds to a BTZ
black hole only in the high-temperature limit), we obtain
the entanglement negativity for the disjoint intervals as
follows:
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Black Hole Interior

= TH

Horizon

rc

l"l A ? ‘;L'Q

s o Too
T o

FIG. 2. Holographic entanglement entropy for a single interval
in a TT-deformed CFT,. Figure modified from [57].

R sinh(%13) sinh (%224
EW(A:B) = ) log[ Cp)sinh )]

8Gy sinh(%) sinh(’”;),#)

3ntuR?
+ PR {xn coth <%> + x4 coth (%)

Note that the logarithmic term in the above expression is
the holographic-entanglement negativity for two disjoint
intervals A = [x;,x,] and B = [x3,x4] in an undeformed
holographic CFT, [20]. On the other hand, the second
term proportional to u indicates the effects of the TT
deformation which, upon using the holographic diction-
ary in Eq. (4.1) and the usual Brown-Henneaux relation in
AdS;/CFT, [67], matches with the field theoretic calcu-
lations in Eq. (3.15) up to the crossing contributions. As
discussed earlier, the computations in the Appendix
reveal that the crossing integral is vanishingly small in
the proximity limit (5~ 1). Therefore, the crossing
|

EW(A:B) = SR log (A1, %) +

A(x1,5)* = 1) (A(xp, x3) +

Black Hole Interior
= rH
Horizon
L auBuc

e]
~ ~ ~ ~ T()C

T1 T2 T3 T4
FIG. 3. Holographic entanglement negativity for two disjoint

intervals in a TT-deformed CFT,.

contributions are subdominant in the large central-charge
limit and naturally the holographic computations do not
capture their significance.

B. Two adjacent intervals

In the AdS;/CFT, setup, the entanglement negativity
between two adjacent intervals A and B in a holographic
CFT, is proportional to the holographic mutual information
as follows [19,34]:

3
116Gy

£(A:B) (La+ Lp—Lavs) =-I(A:B), (4.9)

1w

where in the last equality, the Ryu-Takayanagi formula has
been utilized.

For two adjacent intervals A = [x;,x,| and B = [x,, x3]
in a thermal TT-deformed CFT, defined on a temporally
compactified cylinder of circumference S, application of
the above holographic formula leads to the expression

A<x27x3)2 B 1) )

116Gy

The schematic of the configuration is sketched in Fig. 4.

(Axy,x3) +

4.10
A(XI,X3)2— 1) ( )

Expanding the above result for a small deformation of the dual CFT, at a high temperature f < x;; and utilizing the

holographic dictionary from Eq. (4.1) we obtain

3R sinh(Z2)sinh (22 374uR2
EW(A:B)=2——log v Mt )]I 7 {xlzcoth<%>+x23C°th<%>_x13C°th<%>}' @10

8Gy " |me  sinh(ER)

[, 164°G3,
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Black Hole Interior
- o
Horizon
Las

rc

1 A T2 ? B €r3
~ ~ ~ 'roo

X T2 xr3

FIG. 4. Holographic entanglement negativity for two adjacent
intervals in a TT-deformed CFT,.

Once again, the first term on the right-hand side corre-
sponds to the holographic entanglement negativity in the
usual AdS;/CFT, scenario [19]. The term proportional to u
corresponds to the leading-order corrections due to the
deformation of the CFT, which, upon using the holo-
graphic dictionary in Eq. (4.1) and the usual Brown-
Henneaux relation in AdS;/CFT, [67], matches with the
field theoretic calculations in Eq. (3.20) up to the crossing
contributions. Once again, this is expected since the
crossing terms are vanishingly small as described in the
Appendix and therefore do not contribute in the large
central-charge limit.

C. A single interval

In the context of AdS;/CFT, correspondence, the holo-
graphic characterization of entanglement negativity for a
single interval A at a finite temperature requires the
introduction of two auxiliary large but finite intervals
B, B, sandwiching the single interval in question [8].
One then computes yet another algebraic sum of the lengths
|

Black Hole Interior

= TH

Horizon

L AuB,

rc

—L B -1 4 0 ? By L

~ TOO
X x2 T3 T4

FIG. 5. Holographic entanglement negativity for a single
interval in a TT-deformed CFT,.

of minimal bulk spacelike geodesics homologous to certain
combination of the subsystems involved [18,34]. Finally,
the bipartite limit B; U B, — A¢ leads to the correct
holographic entanglement negativity for A as follows:

A:A)= 1l
& ) B|u}}3r211>A"16GN
X(2Ls+Lp, +Lp,—Lavp, —Lauvs,) (4.12)
Now we consider a single interval A = [-#,0] in the

thermal CFT, with a TT-deformation. Similar to the case of
a single interval in an undeformed thermal CFT, described
in [8,18], we introduce two large auxiliary intervals B; =
[-L,—¢] and B, = [0, L] sandwiching the interval A in
question. The schematic of the setup is depicted in Fig. 5.

Utilizing the length of the minimal boundary anchored
spacelike geodesic given in Eq. (4.4) the entanglement
negativity between A and B = B; U B, may be obtained as
follows:

EW(A:B) = %(I(A:Bl) +Z(A:B,))
_ 3R {(A(—L,—K)Jm/A(—L,—f)Z—1)(A(—f,0)+ A(—f,0)2—1)]
~16Gy ¢ (A(=L.0) + /A(=L,0)> = 1)
3R [(A(=£.0) + /A(=£.0)2 = 1)(A(0,L) + /A0.L)? — 1)
+16GN10g{ (A(=¢, L) + JA(=¢, L) = 1) } *.13)

In the limit of a large cutoff radius 7, the leading-order expression for the entanglement negativity at high temperature

reduces to
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z(L=C)

EW(A:B) =

8Gy 8 |2 sinh (2

s

e [(L + ) coth (’I(LTM> ~ (L~ ¢)coth (#) —~2¢ coth <%f>} .

16G25°

3R | [ > sinh?(%f) sinh (%7

(4.14)

The bipartite limit may now be achieved by making the auxiliary intervals semi-infinite in length. Therefore, the
entanglement negativity for the single interval A in the TT-deformed CFT, is obtained as

EW(A:A°)

Once again, the first term on the left-hand side corresponds
to the entanglement negativity for a single interval in a
finite temperature undeformed CFT, while the terms
proportional to u correspond to the leading-order correc-
tions due to the TT-deformation. Note that, in writing
Eq. (4.15) we have already made use of the holographic
dictionary in Eq. (4.1). The above expression matches with
the field theoretic computations in Eq. (3.26) apart from the
crossing term and the nonuniversal contributions coming
from the arbitrary function f (). This is expected, since the
nonuniversal contributions are generally subdominant in
the large central-charge limit as discussed in [18]. Fur-
thermore, the mismatch of the crossing contributions may
be interpreted as follows. As seen from the first equality in
Eq. (4.13) as well as from Eq. (4.10) the entanglement
negativity for the single interval is given by the sum of the
individual entanglement negativities for the adjacent sub-
systems (A, By) and (A, B,) respectively [18]. As argued
earlier in Sec. IV B, for adjacent intervals the effects of the
crossing integrals are subdominant in the large central
charge limit. Hence, in the present case we may also neglect
the effects of the crossing terms for a holographic TT-
deformed CFT,.

V. SUMMARY AND DISCUSSIONS

In this work, we have studied the entanglement
negativity for various bipartite mixed states in a thermal
TT-deformed CFT, for a small deformation parameter .
We have developed a perturbative formula for computing
the first order corrections to the entanglement negativity
for bipartite states utilizing the replica technique. For a
bipartite state p,p in a deformed CFT,, our formula
involves definite integrals of the expectation value of the
TT operator over the replica manifold M,, obtained by
taking an n,-fold cover of the original manifold where the
replica index n, is an even integer. Utilizing the twist-
operator formalism, these expectation values may be recast
into various correlation functions of twist operators placed
at the endpoints of the subsystems A and B, including
appropriate insertions of stress tensors. Subsequently, we

_ 3R p .. (7\\ =
=Gy [“’g <—h<7>> ﬂ]

(4.15)

3ur R ¢
- 1 cotn [ 2],
84°Gy B
[

have computed the entanglement negativity for two dis-
joint, two adjacent and a single interval in a TT-deformed
CFT, at a finite temperature. The technical details are
collected in the Appendix. Note that the definite integrals of
the stress tensor expectation values may be classified
into the holomorphic, antiholomorphic and the mixing
categories. The mixing integrals originate from the crossing
correlations between the holomorphic and the anti-
holomorphic parts and are in general nonvanishing.
However, we have found that for two disjoint intervals
in proximity, the mixing terms are negligibly small com-
pared to the other contributions and hence may be
neglected altogether.

Furthermore, we have advanced a holographic construc-
tion for computing the entanglement negativity in TT-
deformed CFT,s with a large central charge and sparse
spectrum. The holographic dual of such CFTs with
irrelevant deformation is given by AdS; geometries with
a finite cutoff r-. Our holographic constructions for the
entanglement negativity for different bipartite states involve
algebraic sums of the lengths of minimal spacelike geo-
desics homologous to the subsystems involved. It is
interesting to note that the holographic constructions can
deal with arbitrary deformation parameters at any temper-
ature. In the high-temperature limit, for a small deformation
parameter p our holographic results match with the
corresponding field theoretic calculations with a large
central charge, up to the mixing or crossing contributions.
This may be interpreted as the mixing terms becoming very
small in the large central-charge limit as compared to the
holomorphic and antiholomorphic contributions. This pro-
vides a nontrivial consistency check of our holographic
constructions. It is important to note that according to a
refined version of the holographic constructions [34]
based on [35], the entanglement negativity is given in
terms of the lengths of bulk cosmic branes homologous to
various combinations of the subsystems involved. These
cosmic branes have finite tension for a finite replica
parameter n, and hence backreact on the ambient geometry
and onto each other nontrivially. We expect that a closer
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investigation of these backreactions may reveal a connec-
tion to the holographic origin of the crossing correlations.

Note that, in an earlier work [57], a low-temperature
expansion of the leading-order corrections to the entangle-
ment wedge cross section was investigated and a mismatch
was found with the corresponding field theoretic replica
technique results. In this context, we have explored the
alternative holographic proposal [27,28] based on the
entanglement wedge cross section and a preliminary
exposition6 reveals that the leading order correction in
the high-temperature limit conforms to the entanglement
negativity obtained in the present work. On the other hand,
the zeroth order results still differ from the field theoretic
entanglement negativity by certain additive constants
proportional to the central charge ¢ (cf. Footnote 4). In
light of these differences as well as the work in [57], we
expect that the applicability of the alternative holographic
proposal for the entanglement negativity to TT-deformed
CFT,s requires further investigation.

There are various possible future directions to explore,
for example a generalization of our construction to higher
dimensions. In particular, for sufficiently symmetric setups
in higher dimensions, an investigation of the interactions
between different cosmic branes may shed light on the
holographic counterpart of the mixing between the

|

holomorphic and antiholomorphic modes. It will also be
interesting to extend our formalism to other entanglement
and correlation measures such as the odd entanglement
entropy [68], the balance partial entanglement [69] or the
entanglement of purification [60,70].

APPENDIX: THE INTEGRALS

In this appendix we present the details of integrations of
Egs. (3.14), (3.19), and (3.25). Here the integrations have
been performed on the cylindrical manifold M described
by the Euclidean complex coordinates (x,7) with appro-
priate limits.

1. Disjoint intervals

We assume that z; < z, < z3 < z4 without any loss of
generality. In the following, we will systematically evaluate
the holomorphic, antiholomorphic and the crossing con-
tributions to the definite integral in Eq. (3.14).

a. Holomorphic integral
The holomorphic part of the integration in Eq. (3.14) is
given by

4r(x+it)

P2 2 (21 — ) (23 — 24) _[*y ﬂd €7 (z1—2)(z3—24) Al
w _ _ _ _ - X T 2x(x+it) 27 (x+it) 27 (x+it) 2n(x+it) ( )
Mo (Ema)lz-2)z-n)z-2) Jw oo LT o) (€T — ) (e T — ) (e T —24)
Firstly, we carry out the indefinite integration with respect to 7z and find the primitive function to be
. 2m(x+it) 2z(x+it)
ip zylog(e” 7 —z) zlogle 7 —2,)
— (21— 22)(z3 — 24) -
2r (21 —Zz)(Zl —23)(21 — 24) (Zl - 2)(2 —23)(22—Z4)
27 (x+it) 2m(x+ir)
_ mlogle 7 —z) z4log(e 7 —z4) (A2)

(21 —23)(~22 + 23)(23 — 24)

(21 —z) (=22 + 24) (=23 + 24) ]

The logarithmic functions require a careful investigation before putting the integration limits, 7 = 0 and 7 = f3, due to the
presence of branch cuts. The contribution due to a branch cut is incorporated through the following identity [49,51]:

27(x+it) = 27[1’
log (25 —2, )= — {0

Therefore, the range of the x-integrals get modified for each
of the four terms in the integrand as follows:

®A rigorous analysis of the entanglement wedge cross section
for finite cutoff geometries dual to TT deformed CFT,s goes
beyond the scope of the present work and we leave the same for
future explorations.

e s
fore’ > z; & x> I-log z; (A3)

otherwise.

[s¢] [se]
dx — dx,
—o0 %log zj

for j=1,2,3.4. (A4)

Finally, we integrate over x and insert the limits according
to the above prescription to obtain,
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felemaimm) o (e ) e(E)) o (ae(B) w2 )

(AS)

We have worked out the integration of the antiholomorphic part through a similar analysis and have found that the result is
same as the holomorphic case.

b. Crossing integral

Now we will solve for the integration of the mixing term in Eq. (3.14) which reads,

(21 — 22) (23 — 24) (21— %) (33— Z4)
[ <z—z1><z—zZ><z—Z3><z—z4>>((z 2 ><z—z3><z—z4>>

4r(x+it)
e 7 (71— 2)(23 — 24)
/ dx/ dT|: /r()Hrw) 2m(x-+it) 2m(x-+it) 2m(x-+it) X c.C.|. (A6)
—z)e 7 —n)e T —zm)(e T —z4)
The indefinite integration with respect to 7 results in
if s
—e/ (A+ B), A7
LA+ D) (A7)
where A and B are given by
A=A + A + A + Ay,
B=DB,+B,+B;+ By,
3 = = \(s _= .
71(z3 — 24)(Z1 — 22)(Z3 — Z4) 2a(xin)
A =- 1_3 4; l_ 24LX3 _4 TN w_log(e 7 —zy),
(mi—w)z -z —e )z —e Nz —er ) (s —e7)
A, = (23— 24) (21 — 2) (T3 — Z) log (62”“[;”) —2)
(22— 23)(22 = 20) (2221 = €7 ) (2% = €7 )(22Z3 — €7 ) (22Z4 — €7)
A = 721 = 22) (21 = 2)(Z — Z) log (62”“;"’) — )
(21— z3)(z3 — 22) (2371 — 6%)(2322 - 6%)(2353 - 6%)(2324 - e%)
Ay =— zi(m -2)(Z1—22)(Z3 — 24) log (ezm;m 2
(21 = 2) (24 = 22) (241 — €7 (2aZa = €7 ) (2aZs — €7 ) (24Zs — €7)
B, = 7 (z) — Zz)(Z% - 24)(23 —Z4) log (e% 3 6%21)
- 4rx ’
(€% —212)(€F = 22) (€7 = 2321) (€7 — 2421)(21 — 23) (21 — 24)
(z1—2)(z3 —24) (33— 2 2ine
PO - T 51CAE A R
(2= %3)(Z2—Za)(e7 —uZ)(e7 —2n)(e7 —3%)(e7 —uZy)
_’% —_ _
3z —22)(z3 —24)(Z1 — Z mr ime_
e — i1 _2)(; 4)(_1 4&2) S— - IOg(ezﬁ—eZ/’Z3),
(21— %3)(Z —2) (€7 —21Z3)(e7 —22%3)(e7 —23Z3) (€7 — 24Z3)
_3 —_ _
Zi(z1 —22)(23 —24)(Z1 — Z ix
B, = ff_( 1= 22)( th ))& 4;) _ tog (% — 2. (A8)

N (21— Z4) (% — 22) (7 —z1Z4) (€7 — %) (€7 — 23Z4) (€7 — 24Z4)

The identity of Eq. (A3) suggests the following modifications of the x-integration limits:

) o logzk
A / dx—)/ dx, Bk:/ dx—>/
) %logzk

After integrating over x with the above limits, we finally determine the crossing integral as
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[—21223224234(21223724234 108 217 — 22213214234 108 215 + 23212714224 108 215 — Z4Z12Z13223 l0g 213)

+ 2213214234(21223224234 108 257 — 22213214234 108 255 + 23212214224 108 255 — 24212213223 108 257)

— 23212214224(21223724234 108 237 — 22213214234 108 235 + 23212214204 108 235 — 74212213223 10g 237)

+ 24212213223(21223224234 108 247 — 22713214234 108 245 + 23212214204 108 245 — Z4Z12213223 10g 247)]-

We have explicitly checked that the expression in Eq. (A9)
vanishes when the disjoint intervals are in proximity to each
other.

2. Adjacent intervals

The holomorphic part of the integral in Eq. (3.19) is
given by

/ 2y D= 2) (22— 2)
(

2—2)(z—2)%(z - z3)

4r(x+it)
(2 — Zz)(Zz - 23)

7
/ d'x / dT 27[(r+!r 2 27(x+it)
zy)(e 7

2x(x+ir) 2
| —) (e 7

- 13).
(A10)

We use a similar procedure to the case of disjoint intervals
described earlier. First we integrate over 7 and obtain the
primitive function to be

27(x+it)
ip k63 zilog(e 7 —2z)
2—212223 - 2a(x+in) - 2
7 (e 7 —2) MEME
) 27(x+it) 27(x+it)
+(Zz—2123)10g (e 7 —Zz)+Z3 log(e” 7 —z3)
Z%zzgs Z131%3
(A11)

The first term in the above expression vanishes when we
insert the integration limits 7 = 0 and 7 = f5, whereas the
logarithmic function contributes according to the identity in

|

4

(A9)

|
Eq. (A3). Again, the branch cut of the logarithmic function
changes the limits of integration over x as follows:

/ dx—>/ dx, forj=1,2,3.
-logz;

Finally, we perform the x-integration to obtain,

/ Pw 22212223
M (z=z)(z—2)*(z—2)

o () ()
= lo + lo .
27212213223 ZIZB s 22 Z12Z3 s <3

(A12)

The antiholomorphic integral may also be tackled in a
similar fashion. For our case with spatial intervals (z; € R),
we find that integration over the antiholomorphic part
exactly reproduces Eq. (A12). We can also evaluate the
crossing integral for two adjacent intervals from first
principles utilizing the method outlined in the previous
subsection. Alternatively, we may take the adjacent limit
73 = 2,23 = Zp of the disjoint crossing integral in
Eq. (A9) to write

(adj) (disj)
0 &ross = 0 cross (Z% — 22,23 = ZZ)

3. Single interval
The holomorphic part of the integration in Eq. (3.25) is

Z2 Z2 Z2
/M d*w [( )2 + ( 3 ZmaZj log [253’1]((’7)]

-2 z2—23)" 4

4n(xtir)

e 7 7y
/ dx/ dT 2m(x+it) 2n(x+it) 2m(x+it) 2 2x(x+ir)
) T ) (T ) (€T~ )

4r(x+it)

X {1122134 + 2122324 + (212 — 234)€ 7

+2(z123 — 2224)€ 7

2m(x+it) 2r(x+ir)

+ (e 7

2x(x+ir)

nf'(n)
f) |

(A13)

—2)(e —23)214

Firstly, we perform an indefinite integration over = and obtain,

ip 223
2”113224f( )

(C+D), (Al14)
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where C and D are given as

213224 22 23
C = - f(rl) 27(x+it) + 2n(x+it) ’
@ e ) (@7 —a)
1
D = [f(n) +nf' n)|(Dy + Dy) + ZT(Dz + D),
23
Dl _ _ﬂlog(eb[(;+i1) _ Zl)’

212

213 2a(xtin)

D, = E [[Zz(Z% + Zz(Zg - 2Z4) - 21(2Z3 - Z4)) + 212324]f(l7) + 222232147]]”(77)] log(e 7

- ZZ)’

Z 2a(x+i)
Py = _i [[23(23 + 22(23 = 224) = 21(223 — 24)) + 212224l f (1) + 23223200nf" ()] Jog(e” 7 = 23),
7(x+it)
Dy =" Llogle T ~24). (A15)
<34

We notice that the expression C vanishes when we insert the limits of integration 7 = 0 and 7 = f§, whereas the logarithmic
terms of D contribute through the identity described in Eq. (A3). Therefore, the limits of the x-integration get modified as
follows:

Dy: /wdxﬁﬁoo dx, k=1,23,4. (A16)

o0 3-log z;

Subsequently, performing the x-integration over Eq. (A14) considering the modified integration limits from Eq. (A16) we
obtain

B [
217222 a (112%3224234 logz; — 213234(22(13 + 25(z3 — 224) — 21(223 — 24)) + z12324) log 25
13424 L2

+ Z12124(Z3(Z§ + 22(23 — 224) — 21(223 — 24)) + 212224) log 23 — Z122131§3Z4 log z4)

!
n
+ (21123224234 log 2y — 22213214234 102 25 + 21221422423 102 23 — 21221322324 lOG 24) ( )] . (A17)

fn)

Finally, we consider the specific case of a single interval of length # via the substitutions {zi,z,,23,24} —
2zL

{77, e_%, 1, ezz/[_fL} and subsequently take the bipartite limit to obtain

2 2 4 2 _ 2t

lim [ d®w [(Z —Zz2)2 o _ZZ3)2 -3 ; ° 3% log [z%wf(n)]} = ¢p [—1 + coth (%) - e_/_ff@} (A18)

_2nt
L—oo [ g =1 f(e ﬁ)

It may be shown by a similar procedure that the antiholomorphic integral also gives the same result which follows from our
consideration of a spatial interval of length ¢ on the cylinder. In this case also we expect the crossing term to be vanishingly
small as argued in Sec. IV C.
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