PHYSICAL REVIEW D 107, 126014 (2023)

Stringy threshold corrections in D-brane systems

Satoshi Iso,"**" Noriaki Kitazawa®,"" and Takao Suyama

1

1Theory Center, Institute for Particles and Nuclear Studies (IPNS),
High Energy Accelerator Research Organization (KEK),
Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan
*International Center “for Quantum-field Measurement Systems for Studies of the Universe and Particles (QUP),
KEK Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan
*Graduate University for Advanced Studies (SOKENDAI), Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan
4Department of Physics, Tokyo Metropolitan University, Hachioji, Tokyo 192-0397, Japan

® (Received 3 April 2023; accepted 25 May 2023; published 16 June 2023)

We investigate string amplitudes by using the partial modular transformation which we introduced in
our previous works. This enables us to extract stringy threshold corrections from the full string amplitudes
and interpret them in terms of the Wilsonian effective field theory in a natural way. We calculate mass shifts
and wave function renormalizations for massless scalar fields on brane-antibrane systems. We find that the
mass shift can be exponentially small and negative. We also propose a strategy for realizing a hierarchical

mass spectrum on D-branes.
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I. INTRODUCTION

String theory is one of the promising candidates for the
unification of matter and spacetime and is expected to solve
various problems in the standard model of particle physics.
A conventional approach towards this goal is to construct a
string vacuum and analyze the dynamics of its low-energy
(massless) spectrum. Such a treatment will be sufficient for
many purposes, but it may sometimes miss some important
characteristics of string theory. For example, string theory
contains an infinite tower of massive states, and their
collective behavior is known to drastically soften the
ultraviolet (UV) behaviors, such as the high-energy scatter-
ing amplitude, and it makes the string theory UV-finite. It is
reasonable to expect that similar phenomena would happen
also in low-energy observables.

In ordinary quantum field theories, we have two types of
UV divergences which can be controlled by the renormal-
ization procedure: power divergences and logarithmic ones.
The latter divergences are reflected by the running (scale-
dependence) of physical quantities, and the behavior is
observable at the low-energy scale. The former types of
divergences include the quartic divergence of the
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cosmological constant and the quadratic divergence of the
Higgs mass term in (3 + 1) dimensions. Once they are
absorbed into the bare parameters at the UV cutoff, they
never appear in the low-energy effective theory; they are not
observables. But in the process of absorbing, fine-tuning is
necessary to obtain sensible low-energy observables such as
a 125 GeV Higgs mass or meV dark energy in our Universe
against UV cutoff scales. This problem of fine-tuning is
called the naturalness problem in the standard model of
particle physics. There are various approaches to the
naturalness problem within the framework of ordinary
quantum field theories, but none has successfully given a
solution.

The difficulty in solving this problem seems to suggest
that we will need to go beyond the framework of quantum
field theory and treat both matter and gravity on an equal
footing. An example of such an approach is the misaligned
supersymmetry. In Refs. [1,2], the authors have shown that
power divergences can be weakened due to the cooperation
of an infinite tower of states. Though no models are found
to remove all the power divergences, it is interesting that we
can soften the UV behavior by intrinsic properties of string
theory such as modular invariance. In Refs. [3,4], the string
threshold corrections to the Higgs mass and running gauge
coupling are calculated by summing all the infinite towers
of massive states.

Our discussion in this paper is along the same line of
thought as above. We consider D-brane systems in string
theory as a UV-complete framework of models of particle
physics. Our analysis is motivated by our expectation that
stringy effects may realize a hierarchical structure of scales
between the low-energy scales and the string scale. We also
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utilize the modular transformation property in calculating
mass corrections in string theory. We particularly use the
partial modular transformation, which enables us to sep-
arate the radiative corrections in field theory and the
threshold corrections from string theory in a systematic way.

In this paper, we calculate quantum shifts of masses for
massless fields in the low-energy effective theory of string
theory. In quantum field theories, the calculation of the
mass shift is a standard procedure. Namely, we extract the
mass shift from an off-shell two-point amplitude. This
procedure cannot be straightforwardly applied to string
theory, since the perturbative formulation of string theory
tells us only the constructions of S-matrices, not those of
Green functions.

Moreover, since the tree-level masses are determined
completely by the conformal invariance, any shift of the
masses will spoil the conformal invariance, and the result-
ing amplitudes would depend on the world sheet coordi-
nates chosen to perform the actual calculation. This issue
was clarified in Refs. [5,6] as follows.

Consider a three-point amplitude at one-loop level in
closed string theory. The world sheet for this amplitude is
depicted in Fig. 1(a). The positions of the vertex operators
are integrated over the world sheet. For a corner of the
integration region in which two of the three vertex
operators come close to each other, the world sheet is
conformally equivalent to the one depicted in Fig. 1(b). The
long tube in the middle corresponds to propagations of
closed string states. By the momentum conservation, the
momentum flowing in the tube is on-shell, resulting in a
divergence of the amplitude. In quantum field theories, this
divergence is remedied by the mass shift. In Ref. [6],
this divergence is interpreted as anomalous dimensions of
the vertex operators. Then, in order to preserve the con-
formal invariance even when one-loop contributions are
included, we should modify the mass-shell conditions of the
external momenta so that the vertex operators including the
anomalous dimensions have conformal dimension 1. As a
result, the tree-level masses receive one-loop corrections
which are given by certain two-point, one-loop amplitudes.
This is similar to the Fischler-Susskind mechanism [7,8].

The argument in Refs. [5,6] can be interpreted in terms of
the BRST anomaly [9]. Suppose that we consider an
amplitude including the vertex operator of a null state.
The null state is BRST-exact, and therefore the amplitude

(a) (b)

FIG. 1. (a) A torus with three vertex operators inserted. (b) The
world sheet conformally equivalent to the limit of (a) when the
left two vertex operators come close to each other.

must vanish. However, there are possibilities that nonzero
contributions might come from boundaries of the moduli
space of the world sheet. The points on the boundary of the
moduli space correspond to degenerate world sheets like
the one in Fig. 1(b). The contribution to the amplitude from
the null state can then be canceled by a prescribed change
in the vertex operators due to the shift of the masses. This
argument can be extended to higher genus amplitudes [9].
See also Refs. [10,11].

Based on the investigations reviewed above, it has been
established that the mass shift including threshold correc-
tions due to all massive states can be obtained from a
suitable two-point string amplitude. Following this pre-
scription, mass shifts have been calculated in, for example,
Refs. [12-20]. See also Refs. [21-27].

The relation between mass shifts and two-point ampli-
tudes explained above matches with our intuition devel-
oped from quantum field theory, but the argument relating
them looks rather indirect. The main reason for this is, as
mentioned above, the difficulty in the off-shell formulation
of string theory. The issue should be understood more
straightforwardly based on string field theory. However,
string field theory is not always available, especially for
superstring theories.

Remarkably, there has been some progress in under-
standing off-shell amplitudes in string theory without
relying on string field theory. As mentioned above, the
difficulty in extending perturbative string amplitudes to off-
shell states is the following: Suppose that we simply make
the external momenta in the vertex operators off-shell. We
call the resulting quantity a naive extension. Since the
vertex operators do not have the correct conformal dimen-
sions, the conformal invariance is broken, and the naive
extension depends on the choice of local coordinates on the
world sheet. This makes the definition of the off-shell
amplitudes ambiguous.

In Refs. [28,29], it is shown that such naive extensions,
although coordinate-dependent, still have important physi-
cal information, as long as the local coordinates are chosen
appropriately. The condition required for the local coor-
dinates is called “gluing compatibility” in Ref. [29], which
roughly means that the local coordinates should be avail-
able even in the singular limits of the world sheet, like in
Fig. 1(b). Assuming the gluing compatibility, it is shown
that the quantum-corrected masses read off from the
positions of poles of the naive extension turn out to be
independent of the coordinate choice. For the S-matrix, the
coordinate dependence of the naive extension turns out to
be canceled by the coordinate dependence of the wave
function renormalization [28,29]. In fact, the validity of the
naive extension was already observed in some sense for
one-loop amplitudes [30-34]. In light of Refs. [28,29], this
is because we can choose global coordinates, up to a
periodic identification, on the torus and the annulus, and it
trivially satisfies the gluing compatibility condition.
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There is also a recent attempt for an off-shell formulation
of string theory [35,36].

Once the off-shell extension of string amplitudes
becomes available, we can understand the quantum cor-
rections in string theory much more intuitively. In this
paper, we provide an explicit argument for relating
two-point amplitudes to the mass shift and the wave
function renormalization. The essence of the argument is
as follows.

We consider two-point amplitudes of open string states
living on some D-brane systems. At one-loop level, the
two-point amplitudes have expressions schematically of the
form

A= Aw de (1),

where ¢ is the modulus of the annulus. We divide this into
two parts:

(1.1)

A= wmuo+/wmng, (1.2)

A—2 2

where s := 1/t, and I(s) is the modular transform of I(t)
multiplied by s=2. This procedure is called the partial
modular transformation in Refs. [37,38], where we used it
to investigate an interaction between moving D-branes.
Note that the same idea also appeared in Ref. [39] in a
different context.

The utility of the partial modular transformation is as
follows. We will show in examples that the first term in
(1.2) gives the two-point off-shell amplitude of the low-
energy effective theory, where ¢ is the Schwinger parameter
and A is a UV cutoff. This confirms that the naive off-shell
extension of string amplitudes is valid at least at the one-
loop level. The second term, originally corresponding to a
small Schwinger parameter ¢, is then interpreted as cor-
rections to the effective theory amplitude coming from
integrating out high-energy modes. Indeed, we will show
that the second term, which originally includes an integral
of the position of vertex operators, can be written as if they
are contributions from local higher-dimensional operators.
In other words, the expression (1.2) can be interpreted as
the amplitude obtained from the Wilsonian effective action
of string theory with cutoff A. Based on this interpretation,
it is now apparent that the mass shift as well as the wave
function renormalization can be obtained from the two-
point string amplitude. Therefore, the evaluation of the two-
point string amplitudes amounts to taking into account
threshold corrections due to all massive states circulating in
the loop.

So far in the literature, the mass shift has been calculated
mainly for massive states in superstring theories. This is
simply because the massless states are protected by
symmetries. In this paper, we consider quantum corrections

=

FIG. 2. Typical setup we consider in this paper. There are two
D-branes. We consider one-loop string amplitudes of open string
states, represented by wavy lines, living on the upper D-brane. An
open string stretched between the D-branes, represented by a
cylinder, is circulating in the loop.

to open string states on D-branes which are massless at tree
level, but not necessarily protected by symmetries. We
choose the setup, depicted in Fig. 2, in which the super-
symmetry is completely broken. Therefore, the scalars
corresponding to the transverse directions of the D-branes
may acquire nonzero masses at one loop. Note that
originally these scalars on a D-brane are massless due to
the fact that they are Nambu-Goldstone bosons for the
translational symmetry. In the presence of other D-branes,
the translational symmetry is broken, allowing the scalars
to become massive.

In general, an amplitude in this setup may suffer from the
problem of divergences. For example, the open string
stretched between the two D-branes gives a tachyon, which
causes an infrared (IR) divergence. We avoid this by
keeping the distance of the D-branes sufficiently long so
that the negative zero-point energy is canceled by the string
tension. Another source of divergence is the dilaton tad-
pole. Indeed, if the D-branes are space-filling, then the
presence of a nonzero dilaton tadpole causes a divergence.
This is remedied simply by focusing our attention on lower-
dimensional D-branes.' The presence of a closed string
tachyon is a fatal catastrophe. We avoid this by keeping the
supersymmetry in the bulk, or otherwise we simply subtract
the closed string tachyon by hand. Taking them into
account, we will show completely well-defined calculations
of one-loop amplitudes in Sec. IV.

The amplitudes for the above setup provide us with
interesting results, due to the presence of one parameter—
namely, the distance r between the D-branes. As a result,
the quantum corrections are functions of ». We show that,

"The divergence for space-filling D-branes is due to the fact
that the propagator 1/ of the dilaton is evaluated at g = 0 due
to the momentum conservation. For lower-dimensional D-branes,
the transverse momentum does not need to be conserved, and the
momentum integration gives us a finite value corresponding to
the effective potential, as long as the D-branes are separated.
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for example, the mass shift of the transverse scalar is
decomposed into a sum of the following form:

Am?(r) = Ami (r) + i Amg, (1), (1.3)

where Am%o)(r) is proportional to a negative power of r,
while Am%n) (r) with n > 1 is exponentially decreasing with

r. This result can be explained easily from the viewpoint of
the partial modular transformation. Namely, it is because
the quantum corrections are given by closed string
exchanges between the D-branes. The situation is similar
to the calculation of an interaction between two D-branes
via the cylinder amplitude. A difference is that in our case,
two vertex operators are inserted into one of the boundaries
of the cylinder. The exchanges of massless closed string
states give Am%m (r), just like similar exchange amplitudes

give the Newtonian potential in the case of the effective
potential between D-branes. On the other hand, the
exchanges of massive closed string states give Am%n)(r)

with n > 1, corresponding to the Yukawa potential. The
wave function renormalization also has the same structure.

This result suggests an interesting possibility to realize a
large hierarchy in the mass spectrum. Suppose that one
finds a D-brane setup for which Am%o)(r) vanishes. This is
possible when the contributions from massless closed string
exchanges cancel among them. If it is the case, then the
leading-order correction to the mass is given by the second
term Am%l)(r), which is vanishingly small even when r is,

say, only 5 times the string scale. In this way, the massless
scalars could acquire a nonzero mass far smaller than the
string scale. It is very interesting to notice that this
mechanism crucially relies on the open-closed duality, a
genuine stringy effect.

This paper is organized as follows: In Sec. II, we review
the partial modular transformation, and then apply it to a
two-point, one-loop string amplitude in bosonic string
theory. We will see that the string amplitude can be
approximated by the corresponding amplitudes in gauge
theory and gravity with certain additional stringy correc-
tions. In Sec. III, we argue for a relation between the partial
modular transformation and the Wilsonian renormalization
by introducing a floating division point 4 in the partial
modular transformation. We discuss the structure of the
mass shift and the wave function renormalization in a
simple setup of bosonic string theory. The results have
ambiguities due to the closed string tachyon. This problem
is remedied in Sec. IV where we discuss D-brane systems
in Type II string theory. In particular, we will show that the
mass shifts of the transverse scalars of the D-brane can be
exponentially small and negative in a particular case.
Section V is devoted to discussions.

There are various appendixes for technical details. In
Appendix A, we briefly review the two-point, one-loop

string amplitudes discussed in this paper. Appendix B
contains formulas for the modular transformation of vari-
ous functions. In this paper, we need to compare the string
amplitudes with the corresponding field theory amplitudes
represented by using the Schwinger parameters. The latter
amplitudes are summarized in Appendix C. Appendix D
contains detailed calculations of the string amplitudes
expanded in terms of the external momentum. Some
functions which are used in analyzing the structure of
the mass shift are introduced in Appendix E. We employ
the Green-Schwarz formalism in calculating the string
amplitudes in Type II string theory. For this calculation,
we need to specify the boundary condition of open strings
attached to D-branes. We determine the boundary condition
in Appendix F. We show in Appendix G a calculation
corresponding to the wave function renormalization, based
on Type II supergravity and Dirac-Born-Infeld (DBI)
action. Another different type of D-brane setup, which is
a modification of the one investigated in Sec. IV, is
discussed in Appendix H.

II. STRING AMPLITUDES AND PARTIAL
MODULAR TRANSFORMATION

In this section, we apply the partial modular transformation
introduced in Refs. [37,38] to string amplitudes. We will show
that the partial modular transformation allows us to expand
the amplitudes in terms of a small parameter. The leading-
order terms in this expansion are given in terms of gauge
theory and gravity, with extra terms which are interpreted as
“stringy corrections.” In order to perform the calculations,
we need a regularization, since the moduli integration of the
string amplitude is divergent when the vertex operators come
close to each other. We will show its validity by checking that
the regularized results are consistent with the gauge symmetry
of the world volume theory of D-branes.

A. Effective potential

First, we recall the partial modular transformation applied
to an effective potential for a pair of D-branes [37,38]. As an
illustrative example, consider a D p-brane and a D p-brane in
Type II string theory. We denote the distance between the
D-branes by /. The effective potential at the leading order in
the string coupling is given by the cylinder amplitude. The
explicit expression is

V(r) = / "),

t

—(p o2 D01 (0, it)*
I(t) = (87[2(1/[> (1+1)/26 2 tw, (21)
where ¢ is the circumference of the cylinder and
2 L
s (2.2)
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Our notations of the eta function and theta functions follow
those in Sec. 7.2 in Ref. [40]. For convenience of the readers,
their definitions are shown in Appendix B. The part
(872a't)=(P*1/2 comes from the momentum integration
along the D-brane, e2mrt represents the effect of the string
tension due to the separation of D-branes, and the other parts
in I(z) come from the nonzero modes of the open string
between D-branes. The effective potential V(r) contains
contributions from all massive open string modes circulating
along the cylinder. Because of this, V(r) has a rather
complicated expression.

The properties of the effective potential can be under-
stood more easily by using the partial modular trans-
formation. It consists of two steps: The first step is to
divide the ¢ integral into an IR region (# > 1) and UV region
(t £ 1). The second step is to perform the modular trans-
formation only for the UV region. The result for V(r) is

o dt o
V(r) = / TI(Z) —I—/ ds(s), (2.3)
1 1
where s = 1/, and
-4
j(s) _ (87[2a/)—(p+l)/2s(p—9)/2€—27”2/5M. (2_4)

n(is)'?

Here, we have used the modular transformation properties

n(it) = s'2y(is),

The utility of this transformation is the following.
The integrands /(7) and I(s) depend on ¢ := e~>* and
G = e~2", respectively. Since the integration regions in
Eq. (2.3) have a lower bound 7, s > 1, these quantities are
bounded from above as

1901 (0, lt) == S1/21910(0, lS) (25)

g, < e ¥ ~0.00187. (2.6)
Therefore, the ¢ expansion for /() and the g expansion for
1(s) effectively give an expansion of V(r) in terms of a
small parameter e,

According to this expansion, we can approximate the
first integral in V(r) as

/oo g](;) ~ /oo ﬂ (8”2a/t)—(p+1)/26—2ﬂ(r2—l/2)t
1 1 t

t (2.7)

up to terms of order O(g'/?). As stringy states corresponding
to higher powers of ¢ are dropped, the right-hand side
coincides with the vacuum one-loop amplitude in the
Schwinger parametrization of a scalar field in p + 1
dimensions with mass m? = (r* —1)/a’. Note that a UV
cutoff of the string scale corresponding to ¢ = 1 is intro-
duced. This scalar field comes from the ground state of the
open string stretched between the Dp- and Dp-branes.

This is not tachyonic, as long as the distance r is large
enough.
The second integral in V(r) can be approximated as

/ " dsT(s) ~ 16(8%a/) P+ / ™ ds s(P-9)/2g=257)s.
1 1

(2.8)

The right-hand side is the amplitude for the exchange of the
massless closed string states between the D-branes, where a
short-distance cutoff is introduced. Since we consider a
brane-antibrane system, the contributions from NS-NS
states and R-R states add up. If the cutoff is removed,
then the right-hand side is proportional to r”~7, giving the
Newtonian potential between the D-branes.

The modular transformation is conventionally used to
reveal the long-distance behavior of the potential between
D-branes from the open string one-loop amplitude. If we
use the partial modular transformation and sum up two
contributions of /(¢) and I(s), we can combine the short-
and long-distance behaviors to obtain an effective potential
which interpolates between small-r and large-r regions.

This example shows that the effective potential can be
nicely approximated for all the region of > 1/v/2 by a
sum of the corresponding amplitudes in the D-brane world
volume theory, and in supergravity with the DBI action. If
one naively added two amplitudes from field theory and
gravity, then the resulting expression would not make
sense. This is because, for example, the UV contributions
in gauge theory are doubly counted as the long-distance
contributions in gravity. To avoid such a double-counting,
we need to introduce suitable cutoffs for both the field
theory amplitudes and the gravity amplitudes, as is given by
the partial modular transformation.

This observation indicates that the partial modular
transformation can be a nice approximation scheme for
calculating the effective potential for various D-brane
systems. In particular, this can be applied to complicated
D-brane systems for which the quantization of the relevant
open string is difficult, provided that the necessary calcu-
lations in field theory and gravity can be performed.
Indeed, in Refs. [37,38], we applied the technique of the
partial modular transformation to a system of revolving
D-branes, and obtained the leading contributions to the
effective potential for all the region of r in the sense
explained above.

Note that the division of the integral at t =1 is an
optimal choice for the expansion of V(r). If the division
point is much smaller or much larger, then either the ¢
expansion of I() or the § expansion of I(s) gives a worse
approximation of their contributions to V(r). In Sec. III, we
will show that the change of the division point will have an
interesting physical meaning as the Wilsonian renormali-
zation scale.
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B. String amplitudes

It would be natural to expect that a similar approximation
can be performed for string amplitudes by applying the
technique of the partial modular transformation. This is a
very interesting possibility, because it may provide a
convenient method to calculate the stringy threshold
corrections to various quantities in the low-energy effective
theory of string theory. Recall that the method of the partial
modular transformation enables us to calculate an approxi-
mate form of the effective potential, including contributions
from all massive open string modes for all the region of r, in
terms of a sum of contributions from the field theory on the
world volume and gravity in the bulk. Then we expect that
string amplitudes may also have similar approximations. It
turns out, however, that the situation is more complicated.
We will show that string amplitudes are not well approxi-
mated by only a sum of the gauge theory and gravity
contributions, but additional “stringy threshold correc-
tions” are necessary to include. One of the purposes of
this section is to calculate such corrections.

In the rest of this section, in order to grasp the behavior
of string amplitudes mentioned above, we first consider a
simple system of two Dp-branes in bosonic string theory,
and look at the IR (¢ > 1) and UV (¢ < 1) parts of two-point
string amplitude with gauge bosons as the external states.
The setup is the same as the one depicted in Fig. 2. Let
€|, e5 be their polarization vectors, and kf{ = k* and
Ky = —k* be their external momenta. They satisfy the
transversality conditions k; - €; =k, - €, = 0. Based on
the reason explained in the Introduction, we will take k*
to be off-shell.

The calculation of the one-loop amplitude of Fig. 2 is
given in Eq. (All) as

A= Ce, -62/00 dt/tdulo(u, DL, 1), (2.9)
0 0

where v is the distance between the vertex operators on the
world sheet, which is integrated over the region 0 <v < .
The integrand is a product of the two quantities given by

Io(’% t) = (87120/t)_(p+1)/2e_2”’2’11(it)_24

u(t—v)+GB(y,,))], (2.10)

X exp |:—2a/k2 <7Z't

2
L. 1) = 7” — RGy(v. 1), (2.11)

where

) _e—2iw m _e2m/ m
G(u.1) =log [(1 — ) H (1 (f_)q("i)z 9 )]

g=e>" (2.12)

FIG. 3. String diagrams which do not contribute to the two-

point, one-loop amplitude for the gauge bosons on the upper Dp-
branes, since they cancel each other.

is the nonzero mode part of the scalar propagator on the
world sheet. The insertion of two vertex operators is
reflected in the exponential parts of Iy(v,t) in Eq. (2.10)
and 7, (v, 1) in Eq. (2.11). For details of the derivation, see
Appendix A. The overall coefficient C will be fixed later.

Note that there are other string diagrams depicted in
Fig. 3 which are of the same order with respect to the string
coupling constant to the above amplitude. Actually, those
diagrams cancel each other since the open string, whose
both ends are attached to the same D-brane, is neutral for
the gauge field under consideration. This is fortunate for us,
since the open string tachyon circulating in these loops
cannot be eliminated in a simple manner.

Let us apply the partial modular transformation to .A.
The amplitude is divided as

A - AIR + AUV- (213)

The IR part of A is defined by restricting the modulus
parameter integration into ¢ € [1, o) and is given by

(o] t
A = Ce; '62/ dt/ dviy(w,t)l(v,t). (2.14)
1 0

The other part, corresponding to the UV region 7 € [0, 1] of
the world volume theory, can be rewritten by the modular
transformation as

co 1/s - ~
Ayy = Ce, '62/ ds/ dviy(v,s)l(v,s),  (2.15)
1 0
where

70(1/, S) = (87[2a/)—(p+1)/ZS(p—27)/2e—anZ/sl,[(is)—M

18, (vs, i
X exp {—20/18 log <—“(””)>] (2.16)

s n(is)?
T,(v.s) = 3 log <-%%) (2.17)

We have used the formula

v(t—v) 19y, (vs, is)

). e

T

+ Gg(v,t) = log (—
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which is shown in Appendix B. In the following, we
investigate the expansions of A and Ayy in detail.

1. The IR part Ax

We begin with the IR part ApR. As for the effective
potential, we can expand the integrand of A in terms of ¢,
but with one caution. There is a new ingredient G(v, 1), a
part of the world sheet propagator, in the integrands (2.10)
and (2.11). Most of the factors in the logarithm in Eq. (2.12)
can be set to 1 in the leading-order approximation, since
their deviations from 1 are exponentially small all over the
integration region 1 <t < o0, 0 < v <t. However, there
are two factors, 1 —e 2™ and 1— e 2*("*) which may
become close to 0 when v approaches 0 and ¢, respectively.
Therefore, they must be retained in the approximation.
Then Gy(v, t) should be replaced with

Gy (v, 1) =log(1 — e=™) + log(1 — e 27(=1)). (2.19)
Note that this is not negligible only when two vertex
operators come close to each other. Otherwise, G% (v, t) can
be set to zero.

Now, we obtain the leading-order approximation given as

NC€1 62/ dt/ dl/ 877,'
X exp (—271'0/ K2 @)

2
x exp(=2a'kK*GY (v, 1)) (7” — 26w, z)) . (2.20)

~(p+1)/2 p=22(P=1)1

where we have also replaced n(it)=>* with ¢**.

We notice by setting G%(v,7) =0 that Eq. (2.20)
includes a term

o 1
Ce, ‘€2/ dt/ dy(8;z2af[)-(p+l)/26_2,,(,2_])l

xexp< LU ”)) :

This coincides with a gauge theory amplitude correspond-
ing to the Feynman diagram shown in Fig. 5(a). The gauge
theory result in the Schwinger parametrization is given in
Eq. (C1) in Sec. 1 of Appendix C. In the above
Eq. (2.21), we have a UV cutoff at # = 1. The UV cutoff
scale introduced here corresponds to the string scale
A = 1/+/a'. Comparing with the gauge theory amplitude,
we can fix the overall constant C of the amplitude to be

(2.21)

C = d gy (2.22)

In gauge theory, there is also a contact interaction
corresponding to another Feynman diagram depicted in

Fig. 5(b). This diagram does not depend on the external
momentum k*. The only possible term in Eq. (2.20)—
i.e., the only k-independent term except for the one in
Eq. (2.21)—is

—d Gper - 62/ dt/ dv(87%a't)=(P+1)/

—2;: (r-1) taZGO( (223)
This integral is divergent. This is because the integrand
behaves as =2 and (# — v)~2 at both ends of the integration
region of v. We employ the zeta function regularization to
deal with this integral. The result of the v integration is then

o
o v '€2/ dt(8z%a't)~ (P12
1

x e=2n(r=1)r . (—27).

(2.24)
See Appendix D for details. This exactly coincides with
the gauge theory amplitude for the contact interaction in
Fig. 5(b). This coincidence shows that the zeta function
regularization is consistent with the gauge invariance of the
world volume effective theory of D-branes.

The gauge theory amplitudes have been exhausted, but
there are still many terms in Az besides the field theory
result. No other terms of order O(k°) exist, as expected
from the gauge invariance. At the order O(k?), the integral
(2.20) has terms

o o€l - €20 K> / a’t/ dv(8rn*a

x[-ZT.zcg(y,m(zﬂ (t )+2G°( )>a5GOB(y,t)].
(2.25)

—(p+1 /2 —2z(r*=1)t

Since ¢ is essentially the only dimensionful parameter, all
these terms give contributions of the same order with the
field theory amplitudes. After performing the v integration,
we obtain

o g€ - 0K /oo dt(8z>a/t)~(P+1)/2
I

2
% e=27(P=1)t <4i+ 4”>

: (2.26)

See Appendix D for details. It is interpreted as an IR
remnant of the stringy effects. In the next section, we will
show that the above term becomes negligible when we shift
the division point from ¢ = 1 to a larger value, correspond-
ing to a smaller UV cutoff.

These extra contributions come from terms in A
including G%(v, ). In the beginning of this Sec. IIB 1,
we noticed that G (v, t) is non-negligible only when the
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vertex operators are about to collide. In string theory, when
two or more vertex operators come close together, then the
situation is equivalent by the conformal invariance to the
development of a long and thin strip connecting two world
sheets. The closed string analog of this phenomenon is
depicted in Fig. 1(b). This strip indicates the propagation of
various open string modes including massive ones.
Therefore, the corners v~ 0,¢ of the integration region
are the regions where stringy effects become relevant.
Thus, the extra terms in Eq. (2.26) can be interpreted as
remnants of the stringy effects.

It is interesting to observe that in the calculation of the
contact interaction [Eq. (2.24)], on the other hand, we
obtained only the gauge theory amplitude and no stringy
corrections. Indeed, this is required by the gauge invari-
ance. This result also implies that, at least for the string
amplitude considered in this section, all the possible
contributions from the propagation of open string modes
are automatically subtracted appropriately by the zeta
function regularization. In other words, only 1PI diagrams

|

are retained by the zeta function regularization. This is an
advantage of this regularization scheme.

2. The UV part Agy

The UV part Ayy can be interpreted as purely stringy
corrections to the amplitude from the effective field theory
point of view on the world volume. In order to expand the
integrand I (v, s)I, (v, s) of Ayy, we use the formula

=—) - cos(2znvs) — log <s
q

o]

(1-7).

(2.27)

n=1

This is shown in Appendix B. Then, the leading-order
approximation to Ayy is given as

Auy ~ = Gper - € /oo ds/l/s dy(872a/ )~ P/ 25(p=27)/2 =2nr% /s
1 0

[Se]

1 [Se]
x 24 exp {20/1{2 <Z —cos(2znvs) — log s)] - (27s)? Z ncos(2znvs).
n -

n=1

Here, we have expanded

n(is)™* = ¥ +24+ O(e™)  (2.29)

and eliminated by hand the term e?**, corresponding to the
closed string tachyon. As explained in the Introduction, the
UV part Ayy is expected to give corrections coming from
high-energy modes to the low-energy effective action, a
part of which is contained in A, as we have just observed.
In order to obtain explicit expressions, we expand
Eq. (2.28) in terms of the external momentum, and
calculate those coefficients.

(2.28)

n=1

The term independent of the external momentum is
_ 24a/g%M€1 -6 /oo ds(8ﬂ2a/)—(p+l)/2s(17—27)/2e—2/rr2/s
1

1/s °°
x / dv(2ns)? Z ncos(2znvs). (2.30)
0 n=1

Integrating term by term, we find that this contribution
vanishes. This is consistent with the gauge invariance, since
a term like this gives a mass shift to the gauge boson if it is
nonvanishing.

At order O(k?*), we have

48 P 'eza/kZ/oods(8ﬂ2a/)—(p+])/ZS(p—27)/Ze—2ﬂr2/s

1

l/S 00 1 [So]
d — 2 -1 -(27s)? 2 .
XA U<chos( znus) 0gs> (27s) chos( zns)

n=1

The v integration can be easily performed, resulting in

4872 e - €20 K2 /oo ds(87120/)_(”“)/2s(”_25)/2e_2”r2/“.
1

(2.31)

n=1

(2.32)
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This should be regarded as a sum of threshold corrections
to the wave function renormalization due to an infinite
number of massive open string states. Note that the overall
coefficient of this term would depend on how we subtract
the closed string tachyon contribution in the present setup.
Therefore, the numerical value of this term could not be
taken at its face value. In Sec. IV, we will investigate other
setups without the closed string tachyon, in which we can
discuss the correction terms for the wave function renorm-
alization.

Due to the open-closed duality, we expect that the
amplitude [Eq. (2.32)] can be reproduced as the amplitudes
for the exchange of massless closed string modes between
the D-branes, with possible stringy corrections. The dia-
grams for the exchanges are like the one depicted in Fig. 4.
Note that this is a tree diagram for the closed string.
Therefore, there is no parameter like v which should be
integrated. Fortunately, we can perform the v integration in
Eq. (2.28) at least order by order in k2, as shown above [34].
Therefore, the comparison of Eq. (2.32) with the gravity
amplitudes could be easily performed, as long as the
off-shell couplings of massless closed string modes to
the D-brane are clarified. We can use it to extract the
leading behavior of possible stringy corrections. It will be
discussed further in Secs. III B and IV B 2.

3. Comparison with the case of effective potential

In the calculation of the effective potential using the
partial modular transformation, reviewed in Sec. IT A, we
can obtain a good approximation of the potential for
arbitrary distance r between D-branes by using only gauge
theory and gravity at low energy, and its corrections are
largely suppressed by a factor e~7. On the other hand, as
we saw in this Sec. II B, stringy corrections become sizable
for the scattering amplitudes when the vertices are close to
each other. Why are we able to avoid receiving sizable
stringy corrections for the calculation of the effective
potential although it is related to that of an amplitude?

e

FIG. 4. The diagram for the exchange of closed string states
corresponding to the wave function renormalization of the gauge
bosons. The wavy lines represent the gauge bosons, and the solid
line represents closed string states.

The reason is the following: In the calculation of the
effective potential in quantum field theory, we replace
fields, whose potential is of interest, with their expectation
values. The corresponding calculation in string theory
should be one in which vertex operators for the fields
are replaced with certain c-numbers. Obviously, nothing
will happen when those c-numbers collide. Therefore, any
kinds of stringy corrections should be absent.

III. PARTIAL MODULAR TRANSFORMATION
AND WILSONIAN RENORMALIZATION

In the previous section, we found that the partial modular
transformation allows us to interpret string amplitudes
A = A + Ayy approximately as a sum of gauge theory
amplitudes and gravity amplitudes, with some stringy
corrections of the same order. The choice of the division
point r = 1 is required such that both Ak and Ayy can be
expanded simultaneously in terms of a small parameter
e¢~2", For this choice, we observed that threshold correc-
tions due to all massive open string modes can be described
by a few terms at each order of the derivative expansion. It
is obvious that subleading corrections can be systematically
included as well.

Recall that a UV cutoff of the string scale is introduced in
the gauge theory amplitudes obtained from A;z. Suppose
that the division point is shifted to + = A72. For this choice,
the UV cutoff in the mass unit becomes

A

A= .
Vo

(3.1)

If we choose A to be small, then A becomes much smaller
than the string scale. This implies that the stringy correc-
tions in Az discussed in the previous section become
negligible compared to the effective field theory ampli-
tudes, as long as the external momentum is smaller than A.
This is simply because the stringy corrections contain a
power of &’ A?> = A>. We will show this explicitly in the
following. The UV part Ay then contains all the stringy
corrections. This is reminiscent of the Wilsonian renorm-
alization: the UV part of the amplitude can be regarded as
contributions due to effective vertices obtained by integrat-
ing out high-energy modes.

Note that taking small A is effectively equivalent to the
zero-slope limit for Az, and we will use this term in the
following. However, it is important to keep in mind that we
always treat o as a fixed constant, since otherwise the
whole amplitude is reduced to the effective field theory
amplitude without stringy corrections.

In this section, we consider a two-point amplitude in
bosonic string theory whose external states are open string
tachyons, instead of the gauge bosons discussed in the
previous section. We choose this setup because there is no
constraint of gauge invariance, and therefore we can discuss
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stringy corrections to the mass. The string diagram is of the
type in Fig. 2. The amplitude is given as

(¢ t
= C’/ dt/ dvy(v,t),
0 0

where I(t) is given in Eq. (2.10). We simply ignore the
other string diagrams of the types in Fig. 3, since their IR
divergences are difficult to regularize. Recall that we can
take the external momentum k* to be off-shell, so that k2
does not need to be of the string scale.

We apply the partial modular transformation to this
amplitude with the division point # = 172, As a result, we
obtain

(3.2)

A - AIR + AUV’ (33)
where
e t
A[R = CI/ dt/ dl/]()(l/, t),
172 0
© 1/s -
Ayy = C’/ ds/ dviy(v,s). (3.4)
2 0

The integrand 1, (s) is given in Eq. (2.16). In the following,
we consider the limiting case of 1 <« 1.

A. The IR part Ax

We investigate the relation between Az and the corre-
sponding field theory amplitude given in Sec. 2 of

Appendix C. Since g < e~27# is negligibly small, we
can approximate A as

A~ € [T ar [ av(szan e
2 Jo
V(- V) 11230
x exp | —2nd’k — 20 k*GY(v,1) ), (3.5)

where G%(v,t) in Eq. (2.19) is an approximation of
Gg(v,t). It is easy to notice that the part

00 t
C’/ dt/ dv(87*d't
2 Jo

t —
X exp <—2ﬂa’ k2 L}f”)

coincides with the field theory amplitude (C9), provided

C' = (2n)*¢* (o).

)—(p+l)/2e—2;z(r2—1)t

(3.6)

(3.7)

2 where
T is a real tachyon field coming from an open string living
on one D-brane, and 7" is a complex tachyon field coming
from the stretched string between the D-branes.

The other terms in Az give stringy corrections. There is
no correction at order O(k°). At the order O(k?), we have

(27)2g*( ’)2/ dt/ du(87*a't)~ 1)/
A 2

X e —27( r‘—l Za/kZGO (I/ l))

(3.8)
The v integration can be performed as shown in

Appendix D. As a result, and after a rescaling of ¢, we
obtain

g(zﬂ)ZQZ(a/)ZkZ /oo dT(SﬂzT)_(p+1>/2€_2ﬂsz, (39)

up to exponentially small terms. Note that the integration
variable 7 := @'t has mass dimension —2. This correction
has extra o dependence compared to the field theory
amplitude in Eq. (C8). By rewriting

2

( )2k2 _/14[\4’

(3.10)
we see that this stringy correction is negligible for small 4,
as long as k? is smaller than the cutoff scale. We can even
take a limit in which 4 goes to zero while A is fixed. This
implies that we also take o to zero, and therefore, this is
nothing but the zero-slope limit. We see that the above
correction vanishes in the zero-slope limit, provided that
m?> = (r> —1)/d is also kept fixed.

This is also valid for other corrections. It is easily
recognized by rescaling the integration variable ¢ in
Eq. (3.5) as

A~ (220 [ dr / " dry(8n27)~(p+1)/2g=2eme
A2 0

X exp (—2ﬂk2 n(r=m) —20'k*GY (1, /), r/a’)) .
T

(3.11)

Now, the o dependence is accumulated in the second term
in the exponential. We find that the 7, integral in the
presence of G%(z,/a’,7/a) can be well estimated by an
integral around 7, = 0 and 7, = 7 [see Eq. (2.19)] as

/ d2y(GY)" ~ / de(GY)" + / dey(GY)"
0 0 —a

=0O(d). (3.12)
Therefore, the stringy corrections are always higher orders
in o, or equivalently, higher orders in 12/A?, and they
vanish in the zero-slope limit.

It is instructive to consider the zero-slope limit of the
gauge boson amplitude investigated in Sec. II. The ampli-
tude in rescaled variables is
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ngMel '62/ dT/ de(Sﬂzf)_(p+1>/2e—2ﬂmzr
A2 0

X exp <—27‘L’k2 n(r—n) —2dK*GY(1,/ T/a')>

T
2 1
x (7—;6§G%(x,r/a/) xrz/a/>' (3.13)
As for the tachyon amplitude, the factor

2dk*GY(7,/, 7/ ') raises the order of . The difference
is the presence of the inverse power (¢')~! in front of
0>GY%(x,7/d’). This enables the amplitude [Eq. (C3)] for
the contact interaction to survive in the zero-slope limit.

B. The UV part Ayy

We have observed that Az approaches the amplitude for
the low-energy effective theory when 4 is small. The stringy
corrections, which are of the same order with the field
theory amplitudes for 4 = 1, are now negligible. Then, all
the stringy corrections are effectively contained in the UV
part Ayy of the amplitude. This is given as

Auy = @) [ s

1/s
% A dv(gﬂza/)_(P+1>/2S<p_27)/26_2”r2/sl’](iS)_24

19 , i
X exp {—Za’k2 log (——M)]

) (3.14)

Now, § < ¢=2 can become close to 1 when 4 is small.

Therefore, we have to keep all higher powers of g in the
integrand.

Recall that the logarithm in the exponent can be rewritten
as Eq. (2.27). Then, the v integration can be performed
exactly for each term in the k*> expansion of the integrand
as [34]

/s 19 ]
/ dv exp [—2(1’1(2 log <——Ls’3ls)>}
0 s n(is)

_§+2a/kzlog <sﬁ(1 —51’”)2) +OUY.  (3.15)

§ m=1

This is an advantage for the interpretation of Ayy as
corrections of the low-energy amplitude coming from
integrating out high-energy modes. The integration variable
v indicates the distance of the vertex operators on the world
sheet, which has no interpretation for local operators in the
low-energy effective theory. In the absence of v, we can
simply regard the coefficients in the k> expansion of
Ayy as coefficients of local operators in the Wilsonian
effective action which are supposed to provide the stringy
corrections.

Up to this point, however, the calculations for Ayy are
just formal ones, since the integrals are divergent due to the
presence of the closed string tachyon in bosonic string
theory. This is not easily eliminated like the open string
tachyon circulating in the loop. In the following, as in
Sec. I B 2, we simply get rid of the closed string tachyon
by hand and obtain finite quantities. This is just for an
illustrative purpose, and the physical relevance of the
resulting finite quantities is obscure. In Sec. IV, we analyze
amplitudes in the absence of closed string tachyons. In
these setups, we can discuss the physical significance of
these stringy corrections—in particular, the sign and the
magnitude.

(1) Mass shifts

First, we discuss the mass shift obtained from
Aypy. It is given as

— (27)2 ¢ (o)} (8m2a )~ (P12 /oo ds s(P=29)/2
/{2

% e—znrz/s(n(is)—zzt _ ezm)‘ (3.16)
Note that the contribution of the closed string
tachyon is subtracted, as explained above [see
Eq. (2.29)]. The integral is now finite even in the
small-4 limit. It is convenient to rewrite the overall
factor as &,/2a/, where
& = (SHZ)(I—p)/ZQZ(a/)3—(p+1)/2 (3_17)
is a dimensionless quantity. Then, it becomes ap-
parent that the mass dimension of Eq. (3.16) is 2.
Various integral formulas for mass shifts can be
found in the literature. In our setup, we have a
parameter r, the (dimensionless) distance between
the D-branes. By using this ingredient, we can
further investigate the mass shift as follows. We
expand 7(is)™** as

n(is) ™ = ¥ + > " d,g", (3.18)
n=0

and we integrate term by term. Then, we obtain

/°° ds 52912273 (3 jg) 24 _ g2%5)
/12

24T <27 P > (27r2)(P=20/2
(g2 0n) g (4 3.19
+22]Tn( n°n) Gao—p(4m/nr), (3.19)

n=1

where the limit A — 0 has been taken. The functions
gp(x) are defined in Appendix E. For large x, they
behave as
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1
gp(x) ~ 3 (27)(1=D)/2x(1=D)/2 p=x (3.20)

Therefore, this gives the expansion of the mass shift
for large r.

We can understand the dependence of the mass
shift on r as follows. Recall that the amplitude
[Eq. (3.16)] is written in the closed string channel.
Then, each term given in the § expansion of 5(is)~>*
gives the amplitude for the exchange of closed string
modes. The term proportional to 7%’ comes from
the exchange of massless closed string states. This
looks like the Newtonian potential, but the power is
different due to the presence of the external states.
On the other hand, the term proportional to
929—p(4my/nr) comes from the exchanges of the
nth massive closed string states, resulting in the
functions like the Yukawa potential.

One may be interested in the sign of the mass
shift. It can be read off, in principle, by comparing
the above expression with the field theory amplitude.
In this bosonic string setup, however, the sign would
be ambiguous, since the subtraction scheme for the
closed string tachyon might change the overall
coefficient. In Sec. IV, we can safely discuss the
sign of the stringy mass shift in superstring setups.

(i1) A possibility to obtain a hierarchical mass spectrum

Although the overall coefficient of the mass shift
[Eq. (3.16)] would be ambiguous, there is one lesson
we can learn which might be important for a
phenomenological reason. Suppose that, in a suit-
able setup, the term proportional to a power of r is
absent. Then, the leading contribution to the mass
shift is given by the Yukawa-type function. This is
an exponentially decreasing function of r, so even
when r is of order 5—that is, the distance between
the D-branes is about 5 times the string scale—the
stringy correction to the mass is far smaller than the
string scale, even after taking into account all
massive open string modes. It is then natural to
expect that this would give us a mechanism to realize
a hierarchical mass spectrum in the low-energy field
theory on a D-brane system. A similar phenomenon
is observed in the context of closed string theory in
Refs. [41,42].

Recall that the term proportional to a power of r is
given by the gravity amplitude depicted in Fig. 4.
This can be evaluated simply by using the low-
energy gravity theory, provided that the couplings of
the massless closed string states to D-branes, in-
cluding stringy corrections to the DBI action, are
obtained. Therefore, we do not need to calculate
one-loop string amplitudes in order to check whether
the exponentially small mass corrections can be
obtained for a given D-brane system. The couplings

of massless closed string modes to D-branes were
investigated in Ref. [43] in the context of the
Hawking radiation from D-branes.

Even if the massless closed string exchanges do
not cancel, the above structure of the mass shift tells
us another interesting fact: the mass shift including
threshold corrections from all massive open string
modes can be calculated by evaluating the gravity
amplitudes like the one in Fig. 4.

(iii) Wave function renormalizations

We can also discuss the wave function renorm-
alization due to stringy corrections. In fact, this is
crucial for obtaining the physical mass from the
mass shift determined above. For the reasons ex-
plained above, we will postpone the discussion of
their physical meaning, and just present the resulting
expression:

£K2 Az‘” ds 5290262775 (s — 275)

x log (s ﬁ(l - qm)2>.

m=1

(3.21)

The leading-order contribution to this integral in the
small-4 limit is

k2T (272_ P ) <10g(27rr2) —y (272_ P ) )

x (2zr?)(P=27)/2,

(3.22)

where w(x) is the digamma function.

IV. MASS SHIFTS IN TYPE II STRING THEORY

In the previous section, we encountered the problem of
divergence due to the presence of a closed string tachyon.
This problem prevented us from extracting definite physical
information on mass shifts and wave function renormali-
zations. In this section, we consider similar amplitudes in
Type II string theory where a closed string tachyon is absent
in the bulk. We investigate mass shifts of open string states
on a D-brane, which are massless at tree level. We will
show that the mass shifts can be negative, and as a result,
we may obtain a Higgs-like field. The mass shift can be
exponentially small in a particular setup.

A. Green-Schwarz formalism

We need to calculate two-point amplitudes in Type II
string theory. The Green-Schwarz formalism in the light
cone gauge [44,45] is convenient for this purpose. To fix
notations, we write down the world sheet action
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L¢

=590, + 0,5
2

1
s= [ d|-
/ G{ dra

+ %S“(a, - aa)Sa] (4.1)

for Type IIB string theory. For Type IIA, the fermionic
fields S¢ are replaced with S4. The indices i, a, & all tun
from 1 to 8, and they label the vector, spinor, and conjugate
spinor representations of Spin(8), respectively. For practical
purposes, this gauge-fixed action can be regarded as a
definition of the world sheet theory. As long as the
kinematics of the external states is simple, we can recover
covariant forms of the amplitudes from the expressions
obtained in the Green-Schwarz formalism. As explained in
Appendix A, we can obtain two-point amplitudes of
interest partly by recycling the amplitudes in bosonic string
theory that we have discussed so far.

As before, we consider the scattering of two open string
states on a D-brane, as in Fig. 2. In order to calculate the
amplitude, we need to quantize the open string stretched
between the D-branes. This then requires us to specify the
corresponding boundary condition for the open string. The
boundary conditions for X' are obvious from the configu-
ration of the D-branes. In the Green-Schwarz formalism,
the boundary conditions for §¢ and §¢ can be read off from
the space-time supersymmetry conserved by the D-branes
as follows. A Dp-brane conserves the supercharges of the
form [46]

+(F-0) (42)
where -+ is a product of the Gamma matrices correspond-
ing to the transverse directions to the Dp-brane. In the
Green-Schwarz formalism, the supercharges can be con-
structed from the world sheet fields. The above combina-
tions of the supercharges are conserved in the world sheet
theory, if we require that the corresponding supercurrents
vanish at the end point of the open string attached to the
Dp-brane. Another condition for the supercurrents is
obtained from the other end point. These two conditions
are combined to give the correct boundary condition for the
open string in the Green-Schwarz formalism. See
Appendix F for more details.

As in bosonic string theory, the two-point, one-loop
amplitude is given schematically as

27[ / dtl / dt2

X STr —2xt;(Ly—1/2) V 27[[2(L0—1/2)V2)’

(4.3)

where we take the supertrace because of the presence of
space-time fermions. The vertex operators V (s = 1, 2) for
gauge bosons on a D9-brane are given in Ref. [44] as

/ .
V= cey; (0,Xi -3 'k, S“Sb> e*kiX'(4.4)

The constant ¢ will be chosen by comparing with the
corresponding field theory amplitudes. The operators for
Dp-branes with p < 9 can be obtained by performing the
T-duality transformation [43]. For bosonic fields X', this
amounts to replacing 0, X’ with d,X’ for the directions
transverse to the Dp-brane. The T-duality transformation
for Spin(9,1) spinor fields @ in the Green-Schwarz formal-
ism, from which the Spin(8) spinor field S* is obtained, is
given in Ref. [47] as

0—T0 (4.5)
for each direction along which T-duality is taken. This
transformation, written in terms of §¢, keeps the fermion
bilinear term in V intact for the gauge bosons, while for the
transverse scalars it changes the sign. See Appendix A for
more details. As a result, the vertex operators for transverse
scalars are

/
Vs = cé’s,l (a(rXI + %}/gbks.lsasb> eik“‘[X[’ (46)

where I = 1, ...,9 — p labels the transverse directions, and
[ =10 - p,...,8 labels the parallel directions, except for
the light cone directions, of the Dp-brane. The vectors ( ;
specify transverse directions corresponding to the external
scalars.

B. Dp-Dp system

In this subsection, we consider a Dp-brane and a
Dp-brane parallel to each other. The two-point amplitude
of our interest is for the massless transverse scalars on the
Dp-brane. In the absence of the D—p-brane, the scalars are
the Nambu-Goldstone bosons for the translational sym-
metry. In our setup, the translational symmetry for the
v-brane is broken by the Dp-brane, and therefore, the
scalars may acquire masses by quantum corrections.

There are string one-loop diagrams contributing to this
amplitude. The diagrams, which are of the types in Fig. 3
but with the external states being scalars, give vanishing
contributions, since the Dp-brane is not involved in this
diagram, and such supersymmetric two-point amplitudes
are known to vanish due to fermion zero modes [45].
Therefore, we focus our attention on the type of diagram in
Fig. 2. As explained in Appendix F, it turns out that the
fermionic fields S¢ of the open string stretched between the
Dp-brane and the D p-brane obey the antiperiodic [Neveu-
Schwarz (NS) type] boundary condition, as opposed to the
periodic [Ramond (R) type] boundary condition obeyed by
the open string on D p-branes. Because of this, the ground
state of the open string gives a tachyon. In order to remove
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the IR divergence due to this open string tachyon, we keep
the distance between the D-branes, denoted by r, suffi-
ciently large.

The two-point amplitude of the massless transverse
scalars in this setup is given as

A=A+ A2,

[ t

Al = C”/ dt/ dvi,(v,t)I5(v, 1),
0 0
o0 t

A= / dt / dv L(v, )L, 1),
0 0

where the integrands are given in terms of

(4.7)

901 (0, ir)*
n(ir)"?

con |2 (x40 1 6,00)] 4

12(1/, t) = (87t2a't)_(l’+1)/2€—2mzt

I3(v, t) = 2x? (

=1+ $202G(v. 1),

L(v,t) =272, - K Gp(v, 1) (4.10)
The function Gg(v, t) is defined in Eq. (2.12). The function

Gr(v, 1) is given in terms of Gy(v, 1) as

Gr(v.1) = ——0,(Gp(v. 1) —2Gy(v/2.1/2)). (4.11)

The vector w! indicates the relative position of the two
D-branes. For more details of the calculation of the
amplitude, see Appendix A.

Note that there are two types of transverse scalars
distinguished by the relation between w! and ¢!. We denote
by ¢! the scalar for which ¢’ is parallel to w'. The other
scalars for which {-w =0 is satisfied are collectively
denoted by ¢*. The following discussions are given for
general ¢, and the final results are discussed separately.

1. The IR part Ax

Let us apply the partial modular transformation to this
amplitude with the division point 1 = 172, as in the previous
section. We assume 4 to be small.

We begin with the analysis of the IR part Ajg. As for the
bosonic string case, we expect that A;r reproduces the
amplitude for the low-energy effective theory on the brane-
antibrane pair. Due to the separation of the D-branes, the
only low-energy field coming from the stretched open
string is the tachyon, whose mass is m?> = (r> —1/2)/d’.
This scalar field is circulating in the loop.

We divide Ay into two parts, Al and A%, and
investigate separately. By ignoring exponentially small
terms, we obtain for Al

o t
¢ / dr / dv 1,(v, )15 (v, 1)
p) 2
C”/ dt/ dv(87*d
.

X exp (—27;0/ k? @)

x exp(=2a'k*G% (v, t))<

~(p+1)/2 p=21(P=1/2)1

(51 w) (o - w)

- GEG . z)). (4.12)

In order to compare this expression with field theory
amplitudes, we need to extract terms which survive in
the zero-slope limit. This can be achieved by rescaling the
integration variables ¢ and v as

C//
AIR~—/ dr/ dr, (8727)~(PH1)/2g=2mm’s

X exp <—2ﬂ'k2 M)

T
xexp(=2d'k*GY%(1,/d 7/ )
x(zﬂz(é“l w)(&5-w) ‘51 o

(')?
By performing a similar calculation done for Eq. (2.23)
based on the zeta function regularization, we find that Aly
contains a part

02GY(x,z/d)

x—rz/a’) '

(4.13)

C .
—Cl (:2/ d1(87z21)_(1’“>/2e_2”m2’(—271'). (4.14)
A—Z

This can be identified with the field theory amplitude for
the Feynman diagram in Fig. 7(b) calculated in Sec. 3 of
Appendix C, provided
C" = d Gy (4.15)
When the external states are ¢, the above expression is
the only contribution which has a field theory counterpart.
For ¢, on the other hand, ¢! and w' are given as

l
g=gd =, w==n (4.16)
T
for a unit vector n!. Since
(&1 w)(&h - w) l
271'2 l(a—/)Qz = 2(2ﬂ)21}2£2, V= ﬁ s (417)

another term in the parenthesis in Eq. (4.13) survives the
zero-slope limit and gives
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g%[M /oo dT/T d72(87[21>_(17+1)/26—2ﬂm21
A2 0

X exp <—27‘L’k2 M) 227)*0%%,  (4.18)

as long as v is kept finite. As explained in Sec. 3 of
Appendix C, this reproduces the amplitude for the
Feynman diagram in Fig. 7(a).

We observe that Ay alone reproduces the corresponding
field theory amplitudes. Then, A% should give stringy
corrections only. Indeed, this can be confirmed by rewriting

2
Afp as

Ak —agYM/ dt/ dvl, (v, t)14(v,1)
~22 Gl 1 -Gk / dr / dry(8nP7)~(PH1)/2g=2mm’
A2 Jo
X exp (—271]{2@) exp(—2d'k*GY (1, /d 7))
T
xG%(ry/d v/ )?, (4.19)
where G%(v,t) is obtained from G (v,t) by replacing
Gp(v.t) in Eq. (4.11) with G(v.1) in Eq. (2.19).
Explicitly, it is given as

e e—lr(t—u)

Go(v.1) = (4.20)

1 — e 2® - 1 = ¢ 2a(t-v)°

Like G%(z,/d/,t/d), the function G%(z,/d’,7/a’) local-
izes the integrand to the regions near 7, =0 and 7, =7
whose lengths are of order O(«’). Therefore, each coef-
ficient in the k*> expansion of A% is higher order in o,
implying that all of them are stringy corrections. They are
negligible when A is small. Thus, in this limit, Az gives the
field theory results, and the stringy corrections are absorbed
into Ayy, which we will discuss in the following
subsection.

2. The UV part Ayy

Next, we investigate the UV part Ayy. As explained in
the previous section, Ayy contains all the stringy correc-
tions which may be relevant in the low-energy effective
theory. Again, we divide Ayy into two parts, Al and
A%y, and investigate them separately.

(1) Mass shifts

First, we consider

) 1/s - ~
Alljvzzalg%{M/ ds/ dvl,(v,s)5(v,s), (4.21)
2 0

where
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~ 9,0(0,is)*
L(v,s)= (Sﬂza’)—(p+1)/2s(p—11)/2e—2”’2/s 717;)((”;1?
19 N
X exp [—Za’kz log (__Ls}zs))] ,
s n(is)
(4.22)

73(1/, s) =2(2x)*r??
19 J1
-2 [Qns + 0% log <—;%>] .
(4.23)

This is the expression for ¢l. In order to obtain the
expression for ¢, we simply ignore the first term in
Eq. (4.23). We expand this expression in terms of k.
At order O(k°), we obtain

o Gy (872 )~ PH1)/2 /00 ds s(P=11)/2 =21/
AZ

: 4
9100, 75)
n(is)"

We have performed the v integration by using the

results in Appendix B.
Note that the other part,

(2(27)*r* s = 2202). (4.24)

Al —agYM/ ds/ dvl,(v,s)4(v,s), (4.25)

where

o ~n

~ 1- 2
1,(v,s):=2m%d¢, - &Hk? <SZ 7 —4—?]" sin(27m1/s)> .

n=1

(4.26)

does not have terms of order O(k?).
Therefore, the term in Eq. (4.24) gives the mass
shift

Am?(r) = A b ds s(P=11)/2g=2nr/s
a’ 22
1910(0, iS)4

X L (2(27)*r2 s~ = 27) (4.27)

for ¢!, where we define a dimensionless quantity

&= (822)~ D22 (o) BP)/2, (4.28)

Since there are no closed string tachyons, this
integral is finite for p <9. The divergence for
p = 9is due to a dilaton tadpole. The formula (4.27)
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)]

(@)

can be also obtained from the second derivative of
the effective potential [Eq. (2.1)].

Note that Am?(r) is actually equal to the physical
mass at the one-loop level, since the tree-level mass
is zero, which implies that the wave function
renormalization does not contribute at this level.

We expand Am?(r) for large r. As shown in the
previous section, this is obtained by expanding

8100, is)*
n(is)"?
where § = ¢~2", and we calculate term by term. The

leading contribution Am%o)(r) to the stringy mass
shift Am?(r) for ¢l is

= 16+2565 + O(3%),  (4.29)

§ [ -
2 _ (p-11)/2
Am(o)(r) = 16(1’ g ds s'?

x e /5(2(2m)2 s~ = 21)  (4.30)

- —327(8 - p)r<9_Tp> (2nr2)<1’—9>/2§, (4.31)

where we have taken the limit A — O for simplicity.
We analyze this result for p < 8 and p = 8 sepa-
rately. Recall that r is defined as a dimensionless
quantity and related to a dimensionful distance /
as r=1/2zVd.
p <8

This is a negative contributions to the mass shift
for ¢!l when p < 8. That is, the transverse scalar,
corresponding to the direction of the D-brane sep-
aration, becomes tachyonic by the one-loop stringy
corrections. Note that the mass shift coming from
Ajr is cancelled in the whole amplitude A, since the
UV cutoff A introduced by hand should not appear
in physical quantities. Interestingly, Am%o)(r) de-
creases as P~ for large r. On dimensional ground,
one might think that the mass shift would decrease
as r~2. Let us compare these two behaviors for
p = 3. We obtain

Am%())(r> X ngMmsz'tr(lstr/l>6

< gyums (L /1> (4.32)

for 1> Iy, where Iy = 1/mg, = Va'. Although
the mass shift is not exponentially small, it decreases
much faster than the naive expectation when p < 7.
p=2_8

It is curious that Am%())(r) vanishes for p =8,
although this setup might not be interesting for
phenomenological purposes. For this case, the lead-
ing contribution to the mass shift Am%l)(r) is ex-

ponentially suppressed as a function of r and given by

Am%l)(r) = —2560{’9%(M(8ﬂ20/)_9/2 /oo ds s73/2
12
X 6‘2”’2/Se‘2”5(2(2ﬂ)2r2s‘1 —2n)

~ —210\@:%—4“5 (4.33)

See Appendix E for details. Due to the cancellation
of the coefficient of Am%m (r), we obtain a negative
mass squared which is exponentially small compared
to the string scale on the D8-D8 pair.
It is interesting to observe that the absolute value of
Am%())(r) is increasing as the D-branes are coming closer

to each other. For r* < 1, the ground state of the stretched
string becomes tachyonic, and the D-brane system is
unstable for the decay via the tachyon condensation [48].
It seems that the tachyonic mass shift indicates the
instability of the system, even after the open string tachyon
is regularized by the string tension. This might be relevant
for phenomenological model building which includes
Higgs fields.

There are other transverse scalars ¢. The mass shift for
them is given by only the second term in Eq. (4.30) as

é 0
A (r) = —16=
m(0>(r) d )z

9-p _o)2 €
— 322 <T> (27r?)(P=9)/2 =

ds s(])—l])/2€—2;rr2/s(_2n.>

(4.34)

This is always positive for p < 8. Thus, they do not induce
instability of the system.

Note that the full expression Am?(r) for ¢p* can be also
obtained from the effective potential V(r) given in Eq. (2.1)
as follows. The effect of ¢* can be included in V(r) by
replacing 7> with 72 + p?, where p corresponds to the
vacuum expectation value of ¢*. Then, Am?(r) for ¢+ is
obtained from the second derivative of V(r) with respect to
p evaluated at p = 0.

(i) Wave function renormalizations

The wave function renormalization can be also
discussed. We will only show expressions for ¢/, but
the generalization to other scalars ¢~ is straightfor-
ward.

We can read off the wave function renormaliza-
tion from the O(k?) terms. From A}y, we obtain

32 (82%) V2 (22 A:" ds s(r-10/2

x e 27/5((2(27)22s7! — 27) log s 4 7%s)
7_
- 327 <2p) (2711’2)(/’—7)/25/(2 +O(r),

(4.35)
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where we have taken the limit A — 0 for simplicity.
The other part, A}y, gives

~ 8 (82) (2

X /oo ds s(p—9)/26—27rr2/s
12

- —87°T <7Tp) (27r2)P=N2Ek2. (4.36)

In total, the wave function renormalization is given
for large r by

24n2r<7_7p> (22r?)P=12802. (4.37)

In fact, this is divergent for p > 7. Similar diver-
gencies appear in the effective potential for the
Dp-Dp pair. We note that these leading-order terms
for large r are obtained via the zeta function
regularization, while finite terms from the beginning
only give subleading terms to the wave function
renormalization. This seems to suggest that they
have some stringy origins.

It is interesting to perform a corresponding calculation
based on Type II supergravity and DBI action. This is an
extension of the well-known calculation of the effective
potential for two D-branes at their ground states. For the
extension to the wave function renormalization, we calcu-
late the exchange diagrams of the type in Fig. 4. In this
calculation, we need the interaction vertices between the
bulk closed string modes and the scalar fields on the
Dp-brane. They are obtained from kinetic terms of the sca-
lar fields in DBI action. By using this, we find that the
exchange amplitudes cancel among them completely,
although the string amplitude gives nonvanishing contri-
butions. See Appendix G for details.

Actually, the results from the analysis using DBI action
can be understood as follows. As explained in Appendix G,
the Ramond-Ramond field exchange between the D-branes
does not contribute to the amplitude for the wave function
renormalization. Therefore, the result must be the same as
the corresponding calculation for parallel D p-branes. The
latter must vanish, since the supersymmetric two-point
amplitude vanishes. This might suggest that there are some
couplings of D-branes to the bulk fields which are missing
in DBI action. It should be noted, however, that this
conclusion is not on a firm footing, since the studies in
Refs. [28,29] do not claim that the stringy calculations of
wave function renormalizations, which are not physical
observables, are free of ambiguity.

V. DISCUSSION

In this paper, we have investigated various two-point,
one-loop string amplitudes by using the partial modular

transformation reviewed in Sec. II. The partial modular
transformation can be used as a technique to calculate
string amplitudes, similarly to Refs. [37,38], where we
calculated the effective potential for a complicated D-brane
system. We have also observed that the partial modular
transformation reveals a structure of the string amplitudes
which resembles the amplitudes obtained from the
Wilsonian effective action. In particular, stringy threshold
corrections can be extracted from string amplitudes in an
intuitively more natural manner. For the mass shifts, we
reproduced the prescription of Ref. [6]. We have calculated
the mass shifts and the wave function renormalizations for
scalar fields on a Dp-Dp pair in Type II string theory. The
scalar fields are massless at tree level. We have found that
one of them acquires a tachyonic mass when the distance r
of the D-branes is large. Interestingly, we have also found
that the absolute value of the tachyonic mass is exponen-
tially decreasing with r for p = 8.

It will be quite exciting if a hierarchical mass spectrum
with an exponentially suppressed stringy threshold correc-
tions can be realized on a D-brane system which is more
suitable for phenomenological purposes. The model stud-
ied in Sec. IV B, however, does not have such a hierarchy,
since the exchanges of the massless closed string modes do
not cancel in general. Therefore, we need to find another
D-brane setup where such massless contributions cancel
among them. As a trial, some modifications of the Dp-Dp
pair are examined in vain in Appendix H. In the trial, we
considered D-branes on a compactified circle whose setup
is depicted in Fig. 8 and tried to modify the closed string
mass spectrum by inserting nontrivial phases in the sum
over winding numbers. If it were possible, a hierarchical
mass spectrum would be obtained. But the trial does not
work, as it would result in an elimination of massless closed
string modes, especially the graviton. Thus, there is no
hope along this line of approach. Instead, we should search
for D-brane setups where massless closed string exchanges
cancel among them without eliminating the massless
closed string states. We hope to address other models in
future publications.

Though the coupling to massless closed string states
does not cancel in the model studied in Sec. IV B, we have
an interesting behavior in the coupling. The mass shift is
given in Eq. (4.32) and is proportional to 7”~°, where r is
the distance between D-branes. This raises the question of
what type of interaction between the world volume fields
on D-branes and the massless closed string states generates
such a mass shift. Suppose that one tries to perform
calculations for the mass shifts analogous to the ones in
Appendix G. Then, one immediately notices that there is no
interaction vertex in DBI action which is available for the
calculation. Namely, there is no nonderivative coupling
involving the scalar fields ¢ with massless closed string
states such as the graviton. This is consistent with the above
behavior of the mass shift in Eq. (4.27) obtained from the
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string amplitude. Indeed, if there were a nonderivative
coupling of the transverse scalars like \/— det g¢?, then we
would obtain a mass shift proportional to the graviton
propagator—namely, the Newtonian potential 7”~7. Since
the leading-order term Am(zo) (r) is proportional to r7~%, we

can interpret this result as the absence of the contributions
from the ordnary DBI action. Then, what kind of modi-
fication of the DBI action can possibly reproduce the mass

shift Am(zo)(r)? One possibility would be the conformal

coupling R¢?, where R is the scalar curvature of the target
space. Since this vertex introduces momentum squared in
the exchange amplitude, we can obtain the correct power of
r. There is another reason that the conformal coupling
would be suitable. Since the transverse scalars are the
Nambu-Goldstone bosons, their mass terms are forbidden.
However, in the presence of other D-branes, they are
allowed to acquire masses. The influence of the other
D-branes is detected through the couplings to the bulk
fields. Therefore, it is natural that a nontrivial curvature
made by the other D-branes induces masses to the scalars.

It is very important to understand the relation between
stringy threshold corrections obtained from string ampli-
tudes and possible modifications of DBI action. This would
be possible by investigating off-shell disk amplitudes with
insertions of vertex operators for both open string states and
closed string states. Connecting such disk amplitudes by
using propagators of the supergravity fields, we would
obtain the large-r expansion of a stringy threshold correc-
tion. The calculations of this kind are expected to be much
simpler than the calculations of one-loop string amplitudes.
Therefore, this would be a practical tool to search for
D-brane systems suitable for phenomenological model
building.

Finally, we would like to address three comments in
order. The first is a generalization of the partial modular
transformation to higher loop amplitudes. In this paper, we
have observed a similarity between string amplitudes for
which the partial modular transformation is performed and
amplitudes obtained from Wilsonian effective action. It is
quite interesting to check whether this similarity persists in
higher loop amplitudes. Since there are several moduli, we
should perform the partial modular transformation sepa-
rately, and the resulting structure would be much more
complicated. However, the advantage of this way of
understanding is obvious. Assuming the similarity persists
for all loops, which seems intuitively valid, the partial
modular transformation gives us a method to obtain the
Wilsonian effective action of string theory, which enables
us to perform any off-shell calculations at least to all orders
of string perturbation theory.

The second comment is about the regularization of string
amplitudes. In this paper, we have used the zeta function
regularization for actual calculations on string amplitudes.
The validity of this regularization scheme can be justified
by the observation that the obtained results are reasonable.

However, it is desired to understand the regularization of
string amplitudes more systematically. Recently, there
appeared Ref. [20], whose aim is a realization of the
proposal in Ref. [49]. The paper also analyzes mass shifts.
It is very interesting to find a possible relation between
Ref. [20] and the present work. Since our viewpoint has a
direct connection to ordinary quantum field theories, it
would be reasonable to expect that the understanding of the
regularization issues would become comparably easier.

The third comment is a generalization to higher-point
amplitudes. Needless to say, the application of the partial
modular transformation is not limited to two-point ampli-
tudes. By generalizing to higher point amplitudes, we can
investigate stringy threshold corrections to coupling con-
stants, especially at and above the string scale. The
corrections to the gauge couplings can even be extracted
from the two-point amplitude via the wave function
renormalization. These issues will hopefully be reported
elsewhere.
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APPENDIX A: STRING
ONE-LOOP AMPLITUDES

In this appendix, we summarize various string one-loop
ampitudes discussed in this paper. We basically follow
Refs. [44,45].

1. Bosonic string amplitudes

We begin with bosonic open string amplitudes. The open
string is attached to a pair of parallel Dp-branes. We
assume that X#, with 4 =0, ..., p — 1, corresponds to the
parallel directions of the Dp-branes, and X/, with
I =p,...,25, corresponds to the transverse directions
which satisfy

Xz, 6+ 7) = X!(z,6) + nw!, (A1)
where the vector w’ describes the relative position of the
Dp-branes. More precisely, if the distance between the D p-
branes is / and the relative direction is given by a unit vector
n!, then w' is given as

n'. (A2)
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The schematic form of two-point, one-loop amplitudes is

.A:(2ﬂ)2/ dll/ dlzTrx(e_ZHt] (Lg_l)vle_zﬂtZ(Lg_l)Vz),
0 0

(A3)

where L{ is given in terms of the zero modes p# and the
nonzero modes &, and &, of X#(z,0) and X/(z,6) by

2
Lg)( 4 /A2 + Za—n an

n>0

(A4)

The external states are specified by the vertex operators Vg
with s = 1, 2. To simplify calculations, we follow Ref. [44]
and use

V= ¢ exp(ik, , X* + ic.€,,0. X" + ¢ 10,X")]

7=0=0"

(AS)

The normal ordering is assumed, as usual. Here, ¢, are
polarization vectors for the external gauge bosons, {, are
vectors specifying the transverse scalars, and ¢,, ¢, and ¢,
are some constants. We impose the transversality condi-
tions k, - ¢, = 0. Note that the factor 7 in front of ¢, is due to
the Wick rotation of 7.

We can obtain the amplitude with the desired external
states from Eqgs. (A3) and (AS5) as follows. In order to
obtain the tachyon amplitude, we simply set ¢, = 0 and
¢, = 0. The gauge boson amplitude can be obtained by
expanding A in terms of ¢, and picking up terms propor-
tional to € 4, ,. Likewise, the coefficients of {; ;{5 ; give
the amplitude for the transverse scalars.

Note that we included the numerical factors c,, ¢, and ¢,
in the above expression of V in order to match with the
corresponding field theory amplitudes. Typically, they can
be determined by examining tree-level amplitudes and
comparing them with field theory amplitudes. In this paper,
since all of the factors appear as overall coefficients of the
string one-loop amplitudes, we simply adjust the overall
coefficients by comparing them with the corresponding
field theory one-loop amplitudes.

The calculation of the trace in Eq. (A3) can be performed
separately for the zero modes and the nonzero modes of X*
and X’. The zero modes 3 and p* of X*(z,0) and w! in
X!(z,0) give

(27)%06% (ky + ky) (87t
e—27rr2t exp —271'(1/](2 L_l/)
t

a/
X exp (Ecgel cey el owt ey w), (A6)

)—(17+1)/2

where

t==1t +1t, V=, (A7)
and we have used the momentum conservation k; =—k, =k.
The quantity 7? is obtained from w' as

2 2
, W [

4d 4ntd (A8)
In the above expression of Eq. (A6), we have ignored terms
proportional to €2, since they are irrelevant in obtaining the
amplitudes (e.g., the two-point gauge field amplitude is
proportional to €/ - €,).

A contribution from each nonzero mode, &, and &/, can
be calculated straightforwardly. Including the ghost con-
tributions, we obtain

n(it)*exp(=2d'kK*Gg (v, 1))

xexp (~ (e e GG D) ). (A9)

where again we only include terms relevant to the ampli-
tudes. The function Gg(v, t) is defined as

’

0 _e—2m/ m _
GB<Z/, t) = IOg |:(1 — e_z””) H (1 (ILI_L(”Il)z
m=1

g=e . (A10)

eZm/qm):|

The product of Eqs. (A6) and (A9) gives the integrand
of Eq. (A3).

To summarize, the explicit forms of the amplitudes, up to
overall coefficients, are given as

«(27) / dt/dl/Sﬂ

xexp{ 2a’k2< (’l “) 4 Gy, ;)>]

]7+1)/2 —2zr? Iﬂ(il)_24

L, (tachyon)
w206 (5— a )aZGB(u 1)), (gaugeboson)’
(&1 w)(&yw)— 2“29“1 $,02Gg(v,t), (scalar)
(A1)

where the factor (27)2°6% (k| + k,) has been removed. The
overall coefficients will be fixed by comparing with the
corresponding field theory amplitudes.

2. Type II superstring amplitudes

In Type II string theory, we mainly consider a one-loop
amplitude for the open string stretched between a D p-brane
and a D_p-brane, whose external states are transverse
scalars. In the Green-Schwarz formalism, the schematic
form of the amplitude is
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27[ / dtl / dtz

% STI. =2ty (Ly— 1/2)V 2’”2(L0_1/2)V2), (AIZ)
where L is given as
Lo=LY+L5,  L§=> r88. (A13)

1
rz;

We have used the fact that, for the Dp-Dp pair, it turns out
that §¢ satisfy the NS boundary condition, as explained in
Appendix F.

The vertex operators for transverse scalars are given as

. (Al14)

a/
Vs = Cé‘s‘I (()D_XI +=
2 1=0=0

I .
SayaI;;Sbks,y> elkl‘_#Xﬂ

where the light cone components k. are set to zero. The
change in the relative sign compared to the one in Ref. [44]
comes from the T-duality as follows. As explained in
Sec. IV A, the vertex operators V above are obtained from
Eq. (4.4) by taking T-dualities along the transverse direc-
tions. For the fermionic fields S¢, this amounts to

1. 1:[7,1_

See Appendix F. Then, the fermion bilinear term in V|
becomes

= (r-9) . (A15)

SymS — S(yH)Tylyts = —Sylrs. (A16)
The supertrace can be written as
q—l/ZTrX(e—Zmng (é’lagx)eik])(
x e—2m|L§ (é'zagx)eikZX)STrS(e—Zng)
+ th (a/)zq—l/2Trx(e—Zm,L(’)‘eiklxe—ht,LgeikzX)
x STI‘S<€_2m1Lg (§1S}/Sk1 )eik,Xe—Zmng (Z_:ZS)/Skz)eikzX),
(A17)

where we set ¢ = 1 for simplicity. This shows that A can be
obtained from the tachyon amplitude and the scalar
amplitude in (All) by multiplying traces for fermions
S?. The necessary traces are given as

Strg(e~27Ly) = (A18)

and

Strg(e=271L0 (¢, Sy Sky ek X

[Se]

e—2ﬂt2L‘g (CzSySkg)eik2'X)

=48, - LHKEG (v, 1) H gml/2)s (A19)
where the function G (v, t) is defined as
1
GF(I/, t) = —2—aD(GB<IJ, t) —2GB(1//2, t/2)) (AZO)
n

This is the propagator for an NS fermion on the annulus.
This can be seen by rewriting Gy (v, t) as

e—m/qm/Z

Gr(v,t) = T
F(y ) Z]_e—hqu

mezZ

(A21)

Due to the summation, Gg(v,t) is periodic in v with
period ?.
Now, we obtain the amplitude as

A (6 A] + Az, (A22)
where
= e [ [ st Bl
n(ir)'?
X exp {—Z(Jr’k2 <ﬂy(t—t—y) + Gp(v, t))}
2 /
< (WG ) - ok Galn)). (a2
= (2n)? / / a8l 1)~/ g-2re Pon (0,107
n(in)'?
X exp {—20//{2 (ﬂy<t t_ Y) + Gp(v, t))}
x (o)) - Lk GR(v, 1) (A24)

APPENDIX B: MODULAR TRANSFORMATION

In this paper, we use various functions. To fix con-

ventions, we show their definitions in the following
appendix:
7)=q"* ] (B1)
m=1
9o0(v.7) == [T (1= g™ (1 +zg" ) (1 + 77 1gm1/2),

m=1

(B2)
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901 (v, 7) H —zg" V) (1 = g2y,
m=1
(B3)
910(0,7) =2¢"Scosmv [ [ (1-g")(1+2¢")(1+27'¢™),
m=1
(B4)

91 (v,7) =—2q1/8s1nm)H (1-¢g

m=1

™) (1—zg™)(1—-z""g™).
(BS)
where
g = e, 7= e27iv,

(B6)

Various formulas for these can be found in Ref. [40].
We recall the definition of Gg(v, 1), given as

1 _ e—Zrmqm)(l _ e2zwqm):|
(1-¢")? ’

Gp(v,t)=log [(l—e 2’”’)H

T=Iit.
(B7)
We find that the right-hand side can be rewritten as
0 1 _ e—27w

log [ (1= e2m H "1 = e >]

m=1 -4 )2

The modular transformation of Gg(v, ) is therefore deter-
mined by the following transformation formulas:

(B8)

9 (i, it) = is'/2e™ /19, (us, is),
n(it) = s'/2q(is), (B9)
found in, e.g., Ref. [40], where s = 1/¢. We find
log ( —;w'911(l:l/7%it)> ~ log <_l1911(1{s,3is))
n(it): s n(is)
— av + m’s. (B10)

This implies that

ﬂy(t -v)
t

3

+ Gp(v,t) =log (— R

1811(1/s,is)>. (B11)

It is useful to obtain the Fourier expansion of the right-
hand side of Eq. (B11). This is obtained as follows. We find

19
10g< 11 I/S is ) Zlog 1_ezmys )(1_6—2musqm>

+log(2sinzvs)

~tog (sTJ(-a7).

m=1

(B12)
where G := e, The first sum can be rewritten as

Zlog 1 _ eZmus m)(l —e anusqm)

[Se]

2.1
=2 _ ~nm
Z an cos(2znvs)

m=1 n=1
— nl— q

—cos(2znvs). (B13)

The second term can be similarly rewritten as

—2rivs )

1 .
log(2 sin zvs) = Elog(l — M) (1 — e

[Se]

1
=~ ~cos(2mnws).
ncos( znus)

n=1

(B14)

Then, we obtain the desired formula

19y (vs, is) = 11—|—F]"
IOg (-;W = - Zn 1= COS(27[I’lIJS)

n—=

—log (s ﬁ(l -q"

m=1

)2>. (B15)
The Fourier expansion of G (v, t) defined in Eq. (4.11) is
given by

Gr(v, 1) Z —sin(2znvs),

3

(B16)

Q

which can be derived from Egs. (B15), (B11), and (A20).

APPENDIX C: FIELD THEORY AMPLITUDES

In this appendix, we summarize various one-loop
amplitudes in quantum field theories which are discussed
in this paper.

1. Two-point amplitude for gauge bosons

For the Feynman diagram in Fig. 5(a), the two-point
amplitude of gauge fields in scalar QED is given by
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4(e; - p)ex - p)
)P (p* + m*)((p = k)* + m?)

g
YM€”€2 / drl/ drg/ o )Dp,,py

x exp(=2zt;(p* + m?) = 221, ((p — k)* + m?))
= ngMel * € ALX’ dr AT dTZ(SﬂQT)_D/Ze—ZﬂmZT

- 2
X exp <—2ﬂ'k2 nlr-n) 12)> =z
T

T

P [ d°p
2 | (2

(C1)

where 7:=17; + 7,. We introduce a UV cutoff for the
integral by the following replacement:

/oo dr = - dr.
0 A2

The other Feynman diagram in Fig. 5(b) corresponds to
the contact interaction, and the amplitude is

(C2)

_w [P erve
i (27)P p? +m?

= ig3\El " € 271/ dr/ ~exp(—2xz(p*+m?))
AZ

= €1 ‘62/ dr(87%7)~PI2e2mm’ e (_2p). (C3)
A—Z

In the above expressions, the Schwinger parameters are
dimensionful. In order to compare with string amplitudes,
we define dimensionless parameters as

(C4)

In terms of ¢ and v, the amplitudes become

(a) (b)

FIG. 5. Feynman diagrams for two-point, one-loop amplitudes
of gauge bosons in scalar QED. The wavy lines represent gauge
bosons, and the solid lines with arrows represent charged scalar
fields.

D/2 —2am?*d't

o Gr€r - 62[\/ dt/ dv(87*a

r— 2
X exp <—2ﬂa’k2( ; U)) -j,

t (c3)

o € - € /m d1(872a't) P2 2mmdt L (_27)  (C6)
A2

2. Two-point amplitude for tachyons

The part of the action for the tachyons which is relevant
for the discussion in Sec. III is given by

S—/de(—IaﬂTIQ+gTolT|2+~--), (C7)

where T, is a real tachyon field coming from an open string
living on one D-brane, and 7 is a complex tachyon field
coming from the stretched open string between D-branes.
For the Feynman diagram in Fig. 6, the amplitude is

92/ PLp 1 |
i) 2r)P p?4+m?(p—k)?+ m?

= (2n)*¢? " dr /1 dr, (8727)~P/2g=2mm*
A2 Jo

X exp <—27zk2 TQ(T—?”) (C8)
In the rescaled variables, this becomes
2r)2g* (! / o dt/ du(87%a'1)P/2e —2am2d't
X exp (—271a’k2 @) (C9)

3. Two-point amplitude for transverse scalars

First, we need to specify the world volume effective
action for the Dp-Dp pair. For the case p = 9, the relevant
part of the action is

FIG. 6. The Feynman diagram for the two-point amplitude of
tachyons on a D p-brane. The solid lines with arrows represent the
charged tachyon, and the thin solid lines represent the neutral
tachyon on a Dp-brane.
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1 1 1_
So = —— le __F2 __F2
9 Q%M/ x{ 4 MN T 4 N
. - 1
_|0MT_l(AM_AM)T|2_ﬁ|T|2+"' ., (C10)

where A, (A,) is the gauge field on the D9-brane
(D9-brane), and T is a tachyon coming from the open
string stretched between the D-branes. The D-brane system
for a lower p can be obtained via the T-duality. At the level
of the effective action, it amounts to performing the
dimensional reduction [50]. The part of the effective action
which is necessary to obtain a two-point amplitude for a
transverse scalar ¢ on the Dp-brane is

S,, — % d”“x[
9ym

1 1, -
- E (au¢)2 - E (aud))z

- 1
SR RUEE TRt NG

where ¢ is another transverse scalar field on the D9-brane
corresponding to the same direction as ¢.

Suppose that ¢ and ¢ have vacuum expectation values ¢,
and ¢, respectively. We have

b=+ o, b = gy + ¢ (C12)

Then, the interaction vertices for the fluctuations ¢, p are

(¢ — P)*IT* = v*|T)> + 20(p — @)|T|?
+ (¢ — @)*IT|* (C13)

where v := ¢y — ¢py. In order to reproduce the correct
tachyon mass m? = (r* —1)/a/, we should take

) 2 I \2
VP =— = .
o 2ra

Now, we calculate two-point amplitudes. The Feynman
diagram in Fig. 7(b) gives

(C14)

_ G [ dp 1

i (27)P p? + m?

= REwm /AOZ d1(87r21)_D/26_2”’”27(—27/7). (C15)

(a) (b)

FIG. 7. Feynman diagrams for two-point amplitudes of trans-
verse scalars in the low-energy effective action of a brane-
antibrane pair. The dashed lines represent the transverse scalar,
and the solid lines with arrows represent the charged scalar. Note
that the coupling constant for (a) is given by v, defined
in Eq. (C14).

The other Feynman diagram in Fig. 7(a) gives

d°p 1 1

Q2P p*+m? (p —k)*> + m?

= G / dr/ dr,(87%7)~P/2 =2t
A2 Jo

X exp <—2ﬂk2 Lﬂ) 207)%%  (Cl6)

2
9ym 2
== (2

2i (20)

APPENDIX D: LEADING-ORDER TERMS
IN STRING AMPLITUDES

In this appendix, we evaluate the integral

/ " dvexp {—Za’kz (n”([—t_y) + Gp(v, t))}

0
2
X <Tﬂ — 02Gy(v, t)),

which appears in the two-point amplitude for the gauge
bosons discussed in Sec. II. As explained there, we can
make the replacement

(D1)

Gp(v, 1) = GY(v,1)

= log(1 — e™2®) 4 log(1 — e 27=¥))  (D2)

in the leading-order approximation.
We expand the integrand in k2 as

i - 2
/ dv [exp <—2ﬂa’k2 wr-v) I/)> i
0 t t
12230 27 50
—2d'k*Gj(v, 1) e 0;Gy(v, 1)
l’_
+ 20/ <n”(t”) + Gy(v, t)) %, Gy(v, t)]

+ O(k%). (D3)
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The integral of the first term of the integrand can be
understood, without performing the v integration, as the
gauge theory amplitude [Eq. (C5)], as explained in Sec. II.
We will evaluate the remaining integrals explicitly.

First, we consider

t
/du(—d,%G%(u,t)). (D4)
0
Formally, we obtain
t v=t
dv 02G0 (v,1)) = —4x e~ 2mnw , (D5
[ - I Y

where we use the symmetry under the exchange of v and
t — v. Employing the zeta function regularization, we obtain

o v=t
—4x» e = 27+ O(q). (D6)
n=1 =
Next, we consider
4 t
- THa’kz / dv GO (v, 1). (D7)

This is a convergent integral. We obtain
4 t 8 t
—Tﬂa’kz / dv GO (v.1) = —T”a’kz / dv log(1 — e=2™)
0

— __akZZiz —27nw

7[2 ») 1
=—adk"+0(t'q).
LR )
The evaluation of the remaining integrals is a bit subtle.
We evaluate as follows:

v=0

(D8)

277Tor’k2 /tduu(t—y)afG%(v, 1)
0
_ 2(2”)3 2 < ! —2nny
=-— adk Zn% dvu(t—v)e
*akzz <———> + O(1q)

2 2
— L w2 —4nf(1)dR2 + O(1g),

3 (D9)

t
20'k? A dvG%(v,1)02GY% (v, 1)

2” 20/ k2 d Z.o: / —2nmy+e—2/rm(t y)) —27ny

2
—8ﬂa’k2ii

m=1 n=1

O(q). (D10)

m n+m

We evaluate the last sum as

sz n+m

m=1 n=1 n=1 m=1
oo N-1 1
=M =>> +
N=2 n=1
= —2¢(1) = €O) - £(1)
= C) (1)
2
Using this, we finally obtain
2d'k? /t dv (7[1/([ t_ Y) + G%(v, t)> 2GY% (v, 1)
0
2 2
_ (3_ + 471') LI+ O(tq). (D12)

Note that the divergencies appearing as {(1) in the middle of
the calculations cancel among them in the final expression.

APPENDIX E: BULK PROPAGATORS
AND STRINGY CORRECTIONS

In this paper, we use functions gp(p) to describe stringy
corrections. These are defined as

© 2
aplp) = 271/ ds(87%s)~P/? exp (—éo - 271'S>. (E1)
0

zs
This is related to the Green function Gp(x), which satisfies
(=Ap +m*)Gp(x)

— 5(x). (E2)

where Ap is the Laplacian in R”. This can be shown as
follows:

%m/” <"

(27)P p? +m

dS eipx— 27(p*+m?)s
2
= 27r/ ds(87%s)~P/? exp <—— - 27rm2s)
0 8xs
= mP2gp(mr), (E3)
where 7 := V/x2.

The explicit expression for g (p) can be obtained from
this relation to G (x). Since G (x) is in fact a function of r,
Eq. (E2) for r > 0 is reduced to
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{dz D—-1d (E4)

W"‘ - E—mﬂGD:O.

Then, the function ¢, (r) :== r?/>~1Gp(r) satisfies

-1, _
+ 7 }qﬁD—O, (ES)

Chp  ldpp [
dp*  p dp

where p := mr. Since ¢ (r) should decrease for large r, we
find that ¢p(r) is proportional to the modified Bessel
function Kp>_;(p). The proportionality constant is fixed
by comparing the saddle-point analysis of Eq. (E1) with the
asymptotic expansion of K »_; (p) for large p. As a result,
we obtain

9p(p) = 27)™P12p'=PPK 1 (p). (E6)
In the calculations of the stringy corrections, gp(p) is

used in the following integral formula:
|

O e =DJ2 =255 =2 1
dss e r Se ns —

| - (87°n)P2 gy (4z\/nr).

(E7)

In addition, we use the following formulas:

o0 D
/ ds s7P/2e=2mr%/s — F(E - 1) (2zr?)1=P/2 (EB)

0

/°° ds s~P/2e=2 s og g
0

— i ® S—D/2+xe—2nr2/s
dx 0 =0
D D
= F(E - 1) <10g(27rr2) - 1//(5 - 1)) (2zr?)1-P/2,

(E9)

where w(x) is the digamma function.
By using these formulas for the mass shift in Eq. (4.27),
we obtain

0 90(0, is)*
Am?(r) = —él ds sP=11)/2 =221 /s 910(0.i5)" (2(27)%r*s™! —2n)

a J2

it
a J2

_ gz cp /oo ds S(p—l1)/26—2n:r2/se—27ms(2(27Z>2r2s—1 _ 271'),
n=1 2

where the coefficients c¢,, are defined as
(E11)

The first integral gives Am(zo) (r). The other integrals can be
written in terms of gp(p) as

/ ds s(p—l1)/26—275r2/xe—27rns(2(2ﬂ)2r2s—1 _ 2”)
12

1
= (82) (P2 2a(dn/ar P (dn/r)

= g11-p(4m/nr)). (E12)

APPENDIX F: BOUNDARY CONDITIONS
IN GREEN-SCHWARZ FORMALISM

In this appendix, we derive the boundary condition for an
open string attached to a Dp-brane. We discuss the case of
Type 1IB string theory; the necessary modification for the
Type IIA case is evident. In this appendix, we assume that
x! directions for I =1,2,...,9 — p are transverse to the

n(is)'

" ds s(Pm1D/2¢=27 15 (2221257 — 27)

(E10)

Dp-brane. The supercharges conserved by the Dp-brane
are [46]

0, + ($+0),. (F1)

where
9-p
o= Hrr’, [:=1°.1°. (F2)
=1

We rewrite these supercharges in terms of spinors and the
gamma matrices y' (i = 1,...,8) for Spin(8). We use the
following representation of the ten-dimensional gamma
matrices [*:

Fi = I 2 ® }/i,

M=e®y, =00y, (F3)

where
ye=yl b, (F4)

€ =10y,

and 6, 6, are the Pauli matrices. The explicit form of y' can
be found in Ref. [44].
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In this representation, the matrix * can be written as
pr=1QyP, yP) = (=1)O-P)2y1 9=, (F5)

Note that p is odd in Type IIB string theory. We choose Q,,
and Q, such that they satisfy
ro=90, T10=0. (Fo)

Since we have I' = 63 ® 7, the conserved supercharges can
be written as

Qu + y(ai) Qh
~ 0
HpH0), = o fm
0, + 7/ Qb

The world sheet action [Eq. (4.1)] is invariant under the
dynamical supersymmetry

i i =aqa
oX' = —2p+ Yaa€ s
i . o
P € e e (F8)

as well as the kinematical supersymmetry

SXI =0, 859 =2pTn". (F9)

The corresponding supercurrents are

JeselZJine (ZJeselZ] o

Ja

where p? =0, and p' := is,. The overall constants are
not important in what follows. The supercharges are
obtained as

0, = /”dﬁfoa,
0

and similarly for O, and Q,.

We require that the supercharges Q; + y Qh be con-
served in the world sheet theory. The conservatlon law
implies

Qa:/”doJOQ, (F11)
0

d ~
(Qa + 7 Qb) (‘]léz + yépb)‘llb)‘a:n

- (V14 +Yép,;)71i,)|a:0- (F12)

The linear combination J, + yép 1-7) J 15 at, say, o = 0, can be
written as

Jio + ?’E,pl;)ju; x 74,0 X' (S, = VEi)Sb)

— 70X (S, =7 H)5,).  (F13)
where [ =9 — p + 1, ..., 8 labels the directions parallel to
the D p-brane other than the light cone directions. We have
used the Neumann/Dirichlet boundary conditions for X',
This implies that the boundary condition for the open string
attached to the Dp-brane at 6 = 0 is

Sa =713, (F14)

at the end point. The same condition ensures that the other

half, Q, + }’Ezlz];) Q,, is also conserved.

In Sec. IV, we consider an open string stretched between
a Dp-brane and a Dp-brane which are parallel to each
other. To be more specific, we assume that the open string is
attached to the Dp-brane at 6 = 0, and to the Dp-brane at
o = r. In this case, the boundary condition for this open
string is

S,(z.0) =y, (z,0),

Su(r.1) = =3, (z. 7). (F15)
In the quantization, we use the doubling trick with this
boundary condition taken into account. As usual, the
equations of motion imply

S.(t,0) = S,(7 - 0), S,(z,6) =8,(t +0). (F16)

We can extend S,(z,0) to the range —z < 6 < 0 by

Su(r.0) = 705, (2. o). (F17)
This respects the boundary condition at ¢ = 0. At ¢ = r,
we find

S.(t.7) = _VE;b)S (z,7) = =S,(z,—x). (F18)
This implies that the fermionic fields S¢ for the open string
under consideration obey the antiperiodic or NS boundary
condition.

APPENDIX G: WAVE FUNCTION
RENORMALIZATION FROM DBI ACTION

In this appendix, we show a calculation based on Type II
supergravity and DBI action for a Dp-brane which corre-
sponds to the one-loop wave function renormalization for
massless fields on the Dp-brane.

First, we recall the calculation of the effective potential
for a pair of Dp-branes [46]; see also Ref. [51]. We
calculate the tree amplitudes for the exchange of massless
bulk fields between the Dp-branes. The coupling vertices
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of the Dp-brane and the bulk fields are determined from
DBI action:

S, = —Tp/dpﬂfe_q’\/—det(g—l—B+27r0/F). (G1)
From this, we obtain

1
Graviton coupling: — 2 T, n",

-3
Dilaton coupling: — pT T,

(G2)
by expanding S, in terms of the fluctuations of g,, and ®
around the flat background with the vanishing vacuum
expectation value for @. The B-field does not couple
directly to the Dp-brane, and therefore it is not relevant
for the effective potential. The couplings to R-R fields are
crucial. However, for the calculations corresponding to the
wave function renormalization, those couplings do not
contribute, as we will explain below.

The couplings in Eq. (G2) do not depend on the
derivative of the fields on the Dp-brane. As a result, the
exchange amplitudes give an effective potential which does
not include derivatives. On the other hand, the wave
function renormalization comes from O(k?) terms in the
one-loop amplitudes. The corresponding exchange ampli-
tude is depicted in Fig. 4. To obtain such exchange
amplitudes, we need to employ coupling vertices including
two world volume fields, two derivatives, and one bulk
field, derived from DBI action [Eq. (G1)].

1. Gauge fields

As a warmup, let us consider the wave function renorm-
alization for gauge fields. As in Sec. IV B, we consider a
Dp-Dp pair and the gauge fields are propagating on the
Dp-brane. We find that the coupling vertices for the Dp-
brane are

1
Graviton coupling: — (zd)*T, (—2F”GF”" + En””Fz),

(G3)

Dilaton coupling: — P (zd)°T,F*.  (G4)
For the Dp-brane, we choose Eq. (G2).
The couplings of R-R fields to the D p-brane are given by

the Chern-Simons-like terms [46]
Scs = i, / exp(B+2zdF) A Y C,  (G5)
q

added to Eq. (G1). More precisely, there are also couplings
to the curvature [52,53]. The Dp-brane couples to (p + 1)-
form field C,, via a nonderivative coupling. We also need
coupling vertices including two world volume gauge fields

and two derivatives in our calculation of the wave function
renormalization. However, such terms only allow the
couplings of the Dp-brane to (p — 3)-form field C,_3.
Then, neither C,,,; nor C,_; propagates in the amplitude
for Fig. 4. Therefore, the R-R fields do not contribute to the
wave function renormalization.

Note that the irrelevance of the R-R fields in our calculation
actually implies what the resulting amplitude should be.
Namely, no propagation of R-R fields means that the R-R
charges of the D-branes are irrelevant. Therefore, the ampli-
tude for D p-D p pair should be the same as the amplitude for a
pair of Dp-branes. Since the string one-loop amplitude on
Bogomol'nyi—Prasad—Sommerfield D p-branes vanishes, the
exchange amplitudes for a Dp-Dp pair at the level of
supergravity should also vanish.

This can be checked explicitly by using the coupling
vertices obtained above and the propagators

. 1
Graviton: (’YMK’YNL + Nmng — Z’YMN’?KL) A(x), (G6)
Dilaton: A(x), (G7)
where M, N etc., run from O to 9, and A(x) is the

propagator of a scalar field in ten dimensions. The graviton
exchange is given by

1
— (7d)?T, <—2F”aF”“ + En"”F2>

1 1
S <’1W)77ur7 + ’7;40"71.//) - 4’7;41177/)0') A(.X) <_ 5 Tpn/}{f)

(p=3)(p=7)
v e (nd! T3 A(x)F2. (G8)
The dilaton exchange is given by
(P=3)P=7), 22 2
T(mx} T,A(x)F~. (G9)

We find that the amplitudes cancel completely, as expected.

2. Transverse scalars

Next, we consider the wave function renormalization for
transverse scalars ¢*, where k runs from p + 1 to 9. For this
purpose, we need coupling vertices for ¢* and the bulk
fields, but it is not apparent in the action [Eq. (GI)]. It
becomes explicit if we recall that the metric g in Eq. (G1) is
in fact the induced metric on the D p-brane. This means that
we should replace g with

] + aﬂgbkavqﬁlhkl’ (GIO)
where hy; are the components of the target space metric for

transverse directions. Therefore, the coupling vertices
relevant for our calculation are obtained from
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3T [ @ et o do by, (G1)
which is obtained by expanding Eq. (G1). Note that the Ay,
are also propagating, although they do not couple to the
Dp-brane, since the graviton propagator [Eq. (G6)] allows
the mixing of &, and g,,. We obtain the following coupling
vertices:

1 1
Graviton g, 5 T, (#'¢*0*y — 5*(09)%).  (G12)
1
Graviton hy;: — —T Pl (G13)
. . _p-3 2
Dilaton: — TT,,(aqs) . (G14)

Now, we can calculate the exchange amplitudes. The
exchange of g,, is given by

l 1 1
2 p ( ¢kay¢k - _’7”” (a¢) > (ﬂﬂp’ha + MucMup — Z’hvﬂpo‘)

<o) (=57 ) == L= A0 0

32

(G15)
The mixing of g,, and hy; gives
k 1 PO
¢ aﬂ¢ __5k117p6 ( ) _ETp”
r+1

= =g [HAX)(99)*. (Gl16)

The dilaton exchange is given by

—3)2

073 a o) o) G17)

These three contributions cancel among themselves com-
pletely, as expected.

APPENDIX H: A MODIFIED SETUP
IN TYPE II STRING THEORY

In this appendix, we consider modifications of the
D-brane setup discussed in Sec. IVB. We put the
Dp-Dp pair on a cylinder, as in Fig. 8. For this setup,
we need to take into account the windings of the stretched
string. Let w be the winding number of the string. The zero-
mode contribution to L, from the string tension becomes

1 R? R0  R*&?
4ﬂ2al(lz+(R6’+2ﬂRw) )=r? +—w W
(H1)

FIG. 8. Schematic picture of the target space-time considered in
Appendix H. The open circle represents a Dp-brane, and the
closed circle represents a D p-brane, both localized in the cylinder
directions. The solid lines connecting two circles represent open
strings stretched between two D-branes with the winding numbers
0 and 1. The relative angle between the D-branes is denoted by 6.

where R is the radius of the S! direction. Then, the mass
shift in this setup is obtained from (4.27) by inserting

R? R29 R?0?
Z exXp |: 27[t< a m)]

weZ
R*6? > < R*0 2R? )
1900 l, 17/1‘
2ol o o

= exp (—

into the integral.

Recall that a hierarchical mass spectrum is realized when
there are no contributions from massless closed string
exchanges in Eq. (4.27). In order to examine the masses of
the closed string modes, we perform the modular trans-
formation for the right-hand side of Eq. (H2). As a result,
we obtain

oc’s19 0 o
— — i—s
V2r2"O\ 27" 2R2
o's 4 4
=\ /erme exp <— e mzs) . (H3)
mezZ

Since the m =0 term gives the massless closed string
modes, the mass spectrum in this D-brane setup is not
hierarchical.

Note that there are phases ¢ in the sum. The origin of
these phases can be understood more easily in the T-dual
setup, depicted in Fig. 9. In this setup, stretched strings can
no longer wind around S'. Instead, they can have KK
momentum along the S'. The angle 6 describing the
relative position of the D-branes in the S' direction is
encoded in the T-dual setup into the Wilson line on the

(H2)

FIG. 9. The T-dual setup. The thick solid line on the left
represents the D(p + 1)-brane, and the right one represents the

D(p + 1)-brane. The solid line in the middle represents a
stretched string which can move along the S' direction.
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D(p + 1)-brane. As a string state with a non-zero KK
momentum goes around the S', the end point of the string
attached to the D(p + 1)-brane receives a holonomy. This
is the phase appearing the sum (H3).

It is curious to ask what happens when similar phases are
introduced in the sum over winding numbers for Fig. 8. If
this is justified, then the theta function we should insert into
Am?(r) becomes

4 R? 2R?
Ze”ﬂw exXp <—27T?W2t> = 1900 <%, 17t>, (H4)

weZ

where we have set @ =0 for simplicity. The modular
transformation of this theta function gives

a's o o ¢? 9 Cde | d
— - — =S, i =
22PN\ Tgar2? )P0\ T apr2 g2
a's o @ \2
e [_ o <m _ ﬂ> ] .
mezZ

This shows that the KK momenta of the closed string
modes are nonzero for generic ¢. In particular, there are

no massless closed string states exchanged between the
Dp-branes, resulting in a hierarchical mass spectrum on the
D-brane for general p. Possibilities of inserting phases in
the topological sum are discussed in Ref. [54]. Indeed, the
resulting sum looks quite similar to the one we obtain for
the @ vacuum in Yang-Mills theory in the large-N limit [55].

It is known [40] that winding numbers may produce
phases when a constant B-field is introduced as a back-
ground. Recall that the dependence of the world sheet
action on the B-field is proportional to

i / d?60.X*0,X"B,,,. (H6)

This shows that, in order to produce nontrivial phases
depending on the winding number, we also need a KK
momentum along a perpendicular direction such that the
above integral becomes nonvanishing. Then, we should
consider the setup in Fig. 9 rather than the one in Fig. 8. We
find that the theta function for Fig. 9 with a constant B-field
turns out to be of the form of Eq. (H3), with 8 given by the
B-field, not of the form of Eq. (H5). We conclude that the
desired phases cannot be introduced in this manner.
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