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The Hilbert energy-momentum tensor for gauge-fixed non-Abelian gauge theories, defined by the
variational derivative of the action with respect to the spacetime metric, is a tensor under general coordinate
transformations, symmetric in its indices, and BRST invariant. The canonical energy-momentum tensor has
none of these properties but the canonical Hamiltonian does correctly generate the time dependence of the
fields. It is shown that the Hilbert Hamiltonian

R
d3x

ffiffiffi
g

p
T0
0 is equal to the canonical Hamiltonian for a

general gauge theory coupled to spin-1=2 and spin-0 matter fields (including an Rϕ2 term) in a static
background metric (∂0gμν ¼ 0 and g0j ¼ 0). The equality depends on on the Gauss’s law constraint but not
on the dynamical Euler-Lagrange equations.

DOI: 10.1103/PhysRevD.107.125021

I. INTRODUCTION

The Hilbert energy-momentum tensor [1] in an arbitrary
background metric is determined from the Lagrangian
density for matter and radiation by

δ

δgμνðxÞ
Z

d4zL ¼
ffiffiffi
g

p
2

TμνðxÞ; ð1:1Þ

where g≡ − detðgαβÞ > 0. L transforms as a scalar density
under general coordinate transformations (i.e. L=

ffiffiffi
g

p
is a

coordinate scalar) and is gauge invariant except for a gauge-
fixing term. Tμν transforms as a tensor under general
coordinate transformations, is symmetric in μν, and is
BRST invariant [2,3]. It is the source of the gravitational
field in the Einstein field equations. The covariant diver-
gence of the mixed tensor is

ðTμ
νÞ;μ ¼

1ffiffiffi
g

p ∂μð
ffiffiffi
g

p
Tμ
νÞ − 1

2
ð∂νgαβÞTαβ: ð1:2Þ

If the fields that appear in L are required to satisfy the field
equations then ðTμ

νÞ;μ ¼ 0 (see Sec. 94 of [4] or Sec. 12.3 of
[5]); but it is not a true conservation law because of the
second term in (1.2).

The so-called canonical energy-momentum tensor that
results from Noether’s first theorem [6] applied to the
invariance of L under global spacetime translations is

ffiffiffi
g

p
Θμ

ν ¼
X
s

∂L
∂ð∂μχsÞ

∂νχs − δμνL; ð1:3Þ

where χs runs over all the fields: gauge bosons, ghosts, spin
1=2 fermions, and scalar bosons. Though Θμ

ν is not a
coordinate tensor it will be referred to as the canonical
energy-momentum tensor because when gαβðxÞ is replaced
by the Minkowski metric ðηαβÞ ¼ diagð1;−1;−1;−1Þ the
resulting quantity is a Lorentz tensor.
For fields obeying Fermi statistics the ordering in (1.3) is

not accurate. The ghost fields ηa and η̄a are independent as
are the spin-1=2 fields ψ and ψ†; the correct statement of
the first term in (1.3) is

∂L
∂ð∂μηaÞ

∂νηa þ ð∂νη̄aÞ
∂L

∂ð∂μη̄aÞ
ð1:4Þ

for ghosts and

∂L
∂ð∂μψÞ

∂νψ þ ð∂νψ†Þ ∂L
∂ð∂μψ†Þ ð1:5Þ

for spin 1=2 fermions. This is rather cumbersome to
repeatedly make explicit and so the simpler form (1.3)
will often be used.
a. Θμ

ν improvements in Minkowski spacetime: The
differences between Tμ

ν and Θμ
ν when gαβðxÞ is replaced

by the Minkowski metric was resolved for electrodynamics
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by Belinfante and Rosenfeld [7,8]. In modern approaches
[9–15] an improved Θμ

ν is obtained by using both global
translation invariance and global Lorentz invariance or with
Noether’s second theorem using local translation invari-
ance. This plus the field equations lead to an improved
Lorentz tensor that agrees with the Hilbert tensor in
Minkowski spacetime,

Tμν ¼ Θμν þ ∂αΛαμν; ð1:6Þ

where the superpotential satisfies Λαμν ¼ −Λμαν. Two
results follow from the antisymmetry:

T0ν ¼ Θ0ν þ ∂jΛj0ν; ð1:7Þ

∂μðTμνÞ ¼ ∂μðΘμνÞ: ð1:8Þ

The first shows that

Z
d3xT0ν ¼

Z
d3xΘ0ν; ð1:9Þ

the second shows that the integrals (1.9) are time inde-
pendent. Both require imposing the field equations.
An interesting generalization is presented in Ref. [14]. If

L contains second derivatives, or higher, of the fields then
Λαμν is not antisymmetric in the first two indices; never-
theless, Λ00ν is a spatial divergence which adds another
term to (1.7) so that (1.9) is still valid and ∂μ∂αΛαμν ¼ 0 so
(1.8) holds which makes (1.9) time independent.
b. Derivations of Tμν for an arbitrary metric: The

Hilbert energy-momentum tensor can be derived in a more
geometrical manner using the spacetime diffeomorphism
group [16] or fiber bundles [17]. Though it is natural to
expect that a canonical energy-momentum tensor satisfying
the requirements of gauge invariance, μν symmetry, and
covariant conservation would necessarily be equal to the
Hilbert tensor, [18] treats an example of spin-2 fields, the
linearized Gauss-Bonnet gravity model, in which this is
not true.
c. Static metric with field equations: A static metric

satisfies both ∂0gαβ ¼ 0 and g0j ¼ 0. The Schwarzschild
and Reissner-Nordström metrics are of this type and the
geometry shares many features of Minkowski spacetime
[19–21]. The vanishing of g0j means that Lagrangian terms
like

ffiffiffi
g

p
gμνð∂μϕÞð∂νϕÞ, and analogous terms for gauge

bosons and spin-1=2 fermions, do not violate time-reversal
invariance; the field equations allow separation of variables
(time vs three-space) and the propagators are invariant
under global time translation. If the field equations are
satisfied and the metric is static then ∂μð ffiffiffi

g
p Θμ

0Þ ¼ 0; thus
the canonical Hamiltonian is time independent,

d
dt

Z
d3x

ffiffiffi
g

p
Θ0

0 ¼ 0: ð1:10Þ

Under the same conditions (static metric plus field equa-
tions) the Hilbert tensor satisfies ∂μð ffiffiffi

g
p

Tμ
0Þ ¼ 0 [4,5] and

the Hilbert Hamiltonian is time independent,

d
dt

Z
d3x

ffiffiffi
g

p
T0

0 ¼ 0: ð1:11Þ

It is plausible, but not guaranteed, that the two
Hamiltonians are equal; more importantly, the argument
gives no information about what happens when the field
equations are not satisfied, as is the case in the functional
integral formulation of field theory.
d. Outline: This paper investigates what happens when

the metric is static and only the non-Abelian Gauss’s law is
imposed but none of the other field equations. It is assumed
throughout that the field decrease at spatial infinity is
sufficiently rapid as to allow spatial integration by parts
with no boundary terms.
Section II introduces the Lagrangian density L for a

general non-Abelian gauge theory containing five parts:
gauge bosons, gauge fixing, ghosts, spin-1=2 fermions, and
scalar bosons,

L ¼
X5
n¼1

Ln: ð1:12Þ

The spin-1=2 fermions and the scalar bosons are in arbitrary
representations of the gauge group. The scalar bosons have
Yukawa couplings to fermions and a coupling ξRϕ2

i to the
Ricci scalar curvature. The variational derivative of each
action

R
d4xLn gives the Hilbert energy-momentum tensor

Tn
μν, which is then evaluated for a static metric. The value offfiffiffi
g

p
g00Tn

00 þ Ln is computed for a static metric.
Section III employs Gauss’s law to obtain

Z
d3x

X5
n¼1

ffiffiffi
g

p
g00Tn

00 ¼
Z

d3x

�X
s

Πs∂0χs −
X5
n¼1

Ln

�
;

ð1:13Þ

which shows the equality of the Hilbert and the canonical
Hamiltonians,

Z
d3x

ffiffiffi
g

p
g00T00 ¼

Z
d3x

ffiffiffi
g

p
g00Θ00: ð1:14Þ

The dynamical Euler-Lagrange equations are not used. The
integrals (1.14) could be called proto-Hamiltonians since
they are time dependent.
At this point the equality of the two Hamiltonians could

be a special feature of non-Abelian gauge theories, par-
ticularly since the curvature appeared only in the term
ξRϕ2

i . To see if the Hamiltonian equality is more general a
term of the form

ffiffiffi
g

p
Rμνð∂μϕÞð∂νϕÞ ð1:15Þ
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is investigated. Explicit calculation shows that the Hilbert
energy density and the canonical energy density are very
different but the Hamiltonians are equal. This rather tedious
calculation is contained in Appendix D.
Section IV derives the Hamiltonian equality (1.14) in a

general manner in which the details of the Lagrangian
density are not specified except that it has only first
derivatives of the fields. The result is

∂μð
ffiffiffi
g

p
Tμ
0Þ ¼ ∂μð

ffiffiffi
g

p
Θμ

0Þ − ∂jNj; ð1:16Þ

using Gauss’s law but not the dynamical field equations.
The spatial integral is

d
dt

Z
d3x

ffiffiffi
g

p
T0

0 ¼
d
dt

Z
d3x

ffiffiffi
g

p
Θ0

0: ð1:17Þ

Since the fields have arbitrary time dependence the inte-
grals must be equal, which confirms (1.14) in the more
general case.

II. EXPLICIT RESULTS FOR THE HILBERT
ENERGY-MOMENTUM TENSOR

This section will compute Tn
μν for n ¼ 1;…5 for a

general time-dependent metric and then catalog, for a static
metric, the combination

ffiffiffi
g

p
g00Tn

00 þ Ln for gauge bosons,
ghosts, and spin-1=2 fermions (n ¼ 1, 3, 4) and the
integrated form

R
d3x½ ffiffiffi

g
p

g00Tn
00 þ Ln� for the gauge-fixing

term and scalar bosons (n ¼ 2, 5).

A. Gauge bosons

a. Gauge bosons in a general metric: The covariant
field-strength tensor

Fa
μν ¼ ∂μAa

ν − ∂νAa
μ − efabcAb

μAc
ν ð2:1Þ

is independent of the metric tensor. (e will be used for the
gauge coupling since g is reserved for the absolute value of
the determinant of the metric.) To make the metric
dependence explicit L1 is written in terms of the covariant
field strengths

L1 ¼ −
ffiffiffi
g

p
4

Fa
μαFa

νβg
μνgαβ: ð2:2Þ

The variational derivative of the action gives

T1
μν ¼ −Fa

μαFa
νβg

αβ þ gμν
4

Fa
καFa

λβg
κλgαβ: ð2:3Þ

b. Gauge bosons with a static metric: In this case

g00T1
00 ¼ −

1

2
F0j
a Fa

0j þ
1

4
Fa
jkF

jk
a ; ð2:4Þ

and therefore

ffiffiffi
g

p
g00T1

00 þ L1 ¼ −
ffiffiffi
g

p
F0j
a Fa

0j: ð2:5Þ

B. Gauge fixing

a. Gauge fixing with general metric: The Lagrange
density

L2 ¼ λ

2

ffiffiffi
g

p ½ðAμ
aÞ;μ�2; ð2:6Þ

ðAμ
aÞ;μ ¼

1ffiffiffi
g

p ∂μð
ffiffiffi
g

p
gμνAa

νÞ; ð2:7Þ

results in BRST invariance [2,3]. Variation of the action
with respect to the metric gives for the energy-momentum
tensor

T2
μν ¼ λ

�
−Aa

μ∂νWa −Aa
ν∂μWa þ gμν

�
1

2
ðWaÞ2 þAβ

a∂βWa

��
:

ð2:8Þ

where for conciseness

Wa ≡ ðAα
aÞ;α ¼

1ffiffiffi
g

p ∂α½
ffiffiffi
g

p
gαβAa

β�: ð2:9Þ

b. Gauge-fixing with a static metric: Equation (2.8)
with μ ¼ ν ¼ 0 leads to

ffiffiffi
g

p
g00T2

00 þ L2 ¼ λ
ffiffiffi
g

p ½−2A0
a∂0Wa þ ðWaÞ2 þ Aβ

a∂βWa�:
ð2:10Þ

In the term ðWaÞ2 if one factor of Wa is expressed in terms
of derivatives then a spatial integration by parts produces

Z
d3x½ ffiffiffi

g
p

g00T2
00þL2�¼ λ

Z
d3x

ffiffiffi
g

p ½ð∂0A0
aÞWa−A0

a∂0Wa�:

ð2:11Þ

C. Ghost fields

a. Ghosts with general time-dependent metric: The
Lagrangian density for the ghost fields is

L3 ¼ ffiffiffi
g

p
gμνð∂μη̄aÞðDνηÞa ð2:12Þ

where η̄a and ηa obey Fermi statistics, transform in the
adjoint representation, are not conjugates of each other, and

ðDνηÞa ¼ ∂νηa − efabcAb
νηc: ð2:13Þ
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Varying the action with respect to the metric gives

T3
μν ¼ ð∂μη̄aÞðDνηÞa þ ð∂νη̄aÞðDμηÞa

− gμνgαβð∂αη̄aÞðDβηÞa: ð2:14Þ

b. Ghosts with static metric: Equation (2.14) becomes

g00T3
00 ¼ g00ð∂0η̄aÞðD0ηÞa − gjkð∂jη̄aÞðDkηÞa ð2:15Þ

which leads to

ffiffiffi
g

p
g00T3

00 þ L3 ¼ 2
ffiffiffi
g

p
g00ð∂0η̄aÞðD0ηÞa: ð2:16Þ

D. Spin-1=2 fermions

a. Fermions with general metric: The Lagrangian
density for fermions

L4 ¼ ffiffiffi
g

p �
i
2
ψ†hγμ∇μψ −

i
2
ð∇μψÞ†hγμψ

− ψ†hðmf þ YiϕiÞψ
�

ð2:17Þ

requires some explanation. First, mf is a Hermitian mass
matrix and Yi are Hermitian Yukawa couplings to the real
scalar fields that are discussed in Sec. II E. The spacetime-
dependent Dirac matrices satisfy

fγμ; γνg ¼ 2gμνI

ðγμÞ† ¼ hγμh−1 ð2:18Þ

where h† ¼ h is the spin metric [22]. The spacetime-
independent Dirac matrices satisfy

fγðαÞ; γðβÞg ¼ 2ηαβI: ð2:19Þ

The spacetime dependence of the γμ is carried by vierbeins,
γμ ¼ eμðαÞγ

ðαÞ where ηαβeμðαÞe
ν
ðβÞ ¼ gμν and gμνe

μ
ðαÞe

ν
ðβÞ ¼ ηαβ.

The spin metric h ¼ γð0Þ is not a function of spacetime nor
is the matrix γ5,

γ5 ¼ −i
ffiffiffi
g

p
ϵαβμνγ

αγβγμγν=4!: ð2:20Þ

Consequently∇μγ
5 ¼ 0 and no additional effort is required

if ψL and ψR are in different representations of the
gauge group.
The covariant derivative of the fermion field is

∇μψ ¼ ∂μψ þ Γμψ − ieAa
μTaψ ; ð2:21Þ

where the spin connection is

Γμ ¼
1

8
eðαÞρ ð∂μeρðβÞ þ Γρ

μλe
λ
ðβÞÞ½γðαÞ; γðβÞ�: ð2:22Þ

The detailed calculation of T4
μν is presented in Appendix B

with the result

T4
μν ¼

i
4
ðψ†hγμ∇νψ þ ψ†hγν∇μψÞ

−
i
4
ðð∇νψÞ†hγμψ þ ð∇μψÞ†hγνψÞ

− gμνL4=
ffiffiffi
g

p
: ð2:23Þ

b. Fermions with static metric: For a static metric
(2.23) immediately gives

ffiffiffi
g

p
g00T4

00 þ L4 ¼ ffiffiffi
g

p i
2
½ψ†hγ0∇0ψ − ð∇0ψÞ†hγ0ψ �:

ð2:24Þ

For the static metric eð0Þ0 ¼ ffiffiffiffiffiffi
g00

p
and eðjÞ0 ¼ 0; the spin

connection Γ0 simplifies to

Γ0 ¼
1

8
ð∂jg00Þ½γ0; γj�: ð2:25Þ

This satisfies ðΓ0Þ† ¼ −hΓ0h−1. The combination that
appears in (2.24) is

hγ0Γ0 − Γ†
0hγ

0 ¼ hfγ0;Γ0g ¼ 0: ð2:26Þ

Thus, ∇0ψ in (2.24) can be replaced by

D0ψ ¼ ∂0ψ − ieAa
0T

aψ ð2:27Þ

so that

ffiffiffi
g

p
g00T4

00 þ L4 ¼ ffiffiffi
g

p i
2
½ψ†hγ0D0ψ − ðD0ψÞ†hγ0ψ �:

ð2:28Þ

E. Scalar bosons

a. Scalars with general metric: For a set of real scalar
fields ϕi the Lagrangian density is

L5 ¼ ffiffiffi
g

p �
gμν

2
ðDμϕÞiðDνϕÞi −UðϕÞ − 1

2
ξRϕ2

i

�
; ð2:29Þ

where the gauge covariant derivative is

ðDμϕÞi ¼ ∂μϕi − ieAa
μðtaÞijϕj ð2:30Þ

with ta imaginary and antisymmetric,UðϕÞ is a polynomial
in the fields invariant under local gauge transformations, R
is the Ricci scalar, and ξ is an arbitrary parameter.
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The presence of the Ricci scalar R causes some compli-
cations invarying the actionwith respect to themetric tensor.
It is convenient to separate the calculation into two parts:

δ

Z
d4xL5 ¼ 1

2

Z
d4x

ffiffiffi
g

p ½T5A
μν δgμν − ξðδRÞϕ2

i �; ð2:31Þ

where T5A
μν results from varying everything except R,

T5A
μν ¼ ðDμϕÞiðDνϕÞi

− gμν

�
1

2
gαβðDαϕÞiðDβϕÞi − UðϕÞ − 1

2
ξRϕ2

i

�
:

ð2:32Þ

The variation ofR required in (2.31) is available in Sec. 10.9
of [5],

δR ¼ Rμνδgμν − ðδgμνÞ;μ;ν þ gμνðδgμνÞ;ρ;ρ: ð2:33Þ

The result of the variation is

−
1

2
ξ

Z
d4x

ffiffiffi
g

p ðδRÞϕ2
i ¼

1

2

Z
d4x

ffiffiffi
g

p
T5B
μν δgμν; ð2:34Þ

where

T5B
μν ¼ ξ½−Rμνϕ

2
i þ ðϕ2

i Þ;μ;ν − gμνðϕ2
i Þ;ρ;ρ�: ð2:35Þ

In summary

δ

δgμν

Z
d4xL5 ¼ 1

2

ffiffiffi
g

p ½T5A
μν þ T5B

μν �: ð2:36Þ

Comment: T5B
μν has the property that its covariant

divergence is

ðgμλT5B
λν Þ;μ ¼ −

1

2
ξð∂νRÞϕ2

i ð2:37Þ

with no derivatives of the fields.
b. Scalars with static metric: Eq. (2.32) with μ¼ ν¼ 0

and a static metric gives

ffiffiffi
g

p
g00T5A

00 þ L5 ¼ ffiffiffi
g

p
g00ðD0ϕÞiðD0ϕÞi: ð2:38Þ

For a static metric (2.37) is a true conservation law,
∂μ½ ffiffiffi

g
p

g00T5B
00 � ¼ 0 and so

d
dt

Z
d3x

ffiffiffi
g

p
g00T5B

00 ¼ 0: ð2:39Þ

Since the spatial integral is constant and the fields have
arbitrary spacetime dependence, it is natural to expect that
the integral is zero. Appendix C confirms this,

Z
d3x

ffiffiffi
g

p
g00T5B

00 ¼ 0: ð2:40Þ

This and (2.38) may be summarized as

Z
d3x½ ffiffiffi

g
p

g00ðT5A
00 þ T5B

00 Þ þ L5�

¼
Z

d3x
ffiffiffi
g

p
g00ðD0ϕÞiðD0ϕÞi: ð2:41Þ

Comment: T1
μν; T3

μν; T4
μν; T5

μν all agree with Table 1
of [17], which does not include gauge fixing.

III. EQUALITY OF
R
d3x

ffiffiffi
g

p
g00T00 AND THE

CANONICAL HAMILTONIAN

The results of the previous five subsections will now be
combined. All equations assume a static metric but allow
arbitrary spacetime dependence of the fields.

A. Assembly of the results

The spatial integral of (2.5), (2.16), and (2.28) when
added to the integrated results (2.11) and (2.41) give

Z
d3x½ ffiffiffi

g
p

g00T00 þ L� ¼
Z

d3x
ffiffiffi
g

p ½Ω1 þ Ω2�; ð3:1Þ

where Ω1 comes from the gauge boson L1 and Ω2 from the
gauge fixing, ghosts, spin-1=2 fermions, and scalars,

Ω1 ¼ −F0j
a Fa

0j;

Ω2 ¼ g00½λð∂0Aa
0ÞWa − λAa

0ð∂0WaÞ þ 2ð∂0η̄aÞðD0ηÞa
þ i
2
ðψ†hγ0D0ψ − ðD0ψÞ†hγ0ψÞ þ ðD0ϕÞiðD0ϕÞi�:

ð3:2Þ
A more explicit expression of Ω1 is

ffiffiffi
g

p
Ω1 ¼

ffiffiffi
g

p ½−F0j
a ∂0Aa

j þ F0j
a ðDjA0Þa�: ð3:3Þ

The spatial integral, after an integration by parts, is
Z

d3x
ffiffiffi
g

p
Ω1 ¼ −

Z
d3x½ ffiffiffi

g
p

F0j
a ∂0Aa

j þ ½Djð
ffiffiffi
g

p
F0jÞ�aAa

0�:

ð3:4Þ
Gauss’s law requires ½Djð ffiffiffi

g
p

F0jÞ�a ¼
ffiffiffi
g

p
J0a, where

ffiffiffi
g

p
J0a ¼ −λ

ffiffiffi
g

p
g00∂0Wa þ

X5
n¼3

∂Ln

∂Aa
0

ð3:5Þ

and therefore
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Z
d3x

ffiffiffi
g

p
Ω1 ¼ −

Z
d3x

ffiffiffi
g

p ½F0j
a ∂0Aa

j þ J0aAa
0�: ð3:6Þ

The charge density is

J0a ¼ g00½−λ∂0Wa þ eð∂0η̄bÞfabcηc
þ eψ†hγ0Taψ − ieðD0ϕÞitaijϕj�: ð3:7Þ

Using J0a in (3.6) and adding this to the spatial integral offfiffiffi
g

p Ω2 produces cancellations of some of the Aa
0 depend-

ence and results in
Z

d3x½ ffiffiffi
g

p
T0
0 þ L� ¼

Z
d3x

ffiffiffi
g

p f−F0j
a ∂0Aa

j

þ g00½λð∂0Aa
0ÞWa þ ð∂0η̄aÞð∂0ηaÞ

þ ð∂0η̄aÞðD0ηÞa
þ i
2
ðψ†hγ0∂0ψ − ð∂0ψÞ†hγ0ψÞ

þ ðD0ϕÞið∂0ϕiÞg: ð3:8Þ

B. Canonical momenta

There are seven canonical momenta:

πja ¼ ∂L
∂ð∂0Aa

j Þ
¼ ffiffiffi

g
p

Fj0;

π0a ¼
∂L

∂ð∂0Aa
0Þ

¼ λ
ffiffiffi
g

p
g00Wa;

pa ¼
∂L

∂ð∂0ηaÞ
¼ ffiffiffi

g
p

g00∂0η̄a;

p̄a ¼
∂L

∂ð∂0η̄aÞ
¼ ffiffiffi

g
p

g00ðD0ηÞa;

πψ ¼ ∂L
∂ð∂0ψÞ

¼ i
ffiffiffi
g

p
2

ψ†hγ0;

πψ† ¼ ∂L
∂ð∂0ψ†Þ ¼ −i

ffiffiffi
g

p
2

hγ0ψ ;

πϕi ¼ ∂L
∂ð∂0ϕiÞ

¼ ffiffiffi
g

p
g00ðD0ϕÞi: ð3:9Þ

The rather cumbersome equation (3.8) is more recognizable
when expressed in terms of the canonical momenta,

Z
d3x½ ffiffiffi

g
p

T0
0 þ L� ¼

Z
d3xfπja∂0Aa

j þ π0a∂0Aa
0

þ pa∂0ηa þ ð∂0η̄aÞp̄a

þ πψ∂0ψ þ ð∂0ψ†Þπψ† þ πϕi ∂0ϕig:
ð3:10Þ

Of the seven terms involving the canonical momenta the
fourth and the sixth have the canonical momenta on the
right, as they should be. Eq. (3.10) may be summarized as

Z
d3x

ffiffiffi
g

p
T0

0 ¼
Z

d3x

�X
s

Πs∂0χs − L
�
: ð3:11Þ

The right-hand side is the Legendre transform of the ∂0χs
dependence of the Lagrangian to the Πs dependence of the
canonical Hamiltonian. This proves the equality

Z
d3x

ffiffiffi
g

p
T0

0 ¼
Z

d3x
ffiffiffi
g

p
Θ0

0 ð3:12Þ

using Gauss’s law but not the dynamical Euler-Lagrange
equations.
It is perhaps worth noting that the constraint

½Djð ffiffiffi
g

p
F0j�a ¼

ffiffiffi
g

p
J0a may be written in terms of the

canonical momenta

½Djπ
j�a ¼ π0a∂0Wa þ efabcpbηc

− ieπψTaψ − ieπϕi t
a
ijϕj; ð3:13Þ

and this relation is independent of the metric.
As mentioned in the Introduction, Appendix D contains

another test of the equality with a Lagrangian density that
contains the Ricci tensor Rμν.

IV. GENERAL ARGUMENT

This section investigates a more general context in which
the form of the Lagrangian density is not specified, except
that it has only first derivatives of the fields. The equality of
the two Hamiltonians for a static background metric is
again demonstrated.
a. Divergence of the canonical EMT: The divergence

of the canonical tensor (1.3) is

∂μð
ffiffiffi
g

p
Θμ

νÞ ¼
X
s

∂μ

�
∂L

∂ð∂μχsÞ
∂νχs

�
− ∂νL: ð4:1Þ

The spacetime dependence of L occurs in both the fields
and the metric,

∂νL ¼
X
s

�
∂L
∂χs

ð∂νχsÞ þ
∂L

∂ð∂μχsÞ
∂μ∂νχs

�
− ∂νL

����
χ

: ð4:2Þ

The last term requires differentiating the spacetime depend-
ence of the metric while keeping all the fields χs fixed.
Substitution above gives

∂μð
ffiffiffi
g

p
Θμ

νÞ ¼
X
s

Msð∂νχsÞ − ∂νL

����
χ

; ð4:3Þ
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Ms ≡ ∂μ

�
∂L

∂ð∂μχsÞ
	
−
∂L
∂χs

: ð4:4Þ

Ms vanishes if the Euler-Lagrange equations are imposed
but even then ∂μð ffiffiffi

g
p Θμ

νÞ ≠ 0 for a general metric.
b. Divergence of the Hilbert EMT: The covariant

divergence of Tμ
ν is computed from the fact that the action

is invariant under a coordinate transformation xν → x0ν; see
Sec. 94 of [4] or Sec. 12.3 of [5]. The metric and the fields
(scalar, ghost, spin-1=2 fermion, and gauge) transform as
follows:

g0μνðx0Þ ¼
∂xα

∂x0μ
∂xβ

∂x0ν
gαβðxÞ; ð4:5Þ

ϕi
0ðx0Þ ¼ ϕiðxÞ;

η0aðx0Þ ¼ ηaðxÞ;
ψ 0ðx0Þ ¼ ψðxÞ;

A0a
α ðx0Þ ¼

∂xλ

∂x0α
Aa
λðxÞ: ð4:6Þ

(The covariant vierbein transforms the same as the covar-
iant gauge field but it will not be needed.) Invariance of the
action means that

Z
d4x0Lðg0μνðx0Þ; χ0ðx0ÞÞ ¼

Z
d4xLðgμνðxÞ; χðxÞÞ:

Relabeling of the integration variable gives

Z
d4xLðg0μνðxÞ; χ0ðxÞÞ ¼

Z
d4xLðgμνðxÞ; χðxÞÞ:

The action is invariant under a change in the functional
form of the metric and the fields at the same position x,

ΔgμνðxÞ≡ g0μνðxÞ − gμνðxÞ; ð4:7Þ

ΔχsðxÞ≡ χ0sðxÞ − χsðxÞ: ð4:8Þ

Let

x0ν ¼ xν þ ξνðxÞ; ð4:9Þ

where ξνðxÞ is an arbitrary, infinitesimal function. The
change in the metric is

Δgμν ¼ −ðξμÞ;ν − ðξνÞ;μ: ð4:10Þ

For the scalars, ghosts, and spin-1=2 fermions

Δχs ¼ −ξν∂νχs; ð4:11Þ

and for the vector potential there is an additional term

ΔAa
α ¼ −ξν∂νAa

α − ð∂αξνÞAa
ν : ð4:12Þ

Under these variations the action is invariant. The variation
with respect to covariant metric gives the contravariant
energy-momentum tensor but with the opposite sign
from (1.1),

0 ¼ −
Z

d4x
ffiffiffi
g

p
2

TμνΔgμν þ
X
s

Z
d4xMsξ

ν
∂νχs

þ
Z

d4xMμ
að∂μξνÞAa

ν : ð4:13Þ

In the second term the sum on fields s includes a term for
the gauge potential; in the third term the explicit form is

Mμ
a ¼ ∂λ

�
∂L

∂ð∂λAa
μÞ
	
−

∂L
∂Aa

μ
: ð4:14Þ

An integration by parts in the first and third term yields

Z
d4x

ffiffiffi
g

p ðTμνÞ∶μξν ¼
X
s

Z
d4xMsξ

ν
∂νχs

−
Z

d4x∂μðMμ
aAa

νÞξν: ð4:15Þ

Since ξνðxÞ is an arbitrary function, the integrands must be
equal,

ffiffiffi
g

p ðTμ
νÞ;μ ¼

X
s

Msð∂νχsÞ − ∂μðMμ
aAa

νÞ: ð4:16Þ

The first term in (4.14) is −∂μð ffiffiffi
g

p
FμαÞa which combines

with ∂L1=∂Aa
α to give the gauge-covariant derivative

−½Dμð ffiffiffi
g

p
FμαÞ�a. The remaining terms from the gauge

fixing, ghosts, spin-1=2 fermions, and scalars define the
current density

ffiffiffi
g

p
Jαa ¼ −λ∂νð

ffiffiffi
g

p
gναWaÞ þ

X5
n¼3

∂Ln

∂Aa
α

ð4:17Þ

and so

Mα
a ¼ ½Dμð

ffiffiffi
g

p
FμαÞ�a þ

ffiffiffi
g

p
Jαa: ð4:18Þ

The constraint of Gauss’s law requires

M0
a ¼ 0: ð4:19Þ

Therefore, the last term in (4.16) is really only a spatial
divergence ∂jðMj

aAa
νÞ though the form ∂μðMμ

aAa
νÞ will at

times be used below.
c. Comparison of divergences of the Hilbert EMT and

the canonical EMT : The terms of the form Msð∂νχsÞ
in (4.16) also appear in the canonical divergence (4.3) and
so (4.16) can be expressed as
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∂μð
ffiffiffi
g

p
Tμ

νÞ −
ffiffiffi
g

p
2

ð∂νgαβÞTαβ

¼ ∂μð
ffiffiffi
g

p
Θμ

νÞ þ ∂νLjχ − ∂μðMμ
aAa

νÞ: ð4:20Þ

This holds for a general metric and arbitrary fields using
Gauss’s law but not the dynamical Euler-Lagrange
equations.
For simplicity suppose L has only first and second

derivatives of the metric, as is the case for the general gauge
theory in Secs. II and III. The second and fourth terms of
Eq. (4.20) require the derivatives

−
ffiffiffi
g

p
2

Tαβ ¼ ∂L
∂gαβ

− ∂μ

�
∂L

∂gαβ;μ

�
þ ∂μ∂ρ

�
∂L

∂gαβ;μρ

�

∂νLjχ ¼
∂L
∂gαβ

gαβ;ν þ
∂L

∂gαβ;μ
gαβ;νμ þ

∂L
∂gαβ;μρ

gαβ;νμρ:

The difference between these two is a total derivative;
Eq. (4.20) becomes

∂μð
ffiffiffi
g

p
Tμ

νÞ ¼ ∂μð
ffiffiffi
g

p
Θμ

νÞ þ ∂μΣμ
ν − ∂μðAa

νM
μ
aÞ; ð4:21Þ

where

Σμ
ν ≡ ∂L

∂gαβ;μ
gαβ;ν þ

∂L
∂gαβ;μρ

gαβ;νρ − ∂ρ

�
∂L

∂gαβ;μρ

	
gαβ;ν:

The derivatives of the metric are not tensors and so Σμ
ν is

not a tensor. (If L has any number of metric derivatives of
the metric the form (4.21) still holds but Σμ

ν is more
complicated.) Because of Gauss’s law (4.19) the spatial
integral of (4.21) is

d
dt

Z
d3x

ffiffiffi
g

p
T0

ν ¼
d
dt

Z
d3x½ ffiffiffi

g
p

Θ0
ν þ Σ0

ν�: ð4:22Þ

Since the time dependence of the fields and the metric is
arbitrary the integrals must be equal,

Z
d3x

ffiffiffi
g

p
T0

ν ¼
Z

d3x½ ffiffiffi
g

p
Θ0

ν þ Σ0
ν�: ð4:23Þ

Case 1: Minkowski metric. If the metric is chosen to be
ðηαβÞ ¼ diagð1;−1;−1;−1Þ, then Σμ

ν ¼ 0 in (4.23). The
resulting equality holds for arbitrary fields and thus is more
general than the usual result (1.9).
Case 2: Arbitrary time-dependent metric but L has no

derivatives of the metric. These conditions are satisfied
by the gauge boson L1 and by the scalar boson L5 if the
ξRϕ2

i term is omitted. Obviously Σμ
ν ¼ 0.

Case 3: Static metric. This includes the case of
principle interest since L for a general gauge theory
contains first derivatives of the metric in the gauge-fixing
term and the spin connection Γμ for fermions, and second

derivatives of the metric in the ξRϕ2
i term. For a static

metric Σ0
0 ¼ 0 and so

Z
d3x

ffiffiffi
g

p
T0

0 ¼
Z

d3x
ffiffiffi
g

p
Θ0

0: ð4:24Þ

The dynamical field equations have not been used. This
agrees with the explicit calculations leading to (3.12) and
explains the miraculous cancellations for the example
considered in Appendix D.

APPENDIX A: CHRISTOFFEL SYMBOL AND
CURVATURE TENSOR FOR STATIC METRIC

A static metric is time independent and g0j ¼ 0.
Christoffel symbols with an odd number of time compo-
nents vanish,

Γ0
00 ¼ Γj

k0 ¼ Γ0
kl ¼ 0: ðA1Þ

The Christoffel symbols with two 0’s are

Γj
00 ¼ −

1

2
gjk∂kg00; ðA2Þ

Γ0
k0 ¼

1

2
g00∂kg00: ðA3Þ

Γj
kl is nonvanishing and independent of g00. Two useful

contractions are

Γj
jk ¼

1ffiffiffi
γ

p ∂k
ffiffiffi
γ

p
; ðA4Þ

gjkΓl
jk ¼ −

1ffiffiffi
γ

p ∂jð ffiffiffi
γ

p
gjlÞ; ðA5Þ

where j detðgαβÞj ¼ g00γ. The Riemann-Christoffel tensor
with four spatial components is independent of g00:
ð4ÞRijkl ¼ ð3ÞRijkl. If there is one time component
R0jkl ¼ 0. If there are two time components

R0j0k ¼−
1

2
∂j∂kg00þ

1

2
Γl
jk∂lg00þ

1

4

ð∂jg00Þð∂kg00Þ
g00

: ðA6Þ

The Ricci tensor with two spatial indices is

ð4ÞRjk ¼ g00R0j0k þ ð3ÞRjk; ðA7Þ

where gabRajbk ¼ ð3ÞRjk is independent of g00 if there are
two time indices

ð4ÞR00 ¼ gjkR0j0k

¼ −
g00
2

ffiffiffi
g

p ∂j

� ffiffiffi
g

p
gjk

∂kg00
g00

�
; ðA8Þ
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and if one time index ð4ÞR0k ¼ 0. The Ricci scalar is

ð4ÞR ¼ 2g00gjkR0j0k þ ð3ÞR: ðA9Þ

APPENDIX B: CALCULATION OF T4
μν

FOR FERMIONS WITH ARBITRARY
TIME-DEPENDENT METRIC

This appendix contains the detailed calculation of T4
μν

displayed in Eq. (2.23). The fermion field ψ is not required
to satisfy the Dirac equation.
The Lagrangian density (2.17) may be written

L4 ¼ ffiffiffi
g

p 1

2
½ψ†ðKψÞ þ ðKψÞ†ψ �;

K ¼ ihγμ∇μ − hðmf þ YiϕiÞ: ðB1Þ

The variation of L4 with respect to the metric is

δL4 ¼ −
1

2
gμνδgμνL4 þ 1

2

ffiffiffi
g

p ½ψ†ðδKψÞ þ ðδKψÞ†ψ �: ðB2Þ

In [22] the variations are shown to be

δK ¼ i
2
ðδgμνÞhγμ∇ν þ ðδGÞK þ KðδGÞ þ δX;

δG ¼ 1

8
ηαβeλðαÞ½γλ; γν�δeνðβÞ;

δX ¼ i
8
ðδΓμ

λνÞhγλ½γμ; γν�: ðB3Þ

Because ðδXÞ† ¼ −δX it disappears from (B2) and so

δL4¼−
1

2
gμνL4δgμνþ i

4

ffiffiffi
g

p ½ψ†hγμ∇νψ − ð∇νψÞ†hγμψ �δgμν

þ1

2
½Δ1þΔ2�;

Δ1≡ ffiffiffi
g

p ½ψ†ðδGKψÞþðδGKψÞ†ψ �;
Δ2≡ ffiffiffi

g
p ½ψ†ðKδGψÞþðKδGψÞ†ψ �: ðB4Þ

Δ2 contains derivatives of the vierbein because of KδG. To
simplify Δ2 the following identity valid for arbitrary spinor
fields ψ1 and ψ2, is useful

ffiffiffi
g

p
ψ†
1ðKψ2Þ −

ffiffiffi
g

p ðKψ1Þ†ψ2 ¼ −∂λð
ffiffiffi
g

p
ψ†
1hγ

λψ2Þ: ðB5Þ

For the first term in Δ2 take ψ1 ¼ ψ and ψ2 ¼ δGψ and for
the second term in Δ2 take ψ1 ¼ KδGψ and ψ2 ¼ ψ . The
result is

Δ2 ¼ Δ1 þ i∂λ½
ffiffiffi
g

p
ψ†hγλδGψ −

ffiffiffi
g

p ðδGψÞ†hγλψ �: ðB6Þ

Since ðδGÞ† ¼ −hðδGÞh−1 this is

Δ2 ¼ Δ1 þ i∂λ½
ffiffiffi
g

p
ψ†hfγλ; δGgψ �: ðB7Þ

The variation of L4 becomes

δL4¼−
1

2
gμνδgμνL4þ i

ffiffiffi
g

p
4
½ψ†hγμ∇νψ − ð∇νψÞ†hγμψ �δgμν

þ ffiffiffi
g

p ½ψ†ðδGÞKψþðKψÞ†ðδGÞ†ψ �
þ i∂λ½

ffiffiffi
g

p
ψ†hfγλ;δGgψ �: ðB8Þ

The total derivative in the fourth line does not contribute to
the variation of the action. From (B3) the derivative of G
with respect to the vierbein is

eμðβÞ
∂G
∂eνðβÞ

¼ 1

8
½γμ; γν�; ðB9Þ

and the derivative with respect to the metric tensor is

∂G
∂gμν

¼ 1

2

�
eμðβÞ

∂G
∂eνðβÞ

þ eνðβÞ
∂G
∂eμðβÞ

�
¼ 0: ðB10Þ

Consequently the energy-momentum tensor is determined
by just the first two lines of (B8),

T4
μν ¼

i
4
½ψ†hγμ∇νψ þ ψ†hγν∇μψ �

−
i
4
½ð∇νψÞ†hγμψ þ ð∇μψÞ†hγνψ � − gμνL4=

ffiffiffi
g

p
:

ðB11Þ

APPENDIX C: PROOF THAT
R
d3x

ffiffiffi
g

p
g00T5B

00 = 0

The “extra” piece (2.35) in the energy-momentum tensor
for scalar bosons is

T5B
μν ¼ −RμνΨþ Ψ;μ;ν − gμνΨ

;ρ
;ρ; ðC1Þ

whereΨ ¼ ξϕ2
i . This came from the term − 1

2
ξ

ffiffiffi
g

p ðδRÞϕ2
i in

(2.31). The following applies to any action of the form

−
1

2

Z
d4x

ffiffiffi
g

p
ΨR; ðC2Þ

where Ψ is a coordinate scalar. A Lagrangian density of the
form

ffiffiffi
g

p
Xμ

∂μR or
ffiffiffi
g

p
YμνR;μ;ν has an action of the form

(C2) after an integration by parts.
Static metric: To analyze T5B

00 for a static metric,
organize the μ ¼ ν ¼ 0 component as
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ffiffiffi
g

p
g00T5B

00 ¼ A0
0 þ B0

0;

A0
0 ¼ −

ffiffiffi
g

p
g00

R00Ψ;

B0
0 ¼

ffiffiffi
g

p ½Ψ;0
;0 − Ψ;λ

;λ�: ðC3Þ

From (A8)

A0
0 ¼

1

2
∂j

� ffiffiffi
g

p
gjk

∂kg00
g00

�
Ψ: ðC4Þ

In B0
0 the time derivatives of the fields all cancel and leave

B0
0 ¼ −

ffiffiffi
g

p
g00

Γk
00∂kΨ − ∂k½

ffiffiffi
g

p
gkj∂jΨÞ�: ðC5Þ

Using (A2) gives a more complicated looking result,

B0
0 ¼

1

2

ffiffiffi
g

p
gjk

∂jg00
g00

∂kΨ − ∂k½
ffiffiffi
g

p
gjk∂jΨÞ�; ðC6Þ

but the sum with A0
0 gives another total derivative,

A0
0 þ B0

0 ¼
1

2
∂j

� ffiffiffi
g

p
gjk

∂kg00
g00

Ψ
�
− ∂k½

ffiffiffi
g

p
gjk∂jΨÞ�: ðC7Þ

Consequently

Z
d3x

ffiffiffi
g

p
g00T5B

00 ¼ 0: ðC8Þ

APPENDIX D: A COMPLICATED EXAMPLE

This appendix presents the details of the example
mentioned in Sec. I in which L depends on the Ricci
curvature tensor Rμν. Despite the complications the result is
again that the Hilbert Hamiltonian is equal to the canonical
Hamiltonian for a static metric even without using the field
equation. The Lagrangian density is

L ¼ ffiffiffi
g

p
Rμνð∂μϕÞð∂νϕÞ ðD1Þ

and could be added to the conventional Lagrangian density
for a scalar field if multiplied by a coefficient of mass
dimension M−2. The question is not whether this L is a
physically acceptable addition but whether the resulting
Hamiltonians, Hilbert and canonical, are equal. The canoni-
cal energy-momentum pseudotensor (1.3) is

ffiffiffi
g

p
Θμ

ν ¼ 2
ffiffiffi
g

p
Rμαð∂αϕÞð∂νϕÞ − δμνL: ðD2Þ

For a static background metric

Θ0
0 ¼ R00

∂0ϕ∂0ϕ − Rjk
∂jϕ∂kϕ: ðD3Þ

The field equations have not been used.
a. Hilbert Tμν for a general metric: The Hilbert

energy-momentum tensor for a general metric is more
complicated to compute. It is convenient to organize L as

L ¼ ffiffiffi
g

p
RαβgαμgβνΦμν; ðD4Þ

where Φμν ¼ ð∂μϕÞð∂νϕÞ is a tensor independent of the
metric. One needs the variation of the covariant Ricci tensor
with respect to the contravariant δgμν given in Eq. (10.9.3)
of [5],

δRαβ ¼
1

2
gμνðδgμνÞ;α;β þ

1

2
gαμgβνðδgμνÞ;λ;λ

−
1

2
gαμðδgμνÞ;β;ν −

1

2
gβνðδgμνÞ;α;μ: ðD5Þ

The variational derivative of the action allows the covariant
derivatives of δgμν to be shifted to the fields and leads to

Tμν ¼ 2ΦμαRα
ν þ 2ΦναRα

μ − gμνΦαβRαβ

þ gμνðΦαβÞ;α;β þ ðΦμνÞ;λ;λ
− ðΦμαÞ;ν;α − ðΦναÞ;μ;α: ðD6Þ

This holds for a general metric.
b. Hilbert T00 for a static metric: Specialize to a static

metric, set μ ¼ ν ¼ 0, and use R0
j ¼ Rj

0 ¼ 0 to obtain

T00 ¼ P00 þQ00;

P00 ¼ g00½3R00Φ00 − RjkΦjk�;
Q00 ¼ g00ðΦαβÞ;α;β þ ðΦ00Þ;λ;λ − 2ðΦ0αÞ;0;α: ðD7Þ

Note that P00 contains a factor of 3 not present in Θ00. In
Q00 all the double time derivatives cancel and leave

Q00¼g00½ðΦ0lÞ;l;0−ðΦ0lÞ;0;l�þgjkðΦ00Þ;j;kþg00ðΦjkÞ;j;k:

It is convenient to change contravariant derivatives to
covariant derivatives

Q00¼g00½ðΦ0lÞ;l;0−ðΦ0lÞ;0;l�þgjkðΦ00Þ;j;kþg00ðΦjkÞ;j;k:

The term in square brackets may be evaluated in terms of
the curvature tensor

ðΦ0lÞ;l;0 − ðΦ0lÞ;0;l ¼ −Rl
0l0Φ00 þ R0

j0kΦjk

¼ −R00Φ00 þ ½Rjk − Rl
jlk�Φjk

and therefore
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P00 þQ00 ¼ g002R00Φ00 − g00Rl
jlkΦjk

þ gjkðΦ00Þ;j;k þ g00ðΦjkÞ;j;k: ðD8Þ

The difference between the Hilbert energy density and the
canonical energy density is

ffiffiffi
g

p ½T0
0 − Θ0

0� ¼
ffiffiffi
g

p ½R00Φ00 þ RjkΦjk�
þ X1 þ X2 þ X3; ðD9Þ

X1 ≡ ffiffiffi
g

p
gjkðΦ0

0Þ;j;k;
X2 ≡ ffiffiffi

g
p ðΦjkÞ;j;k;

X3 ≡ −
ffiffiffi
g

p
Rl

jlkΦjk; ðD10Þ

c. Analysis of X1: To simplify X1 use (A1) and (A5) to
obtain

gjkðΦ0
0Þ;j;k ¼ gjk½∂kðΦ0

0Þj − Γl
jkðΦ0

0Þ;l�

¼ gjk∂kðΦ0
0Þ;j þ

1ffiffiffi
γ

p ∂kð
ffiffiffi
γ

p
gklÞðΦ0

0Þ;l

¼ 1ffiffiffi
γ

p ∂k½ ffiffiffi
γ

p
gjkðΦ0

0Þ;j�: ðD11Þ

Therefore,

X1 ¼ ffiffiffiffiffiffi
g00

p
∂k½ ffiffiffi

γ
p

gjkðΦ0
0Þ;j�: ðD12Þ

In the volume integral of X1 a spatial integration by parts
gives

Z
d3xX1 ¼ −

1

2

Z
d3x

ffiffiffi
g

p
gjk

∂kg00
g00

ðΦ0
0Þ;j: ðD13Þ

Since ðΦ0
0Þ;j ¼ ∂jΦ0

0 another integration by parts gives

Z
d3xX1 ¼

1

2

Z
d3x∂j

� ffiffiffi
g

p
gjk

∂kg00
g00

�
Φ0

0: ðD14Þ

From the identity (A8) this is

Z
d3xX1 ¼ −

Z
d3x

ffiffiffi
g

p
R0

0Φ0
0

¼ −
Z

d3x
ffiffiffi
g

p
R00Φ00: ðD15Þ

d. Analysis of X2: To simplify X2 use (A4)

ðΦjkÞ;j;k ¼ ∂k½ðΦjkÞ;j� þ Γk
klðΦjlÞ;j

¼ ∂k½ðΦjkÞ;j� þ
1ffiffiffi
γ

p ð∂l
ffiffiffi
γ

p ÞðΦjlÞ;j

¼ 1ffiffiffi
γ

p ∂k½ ffiffiffi
γ

p ðΦjkÞ;j�: ðD16Þ

Therefore,

X2 ¼
ffiffiffiffiffiffi
g00

p
∂k½

ffiffiffi
γ

p ðΦjkÞ;j�: ðD17Þ

In the volume integral of X2 a spatial integration by parts
yields

Z
d3xX2 ¼ −

1

2

Z
d3x

ffiffiffi
g

p ðΦjkÞ;j
∂kg00
g00

: ðD18Þ

The necessary covariant derivative is

ðΦjkÞ;j ¼ ∂jΦjk þ Γj
jlΦlk þ Γk

jlΦjl

¼ 1ffiffiffi
γ

p ∂j½ ffiffiffi
γ

p
Φjk� þ Γk

jlΦjl: ðD19Þ

Substitution into (D18) and integration by parts gives

Z
d3xX2 ¼

Z
d3x

ffiffiffi
g

p
g00

�
∂j∂kg00

2
−
∂jg00∂kg00

4g00

�
Φjk

−
1

2

Z
d3x

ffiffiffi
g

p
g00

ð∂lg00ÞΓl
jkΦjk: ðD20Þ

Comparison with (A6) shows that

Z
d3xX2 ¼ −

Z
d3x

ffiffiffi
g

p
g00R0j0kΦjk: ðD21Þ

Combining this with X3 from (D10) gives

Z
d3x½X2 þ X3� ¼ −

Z
d3x

ffiffiffi
g

p ½R0
j0k þ Rl

jlk�Φjk

¼ −
Z

d3x
ffiffiffi
g

p
RjkΦjk: ðD22Þ

e. Result: From (D15) and (D22)

Z
d3x½ ffiffiffi

g
p

R00Φ00 þ X1� ¼ 0; ðD23Þ

Z
d3x½ ffiffiffi

g
p

RjkΦjk þ X2 þ X3� ¼ 0; ðD24Þ

and so, from (D10)

Z
d3x

ffiffiffi
g

p ½T0
0 − Θ0

0� ¼ 0; ðD25Þ

which shows that the Hilbert and canonical Hamiltonians
are equal.

EQUALITY OF THE HILBERT HAMILTONIAN AND THE … PHYS. REV. D 107, 125021 (2023)

125021-11



[1] D. Hilbert, Die Grundlagen der Physik, Nachr. Ges. Wiss.
Gott., Math-Phys., Kl. 27, 395 (1915).

[2] C. Becchi, A. Rouet, and R. Stora, Renormalization of the
Abelian Higgs-Kibble model, Commun. Math. Phys. 42,
127 (1975).

[3] I. V. Tyutin, Gauge invariance in field theory and statistical
physics in operator formalism, Lebedev Institute preprint
N39, arXiv:0812.0580.

[4] L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields, 4th ed. (Pergamon Press, New York, 1975).

[5] S. Weinberg, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity (John
Wiley & Sons, New York, 1972).

[6] E. Noether, Invariante variationsprobleme, Gott. Nachr.
1918, 235 (1918), E. Noether and M. A. Tavel, Invariant
variational problems, arXiv:physics/0503066.

[7] F. J. Belinfante, On the spin angular momentum of mesons,
Physica 6, 887 (1939); On the current and the density of the
electric charge, the energy, the linear momentum and the
angular momentum of arbitrary fields, Physica 7, 449 (1940).

[8] L. Rosenfeld, Sur le tenseur d’impulsion-énergie, Mém.
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