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Gauge theories with nontrivial boundary conditions: Black holes
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We study the partition function and entropy of U(1) gauge theories with multiple boundaries on the black
hole background. The nontrivial boundary conditions allow residual zero longitudinal momentum modes
and Wilson lines stretched between boundaries. Topological modes of the Wilson lines and other modes are
also analyzed in this paper. We study the behavior of the partition function of the theory in different
temperature limits, and find the transitions of dominances of different modes as we vary the temperature.
Moreover, we find two different area contributions plus logarithm corrections in the entropy—one being
part of the bulk fluctuation modes can be seen for finite-temperature black holes, and the other coming from
vacuum degeneracy can only be seen in the superlow temperature limit. We have confirmed the mechanism
and entropy found in the superlow temperature limit also persist for extremal black holes. The gauge
fluctuation on the black hole background might help us understand some fundamental aspects of quantum

gravity related to gauge symmetries.
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I. INTRODUCTION

It is well known that black holes are thermodynamic
systems as seen by outside observers [1-8], which might
reflect the properties of the underlying microscopic struc-
tures. The so-called central dogma [9] claims that the
number of the microscopic degrees of freedom of a black
hole should be the Bekenstein-Hawking entropy

Area  Area
=« (1)
4hGy L

and the whole system unitarily evolves under time evolu-
tion. /,, is the Planck length.

So, one of the most important questions in black hole
physics is “what is the theory that describes the micro-
scopic structure of a black hole?” Many different research
programs are trying to give a microscopic explanation and
reproduce the Bekenstein-Hawking entropy by counting
the microstates. Those research programs can be more or
less divided into two categories.

(i) The first train of thought is to add or find micro-

scopic states near the horizon. Usually, one expects
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the quantum fields living close to the horizon or
entanglement pairs across the horizon would have
an entropy contribution proportional to the area
[10-18]. There are more proposals, like loop quantum
gravity [19-24], that can also be categorized here.

(i) The second set of ideas is to explain the Bekenstein-

Hawking entropy by finding hidden symmetries,
which are mainly used to understand the entropy
of (near-)extremal black holes. To reproduce the
universal coefficient 1/4 in the Bekentein-Hawking
entropy, one always needs to use a powerful tool:
symmetry. If there are hidden conformal symmetries
near the horizon, the density of states of two-
dimensional CFT is controlled by the Cardy formula
25,26]]. The universality of the Cardy formula can
be used to reproduce the Bekenstein-Hawking en-
tropy with the coefficient 1/4 [27-30]. Hidden
symmetries (can also be Bondi-Metzner-Sachs,
Carrollian, and others) and their relation with black
hole entropy are extensively studied in the literature
[31-44]. The holographic or stringy methods
[45-50] also heavily rely on the symmetries of
spacetime. However, those methods related to sym-
metries usually work only in (near-) extremal black
hole cases, and are difficult to be generalized to
finite-temperature black holes.

Despite completely different starting points, lots of
theories in both categories successfully reproduced the
Bekenstein-Hawking entropy. Is it a problem to have so
many different explanations for black hole microstates?
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There are two obvious responses to the above question.
(i) There are common structures that lie behind those
theories, and we may find a unified description that
explains why those different theories are able to count
the microscopic structures of black holes. (ii)) Some of the
theories describe the wrong physics, and the corresponding
entropy was reproduced by counting fake microscopic
structures of the black hole. This paper aims to address
this problem using a toy model of gravitational fluctuations
on a black hole background. Our final conclusion tends to
say that the two categories of theories are both counting the
right microscopic structures of the black hole although they
are counting different things. Moreover, the microstates
that are used to explain the entropy of finite temperature
black holes are not the same ones for extremal black holes.

Gauge theories on a fixed background can be regarded as
good toy models of gravitational fluctuations around saddle
points of gravity theory. The one-loop correction around a
fixed saddle is captured by the linearized Einstein-Hilbert
action, which is a massless quadratic Fierz-Pauli action.
The massless Fierz-Pauli theory is a gauge theory with two
physical polarizations; thus, we can use gauge theories on
classical solutions of Einstein’s theory as toy models of
metric perturbations. The U(1) gauge theory has a simpler
structure to deal with and can properly capture the gauge
subtleties of the gravity theory, which is the theory we will
focus on in this paper.

As a brief summary of the main results, we study
the Euclidean path integral of U(1) gauge theory living
between two parallel boundaries. The system is put on a
black hole background with the boundaries perpendicular
to the radius direction of the black hole r. We allow residual
degrees of freedom of A, on the boundaries. In the first
paper of the series [51], we studied the flat case with two
boundaries and found nonlocal effects due to the interplay
between the boundaries. Here, the analysis is generalized to
the curved spacetime, and we carefully study different
behavior of the gauge theory on the black hole background.
The physical variables of the theory are bulk fluctuation
modes, zero longitudinal momentum mods of A,, Wilson
lines stretched between the two boundaries, and other
modes.'

The bulk fluctuation modes whose entropy scales as the
volume of the region are always dominant at high temper-
atures. The bulk part also contains a contribution propor-
tional to the area of the horizon plus logarithm corrections
due to the highly curved spacetime near the horizon. As the
temperature cools down, we would mainly see the fluc-
tuation modes of edge residual degrees of freedom and the
Wilson lines. The entropy of those modes scales as the area
of the boundaries multiplied by the temperature squared.
For superlow temperatures, there is a localization of modes
on 0,¢p =0,W = 0. Performing the path integral, the

'Like the topological modes of the Wilson lines.

corresponding entropy of those modes scales as the horizon
area divided by the Planck length squared. The constant
modes and topological modes of the boundary-stretched
Wilson lines contribute logarithm corrections to the entropy
at superlow temperatures. So, we also get area contribution
plus logarithm corrections at superlow temperatures.

Now, we have seen that the Bekenstein-Hawking-like
entropies and logarithm corrections come from two differ-
ent places. The first contribution comes from the bulk
fluctuation modes, which agrees with the entropy found in
the “brick wall” model [10]. Those degrees of freedom
correspond to the degrees of freedom living very close to
the horizon. The second contribution is because the zero
longitudinal momentum modes of A, and the boundary-
stretched Wilson lines W are localized in the phase space at
d,¢p = 9, W = 0, whose entropy is coming from the zero-
point energy. Those modes correspond to the vacuum
degeneracy near the horizon and can be explained by
symmetry-breaking patterns. Note that the fluctuation
modes dying off at superlow temperature was well studied
[52,53], so the extremal black hole entropy coming from a
different mechanism, like the zero-point energy discussed
in the current paper, is a reasonable way out.

It is interesting to notice that the first contribution only
appears in finite-temperature black holes, and the second
one only appears in the superlow temperature limit.
We thus infer that the two categories of theories might
correspond to different modes found in this calculation.
The attempts that are trying to add or find quantum
structure near the horizon are counting the same thing as
the contributions contained in the bulk fluctuation modes.
Furthermore, the attempts that are trying to find hidden
symmetries for extremal black holes and explaining the
black hole entropy from a symmetry-breaking viewpoint
are counting the same thing as the modes dominating at the
superlow temperatures. The black hole entropy for finite-
temperature black holes and extremal black holes might be
counting completely different things.

In this paper, we study the partition function of U(1)
gauge theories with multiple boundaries on a black hole
background. The paper is organized as follows. In Sec. II,
we briefly review the main results from the first paper of
this series, where we studied the flat case. The flat case can
be regarded as a guide for our black hole calculation. And
then, we analyze the allowed boundary conditions and
derive effective actions for different modes in Sec. III. We
perform the Euclidean path integral in Sec. IV, and discuss
different behavior of the fields at different temperatures.
The same mechanism is confirmed in the extremal black
hole case in Sec. V. Section VI is a summary of the whole
paper and we also provide some further physical discussion
there. Appendix A is devoted to studying a different but still
interesting set of boundary conditions. More details of
deriving the effective action are exiled to the Appendixes B
and C. The path integral of fluctuation modes in curved
spacetime is demonstrated in Appendix D.

125022-2



GAUGE THEORIES WITH NONTRIVIAL BOUNDARY ...

PHYS. REV. D 107, 125022 (2023)

II. A BRIEF REVIEW OF THE FLAT CASE

In the first paper of the series [51], we studied gauge
theories between two parallel boundaries with nontrivial
boundary conditions on a flat background. We allowed
residual degrees of freedom of A, to survive on the
boundary, with the direction perpendicular to the boundary
denoted as r. Besides the residual modes due to the
boundary conditions, we also found Wilson lines stretched
between different boundaries because the interplay between
boundaries is an interesting mode of the system. The
symplectic form and the canonical commutation relations
were carefully studied, which helped us to confirm the
dynamical variables and measures in the phase space. It
was shown that there are bulk fluctuation modes, boundary
edge modes, Wilson lines, and other interesting modes in
the phase space. With the canonical analysis, we derived
the partition function and entropy via the Euclidean path
integral method, and studied the different behavior of those
modes by varying the temperature of the system.

The main results are shown in Fig. 1. At high temper-
atures, the partition function and entropy are the standard
ones for blackbody radiation at temperature 7. The entropy
contains two copies of physical polarizations and is
proportional to the volume between the two boundaries
multiplied by 73. As the temperature becomes cooler than
before, the surviving zero longitudinal momentum modes ¢
start to be the most important contribution. Also, boundary-
stretched Wilson lines W have similar behavior. ¢p and W
just behave like two lower-dimensional massless scalar
fields living on the boundary. At relatively high temper-
atures, the fluctuation modes of ¢ and W are dominant and
their entropies scale as the area of the boundary multiplied
by T? At superlow temperatures, all the fluctuation
contributions die of,; and we are left with the constant
and winding modes of W, whose entropies more or less
scale as the logarithm of the length scales of the theory, as

Vx T3

S /7
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.
FIG. 1. Sketch of the entropy of gauge fields with different

temperatures in the flat case. The red line demonstrates the
dominant contribution, and the overall entropy is the sum of
different contributions.

shown in Fig. 1. Note that the winding modes of W arise
due to the map between the Euclidean time circle and U(1)
symmetry.

There are two transitions of dominance as can be seen
from Fig. 1. The bulk fluctuation modes always dominate
in the high-temperature limit, and the entropy scales as the
volume multiplied by temperature cubed. As lower temper-
ature comes, the area contribution starts to dominate. At
superlow temperatures, the fluctuation contribution is not
important anymore, and the only contribution is from the
constant modes and winding modes of the field W.

The flat case was regarded as a toy model of the more
general situation, for example, curved spacetime as the
background. With the canonical analysis and partition
function calculation of the flat case, we expect to see a
similar set of dynamical variables in the phase space.
Moreover, we can follow a similar logic in decomposing
the variables and calculating the partition function and
entropy.

III. GAUGE FIELDS ON SCHWARZSCHILD
BLACK HOLE

Black holes are systems associated with temperatures
and entropies, and the Euclidean method for finite temper-
ature systems also works for black holes. However, the
black hole system is special compared to the flat case
discussed, because the Bekenstein-Hawking entropy is
always proportional to the area of the horizon in units of
Gy. As has been reviewed in the previous section, there are
interesting transitions of dominances of different modes
arising due to different reasons; one might speculate that a
similar phenomenon would also happen in black hole
systems, which might explain something deep in the black
hole mechanism.

The background we are interested in is a Euclidean
Schwarzschild black hole with metric

~1
ds® = (1 —ﬁ)drz + (1 —5> drr + r*dQ?, (2)
r r

FIG. 2. Geometry of a Euclidean black hole, where every point
on the cigar is an S?. We put two boundaries on this background,
at the stretched horizon (r = r; + ¢) and distance L away from
the horizon (r = r, + L) separately.
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FIG. 3.

Different temperature limits of black holes in a box. Left: high temperature limit L > r,, i.e. the small black hole case. The

temperature of the system is 7' o 1/r,. The mere role of the black hole is to give a very high temperature T to the system. We expect the
final results to be similar to the high-temperature limit of the flat case. Right: low temperature limit of the system L < r, i.e. large black
hole case. We expect the fluctuation modes should be less important, but we still see Bekenstein-Hawking-like entropy.

where the Schwarzschild radius is r;, = 2GyM. Note that
one important difference between the flat case and black
hole case is that we are using spherical coordinates rather
than Cartesian here. The inverse temperature of the system
(2) is identified with the periodicity of the Euclidean time 3,
to avoid conical singularity at the horizon. The geometry
can be illustrated as the so-called “cigar” geometry, as
shown in Fig. 2. Following 't Hooft [10], we put two
boundaries on this background and study different temper-
ature limits of the system, as shown in Fig. 3. The first
boundary is located at a very small distance € away from the
horizon, known as the “stretched horizon” [54]. The other
boundary is at the distance L away from the horizon, which
is the surface of the box similar to the flat case.

We will mainly discuss two different limits of the black
hole system, as shown in Fig. 3. In the high-temperature
limit L > r,, shown in the first panel, the situation is
supposed to be similar to the flat case because the existence
of the small black hole merely gives a periodicity to the
Euclidean time, i.e. a temperature 7' = 1/, to the system.
On the other hand, in the low temperature limit L < r,, we
expect the results to be qualitatively different from the high-
temperature limit and share some similarities with the
extremal black hole case, the behavior of which was also
well studied in literature [45-47,55-59]. This means that
there will be transitions of different behaviors, which might
be explained by the symmetry-breaking pattern.

We can always redefine p =r—r, and write the
metric as

+
ds2:p£r‘d72+p S (ot a2 (3)

Now the two boundaries are at p = ¢ and p = L separately.
In order to derive the lower-dimensional effective action by
dimensional reduction, it is convenient to define the proper
distance y along the radius direction

ptry
dy = p dp. (4)

The proper distance y can be integrated out and read as

y=+plp+rs)+r, arcsinh\/z. (5)
rS

Inverting the above equation, one can express p as a
function of y and rewrite the black hole metric as

p(y)
p(y) +ry

which will be the metric we mainly work with. Note that y
takes value from y; to y,, with

i =Veletry)+rg arcsinh\/z,
,

L
ya =V L(L+ry)+rg arcsinh\/>. (7)
r.\'

Before moving to the gauge theory and boundary
conditions, let us briefly discuss issues related to the
stretched horizon. Here the stretched horizon can be
regarded as an auxiliary timelike surface, where we can
put boundary conditions on. There are different opinions
towards the stretched horizonz; for example, it is believed

ds®> = dz® + dy?* + [p(y) + r,?dQ?, (6)

2Mathematically, one can put boundaries at any location. The
original physics can be recovered by gluing the two sides along
the edge, which means one needs to integrate over the boundary
conditions along the boundary. So it is not strange to put a
boundary near the horizon. However, whether is it reasonable to
put a physical boundary near the horizon is unknown because any
object near the horizon would fall into the black hole. Although
we largely mimic the flat case calculation, one may need to keep
in mind that the black hole situation might not be the same as the
case of the parallel plates.

125022-4
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that only the physics outside of the stretched horizon is well
described by local QFT. In this case, the stretched horizon
is a physical surface [60], and € can be regarded as the UV
regulator of the QFT outside of the horizon and can be
taken to but not exceed the Planck scale /,. Whether the
stretched horizon is a physical surface or an auxiliary
surface does not make much difference for our calculations
here, and & will be made very small either way. However,
one does need to pay attention to the order of taking
different limits of length scales. As we will see, in the low-
temperature limit > L, taking the ¢ - 0 limit would
introduce localizations on the spaces of some specific
modes, which is essential to get the area entropy contri-
bution. However, one may not see this phenomenon if the
order of taking the above limits is messed up.

A. Boundary conditions

Now, let us put U(1) gauge theories between the
boundaries, with Euclidean action

Sk d*x\/GF"F,,. (8)

"4
As analyzed in [51], to have a well-defined variation
principle, there are two sets of interesting boundary
conditions.

(1) The most interesting boundary condition for this

paper is the situation where we allow residual A,
modes on boundaries

6A4lom =0, 6A,lom = f(x). (9)
where f(x%) can have local dependence of x* =
(7,0,¢) and A,|,\, are fixed configurations.

(2) The other interesting boundary condition is
Neumann-like:

Ft) o = 0. (10)

There can be interesting physics as well, for exam-
ple, the would-be pure gauge modes on the boundary
are not fixed by the boundary condition. Although
this boundary condition is not the main focus of this
paper, we will briefly discuss the physics related to
(10) in Appendix A.
We are mainly going to focus on the boundary condition
(9) on the black hole background. To be precise, the
boundary condition A, components are fixed to

A,l =0, (11)

Y=Ya

where « labels different boundaries. As for the A, compo-
nent, we can separate it as

P(x)
[

with A),(x””y:yl =0and |y| = y, — ;. So ¢(x*) more or
less captures the degrees of freedom at the left boundary
y = y;. Besides ¢(x*), there are residual modes at the
boundary y = y,. Following a similar logic from the flat
case, the difference between the two boundaries can be
captured by Wilson lines stretched between the two boun-
daries

Ay(xﬂ) = Ay(xﬂ) + (12)

W(x4) = i/y2 dyA,. (13)
Vi
The boundary-stretched Wilson lines capture the physical
nonlocal effects and will play an important role in our main
calculation. There is no constraint on the boundary configu-
rations of A,, so we need to integrate all the boundary
configurations of A into the path integral.

One can work out the Hamiltonian formulation and
symplectic form to study the phase space of the theory with
the indicated boundary condition. The dynamical variables
in the phase space would be clear from the canonical
analysis, which tells us which degrees of freedom should be
included in the path integral formulation. We have done an
analog analysis for the flat case in paper [51], while we will
not go through all the canonical analysis here. Similar to the
flat case, we would also have bulk modes Aﬂ(x”), Zero
momentum modes along the y direction ¢(x“), and Wilson
lines stretched between the two boundaries W(x“) on a
black hole background. We will justify that they are
physical by working out their effective actions.

B. The effective action

The partition function can be calculated by a Euclidean
functional integral over all the dynamical variables in the
theory. For the theory we are studying, we have bulk
fluctuation modes Aﬂ and the modes arise because of the
nontrivial boundary condition: ¢ and W. So the partition
function can be written as

Z:/DAﬂngDWexp{—SE[Aﬂ,qﬁ,W]}. (14)

The effective action S is worked out in Appendix B, which
reads as

1 P
SE = 42/ drd3x\/§F””FW
e Jm

1

—— | did® 9,0
+2€2|y|2//\4 T x\/ﬁ[g a¢ b¢]

- gy | dedHVag R0 W0 (15)
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The first part can be directly put into the path integral, so we
can write the partition function for the bulk fluctuation
modes as

. 1 s
Z; = / DA, exp [—462 /M drd3x\/§F”’“FW]. (16)

We will discuss the bulk gauge fixing condition and
evaluate the above partition function in the next subsection.
The rest of the action is

1
S[gp, W] = 262y /M drd®x\/g[g"" 0,40, 9]
-y [ a0 Wag. (17

Note that S[¢, W] contains three-dimensional and four-
dimensional parts, while the fields ¢(x*) and W(x“) only
depend on the transverse coordinates x“. In order to
perform the path integral, we are going to rewrite
S[¢, W] into a three-dimensional action

1
SO W] = / dedxv/ R0, p0, ]
e
i
26/2
+72h%0g Wy + y3h#99, W, ). (18)

/ ded*xV/hly h70.W.¢

¢, 71, 2, and y3 are undetermined parameters, which will
be worked out soon. This is more or less like the Kaluza-
Klein reduction from a higher-dimensional action to a
lower-dimensional one.

1 _

7 / ded®x[\/99" 1,220, WO p =
1 —y

bl / ded®x[\/99" 2209 W 0pp =

1 =
anl / ded®x[/99"?),=20,Wd,¢p =

The solution of the Eq. (23) can be obtained as

26/2

Now we are going to work out all the parameters in
action (18). More details of the calculations can be found in
Appendix C. Before actually doing that, let us first assume
that the three-dimensional theory uses the same time
coordinate 7 as the original one, and the three-dimensional
metric takes the following form:

hy, = diag(h,,, R, R? sin 0). (19)

R? is a parameter in the metric that we are going to fix by
dimensional reduction. With this assumption, we have
Vh = /h_R*sinf. To match the first parts in actions
(17) and (18), we need to work out the following problem:

1 / Y2
— [ drd*x </ dy\/gg“b> 0,00,
262|y|2 Y1

_ 2;2 / ded®x R[h 9,0, f). (20)

The solution can be easily obtained and can be written as

LR? 1 L 1 +LF
h :—’ —_— = Z\Ihﬂ'-: 2—R N

- 21)
F e? eyl eyl

with

3
Fz3r?L+%rsL2+%+r§ InL/e. (22)
More details can be found in Appendix C. Now we have
obtained the three-dimensional metric /,;, and the effective
coupling constant ¢’>. The next step is to calculate the
parameters y;, 7, and y; in the action (18). We need to
match the rest of the action in (17) and (18), i.e.

n / drdx /[0, W, ).

& / ded®x\/h[h%0,W o),

26/2
14
2;’2 / ded®xv/h[h?%9, W0, 4. (23)
2y | L
—yy =2 24
73 I L+r, ( )

Now, all the undetermined parameters in the effective action (18) are worked out.

With the effective action (18) at hand, we can perform the path integral to calculate the partition function. The Gaussian
path integral for field ¢ can be easily worked out, and we get an effective action for field W in the meantime. The path
integral over ¢ gives det(dz)‘l/ 2. Then, the corresponding action for W can be expressed as

1

Sw =~ 2¢?

/ drd®xV'h(y3h70,Wo, W + y3h%0,WagW + y3h?%9,Wo,W). (25)

125022-6
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One can always rewrite det(9?)~'/? as a path integral over field ¢, and the overall partition function can be expressed as
Zyw= | DIDWerp (=5, (26)

with the effective action
Spw = 21/2 / ded®xV/'h(h® 0,0, + y1h™ (0. W)* 4 y3h%(0,W)? + y3h??(9,W)?). (27)

A different way of saying rewriting det(d”)~!/? as a path integral over fields ¢ is that the path integrals with effective actions
(18) or (27) are the same. The effective action (27) can be explicitly expressed as

S(/),W - S(/) + SW (28)

with

L
S(/) = 22—||2/ d’L'dz.X'R2 sin 9( ,qﬁa ¢ + 09¢09¢ + (’,¢ (ﬂ¢>
e’y
2 reLrr+r} 1 1
Sy =——— [ drd? 0 =————=9,Wo,W 0WOW o,Wao,W
w ez(L—f—rs)/ T xr sin ( F + 0 (/] + = 2 9 )
I
The two symbols F and |y| in the above actions are limits. The overall partition function can be written as three
parts: bulk contribution Z; multiplied by Z, and Zy,
3 L3
F=3rL+>rd?*+—+riInL/e, (29)

2 3
L
lv| = V/L(L +rg) +rg arcsinh\/:. (30)
rS

Equations (26) and (28) are the partition function and the
effective action that we will mainly focus on. With that at
hand, we can evaluate the partition functions of fields A w &
and W by the path integral.

Note that it is important to keep the original Euclidean
time coordinate 7 as the time coordinate for the three-
dimensional theory because the periodicity of coordinate
time 7 is the physical inverse temperature for the observer
who uses the Schwarzschild metric. If one uses different
time coordinates, the physics would be difficult to discuss.
For example, the low-temperature limit for the coordinate
observer can be high temperatures for an observer using a
different coordinate system. So we would always keep 7 as
our time coordinate.

IV. BEHAVIOR OF DIFFERENT MODES

In this section, we are going to evaluate the partition
function of the theory in different temperature limits. The
different temperature limits are illustrated in Fig. 3. The
partition function for W and ¢ will be treated separately,
and we will see different behavior in different temperature

=273 XZyX 2Ly

_ / DA fuded it / Depe=S
y / DWe-Sv. (31)

We are going to calculate the partition function for the bulk
fluctuation modes Z in the next subsection. After that, we
will evaluate Z; and Zy, in the high- and low-temperature
limits in Secs. IV B and IV C.

A. Bulk fluctuation modes

Now, let us evaluate the entropy of bulk fluctuation
modes. The details of the calculation are exiled to
Appendix D, to avoid being distracted from the main text.
This is the standard blackbody calculation on curved
spacetime. For electromagnetism, we have two physical
polarizations in the bulk, which are both bosonic and
massless. The bulk partition function reads as

Ar3 1 r¢ 16231 L

nz; =2 I DT
45 e 45 B e
43 1

r4 L3
- (—f +6r2L +2rL* + ?> . (32)

and the corresponding entropy can be written as

125022-7
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1623 1 1} 64n°rd L
Si= s @ T iy
45 p° € 45 p° €

16231/ L3
— (=246 4+2r L2 +=). (33
+45ﬁ3< L ORI +3) (33)

Let us look at the first two terms:

1672 1 ¥ 647 rd L
T ST N (34)
First of all, those contributions cannot be seen in the
extremal black hole (or superlow temperature) case where
we have # — oo while keeping the radius of the black hole
to be finite. For a finite temperature black hole, defining the
proper distance from the real horizon to the stretched
horizon as 6, we have

rete
5= / VG rdr = 2. /er,. (35)

K

Thus, we have 8 = 4er,. For the finite temperature black
hole, with the inverse temperature

p = 8rGyM, (36)
the entropy (34) can be written as

r? Lr,
S() O(g‘kh’l 62 . (37)

Those contributions arise because of the redshift between
the horizon and the coordinate observer sitting at infinity.
Any finite frequency modes near the horizon would have
zero frequency as seen by a coordinate observer. We have
an infinite number of states with zero energy, and summing
over all of those states with a UV cutoff would give us the
above result. Those very dense ground states mainly come
from the near-horizon region; thus we have an area
contribution and corrections [60]. This result was used
to understand the Bekenstein-Hawking entropy by some
authors, for example [10], and it was also interpreted as the
entanglement entropy across the stretched horizon [61).°
The other terms

1673 1 rt L3
Si=—2 (- e yornr+ =
45ﬁ3< L O +3)

o Volume x T3 (38)

are entropy of the thermal fluctuation modes of gauge fields
living in the bulk, which can be regarded as the curved

SHowever there are different opinions. For instance,
Susskind showed that the contribution should be absorbed by
the renormalization of Newton’s constant G due to the loop
contribution [62].

spacetime analog of the blackbody result. S; is finite and
more or less proportional to the volume between the two
boundaries multiplied by 7°.

B. Zero longitudinal momentum modes of A,

In this section, we evaluate the partition function for ¢,
which is zero longitudinal momentum modes of A,. The
partition function Z, can always be written as

Z, = / DpeS+, (39)

with the action

L . F 1
S0 =500y / dzd’xR? sin 0 (W ep0p + 13 0hOo

1
————0,¢0 , 40
b0, ,pqs) (40)
with

2 3 ., L
F:3rA,L+§rXL +?+rslnL/€,

L
ly| = V/L(L + ry) + r, arcsinhy | —. (41)
rS

The action (40) has different behavior in different temper-
ature limits, and we will see how the entropy contribution
from ¢p changes as we vary the temperature of the system.
One obvious thing to notice is that there is a transition of
dominance in function F shown in Eq. (41) at different
temperatures. The L3 term is the dominant contribution for
high temperatures L > r,, and the UV cutoff ¢ is absent in
S4- While at low temperatures L < ry, the most important
term is 73 In L /e, and we will see different behavior of the
corresponding entropy. We always assume that the short
distance cutoff ¢ is always much smaller than L and r;.

1. High-temperature limit
Let us first discuss the high-temperature limit r; < L, as
shown in the first panel of Fig. 3. If

L
rPin— < L? (42)
E

is satisfied, then L? is the most important term in F. In this
case, F' can be approximated as

Fr—. (43)

Function arcsinh(x) is always much smaller than x for large
value of x, so |y| can be written as |y|~ L. Then, the
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effective action in the high-temperature limit can be
expressed as

S(/) = /de2XL2 siné’( 0 q’)& ¢ + 69(]509(/’)

1
L2sin%0 99 ("¢>

The effective action for ¢ is just a scalar field living on a
S' x 82, where the length scale of S! is 3, and the length
scale of S? is L.

Equipped with the effective action (44), we can directly
calculate the partition function Z,; shown in (39). We can
absorb the finite constant 1/3 in front of 0,¢)0,¢ term in the
action into the redefinition of z to 7. Let us suppose the
fluctuation modes of ¢ are

N 222 e Vin(@.0)(@1om).

w

262L

(44)

P(x*) (45)

where N ¢ 1s a normalization constant. The partition
function for ¢ in the canonical ensemble can be written as

InZy, ==Y In(l—e”®). (46)

The calculation is similar to the bulk fluctuation modes
calculation demonstrated in Appendix D. We can change
the summation of @ to integration by introducing density of
state g(w), which gives out
© / ©0 F(G))
InzZ, =— o) In(l = e ??)dw = ’/ —_—
o= [ gl o =g |75

(47)

dw.

I'(w) is defined by dI" = g(w)dw. According to the disper-
sion relation in this background, I'(@) can be counted as

11+ 1) ﬂ’
27r L? Z

The summation is from [/ = 0 to the level with energy w.
Putting everything back into Eq. (47) and changing the
summation of / into the integral, we can write the partition
function as

]

(48)

2 ©  dw I+ 1)\ [l(1+1)
InZ, =212 : d .
12 =5 /0 eﬂ“’—l/ ( L2 ) 12

[(I4+1)/L? is exactly the energy carried by a particle
with angular momentum /(/ 4+ 1). Thus we can change a
variable and get

(49)

ﬁ’sz/oo dw /w2
InZ, = ; dx+\/x
¢ 2 0 e/im_] 0 \/7
_[)”2L2/°° @’ dw
3z Jo efo—1"

(50)

Then the above expression can be worked out, and the
logarithm of the partition function can be expressed as

”3 L2 ”3 L2

hZy=——F=—-—. 51
N T 45 g2 T 135 51
Then, the corresponding entropy can be written as
nL?
VTR (52)

The above result can be compared with the entropy of ¢ in
the flat case in [51]. Thus, we can conclude that the zero
modes ¢ share similar properties with the flat case in the
high-temperature limit r; << L.

So the high-temperature behavior of field ¢ is just like a
three-dimensional scalar field with inverse temperature f3,
whose entropy is standard, as shown in Eq. (52). There is
not much difference with the flat case.

2. Low-temperature limit

As the temperature becomes superlow, r, can be larger
than L, and we arrive at the low-temperature limit of the
system with r; > L, as shown in the second panel of Fig. 3.
As we can see, there is a transition of dominance between
different terms in F, and in the low-temperature limit F' can
be approximated as

L
~r In=. (53)
We also have |y|> ~ L(L + r,). Then, the effective action
for ¢ in the low-temperature limit can be written as

1 . I L
Sy = m/ drd*xr? sin @ <f In - 0,40,

1 1
3000+ b0 q,qb) (54)

As discussed before, the time of the three-dimensional
action should always be chosen as the coordinate time z.
Doing so, the coefficient in front of (d,¢)? is fixed and
always much larger than 1. Especially when we take the
real event horizon limit, i.e. the € - 0 limit, the path
integral localizes on the space of zero energy modes
0,¢p = 0. Then the partition function of the field ¢ only
depends on the radius of S°.

Because of the localization discussed above, the loga-
rithm of the partition function for the zero-point energy is
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FIG. 4. Sketch of the entropy of the gauge theory as we vary the
temperature of the black hole. The high-temperature behavior is
qualitatively like the flat case as shown in Fig. 1. At superlow
temperatures, the entropy is proportional to the area of the
horizon, multiplied by the UV cutoff A squared.

no longer linear in f but only depends on the radius of $?
and UV cutoff, which can be expressed as

Let us assume the UV cutoff is the Planck scale, then the
corresponding entropy is of Bekenstein-Hawking entropy
magnitude

Sx—. (56)

So, we can say that, in the low-temperature limit, the
entropy of ¢ can be written as the area of the horizon
divided by the Planck area /3.

Now, let us summarize what we have got for the entropy
of zero longitudinal momentum modes ¢. The entropy of
the whole system is illustrated in Fig. 4. At high temper-
atures, L > rg, the entropy of ¢ is more or less like what
we have in the flat case, namely the area of the box times
temperature squared L?> x T2. Hence, the presence of a
small black hole merely gives a temperature to the system.
This amount of entropy then has competition with the bulk
fluctuation modes. At very high temperatures, the volume
times temperature cubed wins, and the area times temper-
ature squared wins at relatively lower temperatures. This is
more or less the same story told in [51], reviewed in Sec. II.
The difference starts to show up at superlow temperatures;
one can compare Figs. 1 and 4 to see the difference. In the
black hole case, the entropy for ¢ is shown in Eq. (56) at
superlow temperature, which is reminiscent of the
Bekenstein-Hawking entropy. In comparison, this phe-
nomenon cannot be seen in the flat case, where the entropy
has a logarithm behavior as shown in Fig. 1.

C. Boundary-stretched Wilson lines

Now, let us also discuss the different behavior of field W
in different temperature limits in this subsection. The
effective action for W is

2 L 2 3
Sy = / dedxr? sin0( 225 5 wow
e*(L + ry) e F
1 1
— dgWo, ———0d,Wo 7
oUW + o0, W ¢W) (57)
with
o 3 L
F=3r,L+=-r,L*+—+r;InL/e. (58)

2 3

The infinite coefficient introduces a localization on the zero

energy modes d,W = 0, and the entropy of the boundary-

stretched Wilson lines W is more or less

2

x =S
2 b
I

S (59)

for the same reason discussed in the previous subsection.

Only when the size of the box L is extremely large
compared to r,, namely the high-temperature limit, some
power of r,/L may overcome r;/e, and we get a finite
coefficient. Then, the corresponding entropy can be
expressed as

SxrxT?, (60)

which is a finite constant. In this limit, the entropy from W
can always be ignored, because the entropy of fluctuation
modes always plays the dominant role at high temperatures.

There can also be constant modes, and topological
modes due to the map between the Euclidean time circle
and the U(1) group. The entropy of the constant modes and
winding modes of W are never comparable with (59) but
contribute as logarithm corrections. We have

ez r
2= \[PEEI) g S =), ()

which contribute as logarithms of the temperature 7', the
coupling constant e, and other length scales. Note that the
constant modes always contribute a logarithm term in
entropy, but the winding modes tend to be less important
as can be seen from (61). This is because for superlow
temperatures we can only see the mode of the zero winding
number. The winding modes contribution in relatively high
temperatures is more or less the same as the flat case [51],
which is not expatiated here because those modes are not
comparable with the fluctuation modes at high temper-
atures. The overall logarithm correlation from constant and
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winding modes is an important aspect of the entropy but is
small compared which other contributions. So, we can say
that the entropy of W follows the same qualitative pattern as
the entropy behavior shown in Fig. 4.

Let us briefly summarize this section. Basically, we have
three different phases. At high temperatures, the bulk
fluctuation modes shown in Sec. IVA are the most
important contribution. The entropy is proportional to
the volume of the box multiplied by the temperature cubed,
as shown by the right part of the curve in Fig. 4. We also
have a contribution (37) scale as the area of the horizon plus
logarithm correction, contained in the bulk fluctuation
contribution. As the temperature cools down, the boundary
area contribution dominates over other contributions. The
corresponding entropy is shown in Eq. (52). At superlow
temperatures, we have an entropy of Bekenstein-Hawking
magnitude

3

oy, (62)
P

coming from both the zero modes ¢ and the Wilson lines
W. This contribution will not die off at zero temperature. So
we expect the behavior would persist for the extremal black
holes. It is interesting to further verify this point for the
extremal black hole case.

V. EXTREMAL BLACK HOLE

The entropy in the superlow temperature limit of finite
temperature black holes is because of the localization of
modes on a specific region in the phase space. Although we
inferred that the mechanism should be responsible for the
entropy of extremal black holes, a calculation on an
extremal black hole background is vital for the story.
The main task of this section is to show the same
localization mechanism also works for the extremal black
hole case. We are going to evaluate the partition function
and entropy of U(1) gauge theory with nontrivial boundary
conditions on multiple boundaries on a (near-)extremal
black hole background.

To get an extremal black hole, we start with the
Euclidean Reissner-Nordstrom metric, which can be writ-
ten as

ds> = f(r)de® + f(r)~'dr* + r*dQ3, (63)
with

2GyM  Gy0?
fr)=1-"2 4 = (64)

r r

The horizon is a null surface, which can be obtained by
solving ¢g,, = 0. The inner and outer horizons can be
written as

= (GNM +/(GyM)? - GNQ2). (65)

The extremal limit is the limit where we have a double zero,
which means

ry =r_=GyM. (66)

Thus, the metric of an extremal black hole can be written as
ry 2 Iy -2

ds? = <1 —> drr + (1 —> dr* + rde%, (67)
r r

with

rg = GNM (68)

We can give this black hole system a very tiny temperature
by replacing the double zero at the horizon with two single
zeros rp = ry £ € with the short distance cutoff . The
inverse temperature of the near extremal black hole can be
expressed as

/3:2777'%_1’ (69)

€

which is infinity in the limit ¢ — 0.

Now, let us put U(1) gauge theory with boundaries at the
stretched horizon and at location 5 + L in spacetime (67).
The original Euclidean action can be written as

1
SE = 47/ d4x\/§F/‘”FW. (70)
e” JMm

We are going to focus on the first boundary condition (9),
where we allow residual A, modes on boundaries

6Aulopa =0, Ao = f(x7). (71)
f(x%) can have local dependence of x* = (z,0,¢) on
different boundaries. A, |, are fixed configurations, which
can be set to zero.

Following the same logic as the finite temperature case,
we shift the radius direction by ry

p=r—rg, (72)

and then define the proper distance y along the radius
direction as

_,0+rH
14

dy

dp. (73)

Solving the above equation, the proper distance y can be
expressed as
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y=p+ryin’. (74)
¥

y takes value from y; to y,, with

L
Vi=etrgln—.  y,=L+rgln—. (75)
' 'y

We have In(0) = —oo and thus y; — —c0." So |y| can be
approximated as

L
|y|=)’2—y1%L+rH1ng. (76)

On the stretched horizon, the residual degrees of freedom

of A, are set to ¢(x“)/L, and the field A, can be
decomposed as
A () = A, (x) + "5'(;' ), (77)

the difference between the two boundaries is captured by
the Wilson lines stretched between the two boundaries at

y=y and y =y,
W(xe) = i / " ayA,. (78)
Vi

Thus, we have divided our gauge fields into three different
parts: the bulk fluctuation modes Ay that vanish on both
boundaries, zero longitudinal momentum modes ¢(x?),
and boundary-stretched Wilson lines W(x#). The symplec-
tic form and commutation relations of those modes were
worked out by carefully analyzing the phase space of the
theory in [51]. So one can just put those modes in the
Euclidean path integral to calculate the corresponding
partition function and entropy of them.
The partition function can be formally written as

Z= / DA, DPDW exp {—Sg[A,. ¢. W]} (79)

The action S can be separated into

Sg = Si + Slo. W, (80)
where
1 3 o
Si=+> drd’x/gF" F. (81)
46 M

The bulk fluctuation modes reviewed in the previous
section will not survive, because of the finite 5 and the

“This is different with the finite temperature case. In the finite
temperature case, the left boundary is localized at y; — 0 because
of arcsinh(0) = 0.

tiny temperature 7 = 1/f « e. So we will mainly focus on
fields ¢» and W to see the behavior of those modes.
Actually, all of the fluctuation mode contributions whose
entropy is proportional to the temperature will not play any
role in the final result, and we expect to see entropy
contributions that look like the Bekenstein-Hawking
entropy for extremal black holes.

Ignoring the bulk fluctuation modes, we are going to
focus on fields ¢ and W, whose action can be written as

1

Slp, W] = 262W//\4 dedx\/g(g"" 0,0, ]

i _
~an / drd®x[\/gg"" 220, Wph.  (82)

Note that the action S[¢, W| contains four-dimensional and
three-dimensional integrations, while ¢(x*) and W(x%)
only depend on transverse directions along the boundaries.
So we can dimension reduce the action S[¢, W] to three-
dimensional and work out an effective action for ¢ and W.
Following a similar dimensional reduction procedure in the
previous section, we obtain the three-dimensional effective
action for fields ¢ and W,

S¢,W — S¢ + Sw, (83)
with
L 2
S¢ = W drd er sin @ T¢07¢ —|— 09(]58947
1
84
g0 ). (54)
2L L)?
Sy =5 / dedery sin0( L o wo w
e*(ry+1L) eL
1
+ 3 WOW + 350, W0, W> (85)

Note that one of the important ingredients in the above
procedure is to keep the original coordinate time z as the
time coordinate for the three-dimensional effective actions.
This is because we always need to stick to the observer with
the inverse temperature (69), otherwise, the physics can be
completely different.

As we can see from the effective actions (84) and (85),
for finite r, and L, the coefficients in front of terms (9,¢)>
and (0,W)? are proportional to 1/¢. Taking the & — 0 limit,
the coefficients are divergent, which introduces a locali-
zation on the space of d,.¢p = d,W = 0 in the path integral
(79). The localization is similar to what we discussed in the
low-temperature limit of the finite-temperature black hole
case, as reviewed in the previous section. Then the entropy
of those modes can be calculated as
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p
which is the same result as the superlow temperature
entropy (62) in the finite-temperature black hole case.
The partition functions of the constant modes and winding
modes of W can be calculated, which is the logarithm of the
length scales in the theory. One thing worth noticing is that
the entropy of constant modes proportional to

So < In|y| (87)

can be a large contribution.

Note that in the (near-)extremal black hole case, the
localization of d,¢p = 9,W = 0 space in the path integral is
very straightforward as shown in the actions (84) and (85).
This is different from the finite-temperature black hole case
where we have to take different temperature limits and the
localization only shows up in the superlow temperature
limit. So the localization mechanism and the entropy (86)
and logarithm corrections are intrinsic for the (near-)
extremal black hole and only capture the low-temperature
properties of the black hole system. So the localization in
0,¢p = 0,W = 0 space should be used as a general mecha-
nism to explain the entropy of the extremal black hole in a
box. Moreover, one of the surprising properties of entropy
is that the modes are effectively living near the horizon
rather than the other boundary. So the entropy (86) only
depends on ry. There might be redshift-related arguments,
but we do not have a good explanation here.

As for where the entropy (86) comes from, the zero-point
energy of boundary modes contributes as

pArea x A* €InZ (88)

in the logarithm of the partition function. This part has no
contribution to the entropy because it is linear in f. d,¢p =
0, W = 0 means there is no # dependence in this part and
correspondingly this part contributes to the entropy as
Area x A’. There must be fundamental explanations of
those modes from symmetry-related arguments. And, the
microscopic derivations for the Bekenstein-Hawking
entropy of extremal black holes [27-50] might give the
right physical explanation of those modes.

So, we have confirmed that the localization on d,¢ =
0,W =0 space in the path integral discovered in the
superlow temperature limit discussed in the previous
section persists in the (near-)extremal black hole case.
The mechanism is the main reason we get Bekenstein-
Hawking-like entropies from (near-)extremal black holes.

VI. CONCLUSION AND DISCUSSION

This paper evaluates the partition function and entropy of
U(1) gauge theory on a black hole background with
nontrivial boundary conditions, using the Euclidean path

integral method. The allowed physical degrees of freedom
are the bulk fluctuation modes, the zero longitudinal
momentum modes of A,, and the boundary-stretched
Wilson lines. The effective actions for different modes
are derived, and we can separately calculate the entropy
contributions from different modes.

The high-temperature limit of the black hole is fairly
similar to the flat case reviewed in Sec. II, where the
presence of the black hole merely gives a temperature to the
system. The dominant contribution comes from the bulk
fluctuation modes, whose entropy is shown in Eq. (33).
Most of the entropy of the fluctuations is proportional to the
volume of the region where the semiclassical fields live,
multiplied by the temperature cubed. There is also a
contribution from the modes living very close to the
horizon, whose entropy is proportional to the area of the
horizon plus logarithm corrections. Interesting phenomena
start to happen at relatively lower temperatures. As we
gradually decrease the temperature, bulk fluctuation modes
became less important, and the entropy of the zero modes ¢
and Wilson lines W behave as the area of the box multiplied
by the temperature squared are the most important con-
tribution as shown in Fig. 4. For superlow temperature, the
entropy of ¢ and W scale as the area of the horizon divided
by UV cutoff squared. This is because the coefficients
in front of (d,¢)> and (9,W)? in the effective actions
diverge, introducing localizations in the space of zero-
energy modes 0,¢p =0,W =0 in the Euclidean path
integral. Then entropy of those modes naturally is propor-
tional to the horizon area divided by the Planck area. We
also have extra logarithm corrections from the constant
modes and topological modes of W. The localization
mechanism of the U(1) gauge theory is also confirmed
for the extremal black holes. The overall behavior of the
entropy is depicted in Fig. 4, and we can see the transitions
of dominances between the low-temperature black hole and
high-temperature ones clearly.

Now, the question is how to understand the large entropy
(56) we have gotten for the low-temperature black hole. Let
us take ¢ as an example to show where this large entropy
comes from. The finite temperature partition function for a
three-dimensional massless bosonic field can be written as

InZ; « fArea- A* + Area/ d*pIn(1 —e7r), (89)

where A is the UV cutoff and p = \/ﬁ The first part
proportional to the volume of the whole spacetime divided
by the smallest volume unit is the zero-point energy of the
field theory, which is a constant piece in the free energy.
Constant free energy does not contribute to entropy, and
thus can be ignored. The second part is finite and gives out
the Area x T2 contribution in entropy. However, the finite
contribution cannot be seen at superlow temperatures. Now
because of the localization, the zero-point energy of the
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field is not a constant free energy anymore. The logarithm
of the partition function only depends on the area of the
boundary because ¢ only depends on the spatial coordi-
nates on the boundary. So the partition function of the zero-
point energy can be written as

Area
2 9
Iy

InZy « Area- A* = (90)

if we suppose the UV cutoff is at the Planck scale. The
corresponding entropy is of Bekenstein-Hawking entropy
magnitude. There are also constant modes and winding
mode contributions at superlow temperatures, whose
entropy scales as the logarithm of the coupling constant
and other length scales. It is interesting to notice that the
area shown in Eq. (90) only contains the area of the horizon
not the area of the other boundary.

The above argument suggests that the low-temperature
Bekenstein-Hawking entropy might come from the zero
modes ¢ and boundary-stretched Wilson lines W. For the
transitions of dominances for the finite temperature black
hole, especially at the low temperature, there should be
some symmetry-breaking pattern to explain them. As
shown in Fig. 1, the low-temperature entropy of the flat
case scales as a logarithm because the degeneracy manifold
is a circle in the symmetry-breaking phase of U(1) global
symmetry. This can be seen from the bottom of the
“Mexican hat” potential. In such a sense, the low-temper-
ature Bekenstein-Hawking-like entropy

A
S rea
12
P
can also be explained from a symmetry-breaking view-
point. We are sitting in a global symmetry-breaking phase
at low temperature with degeneracy exp S. Note that those
amounts of entropy come from the modes in the limit

ling) D, X%, x3) el (91)
because of the localization on d,¢ = 0 space. This might
can be thought of as calculating the entropy of the soft hair
of the black hole system [63—70]. The exact relation
between our story and the soft hair of black holes needs
further studies.

Note that we have gotten two Bekenstein-Hawking-like
entropies in this paper. The original point of this paper is
that the zero modes ¢ and the Wilson lines W have an
entropy proportional to the horizon area divided by the
Planck area for superlow temperature black holes, which
might be used to understand the Bekenstein-Hawking
entropy because of the right magnitude. Note that there
is also part of the entropy (37) in the bulk fluctuation modes
for the finite temperature black hole system, which is also
proportional to the area divided by the UV cutoff squared.

This entropy was used to understand the microscopic
degrees of freedom of finite-temperature black hole sys-
tems [10], and was interpreted as the entanglement entropy
across the stretched horizon [61]. If we accept the above
argument, we might tend to interpret that the finite-temper-
ature Bekenstein-Hawking entropy comes from some extra
microscopic structure near the horizon-like entanglement
across the horizon, but the (near-)extremal black hole
entropy comes from different places as the finite-
temperature black hole. The (near-)extremal black hole
entropy only appears in low temperatures and comes from
the breaking of global symmetries. Thus, we have two
different types of Bekenstein-Hawking-like entropies for
finite-temperature and (near-)extremal black holes, and
they both behave like the area of the horizon divided by
the UV cutoff squared. We leave the symmetry-breaking
explanation of the phase transitions and other related topics
for further study.
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APPENDIX A: WOULD-BE GAUGE DEGREES
OF FREEDOM

In this appendix, let us briefly discuss the physics
related to the Neumann-like boundary condition (10),
where the boundary would-be gauge degrees of freedom
are allowed.’

The boundary configurations that respect (10) are the flat
boundary configurations. We can find bulk modes B, that
correspond to those boundary configurations and integral
over those modes in the Euclidean path integral to evaluate
the partition function. So, the main task in this appendix is
to find a solution to the bulk equation of motion on the
Euclidean Schwarzschild background. To avoid complicat-
ing the story, we can solve the problem using the original
metric (3)

+r
ds* = #drz + %dpz +(p+71,)2dQ?. (A1)
s

After getting the solutions, we can perform a coordinate
transformation from x* = (z, p, 0, @) to X = (7,y,0,9) to
obtain the solutions on the infalling coordinate system.

A more careful analysis of those modes can be found in
Appendix A of [51].
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In coordinate system (3), the problem reads as

V,Fliy =0,
Bul, = 1 (x%),
Bul, = £ (x). (A2)

Now, we use f%(x*) with a = (r) or (/) to denote the
boundary configuration of B,. B, should change accord-
ingly. We will fix the boundary configurations to be flat
later. The bulk equation of motion can be further written as

Mv _ My T v pHA
VF dF(>+FAF()+F/1F()
Hv WAy
—5F(>+FAF<)
dﬂ(\/_F’“’ ) =0. (A3)

=%

We may find a solution that satisfies the following
equations separately:

1 o

\/g—]aﬂ(\/ng)) =0 (A4)
1

%%(\@F?Ié)) =0 (AS)

First of all, let us look at the v = 2 component of (A4)

1 2
Z5 O VFl) =0 (A6)
which is satisfied if
B) ~ Di(x9)
Supposing B, takes the form
D, (x)

By = —————=+ D,(x%), A8
2 T + Dy (x?) (A8)

the boundary condition fixes the coefficients D; and D,

Bl = = 720,

p=€

+ D,
rs+s
D

+D, = £ (x9). (A9)

BZ|p=L = _ry +L

We can get that

(rs+8)(rs+L) r 1
D, :L—_g(fy—fé)),
_ st Loy _rete
Dy =D ER BT (A10)

€ is much smaller than r, and L, so we can write r, & rg + €
and L ~ L — . Thus the solution for B, can be written as
ry(rs +L)
(p+rs)L

ry+ L
L

B, = - () =y 2

7y __fz ‘
(Al1)

For a similar reason, we can get the solution for other
components of B, and the solution of B, can be written as

_r(rg+L)
“T T (p+r)L

re+ L
L

(f _fa) f *fa-

(A12)

With the solution B, one can then further fix B, such that
the field strength satisfies the bulk equation of motion. We
have

1 rs(rs + L) ) )
B = a — Ja )s
a/) a (p + rs)z L (f f )
1 ro(ry+ L
0,8, = st ) (10— 40)

op+r)? L

Note that the field strength is set to be zero here. Assuming
flat boundary configurations,

=l -9, fD=cV 9.0, (A13)

We can get the solution for B, by integrating d,B,, over x*

B 1 ro(ry+ L)
BP - 2 L
(p+ry)

(A14)

As a double check, one can put the solutions (A11), (A12),
and (A14) into Eq. (A2) to check if it is satisfied or not.

Now, we can perform the coordinate transformation and
transfer everything into coordinate (6). We have

d
A (A15)
dx p+rg
thus B, can be written as
P (g4 L)
et L
x [x@- (€L — Py + 20 = 20).  (Al6)
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So, the solutions can be summarized as

L)
f= =D D 0y 5 000 - 20y)
(p + rs)L
L s
+ B2 () 4+ 0,0) = () 4 0,40), (A1)
5 VP r(re+L)
y (,0 + rs)5/2 L
x [xe - (V) — ¢y + (20 = 20)] (A18)

Then, we need to add those modes in the Euclidean path
integral of the U(1) gauge theory. Correspondingly, there
would be new contributions to the partition function and
the thermal entropy. Those bulk modes corresponding to
the bulk would-be pure gauge configurations. It would be
interesting to see the relationship among those modes, the
soft hair of black holes [63—70], and Barnich’s nonproper
gauge degrees of freedom [71-74].

APPENDIX B: EFFECTIVE ACTION
FOR FIELDS ¢ AND W

In this appendix, we derive the effective action (15) from
the original action of the U(1) gauge theory. The Euclidean
action for Maxwell’s theory on a curved Euclidean back-
ground can be written as

1
Sp = 10 /drd3x\/_F””F (B1)
e

Now we are going to work out the above Euclidean action
in terms of fields Aﬂ, ¢, and W. Working on the Euclidean
Schwarzschild black hole background (3), the action can be

separated into two parts with regard to (3 4+ y) decom-
position as

1

1
12 drd3x\/_F“"Fa;, +—

Sg = 22 |

drd®x\/gF“F ,.
(B2)

Putting the field decomposition (77) into the action, the
above effective action can be further written as

1 PN 1
Sg = —2/ d1d3x\/§F””FW + T/ d’rd3x\/§[g"b0a¢0b¢]
de” Jm 2e’|y]* Jum

1 N A
— i [ dsx Al 0,4, = 0,400
e’y Jum

(B3)

Denoting the first part in the above action as S, the above effective action can be further written as

1
Sk So+ 27

which can be further simplified as

1 X n
/ drd®x\/glg"* 0,40, ) — 62—|y|//\4 drd*xdy~/glg* (0,A, — 0,A,)0,),

(B4)

A 1 i
— 3 ab 2 ably=
Sg =350+ 2P /M drd’x\/q[g*" 0,40, P] — 2D / ded*x[\/99*° ;=32 0, W,

1 N A
+ 62—|}’|/M ded*x0,(\/99"") {Aa -9, (/ dyAy)}@bqﬁ.

Note that the last term in the above expression can be set to zero by gauge choice. So we are going to ignore the last term and
only focus on the following Euclidean action as shown in Eq. (15):

SE:

1 3 v I, 1 3 ab i 2 bly=
@/Nl de X\/§FM Flw'f’W/A/t de X\/§[g aa¢ab¢] —ez—b]'/dl'd X[\/gga };:{fdaWah(b (BS)

APPENDIX C: DIMENSIONAL REDUCTION

This appendix performs the dimensional reduction in Sec. III B, which is to reduce the higher dimensional action S[¢, W]

to three-dimensional action Sy shown below. We have

Slp. W) = —

27D |2/ drd®x\/g(g"* 0,90, ) — LI |/de2 \/_g“b]y—}vfa Wo,d

(C1)
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and

Spaw =57 / ded®x\/h[h® 0,0, ) —

2/2

We are going to divide the problem into two steps. The first
is to solve the low dimensional metric /., and coupling
constant ¢’. Then we are able to solve y, y,, and y3 with the
results from the first step.

1. Metric and coupling constant ¢’

As discussed in the main context, we assume the three-
dimensional metric takes the following form
gy, = diag(h,,, R?, R*sin” §), (C3)

with topology S' x §2. The radius of S is  and radius of
§? is R. We just need to solve the following equations:

! /dd2 (/yzd\fab>a¢a¢
PCTIT) Tax YvV3ag aPOp
262|.Y|2 V1

1
= ded®x/h[h® 0,0, p).

The above equations can be simplified as

1 /L
2e%|y[* Je

We are left with two independent components

\f 9" =37 L Vi, (C4)

1 3 1
2 2 3 _ 7 P2
2| |2 (3rL—|—§rL + — 3 +ry ln—) __6/2\/h R-,

(C5)

,2\/7

There are three unknown variables and only two indepen-
dent equations. So we are going to write /., and coupling
constant ¢’* as a function of radius R. The solution can be
written as

= (c6)

LR
3L+ 3r L +E 4 riinL/e’

(C7)

7 T

\/3r2L+ rl?+L —|—r3lnL/s
i T
2P 2Iyl2 R

(C8)

/ dzd®xV/hly 170, W, + y2h®9gWagdp + y3h#0,Wa,¢).  (C2)

I
2. y couplings
The next step is to calculate ¥, y,, and y5. To do that we

just need to match the rest of the actions (C1) and (C2),
which read as

1 —
eZ—M/dTJZx[\/ggab];;?dawab(ﬁ

1
=57 ded®x /by h70, W, + y2h? 0, Wy

+ 73h??0,Wa,,p)]. (C9)
The useful information from the above equation is
TT L — YI T
2|y| Vag ™R = 5 s VAR, (C10)
, 72
2|y| [\/‘969]“; ;f = 2e N7 \/—h% (Cll)
Y2 =73 (C12)
Writing everything explicitly, we have
Y=y
1 p(y) + rS{ 2 2
pWy) + 7 Vi MR,
eyl [ o) . 2ehP
(C13)
y=y2
1 P L
= , Cl4
= l o0+ e Y
12 =7s. (C15)
The above equations can be solved as
= 2ply 2 .
" Y €3r§L+%rSL2+%3+r§’lnL/e’
2)y|
=y, =2 . Cl16
Y2 =173 L \\L+r, ( )

APPENDIX D: BULK PARTITION FUNCTION

In this appendix, we give a detailed analysis of the
partition function of the bulk fluctuation modes. The gauge
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fixing condition can be imposed by inserting the following
identity in the path integral:

| = /Dﬂdet(%)é(G—O),

with gauge fixing condition G. After gauge fixing, there are
only two polarization degrees of freedom for Maxwell’s
theory in the bulk, which can be simulated by two massless
scalar fields. One can repeat the calculation using the
standard Faddeev-Popov method. Here we would just
assume that on a black hole background, the gauge fields
A, are also left with two massless bosonic components after
gauge fixing.

The metric of Schwarzschild is shown in (2). For one free
massless particle living on this background, the motion for
geodesics can be expressed as

(D1)

dx* dx?

—_— = D2
dA dA ’ (D2)

I

with A the parameter along the trajectory. For a
Schwarzschild black hole (see Sec. 5.4 in [75] for more
details), the Killing vector associated with energy can be
written as

K* = (0, = (1,0,0,0)
<0r K, = (1 —2G;VM,0, 0, 0)). (D3)

And the Killing vector associated with angular momentum is

R =(0,)* =(0.0,0,1) (or R, = (0,0,0, r*sin’6)).

(D4)
There are two conserved charges energy and angular

momentum on the equatorial plane because of the Killing
vectors. The conserved quantities can be expressed as

dx* 2GyM\ d
E=-K,“ =—(1- GyM) dr
dAi r dar
dx# do
L=R,—=r—"2. D5
van - (D3)
On the other hand, we have
dx?

pﬂ = g/w E . (D6)

Then expression (D2) can be expressed by the conserved
energy and angular momentum as

2G M\ ! 2GvM L2
-(1-—N) E2+<1——N>p%+—2:0,
r r I

which can be rewritten as

(D7)

p%:<1_2G:,M>—1K1_2G:,M> B4 Iﬂ (DS)

For a massless scalar field with mode expansion

A1, r,0,¢) = ZZe’mY, 0. 9)A(w,l,m,r), (D9)

with
0,A=ip,A, (D10)

the above expression (D8) can be written as the dispersion
relation for A

-1 -1
o (1 _2GNM) Kl _2GNM> 2 0 1)}
r r r

(D11)

This expression can also be obtained from different methods,
for example from the equation of motion of massless field on
curved space time [10].

Let us study the statistical properties of those bulk
fluctuation modes. Because of the boundary conditions on
r=r,+e¢and r =r;+ L, we have a standing-wave con-
dition along the radius direction, which can be written as

ry+L
nr = / p(r,w,l)dr,
r

ste

(D12)

with n € Z,. The partition function of bulk fluctuation
modes can always be written as

InZz = -2 In(1—e7),

w

(D13)

where the factor 2 means we have two polarizations, and we
ignored the zero-point energy in the above expression. Now
we can change the summation of @ into integration by
introducing density of state g(w) and regarding the spectrum
to be continuous. We obtain

InZ; = —2/oo g(@)In(1 — e)dw
0

= —ZADO In(1 — e#*)dl'(w)

w(w)e P

1 —ePo pdaw.

= =2In(1 — e?)(w)[& + 2/0
(D14)

where I'(@) defined by dI" = g(w)dw is the number of state
not exceeding . The first part is zero when @ — 0 and
@ — o0, so the final result for our partition function can be
written as

o T
InZp = 28 / . (@) o, (D15)
0o e @ —1
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I'(w) is the number of states that have energy lower than w, and we have

=L )

1 retL 2GyM\ I(1 + 1)]1/2
/(2l+1)dl/ %[ 2+<1 S ) ( : )] : (D16)
“a)) e 120

r r
Note that we have changed the summation of / into an integral assuming the area of the boundary is big enough. The summation

or integration is from / = 0 to the state with energy @. Now we can put (D16) into Eq. (D15), and the logarithm of the partition
function can be written as

2 d 2GyM\ I(1+1)]1/2
InZy — ﬂ/ o / [l(l+1)]/ﬁ{w2+<l— f)%} .

ZGNM) (l+1)

Now, let us redefine x = (1 — . We obtain

dli(l+1)] = — 5 4, (D17)

thus we can rewrite the integral as

2 [~ dw rdr o’ ) .
= — /2
InZp P A efv — 1/ <1 _ 2GNM>2[) dxla” + ]

4B [= w’d 4d
_ ﬁ @ dw / e (D18)
3 ef*—1) (r—2GyM)
Those integrals are straightforward to work out; we have
© o’do 71
=2 - D19
/0 efo—1 15p (D19)
and
retl rtdr o L L3
—_— +4rin—— 6r2L + 2r,L* + —. D20
e o o
All in all, the logarithm of the partition function can be written as
a3 1 l6xrd L 4n 1 4 L3
nzp=-22ln tomrg, L 41 (5% eopyorpe+ ). (D21)
45 p° e 45 p° e 4A5p L
The corresponding entropy Sy = (1 — ;) can be calculated as
16731 74 647°r) L 16271 rt L3
Sp=—r—="4+—IIn—F+—— [ -2+ 6r2L +2r,L> +— ). D22
4 45ﬂ3£+45ﬂ3n8+45ﬂ3< p ottt > (D22)
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