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The conflicts between quantum mechanics and general relativity have inspired people to search for
quantum theories of gravity. If gravitons, as predicted by such theories, exist, it is natural to ask the
following questions: Can gravitons carry quantized orbital angular momentum (OAM)? Can they be
entangled with each other and with other particles in high-dimensional states? Here we answer these
questions by studying the phenomenon of twisting and entangling gravitons in high-dimensional OAM

states by possible photon-graviton conversion. The quantum aspect of this phenomenon indicates
entanglement oscillation between photons, gravitons, and their hybrids and may lead to the potential
development of high-dimensional gravitational wave (GW) communications. In addition, we investigate

the phenomenon that photons in the early Universe may be imprinted with OAM information from plasma
vortices and turned into OAM gravitons by the presence of possible strong magnetic fields. The resultant
OAM GW may exist in the current Universe and provide a novel way of studying the plasma vortex

structure in the early Universe.

DOI: 10.1103/PhysRevD.107.125027

I. INTRODUCTION

Quantum mechanics and general relativity are the two
foundations of modern physics. However, they are still not
unified in a coherent theory since a fully successful theory
of quantum gravity has not yet been developed [1,2]. There
are many candidate theories, among which are superstring
theory and loop quantum gravity. Yet none of them have
been tested in laboratories. Meanwhile, we could study the
problem in other ways, e.g., by the similarities between
electromagnetism and gravitation, and we will be inspired
to ask the following questions: If gravitational waves
(GWs) can be quantized in the form of gravitons, can they
carry quantized orbital angular momentum (OAM)? Can
they be entangled with each other and with other particles
in the OAM space? Can they reflect some aspects of the
early Universe? The answers will be of fundamental
importance for understanding the nature of the early
Universe as well as for future GW-based OAM quantum
communications.

It is well known that the total photon angular momentum
can be separated into two components: the spin angular
momentum (SAM), which is connected to the polarization,
and orbital angular momentum (OAM), which is related to
the field spatial distribution. Since Allen et al first
proposed the OAM of light in 1992, it has received a
significant amount of attention and the findings of inves-
tigations that followed have ushered in a new age of
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modern optics [3—14]. We will describe OAM beams by
using the Laguerre-Gaussian (LG) modes, which in cylin-
drical coordinates are given by

LG,_p(x;k):i(@ylL',i'( 2 >

w(z) \w(z) w?(z)

—r? ikr?
—+4ilp+—+iD(2) |, 1
xexp(wz(z)—i—z ¢+2R(Z)+l (Z)) (1)
where N = ﬁ is the normalization constant,

r=+/x*+y*, ¢ = arctan(y/x), w(z) = wo\/1+ (z/2g)*
with w being the waist radius and zz = kwj3/2 being the
Rayleigh range, R(z) = z[l + (zz/z)?] is the curvature
radius of the wave fronts, ®(z) =—(|/|+2p+1)
arctan(z/zg) is the Gouy phase, k is the wave number,

and L‘,f‘ (x) is the associated Laguerre polynomials. The
radial index p =0, 1,2, ... indicates the number of radial
nodes of the mode, while the azimuthal index [ =
0,£1,4£2,... corresponds to the topological charge. It
can be shown that the azimuthal index [ represents the
amount of orbital angular momentum carried by each
photon in that mode. Some researchers have studied
GWs with orbital angular momentum [15-17]. In this
paper, we will investigate the OAM GWs from the
perspective of photon-graviton conversion in a strong
magnetic field, which is analogous to the photon-axion
conversion [18-21]. Here, the process is generalized to
include the OAM photon-graviton conversion.
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If gravitational fields can be quantized, then they can
support the entanglement transferred from photons and we
can verify the entanglement once the gravitons are con-
verted back to photons. This process results in the entan-
glement oscillation between photons, gravitons, and their
hybrids, and holds promise for high-dimensional GW
communications. In addition, the conversion may indicate
the traces of plasma vortex structure in the early Universe.
In the radiation-dominated era, the Universe is filled with a
hot dense plasma composed of nuclei, electrons, and
photons. Earlier epochs of the Universe may have caused
enormous changes in plasma density and current, according
to some studies [22,23]. Plasma vortices could exist in that
period due to, for example, primordial black holes [24,25].
Meanwhile, there are studies showing the exchange of
angular momentum between a light beam and a plasma
vortex and demonstrating the possible excitation of photon
angular momentum states in plasma [26,27]. If there exist
strong magnetic fields in that epoch, photon beams with
OAM might have been transformed into OAM gravitons
and left a trace in the current Universe. We may be able to
infer the plasma vortex structure in the early Universe by
detecting those GWs.

Unless otherwise specified, geometrized units with
¢ =G =1 are used. The signature of metrics will be
chosen as (—,+,+, +). The following conventions apply
to indices: all Greek indices run in {0, 1,2,3}, whereas
Latin indices run in {1, 2, 3}. Throughout this paper, x or x*
stand for the four position vector (x°, x', x2,x%), x for its
spatial components (x!,x?,x%) and x, for the spatial
transverse components (x!, x?).

II. OAM PHOTON-GRAVITON CONVERSION
AND TWISTING GRAVITONS

In this section, we review and generalize the theory that
shows how photons and gravitons are coupled together in
the presence of a strong magnetic field [18-21] and show
that the gravitons can be twisted into the same OAM states
as the OAM photons can. We choose the Minkowski
spacetime as the background metric and start from the
Einstein-Hilbert action,

Slgpen Ay = /d4x\/“( R—lFﬂvF) 2)

where ¢ is the determinant of the metric tensor, R is
the Ricci scalar, k = 8z, and F,, = J,A, — 9d,A, are the
electromagnetic fields. Under the weak gravitational field
assumption, we can express the metric tensor as g,, =
Ny + My, with by, being the metric fluctuations and vary
the action with respect to £, to the first-order of fluctua-
tions. Thus, we obtain the equations of motion (EOM) for
gravitons, i.e., the linearized Einstein field equations,

Ohy, = (=07 +V*)h,, = =2«T,,,. (3)

where T, = 56,,8°(E,E, + B,B,) — E,E, — B,B, is the
energy—momentum tensor for the EM fields. Since there
are gauge freedoms in h,, and T,,, we will choose the
transverse-traceless (TT) gauge, hg, = h'; = 0'h;; =0,
for the gravitational fields and the radiation gauge,
Ay = 0'A; = 0, for the EM fields.

Now let us consider an OAM light beam propagating
along the z axis and there is a strong background mag-

netic field which points at the x axis. The total four-
potential can be written as A, = A, +A,, where A4, =
(0,0,0, Byy) is the background magnetic field and Aﬂ =
(0.B,LG, ,(x)e* =) [k, —B, LG, ,(x)e™ =% /k,0) is the
OAM light field. By Fourier-transforming the energy-
momentum tensor 7';; of the EM field to the momentum
space, and applying the TT-projection operators Afjl (k) on
Ty (k) to obtain its TT components T(-TT> (k), such that
T (k) =AH (k)T (k), where Al <k> P (k)P (k) —
P;;(K)Py(k)/2,and P;;(k) = &;; — ]/|k|2, we find that

) 1
70" = LG, ,(x)e*(—) [—i +2
—ByB, —ByB, 1
X 0 0%y + —LGZ2
—B()By B()Bx k P
1
x 0,(InLG, ,(x)) [—z + ﬁaz(ln LG,J,(X))]
B2 —B? -2B.B,
x| : (4)
-2B,B, B2-B:
where i, j =1, 2.

Meanwhile, in the TT gauge, the metric fluctuations are
given by

0, 1n LGLP(X):|

(X) e2ik(t=2)

0 0 0 0

N RN
W 0 e e 0|

0 0 0 0

where the + and x symbols in the subscripts are related to
the + and x polarizations of GWs, respectively. Given the
large magnitude of k, the linearized Einstein field equations
can be approximately solved by

h, (x") = kByB,zk'LG; ,(x)e*(=2), (6)
hy (%) = kByB,zk™'LG ,(x) e’ (=2 (7)

The results show that the linearized Einstein field equations
guarantee that the GWs can be twisted with OAM similar to
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those of photons and that photons can only transform into
gravitons with the same modes, i.e., frequencies k, OAM
indices / and p, and polarizations as will be discussed later.
We note that the graviton amplitude is regulated by a
function f(z) = kByz. Since we have not considered the
back action from gravitons, it will explode to infinity
as z — oo.

Similarly, we can vary the Einstein-Hilbert action with
respect to A, to derive the EOMs for photons,

OA; = —e/3B0;h ", (8)

where €/* is the Levi-Civita symbol. Note we have used the
TT gauge and the radiation gauge, and the fact that the
strength of the background magnetic field B is strong. A
similar analysis gives the same result that gravitons can
transform into photons with the same mode. Consequently,
only photons and gravitons with the same mode are
coupled together.

We now show that only photons and gravitons with the
same polarization are coupled. Let the EM wave field be
A= (O,Al,Az, 0), and the static magnetic field be
B =(0,B,,B,,0). So the energy-momentum tensor is
given by

Tll — —T22 = Bza3A1 + B103A27 (9)
T12 = T21 = B203A2 - Bla:%Al' (10)

We can define A, = (B? + B3)~'/?(B,A, + B|A,), A, =
(B2 + B3)"'/?(=B,A, + B,A,). The EOMs for photons
and gravitons will be written as
|:|14}L = Ba:;h/{, Dl’ll = —2KB()3A1, (11)
with B = \/B? + B3 being the strength of the static
background magnetic field, and 1 = + or X being the
polarizations. Therefore, the gravitational fluctuations are
only coupled to the EM fields with the same polarization.
Now we consider the EOMs for photons and gravitons
together. Since we have shown that only the same mode
photons and gravitons are coupled, we can choose a single
mode and assume A; = a;(z)LG;,(x)e* (=% and h; =
B(z)LG, ,(x)e* =) where a,(z) and f3,(z) are regulation
functions and A is the polarization. Under the paraxial
approximation for LG mode functions and using the fact
that the magnitude of k is large, we can derive

[(iBKLG,., (x)— BOsLGy., (x))I + M) (Zg) —0, (12)

with I being an identity matrix, M = (_%‘/[2 %?), and
M] = —BLGLP(X), M2 = l-kLGl,p(X)/K— (%LGLP(X)/K.

Since only terms with LG mode functions dominate the

equations, and we assume initially we only have photons,
i.e., a;(0) = 1 and $3,(0) = 0, then @,(z) and f3,(z) can be
solved to be a;(z) = cos(I'z), and f,(z) = —v/2«sin(I'z),
where I' = Bk(B + \/2/_1</’<)‘1 is the oscillating frequency.
Therefore

Ay(x*) = cos(I'z)LG, , (x)e(=3), (13)

hy(x) = =2k sin(Tz)LG, , (x)e =2 (14)

The results indicate that the OAM photon-graviton con-
version oscillates at the frequency of I'. In our analysis, we
have not considered fluctuations in the background mag-
netic fields. However, from the definition of I', we know
that the fluctuations of the background magnetic fields only
affect the conversion rates in the process. Also, from
Egs. (13) and (14), the conservation of energy and orbital
angular momentum is ensured, and the high-dimensional
quantum states are merely transferred between photons and
gravitons. Therefore, no decoherence and entanglement
degradation will happen in our analysis. It appears that all
OAM modes oscillate at the same frequency. In fact, there
should be some minor differences between different modes,
but we only keep the dominant terms. The curve for I' is
shown in Fig. 1 where the wavelength of the photon is set to
700 nm. If B > +/2/kk, then I" ~ k. For A = 700 nm, this
will require B > 10T Current studies show that heavy-
ion collision experiments can produce very strong magnetic
fields, which are estimated to be B ~yZeb/R> for a
collision of two ions of radius R with electric charge
Ze, at impact parameter b and y = VSnn/(2my) is the
Lorentz factor [28-32]. It can reach 10'° T at Au-Au
collisions at /s = 200 GeV and 10'® T at Pb-Pb collision
at /s = 2.76 TeV. Still, it is a long step before we can
verify the OAM photon-graviton conversion at the lab
even if we extend the light wavelength and raise the

collision energy. On the other hand, if B < \/2/«xk, then
1022 [ 1 1
1076}
T 1010F
=
~  10*
102
10-8 L L L
10® 10° 101° 102° 10
B (T)
FIG. 1. The curve for I" where the wavelength of the photon is

set to 700 nm.
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I' ~ \/k/2B. This may signify some observable phenom-
ena. For example, a light may be imprinted with OAM
information when it passes close to a Kerr black hole,
which drags and intermixes its surrounding space and time,
deflecting and phase modifying the light in its vicin-
ity [33,34]. A part of the OAM light will be turned into
twisted GWs if it travels near a magnetar, which may have
an extremely powerful magnetic field (about 10° to
10" T). In some other cases where a magnetic field
extends for a large range, the OAM photons may also
be converted into OAM gravitons when passing through it.
Numerically, a magnetic field with a strength of B~ 1T
and a range of D~ 1001y can induce significant
conversion.

III. ENTANGLING THE GRAVITONS
AND HIGH-DIMENSIONAL
ENTANGLEMENT OSCILLATIONS

The phenomenon of quantum entanglement is often
regarded as the most nonclassical feature of quantum
theory [35-39]. If gravitational fields can be quantized
in the form of gravitons, as many physicists believe, then
they should be able to convey quantum entanglements in
the same way that other quantum field theories do. The
OAM photon-graviton conversion might enable the crea-
tion of entanglements between photons, gravitons, and their
hybrids.

Let us define |/, p.z), = [d*Xx LG, ,(x)e*=9|x )
1,p.2), = V2 [dx LG, ,(x)e*=I|x ) being
the spatial decomposition of OAM photon states and
OAM graviton states, respectively. Suppose initially we
send two entangled OAM photon beams, |y (0)) =
>oipCipllops0),,|=1,p,0),,, where in the subscript we
will use y; and g; to represent a photon state or a graviton
state for the ith particle, respectively. Each beam will pass
through a strong magnetic field to convert its OAM photons
into OAM gravitons. Then at the distance z, the state will
become

and

|U/(Z>> = CU},},|!//(Z>>W + wggll//(z»gg + a)yg|W(Z)>yg
+ gl (z)), (15)

with ®,, = cos(I'yz) cos(I'z), @y, = sin(T'z) sin(I,z),
w,, = —cos(I'z) sin(I',z), wg, = —sin(l';z) cos(I',2)
being the weight coefficients, and

W (@)= _cipll.p.2a|=1.p.2)y,.  (16)

Lp

where a,b = {y,g} and I'; being the oscillation frequ-
ency for each magnetic field. The states |y(z)),, and
ly(z)),, describe the entanglements between photons

and that between gravitons, respectively, while [y (z)),,

(units of 7/(2T1))

FIG. 2. Oscillation behaviors among entanglements shared by
OAM photons, OAM gravitons, and hybrid entanglements
of them.

and |y(z)),, represent the hybrid entanglement between the
photon y; and the graviton g, and that between the photon
7, and the graviton g;, respectively. We can see that the
entanglements are oscillating between photons, gravitons,
and their hybrids. Figure 2 depicts the intensities for
different entanglements shared by OAM photons, OAM
gravitons, and hybrid entanglements shared by them,

This quantum aspect of OAM photon-graviton conversion
may lead to high-dimensional GW communications. Since
OAM light is severely affected by turbulence [40—44], it is
difficult to establish long-distance communications with
OAM light. However, this deterioration may be avoided
by first converting OAM light into OAM GWs, then trans-
mitting the OAM gravitons to receivers, and then decoding
the information by converting OAM gravitons back into
OAM photons. This may be feasible with the development of
future heavy-ion collision experiments.

IV. FOOTPRINTS OF PLASMA VORTEX
STRUCTURE IN THE EARLY UNIVERSE

Since the interaction of GWs with matter is so minute,
they directly carry information on their generation and the
global evolution history of the Universe. As a result, the
stochastic GW background provides us with invaluable
opportunities to access various early Universe processes.
There are many potential origins of GWs in the early
Universe, including inflation, first-order phase transition,
preheating after inflation, topological defects, etc. Also
mentioned are several astrophysical sources, such as
compact object binaries, stellar core collapse, r-mode
instability of neutron stars, magnetars [45], etc. Here, we
focus on the OAM photon-graviton conversion process in
the early Universe. In the radiation-dominated era, the
Universe was comprised of a hot dense plasma of nuclei,
electrons, and photons. It has been hypothesized that the
earlier epochs of the Universe had effects that could cause
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large fluctuations in plasma density and current [22,23].
Some studies show that plasma vortices could form as a
result of, for example, primordial black holes [24,25]. We
now study the traces of these plasma vortices from the
perspective of OAM photon-graviton conversion.

We consider a nonrotating plasma vortex, where the
electric fields are screened by the thermal plasma, and
adopt the definitions of mean electron density and velocity
by [26,27] n = ny + fi(r, z) cos(logp + qoz), Vv = vy + 6V,
where ny and v, are the background plasma conditions,
n(r,z) cos(lpp + goz) is the plasma helix vortex density
perturbation, v is the velocity perturbation induced by the
EM waves. The current in the plasma, J = —enyv, satisfies
the electron fluid equations,

om+V-nv=0, (17)

0v+v-Vv=—(E+vxB)/m. (18)
Since the timescale of the process is less than the Hubble
time, we ignore the expansion of the Universe and work
with the Minkowski background [18].

We generalize the Einstein-Hilbert action to include a
current term,

S[gper Au) = /d4x\/_( R—lF"”F j,,Aﬂ), (19)

where j* is the four-current. To keep the action
gauge invariant, the current source should satisfy

d,(\/|—glj*)=0. We can vary the action with respect to
A, to derive new EOMs for photons,

(O - w2)A; = —BB;0sh ", (20)

where @}, = w3 (1 +e(r,z)) is the perturbed plasma

P
frequency, w3, = e*ny/m, is the frequency without fluc-
tuations, and e(r, z) = 7i(r, z) cos(logp + goz)/ny repre-
sents the perturbations.

Assume initially, the photons have no OAM, and mode
coupling is sufficiently weak such that the zero OAM mode
is dominant over the entire interaction region. Then it
has been shown that we can mainly consider the mode
coupling between [ =0, [,, and —[, [26,27]. Also, in
previous sections, we have shown that photons are only
coupled with gravitons in the same mode. Thus, we can

assume A, (x*) = 3 ay ;(z)LG;(x)e @) and hy(x*) =
>2i82,;(2)V2KLG;(x)e™ (=2 where j={0.lo,—lo}, a; ;(2)
and f3, ;(z) are functions to be determined, and w satisfies
the dispersion relation in plasma, > = k> + a)io. o O
is assumed. Since only the azimuthal indices are important,

we ignore the radial indices here. Under the paraxial
approximation, we obtain, in Dirac notation,

Z[(—a’ 0€(r, z) = 2ikds)ay ; + (ikB — Bas)p, j]|j) =0,
(21)

> [(2ikkB — 2xBos)ay ; + 2ikdsf)|j) = 0. (22)
J

where |j) represents the OAM mode with an azimuthal
index of j. In the simplest case where €(r,z) is only
dependent on the azimuthal angle ¢, (kle(r,z)|j) =
fin[6(ly + j — k)e'®* + 5(=1y + j — k)e™%] /ny, so by
inserting the completeness relation, 1 =Y, |k)(k|, the
first equation becomes

Z[—wioﬁn(a&j_loei%z + ayj,e7' %) /g
J

- 2ik03a,1,j + lkB/}l] - Ba3/)’,1’j] |]> =0. (23)

Since {|j)} are orthogonal, then we obtain (iBkl + N+
Mos)ly) =0, where |w) = (@1,> @105 X—iy Priy» Pros
p /L—lo)T is the state vector, / is a 6-by-6 identity matrix,
N and M are matrices determined by EOMs. So |y) =
exp ([§ T ()dZ)|c) with T(z) = —-M~'(iBkI + N) and
|c) being a 6-by-1 constant vector. As stated in Ref. [26],
the transfer between different modes is inhibited after a
distance of order zy = 27/qy, the helical path length. The
favorable case is therefore that of an interaction distance
shorter than this length, or in the limit, a plasma structure
with no axial periodicity. Also, at the extremely high
temperature of the early Universe, 1/T" should be very
small. Then e*%* — 1, and |y) = 3, c,e**|y,), where
A, are the eigenvalues of 7, |y,) are the corresponding
eigenvectors, and ¢, are constants. Given the initial state

ly(0)) = (0,1,0,0,0,0)T, we obtain
0.6 0.6
(@ (b)
0.4 0.4
o |
—l 0 lo —lo 0 ly
! l
FIG. 3. The resultant OAM mode spectra for (a) photons,

w,; = a,,(z), and (b) gravitons, w,; = f,,(z), at z = 1.46 x

107" m. We choose T =800keV, ;= e*T?,

1 x10°/m3, i = ny/10, @ =T, and B =1 x 10% T.

ny =
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1 . .
a1, (2) = a5, (2) = me_'w‘z{e_"”zz [— cos(@;2)

)

w; . . ia)% .
i 6—S1H(0)3Z):| 4 ionz [Cos(a)4z) + g—sm(a)4z)] }, (24)
2

1

1 . iw? 4 iw?
aﬂ,O(Z) — Ee_lwlz{e_lwzz |:COS<0)3Z) - 6—sm(a)3z)} + elonz |:COS<CU4Z) + G_SIH(O)4Z):| }’ (25)
1 2
Briy(2) = Py (2) = 7% [e_iwﬂ@sm(“)ﬂ) + i Sin(a)41)] ' (26)
(4] \/262
. =2 .
Prolz) = e7 [e_lwzz—(&sm(wﬂ) + elwﬂ%sm(wﬂ)} : (27)
0] (2p)

with wp = @%iin/ng, @, = 2kB°k/(4k* — 2kB?), @, =
V2ka? | (4k> — 2kB?), w5 = ko, /(V/2(2k* — kB?)), wy =
koy/ (V2(2k* — kB?)), o) = [} +2xB*(2k* +2w?)]'?,
0, = [0} + 2kB>(2k* — \202)]'/?, 03 = /KkB(2k* +
2V212 0% + @}) [ (22K + 2ka?), o4 = \/KB(—V2k* +
w?)/(v/2k). At the radiation era with an extremely high
temperature 7, we have @ < 7T, and a)éo ~ e2T? with e =
Vara, ~0.3 and a, being the fine structure constant. We
consider a relatively large magnetic field B < 72 [18] and
plot the corresponding mode weights for photons and
gravitons at an arbitrary distance, say, z=1.46x10"""'m
in Fig. 3. We notice that the total OAM of the photon-
graviton system is conserved. It appears that the plasma
vortex only plays the role of catalyzer to facilitate the
corresponding conversion. We should mention that
Ref. [18] states that the frequency of generated GWs is
typically on the order of GHz with an amplitude of up to
Qgwh? ~ 10710, However, the amplitude is too small to be
observed by experiments unless the sensitivity of the
experiments is improved.

V. CONCLUSION

In this paper, we address the problem of the quantum
nature of gravitational fields in high-dimensional OAM
space. By investigating the OAM photon-graviton

conversion in strong magnetic fields, we show that the
gravitons can be twisted into the same OAM states as the
photons have. Also, they are capable of carrying quantum
entanglements in the OAM space. Especially, in the
presence of strong magnetic fields, the entanglements
oscillate between photons, gravitons, and their hybrids,
leading to the potential development of high-dimensional
GW-based quantum communications, which can overcome
the severe degradation faced by OAM light communica-
tions. Finally, by exploring the excitation of photon OAM
states in plasma, we show that the plasma vortex structure
in the early Universe may leave GW traces in the current
Universe, i.e., a promising tool to probe the nature of the
early Universe. Although the enigma of quantum gravity
theory is still eluding us, our work may serve as a tool for
detecting the existence of OAM gravitons, a key to future
quantum communication, and a messenger from the early
Universe.
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