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Carroll symmetry is a very powerful characteristic of generic null surfaces, as it replaces the usual

Poincaré algebra with a vanishing speed of light version thereof. These symmetries have found universal

applications in the physics of null manifolds as they arise in diverse situations ranging from black hole

horizons to condensed matter systems with vanishing Fermi velocities. In this work, we concentrate on

fermions living on two-dimensional (2d) null manifolds and explore the Carroll invariant structure of the

associated field theories in a systematic manner. The free massless versions of these fermions are shown to
exhibit 2d conformal Carroll or, equivalently the 3d Bondi-Metzner-Sachs (BMS) algebra as their
symmetry. Due to the degenerate nature of the manifold, we show the presence of two distinct classes of

Clifford algebras. We also find that in two dimensions, there are two distinct fermion actions. We study

discrete and continuous symmetries of both theories and quantise them using the highest weight

representation of the vacuum. We also discuss how the symmetries of 2d free fermion conformal field

theories can be continually deformed by infinite boosts or degenerate linear transformations on coordinates,
leading to the corresponding BMS invariant theory at singular points.

DOI: 10.1103/PhysRevD.107.125020

I. INTRODUCTION

The road to quantum gravity is an uphill one, no matter
how many rewards it promises at the summit. Various
approaches towards it exist, and some are more useful than
others. Although most of the studies in quantum gravity
revolve around Lorentzian (or Euclidean) structures, it
makes complete sense that non-Lorentzian symmetries
would be as important in a fully consistent theory of
quantum gravity. One of the most fascinating non-
Lorentzian geometric structures of physical interest turns
out to be that of a null surface. These are the manifolds on
which our well-known and beloved pseudo-Riemannian
structures break down, forcing us to refresh our geo-
metric point of view. These null structures could include
event horizons of generic black holes, the boundary
of causal diamonds, and null infinity of asymptotically
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flat spacetimes. But not only in the theory of quantum
gravity but the physics of null surfaces also keep appearing
in diverse situations, including those as unrelated as
cosmology, fluid dynamics and even spin chain systems
in condensed matter physics. However, they all share one
universal characteristic, they all possess some form of
inherent Carrollian symmetries that replace good old
Poincaré invariance.

The whimsically named Carroll group [1,2] (after Lewis
Carroll and a quote by the Red Queen in his famous book)
is obtained by a seemingly bizarre Inénu-Wigner contrac-
tion of the Poincare group, where the speed of light of a
system is taken to zero i.e., ¢ — 0. This group turns out to
be the symmetry associated with theories living on null
hypersurfaces. The associated manifolds are termed as
Carrollian manifolds [3-6], as opposed to Newton-
Cartan manifolds [5,7], which are associated to physics
in the ¢ — oo limit. These Carrollian manifolds have a fiber
bundle structure, that keeps spatial and temporal sym-
metries separate. However weird the idea of zero speed of
light sounds, it turns out that Carrollian limits bring out
larger amounts of symmetry from relativistic parent theo-
ries, and are incredibly useful to characterize physical
systems defined at highly ultrarelativistic (UR) regimes. In
a general sense, these symmetries could arise in any theory
where a characteristic notion of an effective velocity goes to
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zero, for example, vanishing Fermi velocity in condensed
matter systems should also suffice.

The most well-known application of Carroll symmetries,
or more specifically the conformal version thereof, comes
in the form of holography in asymptotically flat spacetimes.
The asymptotic symmetry group for such spacetimes at
null infinity is the famous Bondi-Metzner-Sachs (BMS)
group [8,9], which in dimensions three [10] and four is
promoted to infinite-dimensional structures. As mentioned
before, since this is a situation where the physics of null
surfaces comes in handy, there should be no surprise
that conformal Carroll algebras are isomorphic to BMS
algebras in one higher dimension [6,11]. This has paved
the way for focused research along the directions now
known as Carrollian holography, which in the true spirit of
the hologram postulates a duality between gravity in flat
spacetime and a Carrollian conformal field theory (CCFT)
or a BMS invariant field theory (BMSFT) living on the
null boundary [11,12]. This approach has found resounding
success dealing with a 3d version thereof, where the puta-
tive boundary theory is a 2d CCFT [11]. See for example
[13-21] for a nonexhaustive list of literature along this
direction. On the other hand, the other avenue to the flat-
space hologram, known as celestial holography [22] has
found incredible use in computing scattering amplitudes in
the flat bulk." A very recent exciting bridge between these
two approaches has been established in [25], which again
uses a particular branch of a CCFT living in one less
dimension.” This makes it very clear, CCFTs are something
extremely useful to study, however deeply mysterious
to fathom.

Inspired by recent advances, many authors have looked
into various aspects of CCFTs in diverse dimensions. Most
notably in two dimensions, where CCFT, shares another
interesting duality with Galilean conformal field theories
(GCFT,) [27], numerous discussions have appeared in the
literature. In a parallel development, Carroll symmetries
have also been shown to arise on null (or tensionless) string
world sheets, where they replace two copies of Virasoro as
the residual symmetry algebra [28,29]. This has found
recent and intriguing use in the study of string theory near
black hole horizons [30] and the explicit counting of BTZ
black hole microstates [31]. Despite the impressively long
list, the intrinsic approach towards Carroll invariant theo-
ries as defined on a null hypersurface has only recently
gained momentum. Carrollian conformal scalar field the-
ories have been systematically studied from the geometric
point of view in [32—34]. Covariant formulation of the same
has appeared in a few recent works [35-38]. Similarly,
intrinsic constructions of Carrollian gauge theories [39—43],

ISee the excellent reviews [23,24] along this direction. For
more details, the keen reader is directed to the references in these
reviews.

*See [26] for other related approaches towards bridging the
two ideas.

fluid dynamics [32,44-47], and gravity [48—54] has received
widespread attention in recent times.

In this work, we will aim to fill a gap in this spectrum, by
studying Carrollian fermions in two dimensions from an
intrinsic point of view. Like its scalar counterpart, the
Lagrangian formulation of a Carrollian fermion was also
studied first following exciting results in (supersymmetric)
null string theories [55-57]. In the rest of this paper, we
discuss variants of Carroll fermions arising out of the first
principles of symmetry. A companion paper [58] will focus
on the details of Carroll fermions in general dimensions and
also discuss intriguing applications to flat-band physics in
condensed matter systems.

We will make Carroll invariance our guiding principle
and geometry of Carroll manifolds our beacon, thereby
going ahead with introducing the representations of Carroll
Clifford algebras. Due to the nature of null hypersurfaces
with degenerate metrics, these Clifford elements will also
be manifestly degenerate structures. We will then system-
atically elucidate the discrete and continuous symmetries
enjoyed by a Carroll fermion in close comparison to the
relativistic counterpart, at the end leading us to explicitly
Carroll invariant set of Dirac actions. Depending on
inequivalent representations of degenerate Clifford matri-
ces, we recover two distinct classes of fermions, known as
the homogeneous and the inhomogeneous ones. We then
move on to study the conformal versions of these two
classes of Fermionic theories by switching off the Carroll
boost-invariant mass terms. We discuss the appearance of
2d Carroll conformal algebra (or BMS; algebra) for
charges associated with relevant stress tensors.

We then focus our attention on a rather interesting
description of how Carroll objects can be found by continu-
ally deforming relativistic ones to some degenerate points. In
a recent paper [59], the authors have shown certain degen-
erate transformations (“null boosts”) acting on CFT), turns it
into a BMS; invariant theory at the extreme and noninvertible
points. Various (anti)holomorphic CFT quantities were
shown to “flow” with the deformation induced by such a
transformation, and it turns out this deformation effectively
becomes a marginal current-current (JJ) deformation to the
CFT Hamiltonian, which for a particular singular value of the
coupling constant makes the symmetries jump to corre-
sponding Carrollian ones. This turns out to be a picture

commensurate with the idea of adding a VTT deformations
heuristically to CFT, as explored in [60]. Using these ideas,
we will also work out how the relativistic spinors can be
gradually deformed into Carroll ones as the ambient speed of
light is dialed to zero.

The rest of this paper is organized in the following way.
In Sec. II, we introduce the notion of a Carroll Clifford
algebra. Based on the two kinds of Carroll metrics, we
define gamma matrices with upper and lower indices. Then
we identify two classes of representations in two dimen-
sions, based on whether one of the gamma matrices is
purely null or not. In Sec. III we talk about the Carroll boost
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symmetry of fermions that replaces Lorentz symmetries in
two dimensions. We also systematically derive structures
associated with Dirac conjugation, charge conjugation and
parity transformation for Carrollian fermions. Once that is
done, in Sec. IV, we write down and describe the nature of
massive Dirac actions for various representations of Carroll
gamma matrices. Sections V and VI contain the bulk of the
main results in the paper, where we talk about 2d massless
fermions in inhomogeneous and homogeneous representa-
tions from a CFT point view, deriving stress tensors,
algebra of charges, correlation functions and central exten-
sions. In Sec. VII, we derive the degenerate Clifford repre-
sentations and Carroll invariant actions starting from their
CFT, counterpart and flowing with ‘boosts’ to a noninver-
tible point. Finally, in Sec. VIII, we conclude with a summary
and future objectives that lay before us. The Appendix
contains some further details on homogeneous spinors.

II. CARROLL CLIFFORD ALGEBRAS

Let us first remind ourselves quickly of the basics of
Carroll geometry.3 As we mentioned in the introduction,
Carroll group appears as a ¢ — 0 limit of the relativistic
symmetry. The kinematical structure associated with this
group ensures we can describe Carrollian manifolds in
the vein of their Riemannian cousins. Intrinsically,
d-dimensional Carrollian manifolds can be described by
a fiber-bundle structure with a (d — 1)-dimensional base
space, complemented by the temporal direction forming a
one-dimensional fiber. Specifically, flat Carroll geometries
[48], a particular class we are interested in, are defined
using a nondegenerate metric and a nowhere vanishing
vector field that defines the clock form,

0

=5 @1

ds* = hy,dx'dx" = 5;;dx'dx/, T
These structures are then invariant under Carroll trans-
formations, where space and time change asymmetrically
under local transformations. Since the usual notion of the
metric is degenerate on a Carroll manifold, one cannot raise
and lower indices with the metric and these two structures
(7, h) step up effectively for the same role.

In this section we consider two different kinds of Clifford
algebras based on whether the Gamma matrices have an up
or a down index. Since in the case of Carroll manifolds, one
could define two kinds of metrics, 77 and h,,,, we could
have two separate classes of Clifford algebras:

{f,}l’ ?U} = 277", {7}47 }7v} = 2hﬂl/' (22)
These two kinds of gamma matrices (denoted by a hat and a
tilde) are not a priori related to each other, and give rise to

3The reader is directed to, for example, [48] for a more detailed
introduction to this subject.

different theories living on a null manifold. For the flat
Carroll case, we can choose our fundamental objects
without a loss of generality as

'’ = @ = diag(1,0,0...), h,, = diag(0,1,1...),

(2.3)

where the orthogonality of these two imply ©*“h,,, = 0. As
the name of this paper suggests, we will be concentrating
on the two-dimensional case, i.e., where both of these
objects are 2 x 2 square matrices. The definitions given in
(2.2) will determine the representation of our Carrollian
gamma matrices. In [58], higher-dimensional analogs of
these representations will be described.

A. Representation of upper gamma matrices

Consider the case of d =141, i.e., one spacelike
direction and one null direction. The Clifford algebra of
the first kind, i.e., with up indices, in component form,
leads to the matrix equations,

#)rP=L (#)=0. {i}=0.

This clearly a degenerate Clifford algebra, since it involves
nilpotent matrices. We then look for the smallest nontrivial
representations for these in two dimensions, in terms of
2 x 2 matrices. The solutions of these equations (2.4) can
be separated into two types. The first class of solutions is
called a homogeneous solution, deriving its name from the
eponymous super-BMS; algebra [55,56,61], where 7' is
taken to be identically zero and we can choose

1 0
A(): .
! (0 1)

More interestingly, since the 7' is identically zero in
this case, this representation can be labeled by just the
condition that (#°)? = I and that would suffice for us. As a
consequence any matrix with a unit square, e.g., any of the
Hermitian Pauli matrices (01,6,,063) or certain linear
combinations can do the job. For example, consider the
linear combination

(2.4)

(2.5)

]’}0 = (101 —|— a,-ai, Cll' e R (26)
Then we get
(7°)? = (aol + aj0:)(ao1 + a;0;)
= <a(2) + Za%) I + 2apa;o;. (2.7)

In the Carroll Clifford perspective, this leads us to two
distinct choices for gamma matrices for the homo-
geneous case:

(@) Casel: ag=1and a;,=0— 7" =1.
(b) Case Il: ay=0and >, a? =1
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It is easy to verify that different choices corresponding
to case II are related to each other by similarity trans-
formations and we can work with any one of the Pauli
matrices by setting other coefficients to zero. However case
I is an entirely distinct solution as mentioned in (2.5) and
can not be obtained by a similarity transformation starting
from case II. These substructures associated with the
homogeneous representation have intriguing and subtle
differences, which we will return to later in this paper.

The other family of solution to the degenerate Clifford
algebra is the inhomogeneous case, again named after the
eponymous cleverly named super-BMS; algebra [56,61],
where a class of the solutions look like,

T/l—<(0) g) or <2 8) 170—((1) _01> (2.8)

Here a is an arbitrary constant that can be fixed to +1
without the loss of any generality, and as we will see later,
purely imaginary values are also admissible. We will
mention a couple of subtleties related to this value when
they arise. The two classes of matrices viz. the inhomo-
geneous and homogeneous representations are not related
to each other via similarity transformations due to the
degenerate nature of the matrices involved. One could now
go ahead and write more varied solutions to Eq. (2.4), e.g.,

A1_<1 1) AO_(O 1> 29
m\a 1) T\ o) '

but they can be related to the earlier set of matrices by a
straightforward similarity transformation* using the matrix,

2 2
S = .
(5

so that we seemingly have just two independent classes of
representations for this version of the degenerate Clifford
algebra, which exhausts the choices inferred from (2.4). In
this paper we will mostly be interested in dealing with the
upper gamma representations. The implications of the
lower gamma representations become more important in
higher dimensions, and those will be discussed elsewhere
[58]. However, for completeness, we offer a brief glimpse
into those in what follows.

(2.10)

B. Representation of lower gamma matrices

The Clifford algebra of the second kind, with down
indices, leads us to the algebraic relations:

(2.11)

4Actually any nonzero 2 x 2 nilpotent matrix is similar to the
(Jordan block) form of 7! in (2.8).

Interestingly, as in the previous section with up indices, this
leads us to one trivial solution where 7, = O and 7; = 1
and one set of nontrivial solutions which read

Q) (00 ()0 e

It is then straightforward to see that the upper and lower
Carroll gamma matrices are isomorphic to each other in two
dimensions as there is an implicit relationship between the
representations in the form 7' = 7, and ° = 7, for both
homogeneous and inhomogeneous sets of representations.
Once we have fixed our representation of gamma matrices,
we can go forward and define our spinor structure.

III. STRUCTURE OF CARROLL SPINORS

Let us, for completeness, briefly remind ourselves of the
structure of relativistic Dirac fermions in d =2 (in 1 + 1
signature) before we move on to the Carroll case. In these
dimensions, a faithful real representation of gamma matri-
ces belonging to CI(1, 1)[R] can be given in terms of the
Pauli matrices, where

0 _ 1 _;
y =201, Y = —l03.

(3.1)

The charge conjugation relations for this case read,

' = —pcprct, T = —¢C (3.2)
for n = +1 and e = £1, which depends on spacetime
dimensions, as in even dimensions both signs may work
while in odd dimensions only one would be present. Both
choices would generate charge conjugation operation on
the spinors, given by w > ¢ = Ciy’. These choices
would also need to satisfy C?> = I. In an even dimension,
it is a safe bet to choose a C which allows for Majorana
spinors to exist. A simple choice pertaining to these two
cases is given by

C+ =01, C_ = iO'z. (33)
Both of these are real under complex conjugation, and
the first choice corresponds to purely real Majorana
spinors. Similarly, the Dirac adjoint for the fermion is
defined as

(3.4)

In the relativistic case with purely real spinors the charge
conjugation matrix and the adjoint matrix turn out to be
the same. But these matrices are representation depen-
dent, and one needs to be careful dealing with these in
the degenerate Clifford case. In this section, we will see
how this works out for the Carroll case, by approaching
the situation from first principles.

125020-4
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A. Defining the Carrollian Dirac adjoint

We would go in analogy with the route one would take
for Lorentzian fermions, and consider the commutators of
the upper-index gamma matrices defined in (2.2),

(3.5)

As in the case of Lorentz generators, one could show that
the commutator algebra of these . matrices generates a
Carroll algebra, which in two dimensions is nothing but
Carroll boosts. It is clear from our degenerate representa-
tion of gamma matrices that only £°! or !° has compo-
nents that are nonzero, at least in the inhomogeneous case.
One can then write the action of the Carroll boost on a two-
component spinor ¥ = (yo,y ;)7 as

N 1 0 0
or-yr- (3 0)(3)
2 2 0 "8}

Note that the action of the boost in this case is again in the
form of a Jordan block, which justifies the nilpotency of the
Carroll algebra. Since there are no rotations in 2d, these are
the basic transformation laws we will be interested in. Note
that we have not yet fixed the value of the parameter a to
either +1 or any other constant value. As a matter of fact,
we will show later in the paper that the value of a does not
matter, and can be connected to a special automorphism of
the Carroll conformal algebra.

For the homogeneous class, since the nilpotent gamma
matrix 7! identically vanishes, all generators of the Carroll
algebra follow suit. Homogeneous fermions basically map
to themselves under a Carroll transformation, i.e., invari-
ance, in this case, is trivial.

As in the relativistic case, where we need a Lorentz
invariant bilinear form to construct the Dirac action for
fermions, here also in Carroll sense, we need a similar kind
of bilinear form which has to be invariant under the
Carrollian boosts. Following relativistic analogy we write
down an ansatz for our bilinear

(3.6)

YIAY, (3.7)
where A is a square, invertible matrix yet to be found by the
symmetries, and dagger denotes the usual adjoint operation
for matrices. We demand that Carrollian invariance requires
SN + ASH =0, (3.8)
We will further choose A to be a Hermitian matrix so that
the bilinear form is real. It is easy to check that (3.8) is
satisfied if we can find A such that
Pt = EAPAT,

(either + or—) (3.9)

Sl — ST, (3.10)
The last relation is merely (3.8) in disguise. We will then
turn to discuss the nature of the A matrix next. Following
the structure of the proposed invariant bilinear will help us
to define the Dirac adjoint by
¥ = YA, (3.11)
So the invariant bilinear becomes V¥, which also means
that we have explicitly put in the mass term in a Dirac
Lagrangian which stays invariant (i.e., transforms as a
scalar) under the global symmetries of the fermions.” This
is a nontrivial statement for Carrollian fermions. In what
follows, we discuss the various representations of A for the
cases we discussed in the last section.

1. Adjoint for inhomogeneous representations

Representation with real ‘a’.—In this case, we take the
parameter ‘a’ in the inhomogeneous 7° (2.8) to be real, and
without the loss of generality let us put @ = 1. Here a little
algebra leads us to the representation of the adjoint matrix

A(O i>
B=\<i o

which satisfies A = Az' = A} and A% = 1. It can be
shown that for the representation, we have

(3.12)

o= —Agp AR (u=0.1) (3.13)

and consequently, the Carroll boost generators transform
using the following:

SO — _AREVALL (3.14)

Representation with imaginary ‘a’.—We can also take ‘a’
in 7° to be purely (:omplex,6 and one can choose a = i.
Here, for consistency, we can find another choice

A 0 1
1o
which satisfies A; = A;' = A} and A2 =1. It can be
shown similarly in the real representation,

(3.15)

P=—APAT (u=0,1) (3.16)

*One can similarly show that the components of Pj*¥
change as a Carroll vector under boosts, with our choice of
Dirac conjugate.

To comply with (3.9), the parameter in 7° has to be either real
or purely imaginary.
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and also for the nonzero generators,

SO — A SOIALT (3.17)

B. Map between representations with real
and imaginary ‘a’

As the reader remembers, our ultimate goal is to
construct well-defined Dirac-like actions for our Carroll
fermions. Consider a generic massive Dirac Lagrangian of
the form
L =%7"9,¥ — mP¥ = YIA#9,¥ — mP'AY.  (3.18)
The Lagrangian has to be equivalent for both real/imagi-
nary values of a in our representation, labeled above by the

subscripts R/I. So there has to exist a similarity trans-
formation matrix S such that

S(ARm PR O = MARM)S™ = Arr) Py % = MAs(r)-
(3.19)

After solving the equations one can get the explicit form of
the similarity transformation matrix in d = 2,

s:(l 9). (3.20)
0 i
Also, it can be shown that
StkiS™! = Tiiy- (3.21)
SRS = e (3.22)

Some comments are in order at this point. Looking at the
structure of the transformation matrix in (3.20) and
reminding ourselves that the transformation acts on the
two-component spinor like v — Sy, we deduce that the
real and imaginary ‘a’ value representations are related by
map of spinor components

(3.23)

Wo = Yo, W1~ iy,

where y; can be thought of as purely real numbers. We
can note from (3.6) that an imaginary value of ‘a’ means a
purely real fermion does not stay real under Carroll boosts,
and hence we will mostly be concerned about the real case
and dropping the subscripts R/I for the rest of the paper.

1. Adjoint for homogeneous representations

The structure of adjoints in the homogeneous case
cannot really be inferred just from Carroll algebra. Since
these fermions do not change under boosts, all bilinears of
spinor components would transform as scalars. The reader

is reminded that we had a trivial homogeneous representa-
tion with 7° = I, #' = 0, while there is a more nontrivial
one having ' =a -0, ' =0, |a| = 1. The structure of
(3.9) suggests that for the trivial case there is no discernible
constraint on A.

Let us now concentrate on the case of the nontrivial
homogeneous representation. Although the 7' does not give
us any constraints, let us examine the 7° case, and since we
have freedom in the choice of the matrix provided by a
similarity transformation, let us choose 7° = 6,. Still, the
space of choice of A is distinctly large due to the freedom
given by 7! = 0. A bit of algebra shows that choosing A to
be any of the Pauli matrices or a combination thereof, will
satisfy (3.9) with either sign on the rhs. This makes our life
very complicated when it comes to the homogeneous
spinors, and we will address this at pertinent places going
forward.

C. Defining Carrollian charge conjugation

Let us move to the definition of the charge conjugation
operation in the Carroll case. Since we know the transposed
matrices }7"' also satisfy the same Clifford algebra, there
exists a charge conjugation matrix which has the property

= —cpret, Cic=1. (3.24)
Since we have already fixed a representation of the adjoint
operators from the Carroll algebra generators, we can plug
that in as the following:

o= EAPFA!

= = £ AP AT = £(AC)PH(AC), (3.25)
where note that C coincides with £A matrix for real
representation, since A?> = I. We can now discuss the
charge conjugation matrices for our representations
coupled with the conjugation condition ¥ > ¥¢ = CP7.

In two dimensions for real values of the parameter a, in
the case of inhomogeneous representation, we can see a
choice for the charge conjugation matrix

0 —i
(i 3)
i 0
such that it fits completely with our choice of the adjoint
Ag, which we will just call A in the rest of the paper. We
will use this to define real spinors in the later sections.
One can also explicitly check that (¥¢)¢ = ¥, indicating
the reality of inhomogeneous spinors.

The problem with Homogeneous representations is the
same as in the case of the previous section, we effectively
lose constraints since one of the gamma matrices is
explicitly zero. However, note there is a subtle difference
between the two classes of homogeneous representations

(3.26)

125020-6
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when it comes to the sign in the conjugation relation of
(3.24). One can show that the trivial and nontrivial
homogeneous representations change with different signs
under generic classes of A and C matrix. Some details on
this can be found in the Appendix.

Once the charge conjugation is put in place, a nice
exercise is to look at the number current, a Noether current
associated with the Dirac Lagrangian, and the conjugation
thereof. This is given by Q* = i¥#*¥ where we have
0,0" = 0. For the inhomogeneous case, the currents are
given by

0° =y + wowt, (3.27)

—— (3.28)
Now noting the fact that e — _WIC, one can show that
(Q")¢ = —Q* ie., the currents change sign under our
charge conjugation operation. Again, one of the currents
is clearly zero for the homogeneous representation, render-
ing this discussion futile in that case.

D. A parity transformation operator

Continuing on our discussion of discrete symmetries
of fermions, let us first try to guess the Parity operator
from the first principles. Our main focus again would
be the inhomogeneous representations, due to the nontrivial
structure it puts forth. A convenient definition of the action
of parity reads

Y(t,x) - ¥ =PY¥(t,—x), P*=1 (3.29)
We demand that the parity transformation operator is also a
solution of the massive Dirac equation, and the P passes
through the Dirac operator accordingly,

(i7°0, + i7'0, — m)P¥(t, —x)

= P(i7°0, — iy'o; — m)¥(t,—x) =0, (3.30)
where the change in sign in the spatial derivative accounts
for the mirror transformation on the spinor. A bit of algebra
identifies the obvious choice for such an operator

pp=() %)
0 -1

Note that this is the same as the relativistic choice for the
parity operator. Once this is fixed, we would like to find out
how generic Dirac bilinears change under such a trans-
formation in the Carroll case, bearing in mind that Carroll
boost dictates the adjoint structure of spinors. Let us start
with the parity-transformed mass term

(3.31)

P = PTPOAPOY = 90509 — Py, (3.32)

that is, the usual relativistic scalar transforms with odd
parity in the Carroll case, like a pseudoscalar. This is
brought about by the fact that A and 7° anticommute in this
case. Similarly, for the well-known Lorentzian vector under
parity, we can see

\_P/f,m_y/ — lIJT}';OA}A,y}';OlP — —‘-P}?O}A/”)A/U‘P _ _\ijj}y\P §= 0.
=YY p=1, (3.33)

i.e., this transforms rather like a relativistic pseudovector.
This brings us to the next order of business, choosing a
‘third’ gamma matrix for our 2d representation. In rela-
tivistic case, this ‘third’ gamma would be defined as a
multiplication of all other gamma matrices, i.e.,

7/}2 — ij}Oj}l ,

(3.34)
and would commute with all Lorentz generators. However,
in the Carroll case, the above would simply boil down to
7> = —i', which would clearly commute with the only
nonzero Carroll generator $in (3.6). But there is a problem,
since this choice is degenerate as (%) =0, and not
idempotent as one would expect from relativistic situation.
To circumvent this choice for now, let us try to constrain the
structure of this matrix via the parity transformation
properties of the bilinears otherwise known as pseudoscalar
and pseudovector in the relativistic case,

VP P2y, (3.35)
Py — PPy =0, (3.36)
— PPy = 1. (3.37)

This holds up our earlier observation that Lorentzian parity
odd and even quantities are interchanged in the Carroll
case. This also constrains the structure of the third gamma

matrix
- 0 b
7= , b,ceC.
c 0

The extra constraint (72)> = I gives rise to bc = 1. It
means that 7 = ¢, is a very reasonable choice, one that we
will come back to later in this work, when we discuss parity
of the inhomogeneous action.” Note carefully that 7> =
—i7! could also have been a perfect choice from the above
equation had it not been for the demand of idempotence.
Since we do not have a clear notion of a Carroll cousin of
Weyl spinors, this degeneracy does not create much of a

(3.38)

"Note that this choice of #? does not commute with the Carroll
generators due to the degenerate structure.
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problem as we do not need to have chiral projection
operators.

The take-home message of this subsection is the parity
operation seems to be exactly opposite the relativistic
one for the Carroll case. Most importantly, parity even
scalars, in this case, require the presence of a 72, contrary
to Lorentzian parlance. One can trace the roots of this
revelation by noting that A = i7°9%, which being omni-
present in the Dirac bilinears, actively change their parity
properties.8 This will be important going forward, as one
would usually want the Dirac action to be parity even,
which may not be accurate in the Carroll world.

IV. ACTIONS IN DIFFERENT REPRESENTATIONS

Having elucidated the representations of degenerate
gamma matrices pertaining to Carroll algebra, we now
move on to write down explicit two-component spinor
actions for the same. Owing to the degenerate nature of the
gamma matrices, we can already assume that these actions
will not be symmetric in space and time derivatives.

A. Inhomogeneous action with real spinors

Let us remind ourselves of the rules of the game first.
The gamma matrices corresponding to the inhomogeneous
representation we will be using are

?0:10 ?1:00'
0 -1)° 1 0

As we described before, one can also check the adjoint
structure

(4.1)

0 i

Pt = —APAY, A‘( .
—i 0

), Y =YA (42

We consider the action of the Dirac form with an invariant
mass term,

S = / d*c®(7°0, + 7', — m)W. (4.3)

Note that there is no explicit 7 in the action to make the

action Hermitian. This is because of the manifest negative

sign in (4.2). In terms of the two components, the action

takes an asymmetrical form,

/ d*oil—(wivro + Wil — wowo) — myGw + myfyr).
(4.4)

As before, we define the charge conjugate of spinor ¥ as

¥0ne can also see that 72 = 0, is another valid choice, for
which we will get the A; mentioned in (3.15).

Pl = —ACY*. (4.5)
We know that under Carroll transformation a generic spinor
¥ transforms as ¥ — S[Z]¥. We can say that (4.5) is a
suitable definition if y(¢) transforms in a similar way under
Carroll transformations. One can then go ahead and show
P - (=AC)S[Z]*P* = S[Z](—AC)¥* = S[Z]P().  (4.6)
Now if we impose reality condition on the spinor i.e.,
w(©) = W, and that gives us the reality condition of spinor
components

vo =Wo. W =Wy, (4.7)
which is precisely the charge conjugation operation cor-
responding to purely real components.

The equations of motion can be obtained by varying the
Lagrangian (4.4) with respect to y; and 7. These turn out
to be completely decoupled equations for the two spinor
components,

o —myo =0, wo—yy —my; =0. (4.8)
Which is the same set of equations one gets by varying the
same action with respect to y, and y. A little algebra
yields the solution to these equations,

wolt.x) = wo(x) exp(mi),

w1 (1,5) = |1 (1) exp(=mt) + =y (x) exp(mr) | (4.9)

2m

Notice the weird decaying/growing exponential structure of
these solutions. These can be traced back to the Hermitian
structure of the Dirac operator in this case. In the massless
case, these boil down to simpler forms,

wo(t.x) =wo(x), wi(t,x) =y (x) + nyg(x).  (4.10)
This set of solutions will transform like a multiplet under
the Carroll conformal algebra, something which we will

come back to in a later section.

B. On parity-odd and parity-even actions

The attentive reader may have noted that we have been
talking about a form of the Dirac equation which is odd
under parity due to the structure of the parity operation. We
can also go ahead and write down a parity-even action,
which simply reads

’Note that if we had chosen imaginary ‘a’ in 7', and used the
definition of adjoint accordingly, we would have found the
alternate reality condition y =y, ] = —y, which reflects
the map mentioned in (3.23).

125020-8



CARROLL FERMIONS IN TWO DIMENSIONS

PHYS. REV. D 107, 125020 (2023)

Seven = / o (7749, ¥ — m¥7?¥P).  (4.11)

Here we will be choosing 7> = ¢, without any loss
of generality.10 As we discussed before, this insertion
of 72 basically boils down to changing the adjoint matrix
by A = i7° in our case. In component form, this can be
written as

- / d*oli(wiiro + yivn — wivg) — imyiyy + imygyr)].
(4.13)

An action of this form has also been used in the context of
supersymmetric null strings in [56]. We can simply see that
since the charge conjugation matrix will have changed for
this case, the reality conditions are reflected by ‘skewed’
transformations,

W= w1, Wi =Y, (4.14)
upon which the above action will be the same as the odd-
parity action (4.4) under a ‘straight’ reality condition in
(4.7). So by all means, we can safely work with the odd-
parity action in our case, guaranteeing purely real spinors.

C. Homogeneous action

In the case of Homogeneous spinors, we saw that the
Clifford algebra allows for some freedom in 7°, since
7! = 0 identically for this case. To begin with, let us
explicitly write the spinors as a two-component complex
object ¥ = (yo.w;)". A generic action for these homo-
geneous spinors in 2d will read

S= / d*o[P7°0)¥ — mPY], (4.15)

i.e., only temporal derivatives will appear in the action.
Both the choices we call a trivial and a nontrivial one, do
not constrain the structure of the Dirac adjoint, and neither
do these fermions transform under Carroll boosts. So, we
would fix 7° = &, and put A as the Dirac adjoint operator,
upon which the final action in component form reads

/ d>ei(—yiro — Wiy — mygy + myiy,).  (4.16)

""Note that choosing 7> = —ij' as we discussed earlier, leads
to the simplified chiral action

S= / o (idy - myy (4.12)

which is parity even and also Carroll boost invariant solely based
on the fact that y does not transform under Carroll.

In the massless limit this action explicitly matches up with
the spinorial action obtained from tensionless string the-
ories as discussed in [55]."" In the usual way, the equations
of motion can be obtained by varying the Lagrangian (4.16)
with respect to y; and y}. These are found to be coupled
first-order differential equations (or decoupled second-
order),

wo+my; =0, i —my,=0. (4.17)
The solutions to these equations are
o) (1, %) = o) (x) exp(Limi). (4.18)

Note that these solutions are explicitly oscillatory in time,
as opposed to the inhomogeneous fermions.

D. Hamiltonians

The Hamiltonian densities for our fermions can be
written as
H=1,y,-L, a=0,1. (4.19)
For the inhomogeneous spinors as given by (4.4), this can
be written in a component form,
H; = iygyo + im(yow —wivo)- (4.20)
We can see for the massless case, the Hamiltonian reduces
down to H = iy . Similarly for the homogeneous case,
using the action (4.16) leads us to

Hy = im(yow1 —wiyo). (4.21)
i.e., just the mass term in the action.'” These homogeneous
fermions have the intriguing feature that the Hamiltonian
vanishes when one puts the mass to zero. One is reminded
here of the well-known fact that topological field theories
have vanishing Hamiltonian and the spectrum reduces
down to zero-energy states only. However the conse-
quences of this vanishing Hamiltonian in the present case
requires further investigation.

Given these two Hamiltonians, we should note a few
things. It has been shown [43] that in the kinematical sense,
Carroll covariance is directly implied by the following
condition on the Hamiltonian densities,

[H(x),H(x'")] = 0. (4.22)
One can explicitly check that this condition is satisfied
for both the densities mentioned above. In the massless

"Also see for example [62-64].
Note that the homogeneous and inhomogeneous mass terms,
while having the same form, are not actually the same since v,
and y; anticommute in different ways in these two cases.
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homogeneous case, we have further the whole density
vanishing completely. In the study of Carroll representa-
tions, one can see the Hamiltonian appears as a central term
in the algebra. Due to this, there are two distinct repre-
sentations of the Carroll algebra, labeled by H = 0 and
H # 0[32]. One can see for our massless Hamiltonians, we
also have such two distinct classes. However, how this
classification affects the dynamics of associated fields for
our spinors, will be discussed elsewhere.

V. INHOMOGENEOUS FERMION
AS CARROLLIAN CFT

In this section, we discuss the inhomogeneous fermionic
CFT example, a theory which can be recovered starting
from (4.4) and putting the mass to zero. As we know, the
gamma matrices used to construct this action, fall into
the inhomogeneous representation of Clifford algebra in the
Carrollian sense. In this section, we will show how the
symmetry generators associated with this action give rise to
the Carroll conformal algebra in two dimensions, i.e., the
BMS; algebra.

A. Stress tensor and BMS charges

We start with the massless action for inhomogeneous
fermions defined on a cylinder parametrized by (o, 7)

Sinhomo = /dzai[—(V/TWo +wour —wowo)l.  (5.1)

Under spacetime translations, the generic spinor compo-

nents in our actions transform as
5V/a = fﬂaul//a' (52)

The action in (5.1) is clearly invariant under such trans-

formations. This would allow us to use Noether’s formula
to compute the stress tensor directly,

a oL o
T;} = K<%0/;y/u - 5/3£> . (53)

Here we have allowed an overall normalization factor x in
the Canonical expressions of the energy-momentum tensor,
which we shall fix later. In components, the stress tensor
can be written out as

T: = ix(yiwy +wiw!), and
Tg = —ik(yiyo + wiyn ).

T; = iky oy,
T¢ = —ixyjio. (5.4)
The stress tensor is conserved when the fields satisfy the
equations of motion. Upon using the massless equations of
motion (o = 0 and yr; = y) the stress tensor components
become

T: = ikpopy = =15, To = —ik(y g + woy)),

and T?=0. (5.5)
This particular structure of the stress tensor components
is a typical signature of Carrollian CFTs or BMSFTs. The
tracelessness, as usual, implies the presence of scale
symmetry and the 7¢ = 0 equation indicates Carroll boost
invariance of the theory. In two dimensions these two
conditions suffice to ensure the theory is invariant under the
infinite-dimensional CCA, or equivalently BMS;.

B. Algebra from charges

We can evaluate all the charges associated with the
infinite-dimensional conformal Carroll symmetries using
the stress tensors as computed above. The conformal killing
vector fields for 2d Carroll spacetime are given by

& =flo)r+glo). & =flo) (5.6)

where f and g are arbitrary functions of o. Now the currents
associated with these symmetries can be constructed as

J* =T, (5.7)

Corresponding charges are obtained by integrating J° over
a spatial slice,

Q= /dngfa
:/dG[T151+T250]

- / do[(T\f'(0) + Tof (0))t + Taglo)].  (5.8)

In the above equations, we have renamed 77, as 7| and
TZ as T, and shall continue to follow this convention for the
rest of the paper. Now expanding f and ¢ in terms of
Fourier modes, we get

fl0) = ae™ glo) = bye™.  (59)

In terms of these Fourier modes, the charges can be
written as

Q=) a,L,+b,M, with
n

Ln = /dG[Tl + inTTz]ei”", Mn — /d()'Tzei’w.
(5.10)

For this inhomogeneous example at hand, we have

Ty = —ix(yyo +wow'), To=ixpgypo.  (5.11)
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The massless version of the equations of motion (4.17) are
solved by the following mode expansions

WO(T’ 6) = Zﬁreimv ¥ (T’ G) = Z[yr - irTﬂr]eim‘

r

(5.12)

The equal-time anticommutation relations are given by

{w(e'). L, (0)} = 6(c — o). (5.13)
In terms of the oscillators, this translates to
{ﬁrvﬁs} =0= {},w },\} {ﬁr’ 7\} = 6r+s,0' (514)

Using these expressions along with the modes expansions
given in (5.12), these charges would be written as bilinears
of the modes

Ln = KZ(2r+ n)ﬂ—ryr-i—n and Mn = gzrﬂ—rﬂr—&-n-

r

(5.15)

At this point, we fix the overall normalisation to be
K= % We consider this input demanding the closure of the
charge algebra. for k = %, using (5.14) we get the standard
form of the BMS; algebra, i.e.,

L,.L,]=(mn-m)L,.,,

{Ln’Mm} = (n—m)M,,er, [Mn’Mm] =0. (516)
This is however the centerless part of the algebra. Later on,
we shall show nonzero central charges appear when we

quantize the theory.

C. Highest-weight representation
and primary operators

In this subsection, we shall review the highest-weight
representation of BMS; and comment on the operators of
this theory that fits into this representation. The highest-
weight representation for this algebra is defined by labeling
the primary operators with the eigenvalues of the L, and
M,. As Ly and M, commute, it is possible to go to a basis
where they are simultaneously diagonalizable. The action
of positive integer-valued L, and M, would lower the
eigenvalue of L, thus to make the spectrum bounded from
below, L, and M,, V n)0 are chosen as annihilation
operators,

[Lo, 0(0,0)] = AO(0,0),
[L,,0(0,0)] =0, and

[My. 0(0,0)] = £0(0,0).
[M,.0(0,0)] =0 Vn>0.
(5.17)

Then the L_, and M_, acting on O(0,0) would create the
descendent operators associated with those primaries.
However, very recently this construction was generalized
to the so-called multiplet highest-weight representation
[33,34], where it has been shown that the previous
representation is a special singlet version of a more general
multiplet representation. In this novel representation
although the action of L still remains diagonal but M,
acts as a nondiagonal Jordan matrix,

(Lo, 0(0,0)] = A0(0,0),  [M,,0(0,0)] = £0(0,0),

[L,.0(0.0)] =0,
[M,.0(0,0)] =0, V n>0.

together with

(5.18)
Here O = (0, Oy, ..0,_;) is a multiplet primary of rank
rand € is (r x r) Jordan matrix with diagonal entries £ and

subdiagonal entries 1. For example, for a rank-3 primary,
the matrix would look like

(5.19)

e
|
S = uw
— e O
O O

For a local primary operator of rank-r, this representation
would induce the following transformation rules under the
conformal Carroll or BMS transformation:

[L,,0,] = —i(d, + inud,)0,e" + n(Al + in&)O, e™";
M,,0,] = (=id,0, + n0,)e™. (5.20)

Returning back to our example of inhomogeneous
fermionic field theory we now derive the transformation
properties of the fermionic fields y(z,6) and w,(z, o) by
taking brackets with the BMS charges constructed pre-
viously and show that the fields transform as a multiplet of
rank-2 in this novel BMS representation. Using the mode
expansions (5.12) and the anticommutation relations of the
oscillators (5.14) the following relations can be easily
verified:

. 1 .
Loy = D (L Je " = =3 32+ e

1 .
= [—iagwo(r, o) —I—EI/IO(T,O'):| e, (5.21)
Similarly, one can work out,
L.y (z.0)] = [=i(9, + intd, ) (7. 0)]e™"”
1 1 .
+n [l//l (r,0) + inriyfo(r, 0)} e,

2
(5.22)
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and also transformations generated by the action of the
supertranslation charges are given by

[Mn’WO(T7O-)] = 0’
My (5.0 = (=0 (5.0) + waz.) ). (529

Now if we take the doublet to be {y(z,0), 2y (z,0)},
these relations clearly agree with the transformation rules of
BMS rank-2 multiplet with A = % and &£ = 0. Here we would
like to point out that the relative factor in the primary
components is 2, and this turns out to be a consequence
of our choice of gamma matrices in (2.12). We have chosen
the parameter a = 1 previously. However, in principle, it is
possible to choose an arbitrary number there without spoiling
the Clifford algebra. Keeping a generic number would then
scale the stress tensor component 7',. This scaling introduces
an overall factor in the expression of the supertranslation
charges M,,. Owing to its off-diagonal nature of action on the
primary components this choice of the arbitrary parameter
would show up as a relative factor in the primary fields. This
transformation of the generators preserves the structure of the
symmetry algebra and hence can be identified as an
automorphism.

D. Correlation functions

Next in this section, we shall compute the two-point
functions of these primary fields. The symmetry algebra is
powerful enough to fix the two-point functions like its
relativistic counterparts. Demanding invariances under the
global part of the algebra (spanned by L 1, M, ;1) the two-
point functions of these multiplet primaries have been
derived in [33]. For this example, we explicitly compute
the two-point function of primary operators via canonical
quantization and assume the highest-weight conditions on
the vacuum. The following condition defines the highest
weight vacuum for our theory:

L0)=0 M,0)=0 V n>-1. (524)

These conditions can be met if we define the vacuum in terms
of the fermionic oscillators in the following way:

Bl0)=0 7,00=0 V¥ r>0.  (525)

As of now, we have not used any boundary conditions
yet but whether the fermionic index r runs over integral or
half-integral values depends on the boundary conditions
imposed on the fermionic fields. For a fermionic field theory
defined on a plane, periodic boundary conditions allow only
half-integer modes, whereas antiperiodic boundary condi-
tions allow only the integer modes. However, this scenario
flips when the theory is defined on a cylinder. Here we restrict
ourselves with the half-integer modes only (NS sector,
rez+ %) because the vacuum state of the Ramond sector
does not respect the desired symmetries and thus spoils the

structure of the two-point function indicated by the symmetry
algebra.13 Hence from now onwards, we shall assume the
indices run over half-integer values only. The oscillators in
this case satisty the following anticommutation relations as
before,

{ﬁr’ﬂs} = 0 = {yr’YS}’

{ﬁrv 7/\} = 5r+s,0‘ (526)

Now using the mode expansions in (5.12), we can write

_ Z<ﬂ’ﬂ Ve —i(ro+sd’) — ().

r,s

(wo(z.0)y (7. 0')) (5.27)

As fs anti commute, it can be shifted to a side where it
annihilates the vacuum at the cost of a sign, hence the cor-
relator vanishes. Also, we can further compute the following:

(wo(r, o)y (7. 0)) = Z[(ﬁri@ ist (B,B,)]e —i(ro+sa’)

r,s

= Y paerites)

r>0,5<0
— Z 5r+s,06_i<m+ﬂil>
r>0,s<0
: o
= —;csc<0 20>. (5.28)
Similarly,
(wi(z.0)y (7. 0"))
3=~ e
= Z - i[r7<ﬂr/} > + 87 <7rﬁ >] ~ilrotso)
r>0,5<0
; A _ A
:%(r—r’)csc(a 20)c0t<626). (5.29)

In these previous expressions we have assumed z > 7/, but the
correlators are antisymmetric under the exchange of the points.
Hence we can call these time-ordered correlation functions.

1. A cylinder to plane map

It is possible to take these correlation functions on a
cylinder and map it to a plane. For Carrollian manifolds, the
mapping that does the job is given by

t = ite®, x=e°. (5.30)
Here (z, x) denotes the coordinates on plane and (z,c) on
cylinder. Now in the previous section, we have shown
that y( and y, transform like a rank-2 primary operator

with A :% and £=0 under the conformal Carroll

13See, however, [65,66] for some interesting discussions on the
Ramond sector.

125020-12



CARROLL FERMIONS IN TWO DIMENSIONS

PHYS. REV. D 107, 125020 (2023)

transformations. For this particular plane to cylinder map,
the transformation rules of such objects are

II/O(tv X) = e_%rllfo(f, 6),

ic i
wi(t.x) = e |y (7. 0) —5’“//0(7’ o)|. (5.31)

Using these transformation rules we can map the correla-
tors on cylinder to correlators on plane. They are given by

1

olt wolt ¥)) =0, ot un (7. X)) = ——,
(i (2. x)yp (1, X)) = —%. (5.32)

These expressions agree with the correlators derived from
the symmetry argument.

E. Central charge

In conformal field theories, the singular terms in stress
tensor one-pion exchanges (OPEs) are entirely fixed by the
symmetry algebra. A centrally extended BMS; algebra can
then be shown to be equivalent to the following OPEs:

T,(t,x)TH(7,x") ~0,

T [

2T(7,x')  4ALT, (7, X))
{mw SE }
N {Ox/Tl(t’,x’) B At@,/Tz(t’,x')}
Ax (Ax)? '
2T,(¢. %)  0,T,(f. %)
(Ax)? Ax

Cc
Tl (t’ X)Tz([/, x/) ~ 2(AAZC)4

(5.33)

Using (5.32) and (5.11) it is possible to explicitly evaluate
these OPEs by Wick contraction. We have already verified
the closure of the centerless part of the charge algebra in the
previous section which accounts for the less singular terms
in the OPEs. What remains to be seen is the value of central
charges ¢; and c);. We evaluate these by computing the
fully contracted terms in the OPEs,

T.(t,x)T (¢, x)

1 1
~ 5 o +wowt)(1x) o (o + wowd ) (7 x):
1 1 1 1 1
~—|d Oy - 0,0y
2[x(x—x’> X(x—x') x—x xx(x—x’)}
1
ot (5.34)

and similarly,

1 1
Ty (1.20)To (1) ~ 5 2 (Wi +yowt) (1.x) 2 Syowo (1))

N0 (5.35)

We have mapped the stress tensor components from
cylinder to plane before performing the Wick contractions.
Here ,(¢,x) indicates derivative with respect to the
spatial coordinate x and ‘...” accounts for less singular
terms in the OPE. As the correlator of y, with itself
vanishes, the fully contracted terms in 7', (z, x) T, (¢, x') also
vanish. This would imply c;; = 0. This can also be read off
in the expressions of T,(¢,x)T;(¢,x') as well, along
with ¢, = 1.

VI. HOMOGENEOUS FERMION
AS CARROLLIAN CFT

It is clear from the last few sections that inhomogeneous
fermions are the more interesting Carroll objects. But
homogeneous ones have the distinct feature that any spatial
derivative is absent from their actions. In this section, we
briefly discuss the theory of homogeneous fermions when we
switch off the mass term. The action in this case becomes

Sumo = | Pail-ypin-viin). (6.1)
Remember, homogeneous fermions are insensitive to Carroll
boost, hence these classes of massless actions can just be
thought of as two copies of the action for chiral fermions. The
single versions of these chiral fermions appear from lower
gamma actions and have been studied in detail [58]. It has
also been argued that theories with no spatial derivative in
real space Hamiltonian and hence having a nondispersive
Hamiltonian in corresponding Fourier space, should have
Carrollian symmetry by construction. Hence these are no less
important than Carrollian theories.

The massless equations of motion for the spinor com-
ponents read,

(6.2)

The equations of motion are solved by the following mode
expansions in terms of half-integer modes,

l/,(0,1>(Ty ) = Z ﬂgovl)eira‘

reZ+%

(6.3)

It is evident from the mode expansions that all the dynamics
of the system are lost and the theory essentially lives on
the spatial circle. As a consequence, the action of super-
translations on the space of solution would also be trivial
and the BMS; that we started off with would be truncated to
one copy of Virasoro only. We can more explicitly show
this by computing the charges.
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The canonical stress tensor components for this theory
would be

T = =2 Wilo (o) + wiloW) (o).

79=0, T:=0=T9. (6.4)
Note that 79 is identically zero in this case, a telltale sign of
Carroll symmetry. Using the previous construction applied
for the inhomogeneous case we can immediately identify
the symmetry generators

i
Ty = =5 (wolo)wo(o) +wilo)w) (o))

d 7,=0.
2 an 2

(6.5)

Vanishing of T,(7,0) indicates all the supertranslation
charges M, drop off causing a symmetry truncation. But
we shall still have the superrotation charges that would
form one copy of Virasoro algebra. Hence this homo-
geneous action would effectively behave like a 1d CFT.
Because of this symmetry truncation, the Carroll boost acts
on the field components y | (7, o) trivially, as we have seen
before. As the spin part in the field transformation vanishes,
these objects effectively behave like a scalar, although they
are still Grassmannian in nature. The Viarasoro charges
would just be the Fourier modes of the stress tensor
component 7' (o)

L,= _% / do(yo(o)yy(0)) +wi(o)y (0))e™

= S e BB (6.6)

In a previous section, we discussed that the choice of the
charge conjugation matrix remains arbitrary owing to
the fact one of the gamma matrices is identically equal
to zero. Here then we have the freedom to work with purely
real spinor components, i.e., y, ;(6) =y (o). Canonical
commutation relations after implementing this reality con-
dition would become

{wo(0).wo(o")} = {yi(0).yn(0)} =d(c—o).  (6.7)
In terms of the oscillators, this breaks down to
(BB = bris0 ABH B} = bris0 (6.8)
This would straightforwardly imply the algebra,
(Lo L) = (n=m) Ly, (6.9)

i.e., just a single centerless Virasoro, as predicted. Now we
go ahead and define a highest-weight vacuum in terms of
these oscillators,

A0y =0, pLOY=0, Vr>0. (6.10)
Using the anticommutation relations of the oscillator modes
one can easily find out the correlation functions on the

cylinder

(wo(z, o)ypo(7,0)) = Z<ﬂ9ﬂ(s)>e—i(m+m/)

r,s

:;°3°<6;6/)’ (6.11)

(1(z. o)y (7. 0)) = ;<ﬁ}ﬁ;>e—i(m+w/)
B ;CS°<6;6/), (6.12)
(wo(z.0)w (7. 0")) = 0. (6.13)

Again, the central extensions of the algebra remain to be
found. One can evaluate these charges by calculating
the fully contracted terms in the OPEs as in (5.33). This
requires one to map cylinder correlators to the plane as
before, and eventually leads to

Ty (1, )T (7, X)

~

1
Hwowo +yyn)(1.2) 115 (wowo +yy)(1.X):

1

2

1 1 1 1 1
~—=10 dy - 0.0y | ——

2{x<x—x’> x(x—x’) x—x xx(x—x’)}

(6.14)

Ti(t,x)T,(¢',x") ~0. (6.15)
One can easily read off from here the values c¢; =1
and ¢y = 0.

It is interesting to note here that for both classes of
fermionic theories, we have found the same central charges,
i.e.,c; = landcy, = 0. Butthese are very different theories,
even in terms of underlying symmetries. In the inhomo-
geneous case, the BMS; is intact while in the case we have
discussed above, the homogeneous one, BMS; reduces to its
Virasoro subalgebra with the explicit vanishing of the
supertranslation charges. So it is clear that just the central
term does not determine the representation theory and the
chiral truncation is not immediate with ¢;; = 0. This ¢, = 0
may or may not lead to a chiral truncation and this depends on
the multiplet structure of the underlying Carrollian CFT.

We note another curious feature before we conclude
this section. When we consider supersymmetry, the homo-
geneous version of the super BMS; [55], which arises from
putting together the Carroll boson and the homogeneous
fermion as we have discussed above, is given by
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C

[Ln’ Lm] = (l’l - m)Lthm + T; (I’l3 - n)5n+m,07
C

[an Mm] = (n - m)MrH-m + 1_A24 (I’l3 - n)5n+m,0’

[LI’H Qi‘l] = <g - r) g+r7

1

{Q% Qé} =67 |:Mr+s + %M ('2 - Z) 5r+s,0:| : (616)

Here Q% a = (0,1) are the supercharges and all other
brackets are zero. Notice that this does not contain a super-
Virasoro subalgebra and hence if one attempts a truncation by
turning off the supertranslations, one needs to set the con-
formal supercharges to zero. The truncation then leads to
turning off supersymmetry as well. The inhomogeneous super
BMS on the other hand, obtained by putting together the
inhomogeneous fermions and Carroll bosons, as shown for the
tensionless inhomogeneous superstring [56], is given by

C
[Ln’ Lm] = (n - m)Ln+m + l_é (n3 - n)6n+m$07

C
[an Mm] = (l’l - m)MrH—m + 1_1; (n3 - n)5n+m.07

[anGr] = <g_ r> Gn+r7 [anHr] = <g_ r>Hn+r9 [Mn’Gr} = (g_ r>Hn+rv

1 1
{Gw Gs} = 2Lr+s + C_L <r2 - _> 5r+s,0v {Gr»Hs} = 2]ur+s + C_M (’2 - _)5r+s,0'

3 4

Again G, H are the supercharges in this case. This does
have a super-Virasoro subalgebra and one can truncate the
theory down to this superchiral sector [67]. So, evidently,
supersymmetrization changes the notion of a chiral trun-
cation in these two cases.

VIL “BOOSTING” TO CARROLL FERMIONS

In the last few sections, we have been talking about
looking at Carroll fermions from an intrinsic point of view,
i.e., using Carroll structures to define spinors attached to
the covering space of a Carrollian manifold. In this section
we will take an alternative viewpoint, i.e., to define
‘flowed’ representations for fermions as they gradually
go from relativistic to the ultrarelativistic (¢ — 0) regime.
The heart of this procedure lies in using linear trans-
formations (or special “boosts”) that effectively change the
characteristic speed of light associated with the physical
system. Although finite transformations would not change
the nature of physics for such systems, one could show [59]
that for certain singular limits of such transformations, one
can interpolate from a relativistic CFT regime to the
ultrarelativistic BMS counterpart thereof.'* In this sense,
these singular transformations are equivalent to the Inonii-
Wigner contraction procedures but give one a better handle
on consistently defining the theory away from both the
extremal points.

See also [60] for a related idea for deforming Virasoro
symmetries into BMS one with a term added ad hoc to the
Hamiltonian.

(6.17)

3 4

I

For the 2d scalar field case in [59], this procedure was
materialized by transforming the holomorphic coordinates
using a SL(2) transformation (which would be a Lorentz
boost had it has been used on physical coordinates, say 7z, o
on a cylinder) and showing that BMS symmetries arise
when the transformation matrix degenerates in certain
limits of the “boost” parameter. Basically, this transforma-
tion continually dials the speed of light until the lightcone
closes unto itself. Unless the actual closure happens, one
can always undo this transformation and a CFT remains
one. We would be taking a slightly different path here since
not all fermion representations are defined on a chiral basis.
But generically we will still be looking at quantities as the
speed of light is being dialled up to the singular point where
Carroll structures, already discussed in previous sections,
effectively emerge.

A. “Flowed” representations of the Clifford algebra

Let us start with the explicit realisation of the relativistic
Clifford algebra again,

{r*, "} = =2 = 2diag(1, —c?). (7.1)

Here this scaling with ¢? is important to keep in the sense

that we would be taking the ¢ — 0 expansion of the
Minkowski metric, which reads

1
”MV:——zT”TD‘f'h#D"'"’a (72)
C

which clearly demands that the leading-order representa-
tion in this expansion will come from the 7#7* term, as we
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have already witnessed before in (2.2). Now we want to
find out a representation of the gamma matrices which
remain valid as ¢ dials down to zero. One such flowed
representation will read

{7s. 14} = 2diag(1, —?). (7.3)
where « is some dimensionless quantity that interpolates
between 1 and O corresponding to a relativistic and Carroll

theory, respectively. This means the gamma matrices have
to satisfy the following relations:

rp)? =01 (rp)?=-L {rprr}=0. (74)
A simple way to solve this set of equations is to fix
7" = 7%, and thereby try to solve for the components of
v using the ansatz by expanding it with Pauli matrices
and unity ie., y¥¥ =1-6+ L. So we could say, fixing
the y° fixes our flowed representation. Let us, for
instructive purposes, start with the Majorana representa-
tion in two dimensions, instead of the usual Majorana-
Weyl. In this representation the relativistic gamma
matrices are given by
=05 7' =io,. (7.5)
Solving the conditions in (7.4) consistently, we arrive at a
solution,

rr(@P =@+ 8L 4, p=0.  (7.6)
Since ¢, imaginary, we have 13 < 0 here. This equation
could have two classes of consistent solutions. In the first
case we can compare it to (7.4), and for finite values of
the speed of light, we see both A; and 4, can just be
proportional to a, making sure the right-hand side of
(7.6) goes to zero in the extreme limit of a = 0, making
all entries of the matrix zero. Clearly, at the extreme limit
these sets of matrices reproduce the homogeneous rep-
resentation since y! is identically zero for this case, and
as we have discussed any y° with a unit square along
with a zero y' will boil down to the homogeneous
representation [see (2.6)].

The other class of solution is much more interesting, the
parameters are not proportional to the speed of light
parameter and a simple solution indicates

1-a?

1 2
A = 7 +a
2

=i .
212

(7.7)

Combining everything, this leads to a flowed representation
of the gamma matrices along the worldline where the speed
of light varies along the light cone,

1+ a?
2

1—a?
5 7'

(7.8)

'+

=7 vi(a) =4io)+ o, =

where we assume all gamma matrices are purely real. It is
now very clear that

ha=( s )

which makes perfect sense since this representation gives
one the Majorana y' for @ = 1, but flows to the Carroll
degenerate ! for a = 0.

We of course could have chosen any non-degenerate
representation in two dimensions to start with, like the
Majorana-Weyl representation with y° = &, y! = —io,. As
before, taking the ansatz y° = y% and yI' = 1- 6 + BI we
could find (in this case),

(7.9)

(@] =B+ 4, p=0. (7.10)
So, as before, we can still have a homogeneous represen-
tation by choosing 4,3 proportional to a, or we could
choose analogs of the solutions in (7.7) to write the flowed

representations,

1—a? 1+a?
0 0 1 2 2
=y, a) = o) + Aoz = .
YF=Y J’F( ) 202 303 i e
2 2

(7.11)

As we can see, this gives the Majorana-Weyl choice of y!
for o = 1, but for @ = 0 this remarkably boils down to the
choice of inhomogeneous representations we mentioned in
(2.9). As a consequence, the flowed inhomogeneous
versions of the Majorana-Weyl and Majorana representa-
tions are related to each other via similarity transforma-
tions. It is of course better to reiterate for completeness,
these are in no way related to the homogeneous class of
representations via any transformations, since y' =0 in
that case.

B. Degenerate transformations on the spinors

From the last section, we saw how the Clifford elements
change under a change of the speed of light. Now the point
is, we explicitly want transformations of gamma matrices
that read

7= 5 @)y"S(a), ' = ST a)y!S(a).  (7.12)

“Note that one could have deduced y}(a) = (°, "02 ) using

M= —%, which is another consistent choice. This justifies the
other choice of 7' as mentioned in (2.8).
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So that these transformations equivalently act as a boost on
the spinors

v — S(a)y. (7.13)
And this is a transformation that remains smoothly valid
over the range 1 > a > 0. Note that, this is in general how a
Lorentz boost acts on a spinor; however, in this case we
demand a worldline where the a keeps changing. As
mentioned earlier, in two-dimensional conformal systems,
one can always re-orient the system to restore the Lorentz
frame, unless we go to a singular limit of such ‘boosts’. We
then demand that the Dirac equation remains invariant
under such a finite transformation, i.e.,

PP (@ = Hayo,(ay(@).  (7.14)
To show how this can be packaged into the degenerate
boost paradigm, let us start with the relativistic action with
Majorana representation,

S = /dzﬂi(llfll/70 +woy —yovo —vavy).  (7.15)

We need to find a transformation that boosts this action into
our inhomogeneous action. Let us first write down this
lagrangian in the suggestive form

i
Lt = 3 (w:0.w: — w0y ,), (7.16)

where onacylinder z,Z =7+ ocandy,: =y, £ y;. Now

following [59] we define the transformations that mix
holomorphic and antiholomorphic coordinates,

2\ [ cosh¢  —sinhg Z
<ZR>_<—Sinh¢ cosh¢><z>'

Let us use a parametrization where cosh¢ = ﬁ and

(7.17)

sinh¢p = ﬁ and 1 € R. This is a perfectly well-defined

SL(2, R) transformation when 4 # +£1, and basically acts
as a Lorentz boost on the holomorphic coordinates.
Similarly, we can define a transformation for the spinors

on this basis
cosh sinh
(WL>:< ' ¢ ¢><wz>_ (7.18)
YR sinh¢p cosh¢ e
Note that at the level of the original spinors y ; this could
have been written as a direct boost transformation with

= 0
S(a):< >, a=e.

Y (7.19)

While for the physical coordinates (7, o) this is precisely an
inhomogeneous relative scaling 7 — ¢~?7 and ¢ — e%o.
And indeed at the degenerate point 4 — 1 (i.e., @ — 0), the
action boils down to'®

S(FM) = /dzdi(l//11170 + oy — wowy), (7.21)

where we have absorbed the extra overall scaling by
S = e?S, which could also be absorbed into a coupling
constant. The above equation is exactly the inhomogeneous
action we mentioned in (5.1).

We could also do a similar procedure starting with the
Majorana-Weyl representation of relativistic fermions.
Recall the Lagrangian written in the chiral basis reads

W) _ i

. (7.22)

(w20 + . 0:y).
A similar scaling of the spinor components and an extra
overall scaling by ¢3? leads one to

E;MW) = iy oo (7.23)
This is exactly the class of actions discussed in [58], albeit
in higher dimensions, and are Carroll invariant trivially. So
one could heuristically call these a cousin of Weyl actions
in the relativistic case, although no such notion exists when
we go to the Carrollian regime of the theory.

Note that the difference between the overall scaling
factors for these two classes of flowed actions represents
that they appear at different orders when one expands
relativistic spinors actions in powers of 1/c¢. This may
remind one of the ‘electric” and ‘magnetic’ branches of the
Carroll actions that appear in leading and next-to-leading
orders of a small ¢ expansion of relativistic actions [32].
Incidentally, the electric kind of actions are said to contain
only time derivative and magnetic ones are described as
containing both time and space derivatives of fields.
However it may be too soon to comment on these
distinctions, and we will come back to this discussion
elsewhere.

VIII. DISCUSSION AND CONCLUSIONS

In this paper, we set out to specifically understand
Carrollian fermions in two dimensions, and we have done

"®Note that using S~'(a) as the transformation matrix, i.e.,
taking the negative sign of sinh ¢ in (7.18), would lead us to

Sp= /dz(’i(ll/1ll'/0 +wour + i), (7.20)

which corresponds to taking the other choice of 7' as mentioned
in (2.8).
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so in a thoroughly systematic way throughout. The degen-
erate nature of Carroll spacetimes allows for degenerate
representation of Clifford matrices, and their structures
are far more nontrivial than their relativistic cousins.
After classifying these representations, we have clarified
the continuous and discrete symmetries associated with
Carroll spinors. We then wrote down explicitly Carroll boost
invariant actions for these spinors, in line with previous
explorations into null superstrings. The massless versions of
these theories are shown to be invariant under Carroll
conformal symmetries (or BMS symmetries) generated by
the conserved charges. We then explored the quantizations of
these theories assuming the highest-weight representation of
the vacuum, which leads to a clear multiplet structure for the
inhomogeneous spinors, and a chiral truncation to a single
Virasoro for the homogeneous one.

We also concentrated on the formalism of arriving at
Carroll structures under infinitely boosted CFT counter-
parts. We defined interpolating representations of gamma
matrices that flow from relativistic representations to BMS
representations as the associated light cones close upon
themselves. Starting from Majorana or Majorana-Weyl
representations in two dimensions and following through
with this procedure leads us to a web of degenerate Clifford
representations. We also wrote down the transformed actions
in both representations. At the BMS point, Majorana
representations give rise to our inhomogeneous action, while
Majorana-Weyl paves the way to a chiral spinor action.

However, this is just a first step into a very intricate
regime where Carroll fermions offer a glimpse of exotic
physics, and this step mainly helps us to set up our basic
structures and tools. Once that is done, there is a bunch of
ways we can go ahead and study intriguing systems where
Carroll fermions would appear. One immediate extension
that comes to mind is to extend these structures to super-
symmetric Carroll actions. Although some work has been
done from a worldsheet point of view [55-57] (see also
[66,68] for field-theoretic discussions), there is still a lot to
learn about these theories. For example, the quantization
and vacuum structures of such theories, even from the
string theory point of view, are not clear at all. One would
imagine there is a systematic way to classify possible
consistent vacua for a super-BMS theory on the worldsheet,
in line with what was done for pure bosonic strings in [69],
but that discussion has not materialized yet. After all, we
would be interested to establish some version of flat holog-
raphy embedded into Carrollian structures, and it goes
without saying that laying the foundations of Carroll super-
conformal theories would be invaluable progress in that
direction.

Another important direction would be to find Carrollian
fermions in ‘real’ systems. The companion paper to this work
[58] has already made a major and unexpected stride along
this direction in terms of finding emergent Carroll sym-
metries in flat-band physics, i.e., physics of strongly corre-
lated dispersionless electrons. It can then be expected that

generic spin chain or lattice systems in one spatial dimension
would show Carrollian behavior in some exotic points on the
dispersion curve where the Dirac cones are flattened. Flat-
band physics in one and higher-spatial dimension(s) encom-
passes various other intriguing phenomena including spin
liquids and fractional quantum hall systems. It would be
exciting to link these table-top physical phenomena to the
emergence of a guiding Carroll symmetry, thereby making it
the true “One symmetry to rule them all’. We hope to come
back to these questions with immediate effect.
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APPENDIX: ADJOINT AND CHARGE
CONJUGATION FOR HOMOGENEOUS
SPINORS

We discussed earlier that since one of the gamma
matrices in the homogeneous case is identically null, fixing
the discrete structures for this case is actually troublesome.
Moreover, the two subclasses of homogeneous spinors
have very different characteristics under Dirac and charge
conjugation operation. Let us discuss their structures case
by case in what follows. For 7° = I, ! = 0, we have " =
+Ap*A~ and 7' = +Cp#C1, so that the adjoint matrices
and relevant reality conditions become

A_Ob C—Ol/b=>*— .
“\¢ o0 = /e 0 Yo=WVo, ¥I=Y1.

(A1)
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On the other hand, for the nontrivial case, 7 = oy, 7! = 0,
we have 77 = (—=1)¥Ap*A~! and 7 = —C§#C~", so that
we have

A—(O b) C—< 0 l/b>:> . .
=\_p 0 = “1/b 0 Yo=Vo. ¥1=V1.
(A2)

In both these cases b, ¢ € C. These are still fairly general and
unconstrained to be fair. But the fact we learn here is when we
put?’ = 64,7' = 0in the homogeneous case, we can use our
A to define the Dirac adjoint, which we have done while
writing down the homogeneous action with real spinors
in (4.16).
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