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We report the differential representation of three- and four-point amplitudes for Yang-Mills fields and
Einstein gravity in anti—de Sitter spacetime at tree level. The amplitudes exhibit the flat-space structures by
using the weight-shifting operators with reordering, which makes the differential double copy relation
at the three-point level straightforward. For four-point Yang-Mills amplitudes, we establish the differential
Bern-Carrasco-Johansson relation, which can be useful for proving the differential doubly copy at the

four-point level in the future.
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I. INTRODUCTION

Scattering theory plays an essential role in understanding
the fundamental principles of particles. For the past decades,
there has been huge progress in scattering theory in flat space,
which not only successfully predicts and explains many
exciting discoveries made by colliders [1], but also remark-
ably reveals hidden structures linked to the entity of local
quantum field theories, such as Bern-Carrasco-Johansson
(BCJ) relations [2] and the double copy structures [3-5].

However, our Universe is not flat. Although our Universe
is generally curved, the local scattering of particles in a
small regime compared to the curvature can still be
approximated by flat-space physics, as verified by scatter-
ing experiments. It is then natural and crucial to ask, do
those beautiful structures of scattering remain for curved
spacetime? How good can the locally flat scattering experi-
ments say about curved spacetime? A natural starting point
to answer these questions would be studying other max-
imally symmetric spacetimes, such as anti—de Sitter (AdS)
and de Sitter (dS) space.

AdS scattering is studied extensively due to its correspon-
dence with conformal field theories (CFTs) [6]. The unitary
AdS physics can be explored by using unitary large-N
CFT [7] that is highly constrained by conformal symmetry
and crossing symmetry (see Refs. [10,11] for quick reviews).
As expected, the appropriate limit of conformal correlators
and conformal data corresponds to the flat-space limit of
local AdS scattering, giving back the flat-space scattering
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data (see, e.g., [12-20] and references therein) [21].
However, previously it was usually not expected to recon-
struct full AdS amplitudes/CFT correlators from flat space.
In this sense, the flat-space limit of AdS/CFT is crucially
different from “flat holography” [22]. Recent progress was
made in [23-30], which surprisingly found the differential
representation of scalar (A)dS amplitudes by writing (A)dS
amplitudes as conformal generators acting on scalar contact
Witten diagrams. This differential representation not only
makes the flat-space limit manifest, but also allows one to
uplift the flat-space amplitudes to (A)dS in a universal way.

In this paper, we aim to progress toward extending the
differential representation to spinning correlators by focusing
on massless gluons and gravitons in AdS from Yang-Mills
(YM) theory and Einstein gravity. Massless spinning par-
ticles in flat space are constrained by stringent consistency
conditions and encode hidden structures, such as double
copy structures [3—5]. We report the differential representa-
tion for YM and graviton amplitudes in AdS. We show that
we can uplift gluon and graviton amplitudes in AdS from flat
space up to a finite number of additional contact structures.
We argue and expect that the additional contact structures can
be bootstrapped by requiring the conservation of conserved
currents and stress tensors. The same arguments also apply to
hidden structures like BCJ relations and the double copy,
which are now in a differential format. Although we start our
exploration in AdS spacetime, our results should be readily
translated to dS [31].

The rest of this paper is organized as follows. In Sec. II,
we introduce our differential operators for representing
spinning correlators and comment on power counting
principles in CFT. In Sec. III, we construct the differential
representation for three- and four-point YM amplitudes and
graviton amplitudes; we show that the double copy is
straightforward for three-point amplitudes. In Sec. IV, we
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propose another differential representation for YM ampli-
tudes, which allows us to uplift flat-space BCJ numerators
and prove the differential BCJ relations. We summarize and
point out future directions in Sec. V. We record detailed
ingredients in our derivations in Appendixes B and C.

II. BUILDING BLOCKS FOR DIFFERENTIAL
REPRESENTATION

This section introduces our notations and building
blocks for differentially representing conserved current
and stress-tensor correlators.

For scalars, it is easy to find the differential representation
for any contact diagrams up to any points by using the coset
construction [27]. The spirit is that the contracted bulk
derivatives can be replaced by the contractions of conformal
generators, as guaranteed by the conformal symmetry. For
spinning objects, the tensor structures appear, which can
either contract among themselves or with bulk derivatives.
From the perspective of CFTs, the spinning indices shall
be captured by the spin-up weight-shifting operator [32]
(written in terms of embedding formalism [33]),

DOt = +A)Z,+X,Z- 0, (1)

where X, Z are coordinates and polarizations in the embed-
ding space of CFTs; they obey X?> = Z?> = X - Z=0. A and
J are the scaling dimension and spin of the operators on
which it acts. On the other hand, we speculate and show
that bulk derivatives can be replaced by dimension-up
weight-shifting operator D' (that raises the scaling
dimensions [32]) modulo bulk coordinates,

D’j—o = Claxu + szﬂag( + C3Z”az . aX + C4Z . 6XGZ;‘
+ CSXﬂZ N axaz M ax + CGZ/JZ N axa%
+c1X,(Z - 0x )07, (2)

where the coefficients can be found in [32]. An intuitive
way to convince ourselves that the dimension-up weight-
shifting operator plays a role like momentum in flat space
is that the flat-space momentum is id/dx, which also
increases the “scaling dimensions.” In this paper, we find
that it is instructive to define the following differential
operators proportional to weight-shifting operators with
state-dependent normalizations:

e (Xox+Z:0;) .
X-ox(X-ox+1) "~

(3)

where —X - dy gives A when it acts on operators with scaling
dimension A, and Z -0, gives J when it acts on spin-J
operators.

Before ending this section, we want to comment, in
general, on how (3) can serve as fundamental ingredients
for large-N CFT with natural power counting rules. We will
show that YM and graviton amplitudes can be uplifted from
flat space to AdS by using (3). In addition to these examples,
we claim that using (3) can uplift flat-space amplitudes of
effective field theories (EFTs) to AdS as general large-N
conformal correlators, where Wilson coefficients depend on
details of the conformal theory. The reason is that we find
bulk derivatives can be replaced by P module additional
terms with fewer numbers of P. This claim implies that CFT
correlators at large-N limit enjoy the same power counting
rules as EFTs in flat space, which also makes manifest of the
counting maps between conformal correlators and flat-space
amplitudes [34]. Remarkably, in this way, different operator
product expansion (OPE) structures can be easily distin-
guished. For example, three-point functions of conserved
currents in generic CFT have two parity-even structures
corresponding to F2 and F3 in AdS bulk, respectively. There
was no obvious way to construct three-point structures
precisely corresponding to them using embedding formalism
or spin-up operators [33]. This is the main reason that
spinning bootstrap is so hard to perform since the OPE
matrix might be messy in an inappropriate basis [35]. The
helicity basis provides a clean way to organize the OPE
matrix in CFT5 [36]. However, simply looking at them it is
still challenging to distinguish between the two structures.
Now (3) makes the distinction manifest as for flat-space
amplitudes. In this way, the differential representation in
terms of (3) with power counting rules encoded could be
useful for a clean spinning bootstrap even beyond holo-
graphic CFTs in the future. We elaborate on the discussions
here in Appendix A.

ITII. CONSTRUCTION OF THE DIFFERENTIAL
REPRESENTATION

We consider the following action for Yang-Mills theory
and Einstein gravity:

_ d+1 1 _ _ L a auy

S= /d x\/§<l6nG (R—=2A) . FF > (4)
where A = —(d—1)(d —2)/(2R34s)- In this paper, we
usually set Rp45 = 1 unless we emphasize it. Our goal is to
compute the four-point function for conserved currents and
stress tensors in holographic CFT that is effectively
described by (4). These “amplitudes” can be computed
by using the holographic dictionary [37,38]

M= (0, ---0,) = (HL

i 5j50)><e_SbUIk>bulk’ (5)

where J EO) denotes the source as the non-normalizable
mode of bulk fields, and we keep the spinning indices
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implicit. The variations produce the bulk-to-boundary
propagators, and the remaining fields are Wick contracted
by the bulk expectation value.

A. Warm-up: Three-point amplitudes

1. Yang-Mills theory

We start by looking into three-point functions as a warm-
up. For YM theory, it is rather straightforward to evaluate
the three-point function

M3 ym = gym / Dd+lYfabCVfozb(Y)53Ac, (6)

where we are using the embedding AdS coordinate Y [39]
and the shorthand notation DY'Y :=d?"2Y5(Y? +1).
For latter convenience, we explicitly write the three-point
vertex function V’,-’/'-”b as

Vil = (V,5,A%8,AM — 5,AMV,5,A)
1
+3 (8,AM1V 5,Ab — V¥§,A45,A*),  (7)

where 6;A denotes the bulk-to-boundary propagator (in
terms of the embedding space formalism [39]),

2XMY - Z; - Z'Y - X))

S.AMC = (C 8
i d—-1,1 (—2X[ . Y)d ( )
We use the standard normalization
d
a2I(A)YA+JT -1
e, — i) ) o)

20 -1 (-4+A+1)

Usually, it is also instructive to introduce the bulk embed-
ding polarizations W to contract the bulk indices, where
W2 =W .Y =0. Appropriate differential operators can
recover the bulk indices [39]. It is easy to explicitly
evaluate three-point functions like (7). Nevertheless, in
this paper, we aim to provide a differential representation
that rewrites (7) in terms of differential operators acting on
scalar seeds with zero derivatives. As we claim in the
last section, the bulk-to-boundary propagators shall be
represented by weight-shifting operators modulo bulk
coordinates. In our conventions, we find

5iA/4 = gi.ﬂ5i¢d—1 s

d-1
vﬂéiAv = T (gi,vpi,y5i¢d—2 - Y(Mgi,y)5i¢d—l)’ (10)

where ¢, denotes the bulk-to-boundary propagator of
scalar ¢, whose corresponding operator has scaling dimen-
sion A. Aside from the second part of the second line in
(10), we have already observed a flat-space structure by
identifying £ — €, P — p, and the transverse property also
remains

i Pibipg— = 0. (11)

The overall coefficient (d — 1)/2 seems to ruin the precise
flat-space structure, but we claim this is the normalization
factor that can be absorbed into the plane wave in the flat-
space limit. For AdS,/CFTj, this normalization is precisely
one. We can then readily show (7) can be rewritten by

d—1
M3,YM == ) gYMTO((gZ : 53)(51 'PZ)Wd—],d—2,d—l

—(12)+2-1,1-3)f1%, (12)

where W, refers to the scalar contact Witten diagram with
no derivatives, and i <> j also permutes the corresponding
legs for the contact Witten diagram. 7 » means the operator
ordering, which always places £ on the left-hand side of P
for the same point. For simplicity in this paper, we define the
amplitudes by pure differential forms with contact seeds
slipped off M. Itis easy to recover the contact seeds and go
from M to M by power counting P. By dividing appro-
priate normalization, (12) is a trivial uplift from flat space by
taking e — &, p — P followed by operator reordering. It is
also straightforward to uplift another three-point vertex
corresponding to the cubic term F?, see Appendix A.

2. Gravitons

For graviton three-point amplitude, we find (see also [40])
M; gy = 4V/82G / DYV, (Y)83hy,.  (13)

where the vertex function V', is lengthy and we leave its
explicit expression to Appendix B. Similarly, 6;h,, is the
bulk-to-boundary propagator for gravitons, given by (we dot

it into bulk embedding polarizations to keep it light)

W-X,Y-Zi—W-ZX,; Y)>

4
N

iy

(14)

As we promise, we find

5ih/u/ = gi,ﬂgi,05i¢d’
V,bih, =&, ,Pibipas + O(Y),
vuvuéihpn = gi,pgi.opiﬂpiu5i¢d—2 + O(Y7 g)’ (15)

where we drop out the lengthy terms depending on bulk
coordinates and metric Y, and g,,. We record the complete
expressions in Appendix C. As contracted, these terms
O(Y,g) can either be annihilated or give rise to contact
terms with fewer derivatives. For the three-point function,
they are completely canceled, and we arrive at a precisely
flat-space uplift,
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M3,grav = TO(Mgfgravleag,pap)' (16)

3. The differential double copy

Using differential operators (3), three-point amplitudes
have the same structure as in flat space up to universal
reordering. Therefore, the double copy structure at the three-
point level should be straightforward. To show this, we find
that, although ‘P itself is not conserved as the momentum,
effective conservation emerges at the level of three-point
amplitudes for both YM and gravitons, e.g., three-point
amplitudes are invariant under the following replacement:

53'732—)—53'7)1, 7)1'7)2—>0. (17)

Keeping these identities in mind, three-point amplitudes in
AdS then make not much difference from flat space, and the
differential double copy is valid,

4  8V8&nG

a1 o Tl (8)

M3.grav =

B. Four-point amplitudes

1. Yang-Mills theory

Let us start by considering only the s-channel exchange
diagram in YM theory,

Mé(ti)x,YM = g%{M / Dd+1Y1Dd+1Y2fabcfdeg
.ab de
x Vg,?z (Y1)<A,5(Yl)Ai’(Yz)>bulkv;g4(yz),
(19)

where the expectation value of the remaining bulk fields
gives rise to the bulk-to-bulk propagator,

<A/4(Y1)AU(Y2)> = Hg,yv(Ylv Y2)v (20)

which satisfies the following equation in the transverse
gauge:

v%’lngw/(yly YZ) = _5;41/5(Y1 - Y2>’ (21)

The trick to finding the differential representation is elimi-
nating the bulk-to-bulk propagator by the conformal Casimir
|

operator minus its eigenvalue for the propagating field. This
procedure produces effective contact diagrams that include
only the bulk-to-boundary propagators. Indeed, we find

— ,ab ,ab
Dlljz b Vi = V%/l Vi, (22)
where
DY =Ch—(A(A=d) +J(J +d-2)). (23)

The conformal Casimir C, is

1
Com—dirnp, wroxro a2 o
By integration by parts, we can move this bulk Laplacian to
act on the bulk-to-bulk propagator and (21) then reduces it to
effective contact interactions (note D' = Cyy),

Clez(t?x.YM = _Q%M / DdHYfabedeeVlllg(Y) : ng(Y).
(25)

We can then represent these effective contact terms using (10).
In addition to the exchange diagram, the YM theory also
provides a four-point contact diagram A*. This contact dia-
gram can be trivially uplifted from flat space using (10).
Combining with permutations to include all channels, we
obtain

(d—1)

— —~ flat
M4.YM = TO(M4.YM|g_>5,p_>7>,1/sij_>1/(2Dl€’/f1-1))’

(26)

where we follow [26,27] to define the operator 1/D;;
satisfying 1/D;;/D;; =1, and now the operator ordering
T o always keeps 1/D;; on the most left. It is worth noting
that the expression of flat-space YM amplitude is not unique,
as we can always use momentum conservation and general-
ized gauge symmetry to trade one expression for another,
although they are all equivalent for on-shell amplitudes. This
freedom allows for establishing the BCJ relation in the flat
space [2]. In Eq. (26), we consistently uplift a flat-space YM
amplitude obtained by following the same procedure with the
same gauge and the Feynman rules in flat-space,

2
- flat Iym
Myym = F(zel “€2P1 " €3P3 €4 —2€1 - €3Pr - €3P3 - €4 —2€1 - €D - €4Dy - €3+ 2€1 - €2Ds - €4y - €3

12

— D1 " P3€3 €461 - €+ Py PA€3 - €461 - €+ Do P33 €4€1 € — P P4€3 - €4€1 - € —4€| - €3P| - €2P3 - €4

+dey-eqpy-€rps-€3t4ey-€3pr-€1P3-€y— A€y €4Pr - €Dy €3+ 263 €4P1  €2P3 €] —2€3 - €4Py €1P3 " €2

g
—2€3-€4p1 - €p4- € +2€3-€4p2- € Py €) +%€1 -€63 - €4 | f12 /3% + (perm). (27)
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To ensure the prescription of YM amplitudes is unambigu-
ous and to enable the differential BCJ relation, an analog to
momentum conservation is required in AdS. However, the
differential operator P does not provide such structures at
the four-point level. Instead, we will provide an alternative
differential representation using the conformal generators
in the following section, which will encompass “momen-
tum conservation” and allow us to establish the differential
BCI relation.

2. Gravitons

We follow the same logic for evaluating graviton
amplitudes,

MY =16 z;;zc;/zylﬂylz)dﬂy2

4ex,grav
X Vi (Y1) (Y 1) hpe(Y2) ) puc Visa (Y2)-
(28)

To correctly deal with the graviton, we must be careful
about the trace part of the graviton and the vertex. We adopt
the de Donder gauge for bulk-to-bulk propagating grav-
itons and a meticulous analysis shows [26,41] (see also
Appendix D for more details)

DM gy = 16 X 872G / Di+ly
X V/;LL./IZ(Y)PﬂU,p(TVZ(,’34(Y)’ (29)

where P, ,, is the projector precisely the same as the flat-

space propagator

1 2
P;u/,pzr == 5 (gﬂpgva + Yuc9pe — mgﬂvgpzf) . (30)

The resulting contact terms can then be represented by using
(15) [precisely oneis (C1)]. To have well-defined amplitudes,
we should also include four graviton contact contributions
from the Einstein-Hilbert action [(B7) in Appendix B]. These
contributions can again be rewritten using (15). We can
use many identities to eliminate all ¥ dependences (see
Appendix C). This procedure represents the graviton ampli-
tude in terms of differential operators £ and PP. We find that
we can write down the resulting differential amplitude by
uplifting the flat-space graviton amplitude plus an extra
contact contribution coming from the cosmological constant
term in the action S, « [ d*"x,/=gA,

71 4flat

M4,grav = TO(M4.grav|e—>5,p—>'P,l/x,-j—>1/(2D§[j:2))

M4,grav- (31)

Similar to YM amplitudes, Mﬂfgm is the flat-space graviton
amplitude obtained using the standard Feynman techniques

in flat space. We explicitly write down 1/ Rids to emphasize
that this term is solely contributed by the AdS term S, and is
vanishing in the flat-space limit. This extra term is

1 AdS

M4,grav = 4ﬂGd<((€1 : E"2)2(53 : 54)2
- 451 . 8252 . 5353 . 5484 . 51) + perm) (32)

Under the gauge transformation h,, — h,, + V&), the
action cannot be gauge invariant without S . For this reason,

the term ﬂﬁt(gﬁv in the amplitude has to exist as the
consequence of the gauge invariance in the AdS bulk (which
is the conservation of stress tensors on the CFT side). This
provides an idea to “bootstrap” stress-tensor correlators from
flat-space amplitudes. To obtain the stress-tensor correlator,
we can directly uplift the flat-space amplitudes and then
append the enumerated crossing symmetric structures with
fewer numbers of P. The coefficients of those appended
structures should be fixed by requiring the conservation of
stress tensors. However, as we will discuss in the next
subsection, verifying the conservation of stress tensors in
our language is technically difficult and we did not manage to
overcome this difficulty at the current stage.

C. Comment on gauge invariance and conservation

Before we end this section, we would like to discuss
and comment on the relation between bulk gauge invari-
ance and boundary conservation law using our uplift
operators (3).

From the bulk perspective, the action is invariant under
the gauge transformation

Aﬂ - Aﬂ + v”)(, h/w — h;w + V(ﬂfy), (33)
where y is arbitrary scalar and & vector. According to our
statement that bulk derivatives can be replaced by P
modulo bulk coordinates, we expect this gauge invariance,
as in flat space, to be represented by the invariance of the
boundary correlator under

E, = E, +#P,. (34)

In other words, if we replace £ by P (without changing the
scaling dimension of the building scalar contact), the
correlator should be completely vanishing,

M|£,-—>73,v =0. (35)

This statement reminds us of the conservation of con-
served current and stress tensor, as promised by AdS/CFT
correspondence [6,37,38]. To show this, we should first
recover the boundary tensor indices by using

d-2 1
Dy =50, + 2070, =529, (36)

125018-5



YUE-ZHOU LI

PHYS. REV. D 107, 125018 (2023)

then we contract one index with a boundary derivative. For
the same point, we can show

2
ax . ngﬂ - _Epﬂ,

2d

ox - Drbut, = T (d+2)(d-1)(d=-2)

P.E,.  (37)

where the first line is the identity for conserved currents and
the second line is for stress tensors [42]. These identities
confirm that the conservation is equivalent to (35) and is
consistent with the expectation from bulk gauge invariance.
We then claim we can even uplift the flat-space gauge
invariance condition.

However, it is hard to impose or verify the conserva-
tion condition (35) for differential representation, because
there are several difficulties that arise after we do the
replacement & — P. First, the ordering of differential
operators is no longer in the operator ordering, which
makes the organization messy. Second, it is not trivial to
move differential operators to remove the poles 1/D;;. In
the end, we do not find conservation of P analogous to
flat space [43]. We leave these problems to be resolved in
future works.

IV. DIFFERENTIAL BCJ RELATION
FOR YM AMPLITUDES

A. Differential representation using
conformal generators

We have already found a differential representation for
YM amplitudes in terms of the weight-shifting operators.
However, for the four-point case, we do not find the simple
analogy of the flat-space momentum conservation in terms
of P. On the other hand, the conformal generators enjoy the
analogy of momentum conservation because of conformal
symmetry,

S LX) =0, (38)
i=1

where f(X;) is any conformal invariant function. To
manifest hidden structures of YM amplitude, we propose
replacing P with the conformal generators. Although it is
not obvious, we indeed find such a replacement,

1

&P+ Pr— 28 &L Ly, 2 7

(39)
and simultaneously the scalar contact seeds are now uni-

form W,y 41 4-14-1- We now arrive at an differential
representation that enjoys the momentum conservation

(that we can replace L, by —L; — L, — L3) and the trans-
versity

ELEYL, Ly, =0, EYEYL Ly, = 0. (40)

B. Establishing the differential BCJ relation

Similar to the flat space, it is instructive to study the
color-ordered amplitudes. We can easily extract the color-
ordered amplitudes by recalling

leef34e — Tr(Tl T2T3T4) _ TI'(TI T2T4T3)
—Tr(T'T3T*T?) + Te(T'T*T3T?).  (41)

The color-ordered amplitude M(iy, i,, i3, i4] is the coef-
ficient of Tr(T" T2T5T™).

Let us take M([1234] as an example. We find, similar
to the flat space, that we can write the color-slipped
amplitude as

- 1 1
M[1234] = N, -
[ ] Dall2—],l $ DL213—1.1

N (42)

As in flat space, the differential numerator A is also
ambiguous. For example, shifting A, by NV, - N, +
const x D{;""! and similar for A/, does not change the
amplitudes. It is not hard to find such numerators satisfying
the following permutation properties:

Ns|2<—>4 = _Nn Ns‘2—>4,3—>2,4—>3 = Nt’ (43)

which could be obtained by uplifting flat-space numerators,
Ns = TO(n.fY]a[|e—>6,p—>P)? (44)

followed by replacement (39). Nevertheless, even though
we uplift the flat BCJ numerators that satisfy the kinematic
Jacobi relation [2]

ng+n,+n, =0, (45)

it still does not guarantee that the differential numerators
satisfy these kinematic Jacobi relations. The culprit is the
ordering of differential operators; more specifically, terms
like f(£)L; - L; do not manifestly cancel the denominator
D4~ To resolve this problem, we should move L; - L; to
the most left. We can easily do this by noting

E €, ELy Ly =DIME L E,6, €,

=2(&,- &8 & =& - ELEL - EL)- (46)

It turns out that additional terms such as the second line
above would generally cancel out in the final expression,

and we then trivially move L; - L; to the most left as Df]-_l'] .
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After this operation, we can then use the Ward identity to
rewrite L, = —L; — L, — L3 followed by the transversity
(40) to eliminate unwanted terms. We also have to show

(D(liz_l‘1 + D%_M + Dggl'l)fl.d—l(xi) =0, (47)

where f1 4_; is any conformal invariant function with spin
weights J = 1 and scaling weights A = d — 1. This state-
ment is equivalent to L?f ,_; = 0, which can be easily
proved by acting L? on shadow representation [35,44] of
any such function f 44,

= AAI(A. T
fra Z/ (a.J)

X / DdXs (ViV,04 4(Xs)) <@d—A,J (Xs5)V3V4),
(48)

where V; is used to denote the conserved current operator
in CFT, while O, ; is an arbitrary spin-J operator with
scaling dimension A that can appear. Taking all of these
into account, we can then prove the differential kinematic
Jacobi identity

N+ N, +N,=0. (49)

Following the same operations described above, we can
readily prove the differential BCJ relation,

DEVIM(1234] - D M[1324] = 0. (50)

C. Comment on four-point double copy

The uplift of the BCJ numerators (49) strongly suggests
that there should be a differential double copy relation up to
terms with less number of momenta suppressed by the AdS
radius, namely,

— 1 1
M4,grav°<TO< dzN%+ a2
Dy D3

1 —
N?Z+ dz/\f%,) + M.
Dq
24
(51)

However, it is hard to find the remaining term //\/\lres and
prove this proposal. The most important reason is that the
momentum conservation is built into the double copy
relation, but we do not manage to find a clean way to
replace P in (31) by L. There are large redundancies to
rewrite (31) in terms of conformal generators. It is thus
difficult to locate a nice minimum basis that allows us to

prove (51) by figuring out what is Mres. Another way
to explore (51) might be by generalizing the algorithm
in [41] that translates the differential representation to final

amplitudes in the Mellin space. The resulting Mellin
amplitudes [13,45] may help explicitly verify the relation

and fill in the missing corner M ... We can also hope to

completely determine M., by enumerating all possible
structures with less number of P and requiring the con-
servation of stress tensors in the stress-tensor correlator

My gray- We leave this interesting question for future
studies.

V. SUMMARY

We proposed the differential representation for tree-level
gluon and graviton scattering from YM and FEinstein
gravity in AdS. The essential differential operators are
proportional to dimension- and spin-up weight-shifting
operators. They provide a natural scheme for organizing
(A)dS amplitudes and large-N conformal correlators by
counting the number of P, where the hierarchy of different
structures is made manifest, as we explain in Appendix A.
Using these differential operators, three- and four-point
amplitudes in AdS are straightforwardly uplifted from flat-
space cousins. For three-point amplitudes, such an uplift
makes the double copy relation straightforward. At the
four-point level, we find a different differential representa-
tion for YM amplitudes by using spin-up weight-shifting
operators and the conformal generators, for which differ-
ential BCJ numerators can be uplifted from flat-space ones,
building differential BCJ relations. The differential BCJ
numerators follow the kinematic Jacobi identity. We could
then argue that the double copy structure for the four-point
function should be valid up to the remaining terms with a
fewer number of weight-shifting operators P. It would be
interesting to make connections between our findings and
the similar structures in momentum space [46-50,70] or
Mellin space [51-53] (by generalizing to supersymmetric
theories [24]). These connections, as analytically continued
to the dS space [8,54], could improve the understanding
of cosmological correlators by following the lines of,
e.g., [55-60].

This paper is the first step toward revealing the hidden
structures of spinning correlators. Most importantly, our
surprising findings rely more or less on guess work. It is
thus crucial to develop a more systematic way for uplifting
by using (3) and relevant operators, similar to the scalar
case [23,27]. Additionally, the ordering of differential
operators and nonconservation of operators P prevent
one from proving or imposing the conservation for current
and stress-tensor operators. One possible way to resolve
this problem is to carefully think about algebra that (3) may
form together with other differential operators [such as
emergent SO(5,5) algebra for bispinor representation of
AdS,/CFTj; [61]]. In addition, the uplift from flat-space
convinces us there should also exist the Parke-Taylor
formula, and we believe the bispinor formalism [61] would
be the correct tool. As these challenges are overcome, we
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believe the four-point double copy in AdS can be precisely
established.

It would also be interesting to understand why this
differential representation manifests the flat-space limit by
detailed investigation of the Inonii-Wigner contraction of
the conformal group, and its representations [62]. This
exploration can help understand many aspects of the
S-matrix as the flat-space limit of conformal correlators,
following the lines of [18,63-66].

Ultimately, we want to emphasize that the differential
representation might help bootstrap holographic CFTs beyond
the scope of the Lorentzian inversion formula [67—69]. The
Lorentzian inversion formula does not work well for spin-zero
trajectories, while the differential representation precisely
captures the contact terms with complete OPE data built into
the numerators.
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Note added.—Recently, [70] appeared, which has partial
overlap with the idea of using weight-shifting operators

and the discussions on three-point double copy in Secs. II
and IIT A.

APPENDIX A: POWER COUNTING IN
CONFORMAL CORRELATORS

We elaborate on the discussion in Sec. II in this
appendix. We start by considering the three-point functions
of conserved currents. There are, in general, two parity-
even OPE structures. These two three-point structures can
be accounted by AdS YM three-point vertex (6) and a
higher derivative cubic term arises in AdS EFTs,

abc

L= guF,"“F P F }°. (A1)

39%{M

Using the bulk-to-boundary propagator of the gluon (8), we
can explicitly evaluate the resulting three-point functions
by performing the integrals over AdS,

(2d = 3)(HyV + H3V,) + V3((2d = 3)Hy, + 3(d = 2)V,V5)

M x ,
o (=2X, - Xa) P (=2X, - X3)7(=2X, - X3) P2
Vi((d+2)ViVy + Hyp) + HyVi + HizV,
M , A2
s X 0, X E(2K, - XA (2Ks - K -
where the definitions of H;; and V; are
(Xi - X0)(Zi - X;) — (Xi - X;)(Zi - Xy)
Hij:2((Xi'Zj)(Zj'Xi)_<Xi'Xj)(Zi'Zj)>» Vi= Vi,jk = ;(<-Xk ! : (A3)
J
See Ref. [33] for more details of this convention. We do not M/’i\cub « To(F1, Fyl Fy ) + perm,
specify the overall coefficients in (A2), as they can be - g i
absorbed into the OPE coefficients. In holographic CFTs, Fiw = EiPiy = EyPiv- (A4)

the OPE associated with M3 ;, should be suppressed by a
large gap A,,, > 1 [71]. However, looking at the 1hs of (A2)
cannot tell us which AdS vertices are their origins, making
the power counting of OPE coefficients in terms of 1/A,,,
vague. This is in contrast to the flat-space EFT amplitudes,
where it is easy to figure out that higher power of the
momentum comes with higher suppression of the UV scale
1/M.

Now as the differential operators P and £ allow us to
uplift the flat-space amplitudes, the issue of the power
counting in CFT can be resolved. We can show that M3 .,
can also be uplifted from flat-space three-point amplitudes
produced by (Al),

It is then apparent that more P come with higher orders of
1/Agyp in holographic CFTs. It is worth noting that this flat-
space structure persists even beyond holographic CFTs
because three-point structures (not including the OPE) are
general objects, as they are essentially fixed by conformal
symmetry. This makes the helicity structures of CFT; [36]
(i.e., the orthogonality of three-point structures) manifest
by uplifting flat-space amplitudes.

We expect a similar uplift to work for three-point
functions where the third operator is nonconserved.
Such uplifts may diagonalize the OPE matrix of mean
field theory (MFT) in general dimensions, as one did for
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CFT; [36]. Using the bootstrap idea, the diagonal MFT
OPE could pave the way for constraining spinning corre-
lation functions (beyond holographic CFTs).

The same arguments apply to the power counting in four-
point correlators. For example, the low-lying terms in the
four-point function of conserved currents from contact
diagrams follow precisely as flat-space amplitudes (for the
sharp power counting in flat space where the gravity is
dynamical, see Ref. [72]),

- C A Ay A A
MZtV & 12 [TO(FlﬂquyF?)/mFﬁg) + pem]
T=gap
C ~ ~ A A
G E TolPy Fal Py Fi) oo (AS)
gap

where Cr is the central charge appearing as the coefficient
of the stress-tensor two-point function. For holographic
CFTs, we have the hierarchy Cy > A% > 1.

Although we focus on spin-1 conserved current in this
appendix, the same principle should apply to three- and

four-point stress-tensor correlators.

APPENDIX B: GRAVITON VERTICES IN AdS

In this appendix, we provide three- and four-point
vertices for Einstein gravity in AdS,

1 d+1
= R —2A
S 167G / T xg )

(BI)

where A = —(d—1)(d —2)/(2R% ). To compute verti-
ces, we expand the metric around the AdS background,

G = 9085 + V/322Gh,,,. (B2)
and then expand the action up to the fourth order. For the
three-point vertex, we perform (5) for two gravitons to give
01,7 while leaving the third one “off shell.” We vary off the
off-shell graviton to give the three-point vertex function; for
the four-point vertex, which gives rise to four-point contact
amplitude, we use (5) to end up with the final answer. As in
the main text, when it does not confuse, we slip off the
superscript AdS and remember g, is the AdS metric. We
performed the calculations using the xAct Mathematica
package [73].

1. Three-point vertex

The external on-shell gravitons are computed by the
bulk-to-boundary propagators, which satisfy

2
V2 +>6,-h ,=0.
( RzAdS !

Then we find the three-point vertex can be written by

Sihe =V, 5. =0, (B3)

N 1 ..
W __ MY T i
Vh,lz - Vh,12 Vh,1zg s

; (B4)

A, s
where V), 15 is the trace of V) 7,,

Vi = V8RG(=V 6,17V S  hyy — VEShON S,y — 261 By VOIS + 281 1,s VOV S 1 + 28, 1), VoV S, 1
— 26,1, VYIS 1P = 2hy VOV Y 4 21y, VOVYS Y+ 21y, NOVES P — 2y ,, VRS, B

— 2V, 8,V 6, h + 2V 8, HaNP 5,1 — 2V° 5,10V 165, Y + 2VP8,hHOV 8, h).

(BS)

2. Four-point vertex

The four-point vertex can be calculated similarly. We present the four-point vertex with ordering (1234) as follows:

Vinsan = 42G[8h,, (26,17 8,1V 831, — 38,1V, 6,07V 63h,, — 168,HEV, 5,14V 3.,
128,15V, 8,17V 1S3 h,,, — 4830,V 84N, 5314 + 126,h,,V, 6504, 5,1 — 166,h,,V 531V, 6,h7°
2481,V (31N 54 hP — 16851,V 163 HEN 531 — 8851, ,VFS3hSV 5,411 + 168,h,,V 840V, 53hS
+ 168, 14831,V V5,1 = 326,h63h,, V5,1 + 166,h53h,, Y,V , 8,17 — 88,4V, 55H0N 8, hr°

Sh,,
+ 245,14V, 8310V, 8,1 + % (—d8, h*0 8,17 53k, + 208,10 8,10 53 h,, + 4dS, heS,h* 85hC

AdS
— 328, hE5 H)B,h* + 168, 148,h P53 h0)].

(B6)

The corresponding four-point contact diagram is then evaluated by

frerav = / DY (Vi34 4(Y) + perm).
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APPENDIX C: ON THE GRAVITON BULK-TO-BOUNDARY PROPAGATOR

In this appendix, we complete the differential representation for bulk-to-boundary propagators (15). We provide detailed
identities for contracting bulk-to-boundary propagators when deriving the differential representation.

The complete version of (15) is
éih;w = gi,ygi,uﬁi(ﬁw
vﬂéihw) = gi,ygi./inM5i¢d—l - (Y/)giygiu5i¢d + ngiﬂgi/)5i¢d)’
vﬂvy5ih/)o’ = gi,/)gi.npiﬂpiy5i¢d—2 - Yﬂgiygi/)Piﬂ5i¢d—l - Yﬂ (Si/)giapiy6i¢d—l + Yagiygi/)6i¢d)
=Y, (Ei€isPibibar + Y€ Eis6iPa) — 6,pEiEisditha — 65uEi€ip0itha- (C1)

To arrive at differential representation exhibiting flat-space structure, we should prove identities with the spirit of
transverse-traceless and on-shell conditions in flat space. We find

Ei EPWPwWSipa—r = Ei - Eidihg = Pi - Pibipa—r = E; * PiPibiha—z = &; - PiSicpa—1 = 0. (C2)

For the terms O(Y), O(Y, g), we prove a set of identities that can help us get rid of Y in the final representation so that the
differential representation is well defined even from the perspective of pure CFT,
Y -Pisipgy = (Y -Pi)28ipgr =Y - ESicpg = (Y - £))26:pa = (Y - £)* Py ySitpa—y = 0,
Y- PiP;iu6ida—2 = —Pi 0iPa-i, (Y- E)*PiyPiubitha—s = 2E; ,E1,8:ba
Y- EPiybiha—r = —E; ,6:as Y-&EP;iuPibibasnr = —Ei (W Pin)ditha-i- (C3)

APPENDIX D: ON THE GRAVITON BULK-TO-BULK PROPAGATOR

In this appendix, we show in detail how we derive (29) by following the lines of [26,41]. For simplicity, we take the de
Donder gauge for the propagating graviton. It is useful to decompose the graviton into the traceless part and the trace part,

- 1 ~

hﬂb = h/w + mh‘g’w, h=0. (Dl)
The basic idea is to treat fz,w and & independently. They give rise to three different bulk-to-bulk propagators by the Wick
contractions that satisfy different equations. To see this, we consider the equation of motion of gravitons in the de Donder
gauge,

(T, D T V2)) = 200 5 (V20) = 5 (s + s =22 )0 =1 (02)

It is easy to find that upon the trace decomposition (D7) we have

7 7 1 29 v9pc
(v%’l + 2)<hﬂu(yl)hpa(y2)> =5 (gy/)gyrr + g;mgzz/) — = )6(Y1 - YZ),

2 d+1
(93, — 24y (v () = 20 Dy, v,
(V3, = 2) (01 (V2)) = (3, + 2){hu (¥ )A(Y2)) =0, (03)

Additionally, any vertex functions coupled to the stress tensor are now naturally decomposed into traceless and trace parts,

- 1
Vit = Vb + = TiVh. (D4)
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With all these ingredients in mind, we can rewrite the graviton exchange amplitudes (28) as

4ex,grav

MY 16 x 872G / D01+2le)d+21/2<f/’;,.”12<iz,w(1/1)}3;,5(1/2))17,';‘.’34 +

1 ~ oo
+———=TrV}, 15(h(Yy)h,, (Y2)>V/34 h o7

1
d+1 d+1

szlz<iluy(Y1)h(Y2)>Tth,34> .

Tth,lz<h(Y1)h(Y2)>Tth,34

1
(d+1)?

(D5)

Using the AdS embedding formalism for the bulk-to-boundary propagator (14), we can easily prove the following

identities:

C12‘7ZZ,/12 = (V%l +2(d + 1))‘7%2’

Therefore, we find
Dfé2M4ex,grav = /Dd+2Y1Dd+2Y2
< (VEa(T3, + D () P+
1
d +1

Plugging (D3) into (D7), we prove (29).

1
(d+1)?
———TrV,,12(Vy, = 2d)(h (Y1) h,e(Y2)) V105, +d+ 1 Vi (VE,

CiaTrVygp = V3, TtV 1. (D6)

———5 TtV (V5 = 2d)(h(Y,)h(Y2))TrV 3

><ﬁw<mh<n>>Trvh,34). (D7)
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