
Stringy threshold corrections in D-brane systems

Satoshi Iso,1,2,3,* Noriaki Kitazawa ,4,† and Takao Suyama 1,‡

1Theory Center, Institute for Particles and Nuclear Studies (IPNS),
High Energy Accelerator Research Organization (KEK),

Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan
2InternationalCenter forQuantum-fieldMeasurementSystemsforStudiesof theUniverseandParticles (QUP),

KEK Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan
3Graduate University for Advanced Studies (SOKENDAI), Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan

4Department of Physics, Tokyo Metropolitan University, Hachioji, Tokyo 192-0397, Japan

(Received 3 April 2023; accepted 25 May 2023; published 16 June 2023)

We investigate string amplitudes by using the partial modular transformation which we introduced in
our previous works. This enables us to extract stringy threshold corrections from the full string amplitudes
and interpret them in terms of the Wilsonian effective field theory in a natural way. We calculate mass shifts
and wave function renormalizations for massless scalar fields on brane-antibrane systems. We find that the
mass shift can be exponentially small and negative. We also propose a strategy for realizing a hierarchical
mass spectrum on D-branes.
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I. INTRODUCTION

String theory is one of the promising candidates for the
unification of matter and spacetime and is expected to solve
various problems in the standard model of particle physics.
A conventional approach towards this goal is to construct a
string vacuum and analyze the dynamics of its low-energy
(massless) spectrum. Such a treatment will be sufficient for
many purposes, but it may sometimes miss some important
characteristics of string theory. For example, string theory
contains an infinite tower of massive states, and their
collective behavior is known to drastically soften the
ultraviolet (UV) behaviors, such as the high-energy scatter-
ing amplitude, and it makes the string theory UV-finite. It is
reasonable to expect that similar phenomena would happen
also in low-energy observables.
In ordinary quantum field theories, we have two types of

UV divergences which can be controlled by the renormal-
ization procedure: power divergences and logarithmic ones.
The latter divergences are reflected by the running (scale-
dependence) of physical quantities, and the behavior is
observable at the low-energy scale. The former types of
divergences include the quartic divergence of the

cosmological constant and the quadratic divergence of the
Higgs mass term in (3þ 1) dimensions. Once they are
absorbed into the bare parameters at the UV cutoff, they
never appear in the low-energy effective theory; they are not
observables. But in the process of absorbing, fine-tuning is
necessary to obtain sensible low-energy observables such as
a 125 GeV Higgs mass or meV dark energy in our Universe
against UV cutoff scales. This problem of fine-tuning is
called the naturalness problem in the standard model of
particle physics. There are various approaches to the
naturalness problem within the framework of ordinary
quantum field theories, but none has successfully given a
solution.
The difficulty in solving this problem seems to suggest

that we will need to go beyond the framework of quantum
field theory and treat both matter and gravity on an equal
footing. An example of such an approach is the misaligned
supersymmetry. In Refs. [1,2], the authors have shown that
power divergences can be weakened due to the cooperation
of an infinite tower of states. Though no models are found
to remove all the power divergences, it is interesting that we
can soften the UV behavior by intrinsic properties of string
theory such as modular invariance. In Refs. [3,4], the string
threshold corrections to the Higgs mass and running gauge
coupling are calculated by summing all the infinite towers
of massive states.
Our discussion in this paper is along the same line of

thought as above. We consider D-brane systems in string
theory as a UV-complete framework of models of particle
physics. Our analysis is motivated by our expectation that
stringy effects may realize a hierarchical structure of scales
between the low-energy scales and the string scale. We also

*iso@post.kek.jp
†noriaki.kitazawa@tmu.ac.jp
‡tsuyama@post.kek.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 107, 126014 (2023)

2470-0010=2023=107(12)=126014(30) 126014-1 Published by the American Physical Society

https://orcid.org/0000-0003-3882-5916
https://orcid.org/0009-0005-3043-5739
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.126014&domain=pdf&date_stamp=2023-06-16
https://doi.org/10.1103/PhysRevD.107.126014
https://doi.org/10.1103/PhysRevD.107.126014
https://doi.org/10.1103/PhysRevD.107.126014
https://doi.org/10.1103/PhysRevD.107.126014
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


utilize the modular transformation property in calculating
mass corrections in string theory. We particularly use the
partial modular transformation, which enables us to sep-
arate the radiative corrections in field theory and the
threshold corrections from string theory in a systematic way.
In this paper, we calculate quantum shifts of masses for

massless fields in the low-energy effective theory of string
theory. In quantum field theories, the calculation of the
mass shift is a standard procedure. Namely, we extract the
mass shift from an off-shell two-point amplitude. This
procedure cannot be straightforwardly applied to string
theory, since the perturbative formulation of string theory
tells us only the constructions of S-matrices, not those of
Green functions.
Moreover, since the tree-level masses are determined

completely by the conformal invariance, any shift of the
masses will spoil the conformal invariance, and the result-
ing amplitudes would depend on the world sheet coordi-
nates chosen to perform the actual calculation. This issue
was clarified in Refs. [5,6] as follows.
Consider a three-point amplitude at one-loop level in

closed string theory. The world sheet for this amplitude is
depicted in Fig. 1(a). The positions of the vertex operators
are integrated over the world sheet. For a corner of the
integration region in which two of the three vertex
operators come close to each other, the world sheet is
conformally equivalent to the one depicted in Fig. 1(b). The
long tube in the middle corresponds to propagations of
closed string states. By the momentum conservation, the
momentum flowing in the tube is on-shell, resulting in a
divergence of the amplitude. In quantum field theories, this
divergence is remedied by the mass shift. In Ref. [6],
this divergence is interpreted as anomalous dimensions of
the vertex operators. Then, in order to preserve the con-
formal invariance even when one-loop contributions are
included, we should modify the mass-shell conditions of the
external momenta so that the vertex operators including the
anomalous dimensions have conformal dimension 1. As a
result, the tree-level masses receive one-loop corrections
which are given by certain two-point, one-loop amplitudes.
This is similar to the Fischler-Susskind mechanism [7,8].
The argument in Refs. [5,6] can be interpreted in terms of

the BRST anomaly [9]. Suppose that we consider an
amplitude including the vertex operator of a null state.
The null state is BRST-exact, and therefore the amplitude

must vanish. However, there are possibilities that nonzero
contributions might come from boundaries of the moduli
space of the world sheet. The points on the boundary of the
moduli space correspond to degenerate world sheets like
the one in Fig. 1(b). The contribution to the amplitude from
the null state can then be canceled by a prescribed change
in the vertex operators due to the shift of the masses. This
argument can be extended to higher genus amplitudes [9].
See also Refs. [10,11].
Based on the investigations reviewed above, it has been

established that the mass shift including threshold correc-
tions due to all massive states can be obtained from a
suitable two-point string amplitude. Following this pre-
scription, mass shifts have been calculated in, for example,
Refs. [12–20]. See also Refs. [21–27].
The relation between mass shifts and two-point ampli-

tudes explained above matches with our intuition devel-
oped from quantum field theory, but the argument relating
them looks rather indirect. The main reason for this is, as
mentioned above, the difficulty in the off-shell formulation
of string theory. The issue should be understood more
straightforwardly based on string field theory. However,
string field theory is not always available, especially for
superstring theories.
Remarkably, there has been some progress in under-

standing off-shell amplitudes in string theory without
relying on string field theory. As mentioned above, the
difficulty in extending perturbative string amplitudes to off-
shell states is the following: Suppose that we simply make
the external momenta in the vertex operators off-shell. We
call the resulting quantity a naive extension. Since the
vertex operators do not have the correct conformal dimen-
sions, the conformal invariance is broken, and the naive
extension depends on the choice of local coordinates on the
world sheet. This makes the definition of the off-shell
amplitudes ambiguous.
In Refs. [28,29], it is shown that such naive extensions,

although coordinate-dependent, still have important physi-
cal information, as long as the local coordinates are chosen
appropriately. The condition required for the local coor-
dinates is called “gluing compatibility” in Ref. [29], which
roughly means that the local coordinates should be avail-
able even in the singular limits of the world sheet, like in
Fig. 1(b). Assuming the gluing compatibility, it is shown
that the quantum-corrected masses read off from the
positions of poles of the naive extension turn out to be
independent of the coordinate choice. For the S-matrix, the
coordinate dependence of the naive extension turns out to
be canceled by the coordinate dependence of the wave
function renormalization [28,29]. In fact, the validity of the
naive extension was already observed in some sense for
one-loop amplitudes [30–34]. In light of Refs. [28,29], this
is because we can choose global coordinates, up to a
periodic identification, on the torus and the annulus, and it
trivially satisfies the gluing compatibility condition.

(a) (b)

FIG. 1. (a) A torus with three vertex operators inserted. (b) The
world sheet conformally equivalent to the limit of (a) when the
left two vertex operators come close to each other.
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There is also a recent attempt for an off-shell formulation
of string theory [35,36].
Once the off-shell extension of string amplitudes

becomes available, we can understand the quantum cor-
rections in string theory much more intuitively. In this
paper, we provide an explicit argument for relating
two-point amplitudes to the mass shift and the wave
function renormalization. The essence of the argument is
as follows.
We consider two-point amplitudes of open string states

living on some D-brane systems. At one-loop level, the
two-point amplitudes have expressions schematically of the
form

A ¼
Z

∞

0

dt IðtÞ; ð1:1Þ

where t is the modulus of the annulus. We divide this into
two parts:

A ¼
Z

∞

Λ−2
dt IðtÞ þ

Z
∞

Λ2

ds ĨðsÞ; ð1:2Þ

where s ≔ 1=t, and ĨðsÞ is the modular transform of IðtÞ
multiplied by s−2. This procedure is called the partial
modular transformation in Refs. [37,38], where we used it
to investigate an interaction between moving D-branes.
Note that the same idea also appeared in Ref. [39] in a
different context.
The utility of the partial modular transformation is as

follows. We will show in examples that the first term in
(1.2) gives the two-point off-shell amplitude of the low-
energy effective theory, where t is the Schwinger parameter
and Λ is a UV cutoff. This confirms that the naive off-shell
extension of string amplitudes is valid at least at the one-
loop level. The second term, originally corresponding to a
small Schwinger parameter t, is then interpreted as cor-
rections to the effective theory amplitude coming from
integrating out high-energy modes. Indeed, we will show
that the second term, which originally includes an integral
of the position of vertex operators, can be written as if they
are contributions from local higher-dimensional operators.
In other words, the expression (1.2) can be interpreted as
the amplitude obtained from the Wilsonian effective action
of string theory with cutoff Λ. Based on this interpretation,
it is now apparent that the mass shift as well as the wave
function renormalization can be obtained from the two-
point string amplitude. Therefore, the evaluation of the two-
point string amplitudes amounts to taking into account
threshold corrections due to all massive states circulating in
the loop.
So far in the literature, the mass shift has been calculated

mainly for massive states in superstring theories. This is
simply because the massless states are protected by
symmetries. In this paper, we consider quantum corrections

to open string states on D-branes which are massless at tree
level, but not necessarily protected by symmetries. We
choose the setup, depicted in Fig. 2, in which the super-
symmetry is completely broken. Therefore, the scalars
corresponding to the transverse directions of the D-branes
may acquire nonzero masses at one loop. Note that
originally these scalars on a D-brane are massless due to
the fact that they are Nambu-Goldstone bosons for the
translational symmetry. In the presence of other D-branes,
the translational symmetry is broken, allowing the scalars
to become massive.
In general, an amplitude in this setup may suffer from the

problem of divergences. For example, the open string
stretched between the two D-branes gives a tachyon, which
causes an infrared (IR) divergence. We avoid this by
keeping the distance of the D-branes sufficiently long so
that the negative zero-point energy is canceled by the string
tension. Another source of divergence is the dilaton tad-
pole. Indeed, if the D-branes are space-filling, then the
presence of a nonzero dilaton tadpole causes a divergence.
This is remedied simply by focusing our attention on lower-
dimensional D-branes.1 The presence of a closed string
tachyon is a fatal catastrophe. We avoid this by keeping the
supersymmetry in the bulk, or otherwise we simply subtract
the closed string tachyon by hand. Taking them into
account, wewill show completely well-defined calculations
of one-loop amplitudes in Sec. IV.
The amplitudes for the above setup provide us with

interesting results, due to the presence of one parameter—
namely, the distance r between the D-branes. As a result,
the quantum corrections are functions of r. We show that,

FIG. 2. Typical setup we consider in this paper. There are two
D-branes. We consider one-loop string amplitudes of open string
states, represented by wavy lines, living on the upper D-brane. An
open string stretched between the D-branes, represented by a
cylinder, is circulating in the loop.

1The divergence for space-filling D-branes is due to the fact
that the propagator 1=q2 of the dilaton is evaluated at q ¼ 0 due
to the momentum conservation. For lower-dimensional D-branes,
the transverse momentum does not need to be conserved, and the
momentum integration gives us a finite value corresponding to
the effective potential, as long as the D-branes are separated.
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for example, the mass shift of the transverse scalar is
decomposed into a sum of the following form:

Δm2ðrÞ ¼ Δm2
ð0ÞðrÞ þ

X∞
n¼1

Δm2
ðnÞðrÞ; ð1:3Þ

where Δm2
ð0ÞðrÞ is proportional to a negative power of r,

whileΔm2
ðnÞðrÞwith n ≥ 1 is exponentially decreasing with

r. This result can be explained easily from the viewpoint of
the partial modular transformation. Namely, it is because
the quantum corrections are given by closed string
exchanges between the D-branes. The situation is similar
to the calculation of an interaction between two D-branes
via the cylinder amplitude. A difference is that in our case,
two vertex operators are inserted into one of the boundaries
of the cylinder. The exchanges of massless closed string
states give Δm2

ð0ÞðrÞ, just like similar exchange amplitudes
give the Newtonian potential in the case of the effective
potential between D-branes. On the other hand, the
exchanges of massive closed string states give Δm2

ðnÞðrÞ
with n ≥ 1, corresponding to the Yukawa potential. The
wave function renormalization also has the same structure.
This result suggests an interesting possibility to realize a

large hierarchy in the mass spectrum. Suppose that one
finds a D-brane setup for which Δm2

ð0ÞðrÞ vanishes. This is
possible when the contributions frommassless closed string
exchanges cancel among them. If it is the case, then the
leading-order correction to the mass is given by the second
term Δm2

ð1ÞðrÞ, which is vanishingly small even when r is,
say, only 5 times the string scale. In this way, the massless
scalars could acquire a nonzero mass far smaller than the
string scale. It is very interesting to notice that this
mechanism crucially relies on the open-closed duality, a
genuine stringy effect.
This paper is organized as follows: In Sec. II, we review

the partial modular transformation, and then apply it to a
two-point, one-loop string amplitude in bosonic string
theory. We will see that the string amplitude can be
approximated by the corresponding amplitudes in gauge
theory and gravity with certain additional stringy correc-
tions. In Sec. III, we argue for a relation between the partial
modular transformation and the Wilsonian renormalization
by introducing a floating division point λ in the partial
modular transformation. We discuss the structure of the
mass shift and the wave function renormalization in a
simple setup of bosonic string theory. The results have
ambiguities due to the closed string tachyon. This problem
is remedied in Sec. IV where we discuss D-brane systems
in Type II string theory. In particular, we will show that the
mass shifts of the transverse scalars of the D-brane can be
exponentially small and negative in a particular case.
Section V is devoted to discussions.
There are various appendixes for technical details. In

Appendix A, we briefly review the two-point, one-loop

string amplitudes discussed in this paper. Appendix B
contains formulas for the modular transformation of vari-
ous functions. In this paper, we need to compare the string
amplitudes with the corresponding field theory amplitudes
represented by using the Schwinger parameters. The latter
amplitudes are summarized in Appendix C. Appendix D
contains detailed calculations of the string amplitudes
expanded in terms of the external momentum. Some
functions which are used in analyzing the structure of
the mass shift are introduced in Appendix E. We employ
the Green-Schwarz formalism in calculating the string
amplitudes in Type II string theory. For this calculation,
we need to specify the boundary condition of open strings
attached to D-branes. We determine the boundary condition
in Appendix F. We show in Appendix G a calculation
corresponding to the wave function renormalization, based
on Type II supergravity and Dirac-Born-Infeld (DBI)
action. Another different type of D-brane setup, which is
a modification of the one investigated in Sec. IV, is
discussed in Appendix H.

II. STRING AMPLITUDES AND PARTIAL
MODULAR TRANSFORMATION

In this section, we apply the partial modular transformation
introduced in Refs. [37,38] to string amplitudes.Wewill show
that the partial modular transformation allows us to expand
the amplitudes in terms of a small parameter. The leading-
order terms in this expansion are given in terms of gauge
theory and gravity, with extra terms which are interpreted as
“stringy corrections.” In order to perform the calculations,
we need a regularization, since the moduli integration of the
string amplitude is divergent when the vertex operators come
close to each other. We will show its validity by checking that
the regularized results are consistent with the gauge symmetry
of the world volume theory of D-branes.

A. Effective potential

First, we recall the partial modular transformation applied
to an effective potential for a pair of D-branes [37,38]. As an
illustrative example, consider a Dp-brane and a Dp-brane in
Type II string theory. We denote the distance between the
D-branes by l. The effective potential at the leading order in
the string coupling is given by the cylinder amplitude. The
explicit expression is

VðrÞ ¼
Z

∞

0

dt
t
IðtÞ;

IðtÞ ≔ ð8π2α0tÞ−ðpþ1Þ=2e−2πr2t
ϑ01ð0; itÞ4
ηðitÞ12 ; ð2:1Þ

where t is the circumference of the cylinder and

r2 ≔
l2

4π2α0
: ð2:2Þ
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Our notations of the eta function and theta functions follow
those in Sec. 7.2 in Ref. [40]. For convenience of the readers,
their definitions are shown in Appendix B. The part
ð8π2α0tÞ−ðpþ1Þ=2 comes from the momentum integration
along the D-brane, e−2πr

2t represents the effect of the string
tension due to the separation of D-branes, and the other parts
in IðtÞ come from the nonzero modes of the open string
between D-branes. The effective potential VðrÞ contains
contributions fromallmassive open stringmodes circulating
along the cylinder. Because of this, VðrÞ has a rather
complicated expression.
The properties of the effective potential can be under-

stood more easily by using the partial modular trans-
formation. It consists of two steps: The first step is to
divide the t integral into an IR region (t > 1) and UV region
(t ≤ 1). The second step is to perform the modular trans-
formation only for the UV region. The result for VðrÞ is

VðrÞ ¼
Z

∞

1

dt
t
IðtÞ þ

Z
∞

1

ds ĨðsÞ; ð2:3Þ

where s ¼ 1=t, and

ĨðsÞ ¼ ð8π2α0Þ−ðpþ1Þ=2sðp−9Þ=2e−2πr2=s
ϑ10ð0; isÞ4
ηðisÞ12 : ð2:4Þ

Here, we have used the modular transformation properties

ηðitÞ ¼ s1=2ηðisÞ; ϑ01ð0; itÞ ¼ s1=2ϑ10ð0; isÞ: ð2:5Þ

The utility of this transformation is the following.
The integrands IðtÞ and ĨðsÞ depend on q ≔ e−2πt and
q̃ ≔ e−2πs, respectively. Since the integration regions in
Eq. (2.3) have a lower bound t, s ≥ 1, these quantities are
bounded from above as

q; q̃ ≤ e−2π ∼ 0.00187: ð2:6Þ

Therefore, the q expansion for IðtÞ and the q̃ expansion for
ĨðsÞ effectively give an expansion of VðrÞ in terms of a
small parameter e−2π.
According to this expansion, we can approximate the

first integral in VðrÞ as
Z

∞

1

dt
t
IðtÞ ∼

Z
∞

1

dt
t
ð8π2α0tÞ−ðpþ1Þ=2e−2πðr2−1=2Þt ð2:7Þ

up to terms of orderOðq1=2Þ. As stringy states corresponding
to higher powers of q are dropped, the right-hand side
coincides with the vacuum one-loop amplitude in the
Schwinger parametrization of a scalar field in pþ 1

dimensions with mass m2 ¼ ðr2 − 1
2
Þ=α0. Note that a UV

cutoff of the string scale corresponding to t ¼ 1 is intro-
duced. This scalar field comes from the ground state of the
open string stretched between the Dp- and Dp-branes.

This is not tachyonic, as long as the distance r is large
enough.
The second integral in VðrÞ can be approximated as

Z
∞

1

ds ĨðsÞ ∼ 16ð8π2α0Þ−ðpþ1Þ=2
Z

∞

1

ds sðp−9Þ=2e−2πr2=s:

ð2:8Þ

The right-hand side is the amplitude for the exchange of the
massless closed string states between the D-branes, where a
short-distance cutoff is introduced. Since we consider a
brane-antibrane system, the contributions from NS-NS
states and R-R states add up. If the cutoff is removed,
then the right-hand side is proportional to rp−7, giving the
Newtonian potential between the D-branes.
The modular transformation is conventionally used to

reveal the long-distance behavior of the potential between
D-branes from the open string one-loop amplitude. If we
use the partial modular transformation and sum up two
contributions of IðtÞ and ĨðsÞ, we can combine the short-
and long-distance behaviors to obtain an effective potential
which interpolates between small-r and large-r regions.
This example shows that the effective potential can be

nicely approximated for all the region of r > 1=
ffiffiffi
2

p
by a

sum of the corresponding amplitudes in the D-brane world
volume theory, and in supergravity with the DBI action. If
one naively added two amplitudes from field theory and
gravity, then the resulting expression would not make
sense. This is because, for example, the UV contributions
in gauge theory are doubly counted as the long-distance
contributions in gravity. To avoid such a double-counting,
we need to introduce suitable cutoffs for both the field
theory amplitudes and the gravity amplitudes, as is given by
the partial modular transformation.
This observation indicates that the partial modular

transformation can be a nice approximation scheme for
calculating the effective potential for various D-brane
systems. In particular, this can be applied to complicated
D-brane systems for which the quantization of the relevant
open string is difficult, provided that the necessary calcu-
lations in field theory and gravity can be performed.
Indeed, in Refs. [37,38], we applied the technique of the
partial modular transformation to a system of revolving
D-branes, and obtained the leading contributions to the
effective potential for all the region of r in the sense
explained above.
Note that the division of the integral at t ¼ 1 is an

optimal choice for the expansion of VðrÞ. If the division
point is much smaller or much larger, then either the q
expansion of IðtÞ or the q̃ expansion of ĨðsÞ gives a worse
approximation of their contributions to VðrÞ. In Sec. III, we
will show that the change of the division point will have an
interesting physical meaning as the Wilsonian renormali-
zation scale.

STRINGY THRESHOLD CORRECTIONS IN D-BRANE SYSTEMS PHYS. REV. D 107, 126014 (2023)

126014-5



B. String amplitudes

It would be natural to expect that a similar approximation
can be performed for string amplitudes by applying the
technique of the partial modular transformation. This is a
very interesting possibility, because it may provide a
convenient method to calculate the stringy threshold
corrections to various quantities in the low-energy effective
theory of string theory. Recall that the method of the partial
modular transformation enables us to calculate an approxi-
mate form of the effective potential, including contributions
from all massive open string modes for all the region of r, in
terms of a sum of contributions from the field theory on the
world volume and gravity in the bulk. Then we expect that
string amplitudes may also have similar approximations. It
turns out, however, that the situation is more complicated.
We will show that string amplitudes are not well approxi-
mated by only a sum of the gauge theory and gravity
contributions, but additional “stringy threshold correc-
tions” are necessary to include. One of the purposes of
this section is to calculate such corrections.
In the rest of this section, in order to grasp the behavior

of string amplitudes mentioned above, we first consider a
simple system of two Dp-branes in bosonic string theory,
and look at the IR (t ≥ 1) and UV (t ≤ 1) parts of two-point
string amplitude with gauge bosons as the external states.
The setup is the same as the one depicted in Fig. 2. Let
ϵμ1; ϵ

μ
2 be their polarization vectors, and kμ1 ¼ kμ and

kμ2 ¼ −kμ be their external momenta. They satisfy the
transversality conditions k1 · ϵ1 ¼ k2 · ϵ2 ¼ 0. Based on
the reason explained in the Introduction, we will take kμ

to be off-shell.
The calculation of the one-loop amplitude of Fig. 2 is

given in Eq. (A11) as

A ¼ Cϵ1 · ϵ2

Z
∞

0

dt
Z

t

0

dν I0ðν; tÞI1ðν; tÞ; ð2:9Þ

where ν is the distance between the vertex operators on the
world sheet, which is integrated over the region 0 ≤ ν ≤ t.
The integrand is a product of the two quantities given by

I0ðν; tÞ≔ ð8π2α0tÞ−ðpþ1Þ=2e−2πr2tηðitÞ−24

×exp

�
−2α0k2

�
π
νðt−νÞ

t
þGBðν; tÞ

��
; ð2:10Þ

I1ðν; tÞ ≔
2π

t
− ∂

2
νGBðν; tÞ; ð2:11Þ

where

GBðν; tÞ≔ log

�
ð1−e−2πνÞ

Y∞
m¼1

ð1−e−2πνqmÞð1−e2πνqmÞ
ð1−qmÞ2

�
;

q¼ e−2πt ð2:12Þ

is the nonzero mode part of the scalar propagator on the
world sheet. The insertion of two vertex operators is
reflected in the exponential parts of I0ðν; tÞ in Eq. (2.10)
and I1ðν; tÞ in Eq. (2.11). For details of the derivation, see
Appendix A. The overall coefficient C will be fixed later.
Note that there are other string diagrams depicted in

Fig. 3 which are of the same order with respect to the string
coupling constant to the above amplitude. Actually, those
diagrams cancel each other since the open string, whose
both ends are attached to the same D-brane, is neutral for
the gauge field under consideration. This is fortunate for us,
since the open string tachyon circulating in these loops
cannot be eliminated in a simple manner.
Let us apply the partial modular transformation to A.

The amplitude is divided as

A ¼ AIR þAUV: ð2:13Þ

The IR part of A is defined by restricting the modulus
parameter integration into t ∈ ½1;∞Þ and is given by

AIR ≔ Cϵ1 · ϵ2

Z
∞

1

dt
Z

t

0

dν I0ðν; tÞI1ðν; tÞ: ð2:14Þ

The other part, corresponding to the UV region t ∈ ½0; 1� of
the world volume theory, can be rewritten by the modular
transformation as

AUV ≔ Cϵ1 · ϵ2

Z
∞

1

ds
Z

1=s

0

dν Ĩ0ðν; sÞĨ1ðν; sÞ; ð2:15Þ

where

Ĩ0ðν; sÞ ≔ ð8π2α0Þ−ðpþ1Þ=2sðp−27Þ=2e−2πr2=sηðisÞ−24

× exp

�
−2α0k2 log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

��
; ð2:16Þ

Ĩ1ðν; sÞ ≔ −∂2ν log
�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

�
: ð2:17Þ

We have used the formula

π
νðt − νÞ

t
þGBðν; tÞ ¼ log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

�
; ð2:18Þ

FIG. 3. String diagrams which do not contribute to the two-
point, one-loop amplitude for the gauge bosons on the upper Dp-
branes, since they cancel each other.
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which is shown in Appendix B. In the following, we
investigate the expansions of AIR and AUV in detail.

1. The IR part AIR

We begin with the IR part AIR. As for the effective
potential, we can expand the integrand ofAIR in terms of q,
but with one caution. There is a new ingredient GBðν; tÞ, a
part of the world sheet propagator, in the integrands (2.10)
and (2.11). Most of the factors in the logarithm in Eq. (2.12)
can be set to 1 in the leading-order approximation, since
their deviations from 1 are exponentially small all over the
integration region 1 ≤ t < ∞, 0 ≤ ν ≤ t. However, there
are two factors, 1 − e−2πν and 1 − e−2πðt−νÞ, which may
become close to 0 when ν approaches 0 and t, respectively.
Therefore, they must be retained in the approximation.
Then GBðν; tÞ should be replaced with

G0
Bðν; tÞ ≔ logð1 − e−2πνÞ þ logð1 − e−2πðt−νÞÞ: ð2:19Þ

Note that this is not negligible only when two vertex
operators come close to each other. Otherwise, G0

Bðν; tÞ can
be set to zero.
Now, we obtain the leading-order approximation given as

AIR ∼ Cϵ1 · ϵ2

Z
∞

1

dt
Z

t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πðr2−1Þt

× exp

�
−2πα0k2

νðt − νÞ
t

�

× expð−2α0k2G0
Bðν; tÞÞ

�
2π

t
− ∂

2
νG0

Bðν; tÞ
�
; ð2:20Þ

where we have also replaced ηðitÞ−24 with e2πt.
We notice by setting G0

Bðν; tÞ ¼ 0 that Eq. (2.20)
includes a term

Cϵ1 · ϵ2

Z
∞

1

dt
Z

t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πðr2−1Þt

× exp

�
−2πα0k2

νðt − νÞ
t

�
2π

t
: ð2:21Þ

This coincides with a gauge theory amplitude correspond-
ing to the Feynman diagram shown in Fig. 5(a). The gauge
theory result in the Schwinger parametrization is given in
Eq. (C1) in Sec. 1 of Appendix C. In the above
Eq. (2.21), we have a UV cutoff at t ¼ 1. The UV cutoff
scale introduced here corresponds to the string scale
Λ ¼ 1=

ffiffiffiffi
α0

p
. Comparing with the gauge theory amplitude,

we can fix the overall constant C of the amplitude to be

C ¼ α0g2YM: ð2:22Þ

In gauge theory, there is also a contact interaction
corresponding to another Feynman diagram depicted in

Fig. 5(b). This diagram does not depend on the external
momentum kμ. The only possible term in Eq. (2.20)—
i.e., the only k-independent term except for the one in
Eq. (2.21)—is

− α0g2YMϵ1 · ϵ2

Z
∞

1

dt
Z

t

0

dνð8π2α0tÞ−ðpþ1Þ=2

× e−2πðr2−1Þt∂2νG0
Bðν; tÞ: ð2:23Þ

This integral is divergent. This is because the integrand
behaves as ν−2 and ðt − νÞ−2 at both ends of the integration
region of ν. We employ the zeta function regularization to
deal with this integral. The result of the ν integration is then

α0g2YMϵ1 · ϵ2

Z
∞

1

dtð8π2α0tÞ−ðpþ1Þ=2

× e−2πðr2−1Þt · ð−2πÞ: ð2:24Þ

See Appendix D for details. This exactly coincides with
the gauge theory amplitude for the contact interaction in
Fig. 5(b). This coincidence shows that the zeta function
regularization is consistent with the gauge invariance of the
world volume effective theory of D-branes.
The gauge theory amplitudes have been exhausted, but

there are still many terms in AIR besides the field theory
result. No other terms of order Oðk0Þ exist, as expected
from the gauge invariance. At the order Oðk2Þ, the integral
(2.20) has terms

α0g2YMϵ1 ·ϵ2α
0k2

Z
∞

1

dt
Z

t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πðr2−1Þt

×
�
−
2π

t
·2G0

Bðν;tÞþ
�
2π

νðt−νÞ
t

þ2G0
Bðν;tÞ

�
∂
2
νG0

Bðν;tÞ
�
:

ð2:25Þ

Since α0 is essentially the only dimensionful parameter, all
these terms give contributions of the same order with the
field theory amplitudes. After performing the ν integration,
we obtain

α0g2YMϵ1 · ϵ2α
0k2

Z
∞

1

dtð8π2α0tÞ−ðpþ1Þ=2

× e−2πðr2−1Þt
�
4π2

3t
þ 4π

�
: ð2:26Þ

See Appendix D for details. It is interpreted as an IR
remnant of the stringy effects. In the next section, we will
show that the above term becomes negligible when we shift
the division point from t ¼ 1 to a larger value, correspond-
ing to a smaller UV cutoff.
These extra contributions come from terms in AIR

including G0
Bðν; tÞ. In the beginning of this Sec. II B 1,

we noticed that G0
Bðν; tÞ is non-negligible only when the
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vertex operators are about to collide. In string theory, when
two or more vertex operators come close together, then the
situation is equivalent by the conformal invariance to the
development of a long and thin strip connecting two world
sheets. The closed string analog of this phenomenon is
depicted in Fig. 1(b). This strip indicates the propagation of
various open string modes including massive ones.
Therefore, the corners ν ∼ 0; t of the integration region
are the regions where stringy effects become relevant.
Thus, the extra terms in Eq. (2.26) can be interpreted as
remnants of the stringy effects.
It is interesting to observe that in the calculation of the

contact interaction [Eq. (2.24)], on the other hand, we
obtained only the gauge theory amplitude and no stringy
corrections. Indeed, this is required by the gauge invari-
ance. This result also implies that, at least for the string
amplitude considered in this section, all the possible
contributions from the propagation of open string modes
are automatically subtracted appropriately by the zeta
function regularization. In other words, only 1PI diagrams

are retained by the zeta function regularization. This is an
advantage of this regularization scheme.

2. The UV part AUV

The UV part AUV can be interpreted as purely stringy
corrections to the amplitude from the effective field theory
point of view on the world volume. In order to expand the
integrand Ĩ0ðν; sÞĨ1ðν; sÞ of AUV, we use the formula

log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

�

¼ −
X∞
n¼1

1

n
1þ q̃n

1 − q̃n
cosð2πnνsÞ − log

�
s
Y∞
n¼1

ð1 − q̃nÞ2
�
:

ð2:27Þ

This is shown in Appendix B. Then, the leading-order
approximation to AUV is given as

AUV ∼ −α0g2YMϵ1 · ϵ2
Z

∞

1

ds
Z

1=s

0

dνð8π2α0Þ−ðpþ1Þ=2sðp−27Þ=2e−2πr2=s

× 24 exp

�
2α0k2

�X∞
n¼1

1

n
cosð2πnνsÞ − log s

��
· ð2πsÞ2

X∞
n¼1

n cosð2πnνsÞ: ð2:28Þ

Here, we have expanded

ηðisÞ−24 ¼ e2πs þ 24þOðe−2πsÞ ð2:29Þ

and eliminated by hand the term e2πs, corresponding to the
closed string tachyon. As explained in the Introduction, the
UV part AUV is expected to give corrections coming from
high-energy modes to the low-energy effective action, a
part of which is contained inAIR, as we have just observed.
In order to obtain explicit expressions, we expand
Eq. (2.28) in terms of the external momentum, and
calculate those coefficients.

The term independent of the external momentum is

− 24α0g2YMϵ1 · ϵ2

Z
∞

1

dsð8π2α0Þ−ðpþ1Þ=2sðp−27Þ=2e−2πr2=s

×
Z

1=s

0

dνð2πsÞ2
X∞
n¼1

n cosð2πnνsÞ: ð2:30Þ

Integrating term by term, we find that this contribution
vanishes. This is consistent with the gauge invariance, since
a term like this gives a mass shift to the gauge boson if it is
nonvanishing.
At order Oðk2Þ, we have

−48α0g2YMϵ1 ·ϵ2α
0k2

Z
∞

1

dsð8π2α0Þ−ðpþ1Þ=2sðp−27Þ=2e−2πr2=s

×
Z

1=s

0

dν

�X∞
n¼1

1

n
cosð2πnνsÞ− logs

�
·ð2πsÞ2

X∞
n¼1

ncosð2πnνsÞ: ð2:31Þ

The ν integration can be easily performed, resulting in

−48π2α0g2YMϵ1 · ϵ2α0k2
Z

∞

1

dsð8π2α0Þ−ðpþ1Þ=2sðp−25Þ=2e−2πr2=s: ð2:32Þ
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This should be regarded as a sum of threshold corrections
to the wave function renormalization due to an infinite
number of massive open string states. Note that the overall
coefficient of this term would depend on how we subtract
the closed string tachyon contribution in the present setup.
Therefore, the numerical value of this term could not be
taken at its face value. In Sec. IV, we will investigate other
setups without the closed string tachyon, in which we can
discuss the correction terms for the wave function renorm-
alization.
Due to the open-closed duality, we expect that the

amplitude [Eq. (2.32)] can be reproduced as the amplitudes
for the exchange of massless closed string modes between
the D-branes, with possible stringy corrections. The dia-
grams for the exchanges are like the one depicted in Fig. 4.
Note that this is a tree diagram for the closed string.
Therefore, there is no parameter like ν which should be
integrated. Fortunately, we can perform the ν integration in
Eq. (2.28) at least order by order in k2, as shown above [34].
Therefore, the comparison of Eq. (2.32) with the gravity
amplitudes could be easily performed, as long as the
off-shell couplings of massless closed string modes to
the D-brane are clarified. We can use it to extract the
leading behavior of possible stringy corrections. It will be
discussed further in Secs. III B and IV B 2.

3. Comparison with the case of effective potential

In the calculation of the effective potential using the
partial modular transformation, reviewed in Sec. II A, we
can obtain a good approximation of the potential for
arbitrary distance r between D-branes by using only gauge
theory and gravity at low energy, and its corrections are
largely suppressed by a factor e−2π. On the other hand, as
we saw in this Sec. II B, stringy corrections become sizable
for the scattering amplitudes when the vertices are close to
each other. Why are we able to avoid receiving sizable
stringy corrections for the calculation of the effective
potential although it is related to that of an amplitude?

The reason is the following: In the calculation of the
effective potential in quantum field theory, we replace
fields, whose potential is of interest, with their expectation
values. The corresponding calculation in string theory
should be one in which vertex operators for the fields
are replaced with certain c-numbers. Obviously, nothing
will happen when those c-numbers collide. Therefore, any
kinds of stringy corrections should be absent.

III. PARTIAL MODULAR TRANSFORMATION
AND WILSONIAN RENORMALIZATION

In the previous section, we found that the partial modular
transformation allows us to interpret string amplitudes
A ¼ AIR þAUV approximately as a sum of gauge theory
amplitudes and gravity amplitudes, with some stringy
corrections of the same order. The choice of the division
point t ¼ 1 is required such that both AIR and AUV can be
expanded simultaneously in terms of a small parameter
e−2π. For this choice, we observed that threshold correc-
tions due to all massive open string modes can be described
by a few terms at each order of the derivative expansion. It
is obvious that subleading corrections can be systematically
included as well.
Recall that a UV cutoff of the string scale is introduced in

the gauge theory amplitudes obtained from AIR. Suppose
that the division point is shifted to t ¼ λ−2. For this choice,
the UV cutoff in the mass unit becomes

Λ ≔
λffiffiffiffi
α0

p : ð3:1Þ

If we choose λ to be small, then Λ becomes much smaller
than the string scale. This implies that the stringy correc-
tions in AIR discussed in the previous section become
negligible compared to the effective field theory ampli-
tudes, as long as the external momentum is smaller than Λ.
This is simply because the stringy corrections contain a
power of α0Λ2 ¼ λ2. We will show this explicitly in the
following. The UV part AUV then contains all the stringy
corrections. This is reminiscent of the Wilsonian renorm-
alization: the UV part of the amplitude can be regarded as
contributions due to effective vertices obtained by integrat-
ing out high-energy modes.
Note that taking small λ is effectively equivalent to the

zero-slope limit for AIR, and we will use this term in the
following. However, it is important to keep in mind that we
always treat α0 as a fixed constant, since otherwise the
whole amplitude is reduced to the effective field theory
amplitude without stringy corrections.
In this section, we consider a two-point amplitude in

bosonic string theory whose external states are open string
tachyons, instead of the gauge bosons discussed in the
previous section. We choose this setup because there is no
constraint of gauge invariance, and therefore we can discuss

FIG. 4. The diagram for the exchange of closed string states
corresponding to the wave function renormalization of the gauge
bosons. The wavy lines represent the gauge bosons, and the solid
line represents closed string states.

STRINGY THRESHOLD CORRECTIONS IN D-BRANE SYSTEMS PHYS. REV. D 107, 126014 (2023)

126014-9



stringy corrections to the mass. The string diagram is of the
type in Fig. 2. The amplitude is given as

A ¼ C0
Z

∞

0

dt
Z

t

0

dν I0ðν; tÞ; ð3:2Þ

where I0ðtÞ is given in Eq. (2.10). We simply ignore the
other string diagrams of the types in Fig. 3, since their IR
divergences are difficult to regularize. Recall that we can
take the external momentum kμ to be off-shell, so that k2

does not need to be of the string scale.
We apply the partial modular transformation to this

amplitude with the division point t ¼ λ−2. As a result, we
obtain

A ¼ AIR þAUV; ð3:3Þ

where

AIR ¼ C0
Z

∞

λ−2
dt

Z
t

0

dν I0ðν; tÞ;

AUV ¼ C0
Z

∞

λ2
ds

Z
1=s

0

dν Ĩ0ðν; sÞ: ð3:4Þ

The integrand Ĩ0ðsÞ is given in Eq. (2.16). In the following,
we consider the limiting case of λ ≪ 1.

A. The IR part AIR

We investigate the relation between AIR and the corre-
sponding field theory amplitude given in Sec. 2 of
Appendix C. Since q ≤ e−2π=λ

2

is negligibly small, we
can approximate AIR as

AIR ∼ C0
Z

∞

λ−2
dt

Z
t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πðr2−1Þt

× exp

�
−2πα0k2

νðt − νÞ
t

− 2α0k2G0
Bðν; tÞ

�
; ð3:5Þ

where G0
Bðν; tÞ in Eq. (2.19) is an approximation of

GBðν; tÞ. It is easy to notice that the part

C0
Z

∞

λ−2
dt

Z
t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πðr2−1Þt

× exp

�
−2πα0k2

νðt − νÞ
t

�
ð3:6Þ

coincides with the field theory amplitude (C9), provided

C0 ¼ ð2πÞ2g2ðα0Þ2: ð3:7Þ

Here, g is the coupling constant for the vertex T0jTj2, where
T0 is a real tachyon field coming from an open string living
on one D-brane, and T is a complex tachyon field coming
from the stretched string between the D-branes.

The other terms in AIR give stringy corrections. There is
no correction at order Oðk0Þ. At the order Oðk2Þ, we have

ð2πÞ2g2ðα0Þ2
Z

∞

λ−2
dt

Z
t

0

dνð8π2α0tÞ−ðpþ1Þ=2

× e−2πðr2−1Þtð−2α0k2G0
Bðν; tÞÞ: ð3:8Þ

The ν integration can be performed as shown in
Appendix D. As a result, and after a rescaling of t, we
obtain

π

3
ð2πÞ2g2ðα0Þ2k2

Z
∞

Λ−2
dτð8π2τÞ−ðpþ1Þ=2e−2πm2τ; ð3:9Þ

up to exponentially small terms. Note that the integration
variable τ ≔ α0t has mass dimension −2. This correction
has extra α0 dependence compared to the field theory
amplitude in Eq. (C8). By rewriting

ðα0Þ2k2 ¼ λ4
k2

Λ4
; ð3:10Þ

we see that this stringy correction is negligible for small λ,
as long as k2 is smaller than the cutoff scale. We can even
take a limit in which λ goes to zero while Λ is fixed. This
implies that we also take α0 to zero, and therefore, this is
nothing but the zero-slope limit. We see that the above
correction vanishes in the zero-slope limit, provided that
m2 ¼ ðr2 − 1Þ=α0 is also kept fixed.
This is also valid for other corrections. It is easily

recognized by rescaling the integration variable t in
Eq. (3.5) as

AIR ∼ ð2πÞ2g2
Z

∞

Λ−2
dτ

Z
τ

0

dτ2ð8π2τÞ−ðpþ1Þ=2e−2πm2τ

× exp

�
−2πk2

τ2ðτ − τ2Þ
τ

− 2α0k2G0
Bðτ2=α0; τ=α0Þ

�
:

ð3:11Þ

Now, the α0 dependence is accumulated in the second term
in the exponential. We find that the τ2 integral in the
presence of G0

Bðτ2=α0; τ=αÞ can be well estimated by an
integral around τ2 ¼ 0 and τ2 ¼ τ [see Eq. (2.19)] as

Z
τ

0

dτ2ðG0
BÞn ∼

Z
α0

0

dτ2ðG0
BÞn þ

Z
τ

τ−α0
dτ2ðG0

BÞn

¼ Oðα0Þ: ð3:12Þ

Therefore, the stringy corrections are always higher orders
in α0, or equivalently, higher orders in λ2=Λ2, and they
vanish in the zero-slope limit.
It is instructive to consider the zero-slope limit of the

gauge boson amplitude investigated in Sec. II. The ampli-
tude in rescaled variables is
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g2YMϵ1 · ϵ2

Z
∞

Λ−2
dτ

Z
τ

0

dτ2ð8π2τÞ−ðpþ1Þ=2e−2πm2τ

× exp

�
−2πk2

τ2ðτ − τ2Þ
τ

− 2α0k2G0
Bðτ2=α0; τ=α0Þ

�

×
�
2π

τ
−

1

α0
∂
2
xG0

Bðx; τ=α0Þ
���
x¼τ2=α0

�
: ð3:13Þ

As for the tachyon amplitude, the factor
2α0k2G0

Bðτ2=α0; τ=α0Þ raises the order of α0. The difference
is the presence of the inverse power ðα0Þ−1 in front of
∂
2
xG0

Bðx; τ=α0Þ. This enables the amplitude [Eq. (C3)] for
the contact interaction to survive in the zero-slope limit.

B. The UV part AUV

We have observed thatAIR approaches the amplitude for
the low-energy effective theory when λ is small. The stringy
corrections, which are of the same order with the field
theory amplitudes for λ ¼ 1, are now negligible. Then, all
the stringy corrections are effectively contained in the UV
part AUV of the amplitude. This is given as

AUV ¼ ð2πÞ2g2ðα0Þ2
Z

∞

λ2
ds

×
Z

1=s

0

dνð8π2α0Þ−ðpþ1Þ=2sðp−27Þ=2e−2πr2=sηðisÞ−24

× exp

�
−2α0k2 log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

��
: ð3:14Þ

Now, q̃ ≤ e−2πλ
2

can become close to 1 when λ is small.
Therefore, we have to keep all higher powers of q̃ in the
integrand.
Recall that the logarithm in the exponent can be rewritten

as Eq. (2.27). Then, the ν integration can be performed
exactly for each term in the k2 expansion of the integrand
as [34]

Z
1=s

0

dν exp

�
−2α0k2 log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

��

¼ 1

s
þ 2α0k2

s
log

�
s
Y∞
m¼1

ð1 − q̃mÞ2
�
þOðk4Þ: ð3:15Þ

This is an advantage for the interpretation of AUV as
corrections of the low-energy amplitude coming from
integrating out high-energy modes. The integration variable
ν indicates the distance of the vertex operators on the world
sheet, which has no interpretation for local operators in the
low-energy effective theory. In the absence of ν, we can
simply regard the coefficients in the k2 expansion of
AUV as coefficients of local operators in the Wilsonian
effective action which are supposed to provide the stringy
corrections.

Up to this point, however, the calculations for AUV are
just formal ones, since the integrals are divergent due to the
presence of the closed string tachyon in bosonic string
theory. This is not easily eliminated like the open string
tachyon circulating in the loop. In the following, as in
Sec. II B 2, we simply get rid of the closed string tachyon
by hand and obtain finite quantities. This is just for an
illustrative purpose, and the physical relevance of the
resulting finite quantities is obscure. In Sec. IV, we analyze
amplitudes in the absence of closed string tachyons. In
these setups, we can discuss the physical significance of
these stringy corrections—in particular, the sign and the
magnitude.

(i) Mass shifts
First, we discuss the mass shift obtained from

AUV. It is given as

− ð2πÞ2g2ðα0Þ2ð8π2α0Þ−ðpþ1Þ=2
Z

∞

λ2
ds sðp−29Þ=2

× e−2πr
2=sðηðisÞ−24 − e2πsÞ: ð3:16Þ

Note that the contribution of the closed string
tachyon is subtracted, as explained above [see
Eq. (2.29)]. The integral is now finite even in the
small-λ limit. It is convenient to rewrite the overall
factor as ξ0=2α0, where

ξ0 ≔ ð8π2Þð1−pÞ=2g2ðα0Þ3−ðpþ1Þ=2 ð3:17Þ

is a dimensionless quantity. Then, it becomes ap-
parent that the mass dimension of Eq. (3.16) is 2.
Various integral formulas for mass shifts can be

found in the literature. In our setup, we have a
parameter r, the (dimensionless) distance between
the D-branes. By using this ingredient, we can
further investigate the mass shift as follows. We
expand ηðisÞ−24 as

ηðisÞ−24 ¼ e2πs þ
X∞
n¼0

dnq̃n; ð3:18Þ

and we integrate term by term. Then, we obtain

Z
∞

λ2
ds sðp−29Þ=2e−2πr2=sðηðisÞ−24 − e2πsÞ

→ 24Γ
�
27 − p

2

�
ð2πr2Þðp−27Þ=2

þ
X∞
n¼1

dn
2πn

ð8π2nÞð29−pÞ=2g29−pð4π
ffiffiffi
n

p
rÞ; ð3:19Þ

where the limit λ → 0 has been taken. The functions
gDðxÞ are defined in Appendix E. For large x, they
behave as
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gDðxÞ ∼
1

2
ð2πÞð1−DÞ=2xð1−DÞ=2e−x: ð3:20Þ

Therefore, this gives the expansion of the mass shift
for large r.
We can understand the dependence of the mass

shift on r as follows. Recall that the amplitude
[Eq. (3.16)] is written in the closed string channel.
Then, each term given in the q̃ expansion of ηðisÞ−24
gives the amplitude for the exchange of closed string
modes. The term proportional to rp−27 comes from
the exchange of massless closed string states. This
looks like the Newtonian potential, but the power is
different due to the presence of the external states.
On the other hand, the term proportional to
g29−pð4π

ffiffiffi
n

p
rÞ comes from the exchanges of the

nth massive closed string states, resulting in the
functions like the Yukawa potential.
One may be interested in the sign of the mass

shift. It can be read off, in principle, by comparing
the above expression with the field theory amplitude.
In this bosonic string setup, however, the sign would
be ambiguous, since the subtraction scheme for the
closed string tachyon might change the overall
coefficient. In Sec. IV, we can safely discuss the
sign of the stringy mass shift in superstring setups.

(ii) A possibility to obtain a hierarchical mass spectrum
Although the overall coefficient of the mass shift

[Eq. (3.16)] would be ambiguous, there is one lesson
we can learn which might be important for a
phenomenological reason. Suppose that, in a suit-
able setup, the term proportional to a power of r is
absent. Then, the leading contribution to the mass
shift is given by the Yukawa-type function. This is
an exponentially decreasing function of r, so even
when r is of order 5—that is, the distance between
the D-branes is about 5 times the string scale—the
stringy correction to the mass is far smaller than the
string scale, even after taking into account all
massive open string modes. It is then natural to
expect that this would give us a mechanism to realize
a hierarchical mass spectrum in the low-energy field
theory on a D-brane system. A similar phenomenon
is observed in the context of closed string theory in
Refs. [41,42].
Recall that the term proportional to a power of r is

given by the gravity amplitude depicted in Fig. 4.
This can be evaluated simply by using the low-
energy gravity theory, provided that the couplings of
the massless closed string states to D-branes, in-
cluding stringy corrections to the DBI action, are
obtained. Therefore, we do not need to calculate
one-loop string amplitudes in order to check whether
the exponentially small mass corrections can be
obtained for a given D-brane system. The couplings

of massless closed string modes to D-branes were
investigated in Ref. [43] in the context of the
Hawking radiation from D-branes.
Even if the massless closed string exchanges do

not cancel, the above structure of the mass shift tells
us another interesting fact: the mass shift including
threshold corrections from all massive open string
modes can be calculated by evaluating the gravity
amplitudes like the one in Fig. 4.

(iii) Wave function renormalizations
We can also discuss the wave function renorm-

alization due to stringy corrections. In fact, this is
crucial for obtaining the physical mass from the
mass shift determined above. For the reasons ex-
plained above, we will postpone the discussion of
their physical meaning, and just present the resulting
expression:

ξ0k2
Z

∞

λ2
ds sðp−29Þ=2e−2πr2=sðηðisÞ − e2πsÞ

× log

�
s
Y∞
m¼1

ð1 − q̃mÞ2
�
: ð3:21Þ

The leading-order contribution to this integral in the
small-λ limit is

ξ0k2Γ
�
27 − p

2

��
logð2πr2Þ − ψ

�
27 − p

2

��

× ð2πr2Þðp−27Þ=2; ð3:22Þ

where ψðxÞ is the digamma function.

IV. MASS SHIFTS IN TYPE II STRING THEORY

In the previous section, we encountered the problem of
divergence due to the presence of a closed string tachyon.
This problem prevented us from extracting definite physical
information on mass shifts and wave function renormali-
zations. In this section, we consider similar amplitudes in
Type II string theory where a closed string tachyon is absent
in the bulk. We investigate mass shifts of open string states
on a D-brane, which are massless at tree level. We will
show that the mass shifts can be negative, and as a result,
we may obtain a Higgs-like field. The mass shift can be
exponentially small in a particular setup.

A. Green-Schwarz formalism

We need to calculate two-point amplitudes in Type II
string theory. The Green-Schwarz formalism in the light
cone gauge [44,45] is convenient for this purpose. To fix
notations, we write down the world sheet action
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S ¼
Z

d2σ

�
−

1

4πα0
∂αXi

∂
αXi þ i

2π
Sað∂τ þ ∂σÞSa

þ i
2π

S̃að∂τ − ∂σÞS̃a
�

ð4:1Þ

for Type IIB string theory. For Type IIA, the fermionic
fields S̃a are replaced with S̃ _a. The indices i; a; _a all run
from 1 to 8, and they label the vector, spinor, and conjugate
spinor representations of Spin(8), respectively. For practical
purposes, this gauge-fixed action can be regarded as a
definition of the world sheet theory. As long as the
kinematics of the external states is simple, we can recover
covariant forms of the amplitudes from the expressions
obtained in the Green-Schwarz formalism. As explained in
Appendix A, we can obtain two-point amplitudes of
interest partly by recycling the amplitudes in bosonic string
theory that we have discussed so far.
As before, we consider the scattering of two open string

states on a D-brane, as in Fig. 2. In order to calculate the
amplitude, we need to quantize the open string stretched
between the D-branes. This then requires us to specify the
corresponding boundary condition for the open string. The
boundary conditions for Xi are obvious from the configu-
ration of the D-branes. In the Green-Schwarz formalism,
the boundary conditions for Sa and S̃a can be read off from
the space-time supersymmetry conserved by the D-branes
as follows. A Dp-brane conserves the supercharges of the
form [46]

Qα þ ðβ⊥Q̃Þα; ð4:2Þ

where β⊥ is a product of the Gamma matrices correspond-
ing to the transverse directions to the Dp-brane. In the
Green-Schwarz formalism, the supercharges can be con-
structed from the world sheet fields. The above combina-
tions of the supercharges are conserved in the world sheet
theory, if we require that the corresponding supercurrents
vanish at the end point of the open string attached to the
Dp-brane. Another condition for the supercurrents is
obtained from the other end point. These two conditions
are combined to give the correct boundary condition for the
open string in the Green-Schwarz formalism. See
Appendix F for more details.
As in bosonic string theory, the two-point, one-loop

amplitude is given schematically as

A ¼ ð2πÞ2
Z

∞

0

dt1

Z
∞

0

dt2

× STrðe−2πt1ðL0−1=2ÞV1e−2πt2ðL0−1=2ÞV2Þ; ð4:3Þ

where we take the supertrace because of the presence of
space-time fermions. The vertex operators Vs (s ¼ 1, 2) for
gauge bosons on a D9-brane are given in Ref. [44] as

Vs ¼ cϵs;i

�
∂τXi −

α0

2
γijabks;jS

aSb
�
eiks;iX

i
: ð4:4Þ

The constant c will be chosen by comparing with the
corresponding field theory amplitudes. The operators for
Dp-branes with p < 9 can be obtained by performing the
T-duality transformation [43]. For bosonic fields Xi, this
amounts to replacing ∂τXi with ∂σXi for the directions
transverse to the Dp-brane. The T-duality transformation
for Spin(9,1) spinor fields θ in the Green-Schwarz formal-
ism, from which the Spin(8) spinor field Sa is obtained, is
given in Ref. [47] as

θ → Γiθ ð4:5Þ

for each direction along which T-duality is taken. This
transformation, written in terms of Sa, keeps the fermion
bilinear term in Vs intact for the gauge bosons, while for the
transverse scalars it changes the sign. See Appendix A for
more details. As a result, the vertex operators for transverse
scalars are

Vs ¼ cζs;I

�
∂σXI þ α0

2
γIlabks;lS

aSb
�
eiks;lX

l
; ð4:6Þ

where I ¼ 1;…; 9 − p labels the transverse directions, and
l ¼ 10 − p;…; 8 labels the parallel directions, except for
the light cone directions, of the Dp-brane. The vectors ζs;I
specify transverse directions corresponding to the external
scalars.

B. Dp-Dp system

In this subsection, we consider a Dp-brane and a
Dp-brane parallel to each other. The two-point amplitude
of our interest is for the massless transverse scalars on the
Dp-brane. In the absence of the Dp-brane, the scalars are
the Nambu-Goldstone bosons for the translational sym-
metry. In our setup, the translational symmetry for the
v-brane is broken by the Dp-brane, and therefore, the
scalars may acquire masses by quantum corrections.
There are string one-loop diagrams contributing to this

amplitude. The diagrams, which are of the types in Fig. 3
but with the external states being scalars, give vanishing
contributions, since the Dp-brane is not involved in this
diagram, and such supersymmetric two-point amplitudes
are known to vanish due to fermion zero modes [45].
Therefore, we focus our attention on the type of diagram in
Fig. 2. As explained in Appendix F, it turns out that the
fermionic fields Sa of the open string stretched between the
Dp-brane and the Dp-brane obey the antiperiodic [Neveu-
Schwarz (NS) type] boundary condition, as opposed to the
periodic [Ramond (R) type] boundary condition obeyed by
the open string on Dp-branes. Because of this, the ground
state of the open string gives a tachyon. In order to remove
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the IR divergence due to this open string tachyon, we keep
the distance between the D-branes, denoted by r, suffi-
ciently large.
The two-point amplitude of the massless transverse

scalars in this setup is given as

A ¼ A1 þA2;

A1 ¼ C00
Z

∞

0

dt
Z

t

0

dν I2ðν; tÞI3ðν; tÞ;

A2 ¼ C00
Z

∞

0

dt
Z

t

0

dν I2ðν; tÞI4ðν; tÞ; ð4:7Þ

where the integrands are given in terms of

I2ðν; tÞ ≔ ð8π2α0tÞ−ðpþ1Þ=2e−2πr2t
ϑ01ð0; itÞ4
ηðitÞ12

× exp

�
−2α0k2

�
π
νðt − νÞ

t
þ GBðν; tÞ

��
; ð4:8Þ

I3ðν; tÞ ≔ 2π2
ðζ1 · wÞðζ2 · wÞ

α0
− ζ1 · ζ2∂2νGBðν; tÞ; ð4:9Þ

I4ðν; tÞ ≔ 2π2α0ζ1 · ζ2k2GFðν; tÞ2: ð4:10Þ

The function GBðν; tÞ is defined in Eq. (2.12). The function
GFðν; tÞ is given in terms of GBðν; tÞ as

GFðν; tÞ ≔ −
1

2π
∂νðGBðν; tÞ − 2GBðν=2; t=2ÞÞ: ð4:11Þ

The vector wI indicates the relative position of the two
D-branes. For more details of the calculation of the
amplitude, see Appendix A.
Note that there are two types of transverse scalars

distinguished by the relation between wI and ζI . We denote
by ϕk the scalar for which ζI is parallel to wI. The other
scalars for which ζ · w ¼ 0 is satisfied are collectively
denoted by ϕ⊥. The following discussions are given for
general ζ, and the final results are discussed separately.

1. The IR part AIR

Let us apply the partial modular transformation to this
amplitude with the division point t ¼ λ−2, as in the previous
section. We assume λ to be small.
We begin with the analysis of the IR part AIR. As for the

bosonic string case, we expect that AIR reproduces the
amplitude for the low-energy effective theory on the brane-
antibrane pair. Due to the separation of the D-branes, the
only low-energy field coming from the stretched open
string is the tachyon, whose mass is m2 ¼ ðr2 − 1=2Þ=α0.
This scalar field is circulating in the loop.
We divide AIR into two parts, A1

IR and A2
IR, and

investigate separately. By ignoring exponentially small
terms, we obtain for A1

IR

A1
IR ≔ C00

Z
∞

λ−2
dt

Z
t

0

dν I2ðν; tÞI3ðν; tÞ

∼ C00
Z

∞

λ−2
dt

Z
t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πðr2−1=2Þt

× exp

�
−2πα0k2

νðt − νÞ
t

�

× expð−2α0k2G0
Bðν; tÞÞ

�
2π2

ðζ1 · wÞðζ2 · wÞ
α0

− ζ1 · ζ2∂2νG0
Bðν; tÞ

�
: ð4:12Þ

In order to compare this expression with field theory
amplitudes, we need to extract terms which survive in
the zero-slope limit. This can be achieved by rescaling the
integration variables t and ν as

A1
IR∼

C00

α0

Z
∞

Λ−2
dτ

Z
τ

0

dτ2ð8π2τÞ−ðpþ1Þ=2e−2πm2τ

×exp

�
−2πk2

τ2ðτ−τ2Þ
τ

�

×expð−2α0k2G0
Bðτ2=α0;τ=α0ÞÞ

×
�
2π2

ðζ1 ·wÞðζ2 ·wÞ
ðα0Þ2 −

ζ1 ·ζ2
α0

∂
2
xG0

Bðx;τ=α0Þ
����
x¼τ2=α0

�
:

ð4:13Þ

By performing a similar calculation done for Eq. (2.23)
based on the zeta function regularization, we find that A1

IR
contains a part

C00

α0
ζ1 · ζ2

Z
∞

Λ−2
dτð8π2τÞ−ðpþ1Þ=2e−2πm2τð−2πÞ: ð4:14Þ

This can be identified with the field theory amplitude for
the Feynman diagram in Fig. 7(b) calculated in Sec. 3 of
Appendix C, provided

C00 ¼ α0g2YM: ð4:15Þ

When the external states are ϕ⊥, the above expression is
the only contribution which has a field theory counterpart.
For ϕk, on the other hand, ζIs and wI are given as

ζI1 ¼ ζI2 ¼ ζnI; wI ¼ l
π
nI ð4:16Þ

for a unit vector nI. Since

2π2
ðζ1 · wÞðζI2 · wÞ

ðα0Þ2 ¼ 2ð2πÞ2v2ζ2; v ≔
l

2πα0
; ð4:17Þ

another term in the parenthesis in Eq. (4.13) survives the
zero-slope limit and gives
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g2YM

Z
∞

Λ−2
dτ

Z
τ

0

dτ2ð8π2τÞ−ðpþ1Þ=2e−2πm2τ

× exp

�
−2πk2

τ2ðτ − τ2Þ
τ

�
· 2ð2πÞ2v2ζ2; ð4:18Þ

as long as v is kept finite. As explained in Sec. 3 of
Appendix C, this reproduces the amplitude for the
Feynman diagram in Fig. 7(a).
We observe thatA1

IR alone reproduces the corresponding
field theory amplitudes. Then, A2

IR should give stringy
corrections only. Indeed, this can be confirmed by rewriting
A2

IR as

A2
IR≔α0g2YM

Z
∞

λ−2
dt
Z

t

0

dνI2ðν;tÞI4ðν;tÞ

∼2π2g2YMζ1 ·ζ2k
2

Z
∞

Λ−2
dτ

Z
τ

0

dτ2ð8π2τÞ−ðpþ1Þ=2e−2πm2τ

×exp

�
−2πk2

τ2ðτ−τ2Þ
τ

�
expð−2α0k2G0

Bðτ2=α0;τ=α0ÞÞ

×G0
Fðτ2=α0;τ=α0Þ2; ð4:19Þ

where G0
Fðν; tÞ is obtained from GFðν; tÞ by replacing

GBðν; tÞ in Eq. (4.11) with G0
Bðν; tÞ in Eq. (2.19).

Explicitly, it is given as

G0
Fðν; tÞ ¼

e−πν

1 − e−2πν
−

e−πðt−νÞ

1 − e−2πðt−νÞ
: ð4:20Þ

Like G0
Bðτ2=α0; τ=α0Þ, the function G0

Fðτ2=α0; τ=α0Þ local-
izes the integrand to the regions near τ2 ¼ 0 and τ2 ¼ τ
whose lengths are of order Oðα0Þ. Therefore, each coef-
ficient in the k2 expansion of A2

IR is higher order in α0,
implying that all of them are stringy corrections. They are
negligible when λ is small. Thus, in this limit,AIR gives the
field theory results, and the stringy corrections are absorbed
into AUV, which we will discuss in the following
subsection.

2. The UV part AUV

Next, we investigate the UV part AUV. As explained in
the previous section, AUV contains all the stringy correc-
tions which may be relevant in the low-energy effective
theory. Again, we divide AUV into two parts, A1

UV and
A2

UV, and investigate them separately.
(i) Mass shifts

First, we consider

A1
UV≔α0g2YM

Z
∞

λ2
ds

Z
1=s

0

dν Ĩ2ðν;sÞĨ3ðν;sÞ; ð4:21Þ

where

Ĩ2ðν;sÞ¼ ð8π2α0Þ−ðpþ1Þ=2sðp−11Þ=2e−2πr2=s
ϑ10ð0; isÞ4
ηðisÞ12

×exp
�
−2α0k2 log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

��
;

ð4:22Þ

Ĩ3ðν; sÞ ¼ 2ð2πÞ2r2ζ2

− ζ2
�
2πsþ ∂

2
ν log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

��
:

ð4:23Þ

This is the expression for ϕk. In order to obtain the
expression for ϕ⊥, we simply ignore the first term in
Eq. (4.23). We expand this expression in terms of k2.
At order Oðk0Þ, we obtain

α0g2YMð8π2α0Þ−ðpþ1Þ=2
Z

∞

λ2
ds sðp−11Þ=2e−2πr2=s

×
ϑ10ð0; isÞ4
ηðisÞ12 ð2ð2πÞ2r2ζ2s−1 − 2πζ2Þ: ð4:24Þ

We have performed the ν integration by using the
results in Appendix B.
Note that the other part,

A2
UV≔α0g2YM

Z
∞

λ2
ds

Z
1=s

0

dν Ĩ2ðν;sÞĨ4ðν;sÞ; ð4:25Þ

where

Ĩ4ðν;sÞ≔ 2π2α0ζ1 ·ζ2k2
�
s
X∞
n¼1

1− q̃n

1þ q̃n
sinð2πnνsÞ

�
2

;

ð4:26Þ

does not have terms of order Oðk0Þ.
Therefore, the term in Eq. (4.24) gives the mass

shift

Δm2ðrÞ ¼ −
ξ

α0

Z
∞

λ2
ds sðp−11Þ=2e−2πr2=s

×
ϑ10ð0; isÞ4
ηðisÞ12 ð2ð2πÞ2r2s−1 − 2πÞ ð4:27Þ

for ϕk, where we define a dimensionless quantity

ξ ≔ ð8π2Þ−ðpþ1Þ=2g2YMðα0Þð3−pÞ=2: ð4:28Þ

Since there are no closed string tachyons, this
integral is finite for p < 9. The divergence for
p ¼ 9 is due to a dilaton tadpole. The formula (4.27)
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can be also obtained from the second derivative of
the effective potential [Eq. (2.1)].
Note that Δm2ðrÞ is actually equal to the physical

mass at the one-loop level, since the tree-level mass
is zero, which implies that the wave function
renormalization does not contribute at this level.
We expand Δm2ðrÞ for large r. As shown in the

previous section, this is obtained by expanding

ϑ10ð0; isÞ4
ηðisÞ12 ¼ 16þ 256q̃þOðq̃2Þ; ð4:29Þ

where q̃ ¼ e−2πs, and we calculate term by term. The
leading contribution Δm2

ð0ÞðrÞ to the stringy mass

shift Δm2ðrÞ for ϕk is

Δm2
ð0ÞðrÞ ¼ −16

ξ

α0

Z
∞

λ2
ds sðp−11Þ=2

× e−2πr
2=sð2ð2πÞ2r2s−1 − 2πÞ ð4:30Þ

→ −32πð8 − pÞΓ
�
9 − p
2

�
ð2πr2Þðp−9Þ=2 ξ

α0
; ð4:31Þ

where we have taken the limit λ → 0 for simplicity.
We analyze this result for p < 8 and p ¼ 8 sepa-
rately. Recall that r is defined as a dimensionless
quantity and related to a dimensionful distance l
as r ¼ l=2π

ffiffiffiffi
α0

p
.

(1) p < 8
This is a negative contributions to the mass shift

for ϕk when p < 8. That is, the transverse scalar,
corresponding to the direction of the D-brane sep-
aration, becomes tachyonic by the one-loop stringy
corrections. Note that the mass shift coming from
AIR is cancelled in the whole amplitudeA, since the
UV cutoff Λ introduced by hand should not appear
in physical quantities. Interestingly, Δm2

ð0ÞðrÞ de-

creases as rp−9 for large r. On dimensional ground,
one might think that the mass shift would decrease
as r−2. Let us compare these two behaviors for
p ¼ 3. We obtain

Δm2
ð0ÞðrÞ ∝ g2YMm

2
strðlstr=lÞ6

≪ g2YMm
2
strðlstr=lÞ2 ð4:32Þ

for l ≫ lstr, where lstr ¼ 1=mstr ¼
ffiffiffiffi
α0

p
. Although

the mass shift is not exponentially small, it decreases
much faster than the naive expectation when p < 7.

(2) p ¼ 8

It is curious that Δm2
ð0ÞðrÞ vanishes for p ¼ 8,

although this setup might not be interesting for
phenomenological purposes. For this case, the lead-
ing contribution to the mass shift Δm2

ð1ÞðrÞ is ex-
ponentially suppressed as a function of r and given by

Δm2
ð1ÞðrÞ ¼ −256α0g2YMð8π2α0Þ−9=2

Z
∞

λ2
ds s−3=2

× e−2πr
2=se−2πsð2ð2πÞ2r2s−1 − 2πÞ

∼ −210
ffiffiffi
2

p
π2e−4πr

ξ

α0
: ð4:33Þ

See Appendix E for details. Due to the cancellation
of the coefficient of Δm2

ð0ÞðrÞ, we obtain a negative
mass squared which is exponentially small compared
to the string scale on the D8-D8 pair.

It is interesting to observe that the absolute value of
Δm2

ð0ÞðrÞ is increasing as the D-branes are coming closer

to each other. For r2 < 1
2
, the ground state of the stretched

string becomes tachyonic, and the D-brane system is
unstable for the decay via the tachyon condensation [48].
It seems that the tachyonic mass shift indicates the
instability of the system, even after the open string tachyon
is regularized by the string tension. This might be relevant
for phenomenological model building which includes
Higgs fields.
There are other transverse scalars ϕ⊥. The mass shift for

them is given by only the second term in Eq. (4.30) as

Δm2
ð0ÞðrÞ ¼ −16

ξ

α0

Z
∞

λ2
ds sðp−11Þ=2e−2πr2=sð−2πÞ

→ 32πΓ
�
9 − p
2

�
ð2πr2Þðp−9Þ=2 ξ

α0
: ð4:34Þ

This is always positive for p < 8. Thus, they do not induce
instability of the system.
Note that the full expression Δm2ðrÞ for ϕ⊥ can be also

obtained from the effective potential VðrÞ given in Eq. (2.1)
as follows. The effect of ϕ⊥ can be included in VðrÞ by
replacing r2 with r2 þ ρ2, where ρ corresponds to the
vacuum expectation value of ϕ⊥. Then, Δm2ðrÞ for ϕ⊥ is
obtained from the second derivative of VðrÞ with respect to
ρ evaluated at ρ ¼ 0.
(ii) Wave function renormalizations

The wave function renormalization can be also
discussed. We will only show expressions for ϕk, but
the generalization to other scalars ϕ⊥ is straightfor-
ward.
We can read off the wave function renormaliza-

tion from the Oðk2Þ terms. From A1
UV, we obtain

32g2YMð8π2α0Þ−ðpþ1Þ=2ðα0Þ2k2
Z

∞

λ2
ds sðp−11Þ=2

× e−2πr
2=sðð2ð2πÞ2r2s−1 − 2πÞ log sþ π2sÞ

→ 32π2Γ
�
7 − p
2

�
ð2πr2Þðp−7Þ=2ξk2 þOðrp−9Þ;

ð4:35Þ
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where we have taken the limit λ → 0 for simplicity.
The other part, A2

UV, gives

− 8π2g2YMð8π2α0Þ−ðpþ1Þ=2ðα0Þ2k2

×
Z

∞

λ2
ds sðp−9Þ=2e−2πr2=s

→ −8π2Γ
�
7 − p
2

�
ð2πr2Þðp−7Þ=2ξk2: ð4:36Þ

In total, the wave function renormalization is given
for large r by

24π2Γ
�
7 − p
2

�
ð2πr2Þðp−7Þ=2ξk2: ð4:37Þ

In fact, this is divergent for p ≥ 7. Similar diver-
gencies appear in the effective potential for the
Dp-Dp pair. We note that these leading-order terms
for large r are obtained via the zeta function
regularization, while finite terms from the beginning
only give subleading terms to the wave function
renormalization. This seems to suggest that they
have some stringy origins.

It is interesting to perform a corresponding calculation
based on Type II supergravity and DBI action. This is an
extension of the well-known calculation of the effective
potential for two D-branes at their ground states. For the
extension to the wave function renormalization, we calcu-
late the exchange diagrams of the type in Fig. 4. In this
calculation, we need the interaction vertices between the
bulk closed string modes and the scalar fields on the
Dp-brane. They are obtained from kinetic terms of the sca-
lar fields in DBI action. By using this, we find that the
exchange amplitudes cancel among them completely,
although the string amplitude gives nonvanishing contri-
butions. See Appendix G for details.
Actually, the results from the analysis using DBI action

can be understood as follows. As explained in Appendix G,
the Ramond-Ramond field exchange between the D-branes
does not contribute to the amplitude for the wave function
renormalization. Therefore, the result must be the same as
the corresponding calculation for parallel Dp-branes. The
latter must vanish, since the supersymmetric two-point
amplitude vanishes. This might suggest that there are some
couplings of D-branes to the bulk fields which are missing
in DBI action. It should be noted, however, that this
conclusion is not on a firm footing, since the studies in
Refs. [28,29] do not claim that the stringy calculations of
wave function renormalizations, which are not physical
observables, are free of ambiguity.

V. DISCUSSION

In this paper, we have investigated various two-point,
one-loop string amplitudes by using the partial modular

transformation reviewed in Sec. II. The partial modular
transformation can be used as a technique to calculate
string amplitudes, similarly to Refs. [37,38], where we
calculated the effective potential for a complicated D-brane
system. We have also observed that the partial modular
transformation reveals a structure of the string amplitudes
which resembles the amplitudes obtained from the
Wilsonian effective action. In particular, stringy threshold
corrections can be extracted from string amplitudes in an
intuitively more natural manner. For the mass shifts, we
reproduced the prescription of Ref. [6]. We have calculated
the mass shifts and the wave function renormalizations for
scalar fields on a Dp-Dp pair in Type II string theory. The
scalar fields are massless at tree level. We have found that
one of them acquires a tachyonic mass when the distance r
of the D-branes is large. Interestingly, we have also found
that the absolute value of the tachyonic mass is exponen-
tially decreasing with r for p ¼ 8.
It will be quite exciting if a hierarchical mass spectrum

with an exponentially suppressed stringy threshold correc-
tions can be realized on a D-brane system which is more
suitable for phenomenological purposes. The model stud-
ied in Sec. IV B, however, does not have such a hierarchy,
since the exchanges of the massless closed string modes do
not cancel in general. Therefore, we need to find another
D-brane setup where such massless contributions cancel
among them. As a trial, some modifications of the Dp-Dp
pair are examined in vain in Appendix H. In the trial, we
considered D-branes on a compactified circle whose setup
is depicted in Fig. 8 and tried to modify the closed string
mass spectrum by inserting nontrivial phases in the sum
over winding numbers. If it were possible, a hierarchical
mass spectrum would be obtained. But the trial does not
work, as it would result in an elimination of massless closed
string modes, especially the graviton. Thus, there is no
hope along this line of approach. Instead, we should search
for D-brane setups where massless closed string exchanges
cancel among them without eliminating the massless
closed string states. We hope to address other models in
future publications.
Though the coupling to massless closed string states

does not cancel in the model studied in Sec. IV B, we have
an interesting behavior in the coupling. The mass shift is
given in Eq. (4.32) and is proportional to rp−9, where r is
the distance between D-branes. This raises the question of
what type of interaction between the world volume fields
on D-branes and the massless closed string states generates
such a mass shift. Suppose that one tries to perform
calculations for the mass shifts analogous to the ones in
Appendix G. Then, one immediately notices that there is no
interaction vertex in DBI action which is available for the
calculation. Namely, there is no nonderivative coupling
involving the scalar fields ϕ with massless closed string
states such as the graviton. This is consistent with the above
behavior of the mass shift in Eq. (4.27) obtained from the
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string amplitude. Indeed, if there were a nonderivative
coupling of the transverse scalars like

ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
ϕ2, then we

would obtain a mass shift proportional to the graviton
propagator—namely, the Newtonian potential rp−7. Since
the leading-order term Δm2

ð0ÞðrÞ is proportional to rp−9, we
can interpret this result as the absence of the contributions
from the ordnary DBI action. Then, what kind of modi-
fication of the DBI action can possibly reproduce the mass
shift Δm2

ð0ÞðrÞ? One possibility would be the conformal

couplingRϕ2, whereR is the scalar curvature of the target
space. Since this vertex introduces momentum squared in
the exchange amplitude, we can obtain the correct power of
r. There is another reason that the conformal coupling
would be suitable. Since the transverse scalars are the
Nambu-Goldstone bosons, their mass terms are forbidden.
However, in the presence of other D-branes, they are
allowed to acquire masses. The influence of the other
D-branes is detected through the couplings to the bulk
fields. Therefore, it is natural that a nontrivial curvature
made by the other D-branes induces masses to the scalars.
It is very important to understand the relation between

stringy threshold corrections obtained from string ampli-
tudes and possible modifications of DBI action. This would
be possible by investigating off-shell disk amplitudes with
insertions of vertex operators for both open string states and
closed string states. Connecting such disk amplitudes by
using propagators of the supergravity fields, we would
obtain the large-r expansion of a stringy threshold correc-
tion. The calculations of this kind are expected to be much
simpler than the calculations of one-loop string amplitudes.
Therefore, this would be a practical tool to search for
D-brane systems suitable for phenomenological model
building.
Finally, we would like to address three comments in

order. The first is a generalization of the partial modular
transformation to higher loop amplitudes. In this paper, we
have observed a similarity between string amplitudes for
which the partial modular transformation is performed and
amplitudes obtained from Wilsonian effective action. It is
quite interesting to check whether this similarity persists in
higher loop amplitudes. Since there are several moduli, we
should perform the partial modular transformation sepa-
rately, and the resulting structure would be much more
complicated. However, the advantage of this way of
understanding is obvious. Assuming the similarity persists
for all loops, which seems intuitively valid, the partial
modular transformation gives us a method to obtain the
Wilsonian effective action of string theory, which enables
us to perform any off-shell calculations at least to all orders
of string perturbation theory.
The second comment is about the regularization of string

amplitudes. In this paper, we have used the zeta function
regularization for actual calculations on string amplitudes.
The validity of this regularization scheme can be justified
by the observation that the obtained results are reasonable.

However, it is desired to understand the regularization of
string amplitudes more systematically. Recently, there
appeared Ref. [20], whose aim is a realization of the
proposal in Ref. [49]. The paper also analyzes mass shifts.
It is very interesting to find a possible relation between
Ref. [20] and the present work. Since our viewpoint has a
direct connection to ordinary quantum field theories, it
would be reasonable to expect that the understanding of the
regularization issues would become comparably easier.
The third comment is a generalization to higher-point

amplitudes. Needless to say, the application of the partial
modular transformation is not limited to two-point ampli-
tudes. By generalizing to higher point amplitudes, we can
investigate stringy threshold corrections to coupling con-
stants, especially at and above the string scale. The
corrections to the gauge couplings can even be extracted
from the two-point amplitude via the wave function
renormalization. These issues will hopefully be reported
elsewhere.
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APPENDIX A: STRING
ONE-LOOP AMPLITUDES

In this appendix, we summarize various string one-loop
ampitudes discussed in this paper. We basically follow
Refs. [44,45].

1. Bosonic string amplitudes

We begin with bosonic open string amplitudes. The open
string is attached to a pair of parallel Dp-branes. We
assume that Xμ, with μ ¼ 0;…; p − 1, corresponds to the
parallel directions of the Dp-branes, and XI, with
I ¼ p;…; 25, corresponds to the transverse directions
which satisfy

XIðτ; σ þ πÞ ¼ XIðτ; σÞ þ πwI; ðA1Þ
where the vector wI describes the relative position of the
Dp-branes. More precisely, if the distance between the Dp-
branes is l and the relative direction is given by a unit vector
nI , then wI is given as

wI ¼ l
π
nI: ðA2Þ
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The schematic form of two-point, one-loop amplitudes is

A¼ð2πÞ2
Z

∞

0

dt1

Z
∞

0

dt2TrXðe−2πt1ðLX
0
−1ÞV1e−2πt2ðL

X
0
−1ÞV2Þ;

ðA3Þ

where LX
0 is given in terms of the zero modes p̂μ and the

nonzero modes α̂μn and α̂In of Xμðτ; σÞ and XIðτ; σÞ by

LX
0 ¼ l2

4π2α0
þ α0p̂2 þ

X
n>0

α̂−n · α̂n: ðA4Þ

The external states are specified by the vertex operators Vs
with s ¼ 1, 2. To simplify calculations, we follow Ref. [44]
and use

Vs ≔ ct expðiks;μXμ þ icϵϵs;μ∂τXμ þ cζζs;I∂σXIÞjτ¼σ¼0:

ðA5Þ

The normal ordering is assumed, as usual. Here, ϵs are
polarization vectors for the external gauge bosons, ζs are
vectors specifying the transverse scalars, and ct, cϵ, and cζ
are some constants. We impose the transversality condi-
tions ks · ϵs ¼ 0. Note that the factor i in front of ϵs is due to
the Wick rotation of τ.
We can obtain the amplitude with the desired external

states from Eqs. (A3) and (A5) as follows. In order to
obtain the tachyon amplitude, we simply set ϵs ¼ 0 and
ζs ¼ 0. The gauge boson amplitude can be obtained by
expanding A in terms of ϵs and picking up terms propor-
tional to ϵ1;μϵ2;ν. Likewise, the coefficients of ζ1;Iζ2;J give
the amplitude for the transverse scalars.
Note that we included the numerical factors ct, cϵ, and cζ

in the above expression of Vs in order to match with the
corresponding field theory amplitudes. Typically, they can
be determined by examining tree-level amplitudes and
comparing them with field theory amplitudes. In this paper,
since all of the factors appear as overall coefficients of the
string one-loop amplitudes, we simply adjust the overall
coefficients by comparing them with the corresponding
field theory one-loop amplitudes.
The calculation of the trace in Eq. (A3) can be performed

separately for the zero modes and the nonzero modes of Xμ

and XI. The zero modes x̂μ and p̂μ of Xμðτ; σÞ and wI in
XIðτ; σÞ give

ð2πÞ26δ26ðk1 þ k2Þð8π2α0tÞ−ðpþ1Þ=2

× e−2πr
2t exp

�
−2πα0k2

νðt − νÞ
t

�

× exp

�
α0

πt
c2ϵϵ1 · ϵ2 þ cζζ1 · wþ cζζ2 · w

�
; ðA6Þ

where

t ≔ t1 þ t2; ν ≔ t2; ðA7Þ

and we have used the momentum conservation k1¼−k2¼k.
The quantity r2 is obtained from wI as

r2 ¼ w2

4α0
¼ l2

4π2α0
: ðA8Þ

In the above expression of Eq. (A6), we have ignored terms
proportional to ϵ2s , since they are irrelevant in obtaining the
amplitudes (e.g., the two-point gauge field amplitude is
proportional to ϵ1 · ϵ2).
A contribution from each nonzero mode, α̂μn and α̂In, can

be calculated straightforwardly. Including the ghost con-
tributions, we obtain

ηðitÞ−24 expð−2α0k2GBðν; tÞÞ

×exp

�
−

2α0

ð2πÞ2 ðc
2
ϵϵ1 · ϵ2þc2ζζ1 ·ζ2Þ∂2νGBðν; tÞ

�
; ðA9Þ

where again we only include terms relevant to the ampli-
tudes. The function GBðν; tÞ is defined as

GBðν; tÞ≔ log

�
ð1−e−2πνÞ

Y∞
m¼1

ð1−e−2πνqmÞð1−e2πνqmÞ
ð1−qmÞ2

�
;

q≔ e−2πt: ðA10Þ

The product of Eqs. (A6) and (A9) gives the integrand
of Eq. (A3).
To summarize, the explicit forms of the amplitudes, up to

overall coefficients, are given as

A∝ð2πÞ2
Z

∞

0

dt
Z

t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πr2tηðitÞ−24

×exp

�
−2α0k2

�
π
νðt−νÞ

t
þGBðν;tÞ

��

×

8>><
>>:

1; ðtachyonÞ
2α0ϵ1 ·ϵ2ð 1

2πt−
1

ð2πÞ2∂
2
νGBðν;tÞÞ; ðgaugebosonÞ

ðζ1 ·wÞðζ2 ·wÞ− 2α0
ð2πÞ2ζ1 ·ζ2∂

2
νGBðν;tÞ; ðscalarÞ

;

ðA11Þ

where the factor ð2πÞ26δ26ðk1 þ k2Þ has been removed. The
overall coefficients will be fixed by comparing with the
corresponding field theory amplitudes.

2. Type II superstring amplitudes

In Type II string theory, we mainly consider a one-loop
amplitude for the open string stretched between a Dp-brane
and a Dp-brane, whose external states are transverse
scalars. In the Green-Schwarz formalism, the schematic
form of the amplitude is
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A ¼ ð2πÞ2
Z

∞

0

dt1

Z
∞

0

dt2

× STrðe−2πt1ðL0−1=2ÞV1e−2πt2ðL0−1=2ÞV2Þ; ðA12Þ

where L0 is given as

L0 ≔ LX
0 þ LS

0; LS
0 ≔

X
r≥1

2

rŜa−rŜ
a
r : ðA13Þ

We have used the fact that, for the Dp-Dp pair, it turns out
that Sa satisfy the NS boundary condition, as explained in
Appendix F.
The vertex operators for transverse scalars are given as

Vs ≔ cζs;I

�
∂σXI þ α0

2
SaγIμabS

bks;μ

�
eiks;μX

μ

����
τ¼σ¼0

; ðA14Þ

where the light cone components k� are set to zero. The
change in the relative sign compared to the one in Ref. [44]
comes from the T-duality as follows. As explained in
Sec. IVA, the vertex operators Vs above are obtained from
Eq. (4.4) by taking T-dualities along the transverse direc-
tions. For the fermionic fields Sa, this amounts to

Sa → ðγ⊥SÞa; γ⊥ ≔
Y
I

γI: ðA15Þ

See Appendix F. Then, the fermion bilinear term in Vs
becomes

SγIμS → Sðγ⊥ÞTγIμγ⊥S ¼ −SγIμS: ðA16Þ

The supertrace can be written as

q−1=2TrXðe−2πt1LX
0 ðζ1∂σXÞeik1X

× e−2πt1L
X
0 ðζ2∂σXÞeik2XÞSTrSðe−2πtLS

0 Þ

þ 1

4
ðα0Þ2q−1=2TrXðe−2πt1LX

0 eik1Xe−2πt1L
X
0 eik2XÞ

× STrSðe−2πt1LS
0ðζ1SγSk1Þeik1Xe−2πt2LS

0 ðζ2SγSk2Þeik2XÞ;
ðA17Þ

where we set c ¼ 1 for simplicity. This shows thatA can be
obtained from the tachyon amplitude and the scalar
amplitude in (A11) by multiplying traces for fermions
Sa. The necessary traces are given as

StrSðe−2πtLS
0 Þ ¼

Y∞
m¼1

ð1 − qm−1=2Þ8 ðA18Þ

and

StrSðe−2πt1LS
0ðζ1SγSk1Þeik1·Xe−2πt2LS

0 ðζ2SγSk2Þeik2·XÞ

¼ 4ζ1 · ζ2k2GFðν; tÞ2
Y∞
m¼1

ð1 − qm−1=2Þ8; ðA19Þ

where the function GFðν; tÞ is defined as

GFðν; tÞ ≔ −
1

2π
∂νðGBðν; tÞ − 2GBðν=2; t=2ÞÞ: ðA20Þ

This is the propagator for an NS fermion on the annulus.
This can be seen by rewriting GFðν; tÞ as

GFðν; tÞ ¼
X
m∈Z

e−πνqm=2

1 − e−2πνqm
: ðA21Þ

Due to the summation, GFðν; tÞ is periodic in ν with
period t.
Now, we obtain the amplitude as

A ∝ A1 þA2; ðA22Þ

where

A1 ¼ ð2πÞ2
Z

∞

0

Z
t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πr2t
ϑ01ð0; itÞ4
ηðitÞ12

× exp

�
−2α0k2

�
π
νðt − νÞ

t
þ GBðν; tÞ

��

×

�
ðζ1 · wÞðζ2 · wÞ −

2α0

ð2πÞ2 ∂
2
νGBðν; tÞ

�
; ðA23Þ

A2 ¼ ð2πÞ2
Z

∞

0

Z
t

0

dνð8π2α0tÞ−ðpþ1Þ=2e−2πr2t
ϑ01ð0; itÞ4
ηðitÞ12

× exp

�
−2α0k2

�
π
νðt − νÞ

t
þ GBðν; tÞ

��

× ðα0Þ2ζ1 · ζ2k2GFðν; tÞ2: ðA24Þ

APPENDIX B: MODULAR TRANSFORMATION

In this paper, we use various functions. To fix con-
ventions, we show their definitions in the following
appendix:

ηðτÞ ≔ q1=24
Y∞
m¼1

ð1 − qmÞ; ðB1Þ

ϑ00ðv; τÞ ≔
Y∞
m¼1

ð1 − qmÞð1þ zqm−1=2Þð1þ z−1qm−1=2Þ;

ðB2Þ
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ϑ01ðv; τÞ ≔
Y∞
m¼1

ð1 − qmÞð1 − zqm−1=2Þð1 − z−1qm−1=2Þ;

ðB3Þ

ϑ10ðv;τÞ≔ 2q1=8 cosπv
Y∞
m¼1

ð1−qmÞð1þ zqmÞð1þ z−1qmÞ;

ðB4Þ

ϑ11ðv;τÞ≔−2q1=8 sinπv
Y∞
m¼1

ð1−qmÞð1− zqmÞð1− z−1qmÞ;

ðB5Þ

where

q ≔ e2πiτ; z ≔ e2πiv: ðB6Þ

Various formulas for these can be found in Ref. [40].
We recall the definition of GBðν; tÞ, given as

GBðν; tÞ≔ log

�
ð1−e−2πνÞ

Y∞
m¼1

ð1−e−2πνqmÞð1−e2πνqmÞ
ð1−qmÞ2

�
;

τ¼ it:

ðB7Þ

We find that the right-hand side can be rewritten as

log

�
ð1 − e−2πνÞ

Y∞
m¼1

ð1 − e−2πνqmÞð1 − e2πνqmÞ
ð1 − qmÞ2

�

¼ log

�
ie−πν

ϑ11ðiν; itÞ
ηðitÞ3

�
: ðB8Þ

The modular transformation of GBðν; tÞ is therefore deter-
mined by the following transformation formulas:

ϑ11ðiν; itÞ ¼ is1=2eπν
2=tϑ11ðνs; isÞ;

ηðitÞ ¼ s1=2ηðisÞ; ðB9Þ

found in, e.g., Ref. [40], where s ¼ 1=t. We find

log

�
ie−πν

ϑ11ðiν; itÞ
ηðitÞ3

�
¼ log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

�

− πνþ πν2s: ðB10Þ

This implies that

π
νðt − νÞ

t
þ GBðν; tÞ ¼ log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

�
: ðB11Þ

It is useful to obtain the Fourier expansion of the right-
hand side of Eq. (B11). This is obtained as follows. We find

log

�
−
1

s
ϑ11ðνs;isÞ
ηðisÞ3

�
¼
X∞
m¼1

logð1−e2πiνsq̃mÞð1−e−2πiνsq̃mÞ

þ logð2sinπνsÞ

− log

�
s
Y∞
m¼1

ð1− q̃mÞ2
�
; ðB12Þ

where q̃ ≔ e−2πs. The first sum can be rewritten as

X∞
m¼1

logð1 − e2πiνsq̃mÞð1 − e−2πiνsq̃mÞ

¼ −2
X∞
m¼1

X∞
n¼1

1

n
q̃nm cosð2πnνsÞ

¼ −
X∞
n¼1

1

n
2q̃n

1 − q̃n
cosð2πnνsÞ: ðB13Þ

The second term can be similarly rewritten as

logð2 sin πνsÞ ¼ 1

2
logð1 − e2πiνsÞð1 − e−2πiνsÞ

¼ −
X∞
n¼1

1

n
cosð2πnνsÞ: ðB14Þ

Then, we obtain the desired formula

log

�
−
1

s
ϑ11ðνs; isÞ
ηðisÞ3

�
¼ −

X∞
n¼1

1

n
1þ q̃n

1 − q̃n
cosð2πnνsÞ

− log
�
s
Y∞
m¼1

ð1 − q̃mÞ2
�
: ðB15Þ

The Fourier expansion of GFðν; tÞ defined in Eq. (4.11) is
given by

GFðν; tÞ ¼ s
X∞
n¼1

1 − q̃n

1þ q̃n
sinð2πnνsÞ; ðB16Þ

which can be derived from Eqs. (B15), (B11), and (A20).

APPENDIX C: FIELD THEORY AMPLITUDES

In this appendix, we summarize various one-loop
amplitudes in quantum field theories which are discussed
in this paper.

1. Two-point amplitude for gauge bosons

For the Feynman diagram in Fig. 5(a), the two-point
amplitude of gauge fields in scalar QED is given by
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g2YM
2i

Z
dDp
ð2πÞD

4ðϵ1 · pÞðϵ2 · pÞ
ðp2 þm2Þððp − kÞ2 þm2Þ

¼ g2YM
2i

ϵμ1ϵ
ν
2ð2πÞ2

Z
∞

0

dτ1

Z
∞

0

dτ2

Z
dDp
ð2πÞD pμpν

× expð−2πτ1ðp2 þm2Þ − 2πτ2ððp − kÞ2 þm2ÞÞ

¼ g2YMϵ1 · ϵ2

Z
∞

0

dτ
Z

τ

0

dτ2ð8π2τÞ−D=2e−2πm
2τ

× exp

�
−2πk2

τ2ðτ − τ2Þ
τ

�
·
2π

τ
; ðC1Þ

where τ ≔ τ1 þ τ2. We introduce a UV cutoff for the τ
integral by the following replacement:

Z
∞

0

dτ ⇒
Z

∞

Λ−2
dτ: ðC2Þ

The other Feynman diagram in Fig. 5(b) corresponds to
the contact interaction, and the amplitude is

−
g2YM
i

Z
dDp
ð2πÞD

ϵ1 · ϵ2
p2þm2

¼ ig2YMϵ1 · ϵ2ð2πÞ
Z

∞

Λ−2
dτ

Z
dDp
ð2πÞD expð−2πτðp

2þm2ÞÞ

¼ g2YMϵ1 · ϵ2

Z
∞

Λ−2
dτð8π2τÞ−D=2e−2πm

2τ · ð−2πÞ: ðC3Þ

In the above expressions, the Schwinger parameters are
dimensionful. In order to compare with string amplitudes,
we define dimensionless parameters as

t ≔
τ

α0
; ν ≔

τ2
α0
: ðC4Þ

In terms of t and ν, the amplitudes become

α0g2YMϵ1 · ϵ2

Z
∞

Λ−2=α0
dt

Z
t

0

dνð8π2α0tÞ−D=2e−2πm
2α0t

× exp

�
−2πα0k2

νðt − νÞ
t

�
·
2π

t
; ðC5Þ

α0g2YMϵ1 · ϵ2

Z
∞

Λ−2=α0
dtð8π2α0tÞ−D=2e−2πm

2α0t · ð−2πÞ: ðC6Þ

2. Two-point amplitude for tachyons

The part of the action for the tachyons which is relevant
for the discussion in Sec. III is given by

S ¼
Z

dDxð−j∂μTj2 þ gT0jTj2 þ � � �Þ; ðC7Þ

where T0 is a real tachyon field coming from an open string
living on one D-brane, and T is a complex tachyon field
coming from the stretched open string between D-branes.
For the Feynman diagram in Fig. 6, the amplitude is

g2

i

Z
dDp
ð2πÞD

1

p2 þm2

1

ðp − kÞ2 þm2

¼ ð2πÞ2g2
Z

∞

Λ−2
dτ

Z
τ

0

dτ2ð8π2τÞ−D=2e−2πm
2τ

× exp

�
−2πk2

τ2ðτ − τ2Þ
τ

�
: ðC8Þ

In the rescaled variables, this becomes

ð2πÞ2g2ðα0Þ2
Z

∞

Λ−2=α0
dt

Z
t

0

dνð8π2α0tÞ−D=2e−2πm
2α0t

× exp

�
−2πα0k2

νðt − νÞ
t

�
: ðC9Þ

3. Two-point amplitude for transverse scalars

First, we need to specify the world volume effective
action for the Dp-Dp pair. For the case p ¼ 9, the relevant
part of the action is

(a) (b)

FIG. 5. Feynman diagrams for two-point, one-loop amplitudes
of gauge bosons in scalar QED. The wavy lines represent gauge
bosons, and the solid lines with arrows represent charged scalar
fields.

FIG. 6. The Feynman diagram for the two-point amplitude of
tachyons on a Dp-brane. The solid lines with arrows represent the
charged tachyon, and the thin solid lines represent the neutral
tachyon on a Dp-brane.
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S9 ¼
1

g2YM

Z
d10x

�
−
1

4
F2
MN −

1

4
F̄2
MN

− j∂MT − iðAM − ĀMÞTj2 −
1

2α0
jTj2 þ � � �

�
; ðC10Þ

where AM (ĀM) is the gauge field on the D9-brane
(D9-brane), and T is a tachyon coming from the open
string stretched between the D-branes. The D-brane system
for a lower p can be obtained via the T-duality. At the level
of the effective action, it amounts to performing the
dimensional reduction [50]. The part of the effective action
which is necessary to obtain a two-point amplitude for a
transverse scalar ϕ on the Dp-brane is

Sp ¼ 1

g2YM

Z
dpþ1x

�
−
1

2
ð∂μϕÞ2 −

1

2
ð∂μϕ̄Þ2

− ðϕ − ϕ̄Þ2jTj2 − 1

2α0
jTj2 þ � � �

�
; ðC11Þ

where ϕ̄ is another transverse scalar field on the D9-brane
corresponding to the same direction as ϕ.
Suppose that ϕ and ϕ̄ have vacuum expectation values ϕ0

and ϕ̄0, respectively. We have

ϕ ¼ ϕ0 þ φ; ϕ̄ ¼ ϕ̄0 þ φ̄: ðC12Þ

Then, the interaction vertices for the fluctuations φ; φ̄ are

ðϕ − ϕ̄Þ2jTj2 ¼ v2jTj2 þ 2vðφ − φ̄ÞjTj2
þ ðφ − φ̄Þ2jTj2; ðC13Þ

where v ≔ ϕ0 − ϕ̄0. In order to reproduce the correct
tachyon mass m2 ¼ ðr2 − 1

2
Þ=α0, we should take

v2 ¼ r2

α0
¼

�
l

2πα0

�
2

: ðC14Þ

Now, we calculate two-point amplitudes. The Feynman
diagram in Fig. 7(b) gives

−
g2YM
i

Z
dDp
ð2πÞD

1

p2 þm2

¼ g2YM

Z
∞

Λ−2
dτð8π2τÞ−D=2e−2πm

2τð−2πÞ: ðC15Þ

The other Feynman diagram in Fig. 7(a) gives

g2YM
2i

ð2vÞ2
Z

dDp
ð2πÞD

1

p2 þm2

1

ðp − kÞ2 þm2

¼ g2YM

Z
∞

Λ−2
dτ

Z
τ

0

dτ2ð8π2τÞ−D=2e−2πm
2τ

× exp

�
−2πk2

τ2ðτ − τ2Þ
τ

�
· 2ð2πÞ2v2: ðC16Þ

APPENDIX D: LEADING-ORDER TERMS
IN STRING AMPLITUDES

In this appendix, we evaluate the integral

Z
t

0

dν exp

�
−2α0k2

�
π
νðt − νÞ

t
þGBðν; tÞ

��

×
�
2π

t
− ∂

2
νGBðν; tÞ

�
; ðD1Þ

which appears in the two-point amplitude for the gauge
bosons discussed in Sec. II. As explained there, we can
make the replacement

GBðν; tÞ → G0
Bðν; tÞ

≔ logð1 − e−2πνÞ þ logð1 − e−2πðt−νÞÞ ðD2Þ

in the leading-order approximation.
We expand the integrand in k2 as

Z
t

0

dν

�
exp

�
−2πα0k2

νðt − νÞ
t

�
2π

t

− 2α0k2G0
Bðν; tÞ

2π

t
− ∂

2
νG0

Bðν; tÞ

þ 2α0k2
�
π
νðt − νÞ

t
þG0

Bðν; tÞ
�
∂
2
νG0

Bðν; tÞ
�

þOðk4Þ: ðD3Þ

(a) (b)

FIG. 7. Feynman diagrams for two-point amplitudes of trans-
verse scalars in the low-energy effective action of a brane-
antibrane pair. The dashed lines represent the transverse scalar,
and the solid lines with arrows represent the charged scalar. Note
that the coupling constant for (a) is given by v, defined
in Eq. (C14).

STRINGY THRESHOLD CORRECTIONS IN D-BRANE SYSTEMS PHYS. REV. D 107, 126014 (2023)

126014-23



The integral of the first term of the integrand can be
understood, without performing the ν integration, as the
gauge theory amplitude [Eq. (C5)], as explained in Sec. II.
We will evaluate the remaining integrals explicitly.
First, we considerZ

t

0

dνð−∂2νG0
Bðν; tÞÞ: ðD4Þ

Formally, we obtain

Z
t

0

dνð−∂2νG0
Bðν; tÞÞ ¼ −4π

X∞
n¼1

e−2πnν
����
ν¼t

ν¼0

; ðD5Þ

where we use the symmetry under the exchange of ν and
t − ν. Employing the zeta function regularization, we obtain

−4π
X∞
n¼1

e−2πnν
����
ν¼t

ν¼0

¼ −2π þOðqÞ: ðD6Þ

Next, we consider

−
4π

t
α0k2

Z
t

0

dνG0
Bðν; tÞ: ðD7Þ

This is a convergent integral. We obtain

−
4π

t
α0k2

Z
t

0

dνG0
Bðν; tÞ ¼ −

8π

t
α0k2

Z
t

0

dν logð1 − e−2πνÞ

¼ −
4

t
α0k2

X∞
n¼1

1

n2
e−2πnν

����
ν¼t

ν¼0

¼ 2π2

3t
α0k2 þOðt−1qÞ: ðD8Þ

The evaluation of the remaining integrals is a bit subtle.
We evaluate as follows:

2π

t
α0k2

Z
t

0

dν νðt − νÞ∂2νG0
Bðν; tÞ

¼ −
2ð2πÞ3

t
α0k2

X∞
n¼1

n
Z

t

0

dν νðt − νÞe−2πnν

¼ α0k2
X∞
n¼1

�
4

tn2
−
4π

n

�
þOðtqÞ

¼ 2π2

3t
α0k2 − 4πζð1Þα0k2 þOðtqÞ; ðD9Þ

2α0k2
Z

t

0

dνG0
Bðν; tÞ∂2νG0

Bðν; tÞ

¼ 4ð2πÞ2α0k2
X∞
m¼1

X∞
n¼1

n
m

Z
t

0

dνðe−2πmνþe−2πmðt−νÞÞe−2πnν

¼ 8πα0k2
X∞
m¼1

X∞
n¼1

n
mðnþmÞþOðqÞ: ðD10Þ

We evaluate the last sum as

X∞
m¼1

X∞
n¼1

n
mðnþmÞ ¼

X∞
n¼1

X∞
m¼1

�
1

m
−

1

mþ n

�

¼ ζð0Þζð1Þ −
X∞
N¼2

XN−1

n¼1

1

N

¼ −
1

2
ζð1Þ − ðζð0Þ − ζð1ÞÞ

¼ 1

2
ζð1Þ þ 1

2
: ðD11Þ

Using this, we finally obtain

2α0k2
Z

t

0

dν

�
π
νðt − νÞ

t
þ G0

Bðν; tÞ
�
∂
2
νG0

Bðν; tÞ

¼
�
2π2

3t
þ 4π

�
α0k2 þOðtqÞ: ðD12Þ

Note that the divergencies appearing as ζð1Þ in the middle of
the calculations cancel among them in the final expression.

APPENDIX E: BULK PROPAGATORS
AND STRINGY CORRECTIONS

In this paper, we use functions gDðρÞ to describe stringy
corrections. These are defined as

gDðρÞ ≔ 2π

Z
∞

0

dsð8π2sÞ−D=2 exp

�
−

ρ2

8πs
− 2πs

�
: ðE1Þ

This is related to the Green function GDðxÞ, which satisfies

ð−ΔD þm2ÞGDðxÞ ¼ δDðxÞ; ðE2Þ

where ΔD is the Laplacian in RD. This can be shown as
follows:

GDðxÞ ¼
Z

dDp
ð2πÞD

eipx

p2 þm2

¼ 2π

Z
∞

0

ds
Z

dDp
ð2πÞD eipx−2πðp2þm2Þs

¼ 2π

Z
∞

0

dsð8π2sÞ−D=2 exp

�
−

r2

8πs
− 2πm2s

�

¼ mD−2gDðmrÞ; ðE3Þ

where r ≔
ffiffiffiffiffi
x2

p
.

The explicit expression for gDðρÞ can be obtained from
this relation toGDðxÞ. SinceGDðxÞ is in fact a function of r,
Eq. (E2) for r > 0 is reduced to
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�
d2

dr2
þD − 1

r
d
dr

−m2

�
GD ¼ 0: ðE4Þ

Then, the function ϕDðrÞ ≔ rD=2−1GDðrÞ satisfies

d2ϕD

dρ2
þ 1

ρ

dϕD

dρ
−
�
1þ ðD

2
− 1Þ2
ρ2

�
ϕD ¼ 0; ðE5Þ

where ρ ≔ mr. Since ϕDðrÞ should decrease for large r, we
find that ϕDðrÞ is proportional to the modified Bessel
function KD=2−1ðρÞ. The proportionality constant is fixed
by comparing the saddle-point analysis of Eq. (E1) with the
asymptotic expansion of KD=2−1ðρÞ for large ρ. As a result,
we obtain

gDðρÞ ¼ ð2πÞ−D=2ρ1−D=2KD=2−1ðρÞ: ðE6Þ

In the calculations of the stringy corrections, gDðρÞ is
used in the following integral formula:

Z
∞

0

ds s−D=2e−2πr
2=se−2πns ¼ 1

2πn
ð8π2nÞD=2gDð4π

ffiffiffi
n

p
rÞ:

ðE7Þ

In addition, we use the following formulas:Z
∞

0

ds s−D=2e−2πr
2=s ¼ Γ

�
D
2
− 1

�
ð2πr2Þ1−D=2; ðE8Þ

Z
∞

0

ds s−D=2e−2πr
2=s log s

¼ d
dx

Z
∞

0

s−D=2þxe−2πr
2=s

����
x¼0

¼ Γ
�
D
2
− 1

��
logð2πr2Þ − ψ

�
D
2
− 1

��
ð2πr2Þ1−D=2;

ðE9Þ
where ψðxÞ is the digamma function.
By using these formulas for the mass shift in Eq. (4.27),

we obtain

Δm2ðrÞ ¼ −
ξ

α0

Z
∞

λ2
ds sðp−11Þ=2e−2πr2=s

ϑ10ð0; isÞ4
ηðisÞ12 ð2ð2πÞ2r2s−1 − 2πÞ

¼ −16
ξ

α0

Z
∞

λ2
ds sðp−11Þ=2e−2πr2=sð2ð2πÞ2r2s−1 − 2πÞ

−
ξ

α0
X∞
n¼1

cn

Z
∞

λ2
ds sðp−11Þ=2e−2πr2=se−2πnsð2ð2πÞ2r2s−1 − 2πÞ; ðE10Þ

where the coefficients cn are defined as

ϑ10ð0; isÞ4
ηðisÞ12 ¼ 16þ

X∞
n¼1

cnq̃n: ðE11Þ

The first integral gives Δm2
ð0ÞðrÞ. The other integrals can be

written in terms of gDðρÞ as
Z

∞

λ2
ds sðp−11Þ=2e−2πr2=se−2πnsð2ð2πÞ2r2s−1 − 2πÞ

¼ 1

n
ð8π2nÞð11−pÞ=2ð2πð4π ffiffiffi

n
p

rÞ2g13−pð4π
ffiffiffi
n

p
rÞ

− g11−pð4π
ffiffiffi
n

p
rÞÞ: ðE12Þ

APPENDIX F: BOUNDARY CONDITIONS
IN GREEN-SCHWARZ FORMALISM

In this appendix, we derive the boundary condition for an
open string attached to a Dp-brane. We discuss the case of
Type IIB string theory; the necessary modification for the
Type IIA case is evident. In this appendix, we assume that
xI directions for I ¼ 1; 2;…; 9 − p are transverse to the

Dp-brane. The supercharges conserved by the Dp-brane
are [46]

Qα þ ðβ⊥Q̃Þα; ðF1Þ

where

β⊥ ≔
Y9−p
I¼1

ΓΓI; Γ ≔ Γ0…Γ9: ðF2Þ

We rewrite these supercharges in terms of spinors and the
gamma matrices γi (i ¼ 1;…; 8) for Spin(8). We use the
following representation of the ten-dimensional gamma
matrices Γμ:

Γ0 ¼ ε ⊗ γ; Γi ¼ I2 ⊗ γi; Γ9 ¼ σ1 ⊗ γ; ðF3Þ

where

ε ≔ iσ2; γ ≔ γ1…γ8; ðF4Þ

and σ1, σ2 are the Pauli matrices. The explicit form of γi can
be found in Ref. [44].
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In this representation, the matrix β⊥ can be written as

β⊥ ¼ I2 ⊗ γðpÞ; γðpÞ ≔ ð−1Þð9−pÞ=2γ1…γ9−p: ðF5Þ

Note that p is odd in Type IIB string theory. We choose Qα

and Q̃α such that they satisfy

ΓQ ¼ Q; ΓQ̃ ¼ Q̃: ðF6Þ

Since we have Γ ¼ σ3 ⊗ γ, the conserved supercharges can
be written as

Qα þ ðβ⊥Q̃Þα ¼

2
6664
Qa þ γðpÞab Q̃b

0

0

Q _a þ γðpÞ
_a _b
Q̃ _b

3
7775: ðF7Þ

The world sheet action [Eq. (4.1)] is invariant under the
dynamical supersymmetry

δXi ¼ 2ffiffiffiffiffiffiffiffiffi
2pþp γia _aϵ̄

_aSa;

δSa ¼ −
i

2α0
ffiffiffiffiffiffiffiffiffi
2pþp ραϵ _a∂αXiγia _a; ðF8Þ

as well as the kinematical supersymmetry

δXi ¼ 0; δSa ¼
ffiffiffiffiffiffiffiffiffi
2pþp

ηa: ðF9Þ

The corresponding supercurrents are

�Jα_a
J̃α_a

�
∝ ρβρα

�
Sa

S̃a

�
γia _a∂βX

i;

�
Jαa
J̃αa

�
∝ ρ0ρα

�
Sa
S̃a

�
; ðF10Þ

where ρ0 ≔ σ2 and ρ1 ≔ iσ1. The overall constants are
not important in what follows. The supercharges are
obtained as

Q _a ¼
Z

π

0

dσ J0_a; Qa ¼
Z

π

0

dσ J0a; ðF11Þ

and similarly for Q̃ _a and Q̃a.
We require that the supercharges Q _a þ γðpÞ

_a _b
Q̃ _b be con-

served in the world sheet theory. The conservation law
implies

d
dτ

ðQ _a þ γðpÞ
_a _b
Q̃ _bÞ ¼ ðJ1_a þ γðpÞ

_a _b
J̃1_bÞjσ¼π

− ðJ1_a þ γðpÞ
_a _b
J̃1_bÞjσ¼0: ðF12Þ

The linear combination J1_a þ γðpÞ
_a _b
J̃1_b at, say, σ ¼ 0, can be

written as

J1_a þ γðpÞ
_a _b
J̃1_b ∝ γl_aa∂τX

lðSa − γðpÞab S̃bÞ
− γI_aa∂σX

IðSa − γðpÞab S̃bÞ; ðF13Þ

where l ¼ 9 − pþ 1;…; 8 labels the directions parallel to
the Dp-brane other than the light cone directions. We have
used the Neumann/Dirichlet boundary conditions for Xi.
This implies that the boundary condition for the open string
attached to the Dp-brane at σ ¼ 0 is

Sa ¼ γðpÞab S̃b ðF14Þ

at the end point. The same condition ensures that the other

half, Qa þ γðpÞab Q̃b, is also conserved.
In Sec. IV, we consider an open string stretched between

a Dp-brane and a Dp-brane which are parallel to each
other. To be more specific, we assume that the open string is
attached to the Dp-brane at σ ¼ 0, and to the Dp-brane at
σ ¼ π. In this case, the boundary condition for this open
string is

Saðτ; 0Þ ¼ γðpÞab S̃bðτ; 0Þ;
Saðτ; πÞ ¼ −γðpÞab S̃bðτ; πÞ: ðF15Þ

In the quantization, we use the doubling trick with this
boundary condition taken into account. As usual, the
equations of motion imply

Saðτ; σÞ ¼ Saðτ − σÞ; S̃aðτ; σÞ ¼ S̃aðτ þ σÞ: ðF16Þ

We can extend Saðτ; σÞ to the range −π ≤ σ ≤ 0 by

Saðτ; σÞ ¼ γðpÞab S̃bðτ;−σÞ: ðF17Þ

This respects the boundary condition at σ ¼ 0. At σ ¼ π,
we find

Saðτ; πÞ ¼ −γðpÞab S̃bðτ; πÞ ¼ −Saðτ;−πÞ: ðF18Þ

This implies that the fermionic fields Sa for the open string
under consideration obey the antiperiodic or NS boundary
condition.

APPENDIX G: WAVE FUNCTION
RENORMALIZATION FROM DBI ACTION

In this appendix, we show a calculation based on Type II
supergravity and DBI action for a Dp-brane which corre-
sponds to the one-loop wave function renormalization for
massless fields on the Dp-brane.
First, we recall the calculation of the effective potential

for a pair of Dp-branes [46]; see also Ref. [51]. We
calculate the tree amplitudes for the exchange of massless
bulk fields between the Dp-branes. The coupling vertices
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of the Dp-brane and the bulk fields are determined from
DBI action:

Sp ¼ −Tp

Z
dpþ1ξe−Φ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgþ Bþ 2πα0FÞ

p
: ðG1Þ

From this, we obtain

Graviton coupling∶ −
1

2
Tpη

μν;

Dilaton coupling∶ −
p − 3

4
Tp ðG2Þ

by expanding Sp in terms of the fluctuations of gμν and Φ
around the flat background with the vanishing vacuum
expectation value for Φ. The B-field does not couple
directly to the Dp-brane, and therefore it is not relevant
for the effective potential. The couplings to R-R fields are
crucial. However, for the calculations corresponding to the
wave function renormalization, those couplings do not
contribute, as we will explain below.
The couplings in Eq. (G2) do not depend on the

derivative of the fields on the Dp-brane. As a result, the
exchange amplitudes give an effective potential which does
not include derivatives. On the other hand, the wave
function renormalization comes from Oðk2Þ terms in the
one-loop amplitudes. The corresponding exchange ampli-
tude is depicted in Fig. 4. To obtain such exchange
amplitudes, we need to employ coupling vertices including
two world volume fields, two derivatives, and one bulk
field, derived from DBI action [Eq. (G1)].

1. Gauge fields

As a warmup, let us consider the wave function renorm-
alization for gauge fields. As in Sec. IV B, we consider a
Dp-Dp pair and the gauge fields are propagating on the
Dp-brane. We find that the coupling vertices for the Dp-
brane are

Graviton coupling∶ − ðπα0Þ2Tp

�
−2Fμ

αFνα þ 1

2
ημνF2

�
;

ðG3Þ

Dilaton coupling∶ −
p − 7

4
ðπα0Þ2TpF2: ðG4Þ

For the Dp-brane, we choose Eq. (G2).
The couplings of R-R fields to the Dp-brane are given by

the Chern-Simons-like terms [46]

SCS ¼ iμp

Z
expðBþ 2πα0FÞ ∧ X

q

Cq ðG5Þ

added to Eq. (G1). More precisely, there are also couplings
to the curvature [52,53]. The Dp-brane couples to (pþ 1)-
form field Cpþ1 via a nonderivative coupling. We also need
coupling vertices including two world volume gauge fields

and two derivatives in our calculation of the wave function
renormalization. However, such terms only allow the
couplings of the Dp-brane to (p − 3)-form field Cp−3.
Then, neither Cpþ1 nor Cp−3 propagates in the amplitude
for Fig. 4. Therefore, the R-R fields do not contribute to the
wave function renormalization.
Note that the irrelevanceof theR-R fields in our calculation

actually implies what the resulting amplitude should be.
Namely, no propagation of R-R fields means that the R-R
charges of the D-branes are irrelevant. Therefore, the ampli-
tude forDp-Dp pair should be the same as the amplitude for a
pair of Dp-branes. Since the string one-loop amplitude on
Bogomol'nyi–Prasad–Sommerfield Dp-branes vanishes, the
exchange amplitudes for a Dp-Dp pair at the level of
supergravity should also vanish.
This can be checked explicitly by using the coupling

vertices obtained above and the propagators

Graviton∶
�
ηMKηNL þ ηMLηNK −

1

4
ηMNηKL

�
ΔðxÞ; ðG6Þ

Dilaton∶ΔðxÞ; ðG7Þ

where M, N etc., run from 0 to 9, and ΔðxÞ is the
propagator of a scalar field in ten dimensions. The graviton
exchange is given by

− ðπα0Þ2Tp

�
−2Fμ

αFνα þ 1

2
ημνF2

�

×

�
ημρηνσ þ ημσηνρ −

1

4
ημνηρσ

�
ΔðxÞ

�
−
1

2
Tpη

ρσ

�

¼ −
ðp − 3Þðp − 7Þ

16
ðπα0Þ2T2

pΔðxÞF2: ðG8Þ

The dilaton exchange is given by

ðp − 3Þðp − 7Þ
16

ðπα0Þ2T2
pΔðxÞF2: ðG9Þ

We find that the amplitudes cancel completely, as expected.

2. Transverse scalars

Next, we consider the wave function renormalization for
transverse scalars ϕk, where k runs from pþ 1 to 9. For this
purpose, we need coupling vertices for ϕk and the bulk
fields, but it is not apparent in the action [Eq. (G1)]. It
becomes explicit if we recall that the metric g in Eq. (G1) is
in fact the induced metric on the Dp-brane. This means that
we should replace g with

gμν þ ∂μϕ
k
∂νϕ

lhkl; ðG10Þ

where hkl are the components of the target space metric for
transverse directions. Therefore, the coupling vertices
relevant for our calculation are obtained from
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−
1

2
Tp

Z
dpþ1ξe−Φ

ffiffiffiffiffiffi
−g

p
gμν∂μϕk

∂νϕ
lhkl; ðG11Þ

which is obtained by expanding Eq. (G1). Note that the hkl
are also propagating, although they do not couple to the
Dp-brane, since the graviton propagator [Eq. (G6)] allows
the mixing of hkl and gμν. We obtain the following coupling
vertices:

Graviton gμν∶
1

2
Tpð∂μϕk

∂
νϕk −

1

2
ημνð∂ϕÞ2Þ; ðG12Þ

Graviton hkl∶ −
1

2
Tp∂μϕ

k
∂
μϕl; ðG13Þ

Dilaton∶ −
p − 3

8
Tpð∂ϕÞ2: ðG14Þ

Now, we can calculate the exchange amplitudes. The
exchange of gμν is given by

1

2
Tp

�
∂
μϕk

∂
νϕk−

1

2
ημνð∂ϕÞ2

��
ημρηνσþημσηνρ−

1

4
ημνηρσ

�

×ΔðxÞ
�
−
1

2
Tpη

ρσ

�
¼−

ðp−7Þðp−1Þ
32

T2
pΔðxÞð∂ϕÞ2:

ðG15Þ

The mixing of gμν and hkl gives

−
1

2
Tp∂μϕ

k
∂
μϕl

�
−
1

4
δklηρσ

�
ΔðxÞ

�
−
1

2
Tpη

ρσ

�

¼ −
pþ 1

16
T2
pΔðxÞð∂ϕÞ2: ðG16Þ

The dilaton exchange is given by

ðp − 3Þ2
32

T2
pΔðxÞð∂ϕÞ2: ðG17Þ

These three contributions cancel among themselves com-
pletely, as expected.

APPENDIX H: A MODIFIED SETUP
IN TYPE II STRING THEORY

In this appendix, we consider modifications of the
D-brane setup discussed in Sec. IV B. We put the
Dp-Dp pair on a cylinder, as in Fig. 8. For this setup,
we need to take into account the windings of the stretched
string. Let w be the winding number of the string. The zero-
mode contribution to L0 from the string tension becomes

1

4π2α0
ðl2þðRθþ2πRwÞ2Þ¼ r2þR2

α0
w2þR2θ

πα0
wþ R2θ2

4π2α0
;

ðH1Þ

where R is the radius of the S1 direction. Then, the mass
shift in this setup is obtained from (4.27) by inserting

X
w∈Z

exp

�
−2πt

�
R2

α0
w2 þ R2θ

πα0
wþ R2θ2

4π2α0

��

¼ exp

�
−
R2θ2

2πα0
t

�
ϑ00

�
i
R2θ

πα0
t; i

2R2

α0
t

�
ðH2Þ

into the integral.
Recall that a hierarchical mass spectrum is realized when

there are no contributions from massless closed string
exchanges in Eq. (4.27). In order to examine the masses of
the closed string modes, we perform the modular trans-
formation for the right-hand side of Eq. (H2). As a result,
we obtain

ffiffiffiffiffiffiffiffi
α0s
2R2

r
ϑ00

�
θ

2π
; i

α0

2R2
s

�

¼
ffiffiffiffiffiffiffiffi
α0s
2R2

r X
m∈Z

eimθ exp

�
−
πα0

2R2
m2s

�
: ðH3Þ

Since the m ¼ 0 term gives the massless closed string
modes, the mass spectrum in this D-brane setup is not
hierarchical.
Note that there are phases eimθ in the sum. The origin of

these phases can be understood more easily in the T-dual
setup, depicted in Fig. 9. In this setup, stretched strings can
no longer wind around S1. Instead, they can have KK
momentum along the S1. The angle θ describing the
relative position of the D-branes in the S1 direction is
encoded in the T-dual setup into the Wilson line on the

FIG. 9. The T-dual setup. The thick solid line on the left
represents the Dðpþ 1Þ-brane, and the right one represents the
Dðpþ 1Þ-brane. The solid line in the middle represents a
stretched string which can move along the S1 direction.

FIG. 8. Schematic picture of the target space-time considered in
Appendix H. The open circle represents a Dp-brane, and the
closed circle represents a Dp-brane, both localized in the cylinder
directions. The solid lines connecting two circles represent open
strings stretched between two D-branes with thewinding numbers
0 and 1. The relative angle between the D-branes is denoted by θ.
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Dðpþ 1Þ-brane. As a string state with a non-zero KK
momentum goes around the S1, the end point of the string
attached to the Dðpþ 1Þ-brane receives a holonomy. This
is the phase appearing the sum (H3).
It is curious to ask what happens when similar phases are

introduced in the sum over winding numbers for Fig. 8. If
this is justified, then the theta function we should insert into
Δm2ðrÞ becomes

X
w∈Z

eiφw exp

�
−2π

R2

α0
w2t

�
¼ ϑ00

�
φ

2π
; i
2R2

α0
t

�
; ðH4Þ

where we have set θ ¼ 0 for simplicity. The modular
transformation of this theta function gives

ffiffiffiffiffiffiffiffi
α0s
2R2

r
exp

�
−
α0φ2

8πR2
s

�
ϑ00

�
−i

α0φ
4πR2

s; i
α0

2R2
s

�

¼
ffiffiffiffiffiffiffiffi
α0s
2R2

r X
m∈Z

exp

�
−
πα0

2R2

�
m −

φ

2π

�
2

s

�
: ðH5Þ

This shows that the KK momenta of the closed string
modes are nonzero for generic φ. In particular, there are

no massless closed string states exchanged between the
Dp-branes, resulting in a hierarchical mass spectrum on the
D-brane for general p. Possibilities of inserting phases in
the topological sum are discussed in Ref. [54]. Indeed, the
resulting sum looks quite similar to the one we obtain for
the θ vacuum in Yang-Mills theory in the large-N limit [55].
It is known [40] that winding numbers may produce

phases when a constant B-field is introduced as a back-
ground. Recall that the dependence of the world sheet
action on the B-field is proportional to

i
Z

d2σ∂τXμ
∂σXνBμν: ðH6Þ

This shows that, in order to produce nontrivial phases
depending on the winding number, we also need a KK
momentum along a perpendicular direction such that the
above integral becomes nonvanishing. Then, we should
consider the setup in Fig. 9 rather than the one in Fig. 8. We
find that the theta function for Fig. 9 with a constant B-field
turns out to be of the form of Eq. (H3), with θ given by the
B-field, not of the form of Eq. (H5). We conclude that the
desired phases cannot be introduced in this manner.
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