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Perturbative analysis of the Wess-Zumino flow
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We investigate an interacting supersymmetric gradient flow in the Wess-Zumino model. Thanks to the
nonrenormalization theorem and an appropriate initial condition, we find that any correlator of flowed
fields is ultraviolet finite. This is shown at all orders of the perturbation theory using the power counting
theorem for one-particle irreducible supergraphs. Since the model does not have the gauge symmetry, the
mechanism of realizing the ultraviolet finiteness is quite different from that of the Yang-Mills flow, and this
could provide further understanding of the gradient flow approach.
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I. INTRODUCTION

The gradient flow has achieved great success in lattice
field theory [1,2], and there are many applications, such
as nonperturbative renormalization group [3—14], a holo-
graphic description of field theory [15-21], O(N) nonlinear
sigma model and large N expansion [22-25], supersym-
metric theory [26-35], and phenomenological physics,
to obtain the bounce solution or sphaleron fields configu-
ration [36-39]. Further studies of the gradient flows could
provide a deep understanding of field theories [40,41].

In the Yang-Mills flow, any correlator of the flowed field
is ultraviolet (UV) finite at positive flow time if the four-
dimensional Yang-Mills theory is properly renormalized.
In the case of QCD, with an extra field strength renorm-
alization for the flowed quarks, a similar property is
obtained [42]. This property is a key ingredient of the
flow approach, and physical quantities that are difficult to
define exactly on the lattice can be studied by lattice
simulations with the flows [43-50].

Such a UV finiteness of gradient flow, however, does not
hold for scalar field theory in general [51]. The interacting
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flow has nonremovable divergences, and the extra field
strength renormalization remains even for the massless
free flow." This seems to suggest that the gauge symmetry
or other symmetries are necessary in realizing the UV
finiteness of the interacting gradient flow.

Supersymmetric gradient flow is another possibility of
realizing the UV finiteness. The supersymmetric flows are
constructed for the super-Yang-Mills theory in Refs. [28,30]
and for the super-QCD in Ref. [32]. In Ref. [31], we also
constructed a supersymmetric flow in the Wess-Zumino
model, which is referred to as Wess-Zumino flow in this
paper. The Wess-Zumino flow is the simplest supersym-
metric extension of the gradient flow and gives a good
testing ground in investigating the influence of supersym-
metry on the flow approach.

In this paper, we show that any correlation function of
chiral superfields obtained from the Wess-Zumino flow is
UV finite at positive flow time in all orders of the
perturbation theory. Since the model does not have the
gauge symmetry, the mechanism of realizing the UV
finiteness is quite different from that of the Yang-Mills
flow. As we will see later, it is a direct consequence of the
supersymmetry, in particular, the nonrenormalization theo-
rem of the Wess-Zumino model.

To show this, we first introduce a method of defining a
Wess-Zumino flow with renormalization-invariant couplings.

'"The flow equation is given only from the gradient of the
massless free part of the action, while the scalar field theory at
t = O still has interaction terms. The initial condition is given by a
bare scalar field.
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We also give a renormalization-invariant initial condition.
These renormalization invariances are immediately shown
from the nonrenormalization theorem. The perturbation
calculation of the Wess-Zumino flow is carried out using
an iterative expansion of the flow equation and the ordinary
perturbation theory for the boundary Wess-Zumino model.
Since the initial condition depends on the coupling constant,
the order of the perturbative expansion is given by a fractional
power ¢g*/3. The super-Feynman rule for one-particle irre-
ducible (1PI) supergraphs is then derived. Using the power
counting theorem based on the super-Feynman rule, the UV
finiteness of the Wess-Zumino flow is established.

The rest of this paper is arranged as follows: In Sec. II,
we consider the gradient flow of the ¢* scalar field theory.
In Sec. III, we review a perturbation theory in the Wess-
Zumino model as a supersymmetric extension of ¢* scalar
field theory. In Sec. IV, we construct the Wess-Zumino
flow with renormalization-invariant couplings according
to Ref. [31] with some modifications. With the super-
Feynman rule for the correlation function derived from the
iterative expansion of the flow equation, we show that the
Wess-Zumino flow has UV finiteness using the power
counting theorem. Section V is devoted to summarizing
results.

II. THE CASE OF ¢* THEORY

Let > 0 be a flow time and ¢(f,x) be a r-dependent
field. We consider a gradient flow equation of Euclidean ¢*
theory as

dp(t, x)
ot

= (O -m?)g(t.x) — Ap3(t.x). (1)
with an initial condition,

(1 =0,x) = (), ()

where [1 = 0,0, As the name suggests, the rhs of Eq. (1) is
—5S/6¢| -, Where

s— [alioor s e iote. o

with a bare mass m and a bare coupling constant 4. In this
setup, the scalar theory (3) is put on the boundary (z = 0).

In the Yang-Mills flow, it is shown that correlation
functions at positive flow time are UV finite under the
initial condition B,(t = 0,x) = A,(x) where A,(x) is a
bare field irrelevant to a renormalization scheme. This
property plays a crucial role in matching two different
schemes that are used for calculating nontrivial renormal-
izations for operators [1,42-44]. In this paper, we also
employ an initial condition given by bare fields for the

Wess-Zumino flow in later sections, such as Eq. (2) for
scalar theory.

The formal solution of Eq. (1) can be obtained from
an iterative approximation of the flow equation. This is
regarded as a perturbative expansion in terms of A. The
flowed field ¢(t, x) is thus given by a treelike graph with
the boundary field ¢ at the end points. The correlation
function of the flowed field is then evaluated by the usual
perturbation theory at the boundary [1,2].

In the massless free flow, where dp/dr = (g and Eq. (3)
gives the boundary theory,’ any correlation function of
¢(t,x) is UV finite up to an extra wave function renorm-
alization once the boundary theory is properly renormal-
ized. However, for massive or interacting flows (m # 0 or
A #0), such a property is not obtained [51].

This conclusion is easily understood from the 4 + 1-
dimensional theory that produces the same perturbative
series discussed above. As in the case of the Yang-Mills
flow [2], the bulk action of the 4 + 1-dimensional theory is
given by

Spu = / * dr / L (1.x){0p(1.x) = (O = m)p(1.x)

+ A3 (1. x)}, (4)

with a Lagrange multiplier field L(z,x). The effect of
the boundary field on the bulk field ¢(¢, p) is suppressed by

a damping factor e, Therefore, at large flow times,

correlation functions of the bulk fields are given by
Feynman diagrams consisting only of flow lines and
flow vertices. Any diagram of this kind resulting from
the action (4) starts from L and ends at ¢ and is expressed
as a directed graph without loops. Since there are no
divergences, bulk counterterms are absent for the action (4).
However, m and A are the bare parameters of the boundary
theory and contain divergences determined in the theory.
Therefore, unnecessary “bulk counterterms” arise from the
renormalization of m and A, and this d + 1-dimensional
theory is nonrenormalizable.’

Achieving UV finiteness in the massive or interacting
flow requires the absence of the bulk counterterms. In
other words, the flow equation should be given by
renormalization-invariant couplings. We consider a super-
symmetric ¢* theory in the next section because further
constraints on the renormalization are needed to define
such a renormalization-invariant flow equation.

’In this case, the action that defines the gradient flow is
different from the boundary theory.

In the massless free flow, there are no “bulk counterterms”,
and any UV divergence of flowed field correlators appears only in
loop integrals at the boundary. If we took ¢(t =0, x) = ¢p(x)
instead of Eq. (2), any correlation function is UV finite.
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III. REVIEW OF THE WESS-ZUMINO MODEL

We work in Euclidean space with the notation of
Refs. [30,31], which is derived from Ref. [52] by a
Wick rotation. See the Appendix for details of the notation.

A. The Wess-Zumino model

The Wess-Zumino model is a supersymmetric extension
of ¢* theory, which is given by a scalar field A(x), a Weyl
spinor y(x), and an auxiliary field F(x). In the superfield
formalism, a chiral superfield ®(x, 6, @) contains the field
contents as

®(y,0) = A(y) + V20y(y) + i06F(y),  (5)
where y, = x, + i6c,0.

In Minkowski space, an antichiral superfield ®' is
defined by the Hermitian conjugate of ®. However, in
Euclidean space, such a definition is incompatible with the
Wick rotation. In fact,  is not a Hermitian conjugate of v,
but a different Weyl spinor. We define an antichiral
superfield @ that is a Euclidean counterpart of ®' as

®(5.0) = A*(5) + V20 (5) + 00 F*(3).  (6)
where y, = x, — iﬁoﬂé.

In Euclidean space, the chiral and antichiral superfields
® and @ also satisfy D,;® = D,® = 0. The supersym-
metry transformation of a superfield F (x, @, §) is defined as

(7)

where the supercovariant derivatives D, D and super-
charges Q,Q are defined in the Appendix. Super-
symmetry transformations of component fields are derived
from (7).

The Wess-Zumino model is then defined by

8¢ (x,0.0) = (£0 + £ 0)F(x.0.0),

S—— / B2 (2)®(z) - / dxdOW (®(2)

for bare coupling constants m > 0 and g > 0. To simplify
the notation, we used z = (x,,..6,, 0,) and d®z = d*xd*0d>6.
The action is invariant under the supersymmetry trans-
formation (7).

Renormalized superfield ®; and renormalized coupling
constants mg, gg satisfy

(10)
and
(11)

O, = mZ — mpg, dy :gZ%—gR.

The nonrenormalization theorem of the Wess-Zumino
model tells us that the F-terms are not renormalized, that
is, §,, = 6, = 0 [53-56]. Therefore, we have

mgr = mZ, gr = 9Z-. (12)
It turns out that a normalized mass given by
M = mg3 (13)

is invariant under the renormalization.

B. Perturbation theory

The perturbation theory can be given in the superfield
formalism [55]. We derive a super-Feynman rule for 1PI
supergraphs of the Wess-Zumino model in Euclidean
space. Equation (12) is formally confirmed by the power
counting theorem derived from the super-Feynman rule.

We first introduce external chiral and antichiral super-
fields J and J satisfying D,J = D,J = 0 and consider

Z[J’ ‘7] = / Dq)DCi)e_SO_Sim_Ssrc , (14)

where
- / P dPOW(D(2)), (8)
S = — / dxd?0J (2)®(2) - / Pxd0I(2)D(2). (15)
where
m g The superfield Green’s function G(zy,zs, ..., 232}, 25
W(d E—®2 —(I)3 9 P 1942 s &ms L1949
(@) 2 +3 ©) ..., 2, is obtained by
|
1 o o" _
G(Zys s 23 2y e 2) = - - ZlJ,J , 16
SR L FICSY.T 0 BOSF T P A R 1)
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where

() - O -2) (17)
- 2
%:_%58(11 ~ ), (18)

and the other functional derivatives are zero, where D and
D, are defined for z;.

Let Sy and S;,, be the free and interaction parts of the
action, respectively. The free field action S, can be written
in the full superspace as

P
_ 8. ) & m.(_D°
Sy = /d z{®®+2¢>< 4D>q>

+%é<—%>d3}(z). (19)

Similarly, we have
2 2
g =8 (D 22(_ D7\ g
m=—= [ &R ———= | O+ D ——= |D
=3[ 4o (ig)e (i)
(20)

and

D? -/ D>\ .
- _ 8 - \o - |D . 21
These are easily derived using Eqs. (A12) and (A13).

A short calculation tells us that Zo[J, J] = Z[J, J]| _ is
written as

ZolJ,J] = exp{%/dgzdgz’(J(z),j(z))AGRs(z,z')

()

where

! 1 "Z‘%z 1 8 !
Acrs(z.7') = g RS ®(z—17). (23)
40

The propagator Aggrg is called the Grisaru-Rocek-Siegel
(GRS) propagator, introduced in [55].
Two-point functions are thus obtained as

N2 N2
<‘1>(Zl)‘i)(22)>0 = %% 8(Zl - Zz),
m D% 3
(@(21)D(22))0 = ths (z1 — 22)s
m 2
BB == @9

where (- - -), is the expectation value in the free theory. The
Green’s function (16) is obtained from

Z10.7] = exp {—smt [%%} }ZO[J, . (@s)

by evaluating the functional derivatives &§/6J and
5/6J. In perturbation theory, we need to evaluate extra
derivatives that arise from the Taylor expansion of
exp {_Sinl[% ’ %} }

The perturbative calculation of Green’s functions con-
tains a term like

S|y 0] e =5 [ @af - 2 (5505) gt ) Ve teoaten

D3 D3

= Zg/ d¥7,8%(z1 — z4) <— T) 8 (22 — z4) (— T) 8 (23 — z4), (26)

where J(z;) attaches to antichiral superfields via Eq. (22).
We used (A13) to show the second equality.

The effective action is made of 1PI supergraphs that are
calculated from 1PI Green’s functions amputating propa-
gators of external lines. Each vertex of 1PI diagrams has
two or three internal lines. For a vertex with no external

[

lines, two of the three internal lines have % as suggested
from the last line of Eq. (26). Whereas, for a vertex with
two internal lines and one external line, one of the two

internal lines has %2 because the external lines are asso-
ciated with §/6J without % in the first line of (26).

125015-4
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The super-Feynman rules for 1PI supergraphs are given
in the momentum space as follows:
(a) Use the propagators Agrg for ®®, dD, d d, which
are given by

mD% 1
~ - e 1 _4 ’
_ B P
Agrs(p:01.0,,60,.0,) T2 m ( 2 )

mD?

1 —W

X 52(91 — 92)52(é1 - 92)
(27)

(b) Write a factor 2g and [ d*d*@ at each vertex. For a
vertex with »n internal lines (n = 2, 3), put a factor of
—D?/4 (=D?/4) at n — 1 lines of the n chiral (anti-
chiral) lines.

(c) Impose the momentum conservation at each vertex
and integrate over undetermined loop momenta.

(d) Compute the usual combinatoric factors.

These rules are given in Euclidean space. See also Ref. [52]

for the rule in Minkowski space.

We can calculate the superficial degrees of divergence
for 1PI supergraphs using the super-Feynman rule.
Consider a 1PI supergraph with L loops, V vertices, E
external lines, and P propagators, of which C are ®® or
® ® massive propagators. We count D?, D? as p because
D?>D? ~ p? for chiral superfields. Each loop integral has
d*p. The GRS propagator provides 1/p? with an additional
factor 1/p for ®® or ® ® propagators. The internal lines
have 2V — E factors of D? or D? In each loop integral,
we can use an identity 8,,D*D?8,, = 165, to remove a
D?D? ~ p?. The superficial degrees of divergence for the
graph is given by

d=4L -2P—-C+2V —-E—-2L. (28)
Using V- P+ L =1, we find
d=2—-E-C. (29)

For E =2, d can be zero (the logarithmic divergence). If
two external lines have the same chirality, d < 0 because at
least one ®® or ® ® propagator is needed. We have d < 0
for E > 3. Thus, we find that the wave function renorm-
alization exists but the effective action does not have any
divergent correction to m®? and gd>.

IV. THE WESS-ZUMINO FLOW

We consider a supersymmetric gradient flow in the
Wess-Zumino model. It can be shown that any correlation
function of the flowed fields is UV finite thanks to the
nonrenormalization theorem under an appropriate initial
condition.

A. The Wess-Zumino flow with renormalization-
invariant couplings

In Ref. [31], we defined a supersymmetric flow equation
using the gradient of the action (8). However, the bulk
counterterms exist in this case, because the bare coupling
constants m, g included in the flow receive the renormal-
izations determined at r = 0. See Ref. [51] for relevant
arguments. Therefore, the flow theory with bare m and g is
ill defined at the quantum level.

In order to solve this issue, we introduce renormaliza-
tion-invariant couplings into the flow equation. We con-
sider the following rescaling of coordinates and field
variables:

and

F'(X) = g3F(x). (31)

Replacing every variable of the superfields by the corre-
sponding rescaled variable, we have

E(x.0.0) = gd(x,0,0), (32)
where
E(y.0) =A'(y) +V20y'(y) +i00F (y). (33)

and y, = x, + ¢/ aﬂé’ = g§y. The differential operators
satisfy @), = ¢#Q,, and D/, = ¢5D,,. The superfield formal-
ism is then kept unchanged because E is a chiral superfield
satisfying D2 = 0 and the supersymmetry transformation
laws of A’,y/, F' are the same as those of A, v, F.

Hereafter, we omit the prime symbols unless they are
confusing. From a short calculation, one can show that
the Wess-Zumino action is rewritten in Z(x,6,0) and
Z(x.0.0) as

1 _-_ 1 1 1
S:——2/d4xd29d2955——2/d4xd29(—M52+—E3>
g g 2 3

We should note that M is defined as Eq. (13), which is
invariant under the renormalization for (8) in the standard
manner.

In terms of rescaled variables, we can consider a
supersymmetric gradient flow according to Ref. [31] as
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D? &S
0¥(t.2) = @ —-—— ’ )
; 4 0E(2)|z(0)-w(rs)

where z = (x,0,0). The D? factor is needed to keep the
superchiral condition for ¥(z,z) because 5S/6E is not
chiral. The flow equation for ¥ is given by a replacement
(P,E,D) < (¥, E, D) from Eq. (35). We thus have

D*. D?

— _ T w_Z g2
0¥ =0¥-M"-¥ -9, (36)
_ _ D2 D2

The flow equation is given with couplings that are
renormalization invariant for the original Wess-Zumino
action (8) given by (A,y, F).

The initial condition for ¥(z,z) and P(¢,z) is given in
the next section. If a supersymmetry transformation of the
flowed fields is defined by extending (7) to the 4 4 1
dimensions as 5:¥(,z) = (EQ + EQ)¥(t,z), then the
flow equations and the supersymmetry transformation
are consistent because they satisty [z, d,] = 0.

The superchiral condition D, ¥ = D, ¥ = 0 allows us to
expand ¥ and ¥ as

(1, y,0) = (1,y) + V20x(1,y) + i06G(t,y),  (38)
U(1,5.0) = d(1,5) + V20 7(1,5) + i00G(1.5). (39)

For the component fields, we have

0 =0 +iMG + (2ip G =7 7). (40)
0, =0 +iMG + (2i¢G — yy). (41)
oy =y +i6,0,(My + 20 ), (42)
0 = Oy + i6,0,(My + 2¢). (43)
0,G =[0G — iO(Me + ¢?), (44)
0,G = 0G — id(M¢ + ¢?). (45)

Since the reality condition is broken by the Wick rotation,
the Hermitian conjugate relation is not kept for the flow
equation. So ¢ and G are independent complex fields that
are not complex conjugates of ¢ and G. From the initial
condition given in the next section, the complex conjugate
relation is kept only at the boundary such as ¢(t = 0, x) =
(¢(t = 0, x))*. Note that the flow equations for ¢, 7, G are
obtained from those of ¢, y, G by a simple replacement as

o< ¢y}, G< Gando, <5,

B. The vector notation and an initial condition

We introduce a vector notation of chiral superfields as

= ()= ()

The Wess-Zumino flow equations (36) and (37) can be
expressed as

0¥ = (O + MTA)¥ + AN, (47)
where
AE(_iDZ ! ) (48)
0o -ip2)
_ -iD*> 0
AE( 0 —%D2>’ (49)

r= ((1) é) (50)

and the nonlinear part is characterized by

1
Ni(t.z) = Egijk\l‘j(ta 2)Wi(t,2), (51)
with a coefficient g;;; defined as g, = 2T';;[';.

We consider the following initial condition,”

¥ = @o. (52)

where

®,(2) = g%c)(z)) - ﬁ(?’*(z) ) (53)

Dp(z)

The second equality of Eq. (53) is a direct consequence of
the nonrenormalization theorem. We may consider ¥|,_, =
f(M)d, instead of Eq. (52) because the conclusion of this
section does not change for any nonzero function f(M).
Hereafter, we take f(M) = 1 for simplicity.

The operators introduced above satisfy

AAA = A, (54)
TAI = A, (55)
=1, (56)

“For the component fields, we have ¢|,_, = aA, y|,_, = ay,
and G|,_, = aF, where a = .
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and

AAY = O (57)

C. Iterative solution of the Wess-Zumino flow

The flowed field W(z,z) satisfying the Wess-Zumino
flow equation can be expressed as an iterative expansion.
To show this, we first introduce a heat kernel in the
superspace z = (x,,0,.0,) as

(x —D—zSt X
K,(z) = ( ;(; . ( )> x 8%(0)5*(0),
Ve (%) Ci(x)
(58)
where
4
C,(x) = / %efpx-fpz cos(zM\/E), (59)
4
S,(x) = / (‘21”’)’4 eirv=ip® sin(tM\/;). (60)
The heat kernel satisfies
(0, —O-MTA)K,(z) =0 (61)
and
Ko(2) = 8%(2), (62)

since Cy(x) = 6*(x) and Sy(x) = 0. The flow equation (47)
can be solved formally as

Y(t,z) = /dgz’K,(z —)Dy(Z') + Alds

X /dgz/&K,_s(z -7 )N(s, 7)),

t,0,0 P— 0,0

:‘ ) =

where K,(p,0,0) = [ d*xe P*K,(x,0,0) and ©(¢) is the
Heaviside step function. The arrow indicates the direction
of increasing flow time.

As for the momenta, at each flow vertex, the momentum
conservation is assumed, and an undermined momentum of
ingoing flow lines is integrated.

In Fig. 1, the treelike graph begins at a single square of
flow time ¢ and terminates at the one-point vertices of flow
time 0. The flow time runs from O to ¢ keeping the time
order with step functions. The initial condition (53) tells us

t,0,0

O=-—=_ + + .
p—

FIG. 1. Treelike graphs of the iterative solution ¥(t, p. 6, 8).

where A acts on z. Inserting the formal solution into ¥ of N
on the rhs repeatedly yields an iterative approximation of
the flow equation. The iterative approximation can be
expressed as a treelike graph with ®, at end points.

In Fig. 1, the iterative solution of the Wess-Zumino flow
equation (47) is represented graphically. The circle with
cross associated with the end points of the flow time zero is
a one-point vertex defined by

P—> 0.0

(3

= ¢0,i (p7 97 e_) (64)

The flow vertex shown by an open circle is defined as

= gijkAii (p,0,0), (65)

where an operator &,»,-( p,0,0) acts upon the outgoing line
with the index i. For each vertex (one-point and flow
vertex), the Grassmann integral | d*0d?6 is performed. In
addition, for the flow vertex, the flow time ¢ is integrated
out from 0 to oo.

The flow line connecting the vertices is defined by

@(t - tl)Kt_t/’ij (p, 0 — 6)/, 9_ — é’) (66)

[
that this iterative approximation may be understood as the
perturbative expansion of one-third power of the coupling
constant ¢,

D. Super-Feynman rules

We move on to perturbative calculations of correlation
functions of ¥; combining the above iterative approxima-
tion of the Wess-Zumino flow and the super-Feynman rules
in the Wess-Zumino model at # = 0 discussed in Sec. III B.
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For example, the leading order contribution to the two-point function is diagrammatically represented as

t,0,0 1 5,00
0= @»{
p— —q

t,0,0 5,06

- Oo——a0 . (67)

P—> —4a

The staple symbol on the lhs denotes the contraction between two boundary fields @, which is given at the leading order as

(@0, (p.0.0)®0,,(p'.0.8)) = ¢D;(p.0.0)(2)*6" (p + p)5 (0~ 0)5 (0 - ). (68)
where
1 sin(Bo(p) 5 cos (Ao(p)) 2%

D(p.0.0) =

for tan(fy(p)) = m//p*

Vo7 | cos (By(p)) 2

(69)

2

sin (Bo(p)) &

161/p?

As shown in Eq. (67), we obtain the two-point function of W at the leading order taking a contraction between two ®, for

two tree-level solutions of W as

(W(t,p.0.0)¥,(s.q.0.9)) = ¢'D,, . ;i(p. 0,0)(2n)'5" (p + q)5*(0 = 0)5*(0 - 0), (70)
where
_ ot sin (ﬂt(p)) DTZ COos (ﬂt(P)) llzi?l%
D,(p.0.0) = ———— o 2 (71)
Vp?+m* | cos( (P))l’g—j; sin (8:(p))
for B(p) = fo(p) + M/ p’.
Thus, a field propagator associated with Eq. (70) is defined by
t,0,0 P— t,0,0 _ _

— gth+t’,ij (p, 0, 9)(52(9 — 9/)62(9 - 9/) (72)

i J

The time dependence appears as a sum of two boundary
times, and the diagram of field propagator is shown by a
line without an arrow. Since Eq. (71) reproduces Eq. (69)
for t = 0, Eq. (72) contains all of the field propagators such
as (@y®,) and the mixed one (D), as well as (PVP).
Note that each field propagator is counted as ¢ in the
perturbation theory.

We reformulate the perturbation theory at t = 0 in terms
of @, because the @, propagator is treated uniformly with
flow propagators. Unlike the perturbation theory given in
Sec. III B, the GRS propagator Aggg is not used. The super-
Feynman rules at t = 0 should be modified to make fit with
the rules for the iterative approximation of the Wess-
Zumino flow equation. First, we rewrite the interaction
part of the action (20) as

1 A
Sine = —/dgz{g hiji <E‘I’0) ,q)o,jd)o,k}(z), (73)

|
where h;j = 25;;0;. The three-point vertex of the flow
time zero may be defined by

q,’
¢ —
P— Au ’ 97 9
i 6,0 = _hijk#7
p
N
LI”
(74)

where Aj;(p, 0, 9) acts on an internal line p, i. This is
because A (p, 0.60)/p* can be changed to A;;(q.6,0)/q*
or Ay (r,0,0)/r* by using the identity %(I)O = @, for
Eq. (73). For each boundary vertex, the Grassmann integral
[ d?0d*6 is performed.
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FIG. 2.

A A

) 0(g%)

O(g%)

One-loop diagrams.

Now, we consider the following one-loop correction to the two-point function, including one flow vertex (open circle)

and one ordinary vertex (filled circle)5 :

1
t797§ 5,0,0 t,0,0 50,0
029 = . (75)
p— <—4a p— —4a
—

As in the tree-level case, performing the contraction

between two ®, yields a field propagator. In this case,

the three lines without arrows on the rhs indicate the mixed
propagators associated with (®y¥).

Here, we mention that the coupling expansion does not
naively correspond to the loop expansion. This is because
the g dependence arises only from the field propagators of
the order g*/3, and the vertices and flow propagator do not
depend on g. Each one-loop diagram in Fig. 2 has different
orders ¢g*"/3 where n is the number of field propagators.

The super-Feynman rules for the correlation functions of
W in the momentum space are summarized as follows:
(a) Use Eq. (66) for a flow line that is an outgoing line

emanated from each flow vertex.

(b) Use Eq. (72) for a field propagator by which two
points (flow vertices, boundary vertices, and starting
points denoted by [) are connected.

(c) Use Eq. (65) for each flow vertex, and use Eq. (74) for
each boundary vertex. For each flow vertex at f,
perform the flow time integral f0°° dt. For all the flow
and boundary vertices at (0, 9), perform the Grass-
mann integral [ d*6d>0.

(d) Impose the momentum conservation at each vertex
and integrate over undetermined loop momenta.

(e) Compute the usual combinatoric factors.

These rules are given in Euclidean space. In addition, we

mention rules and properties that are common with the

Yang-Mills flow [2]. Diagrams with closed flow line loops

The boundary vertex attached to three d, is given by a
product of Egs. (74) and (64).

|

are absent because any loop has at least a field propagator.
The flow lines depend on the difference between two flow
times of end points. The flow time dependence of propa-
gators are determined by the sum of flow times at the end
points.

E. The massive free flow

We consider the massive free flow, dropping the inter-
action terms from the flow equations (but the boundary
Wess-Zumino model has the interactions). The exact
solution is

W(r,z) = / BIK, (2 — 7)o (2). (76)

Then, recalling the definition of @, (53), a correlation
function of the flowed fields (¥(z1,z)¥(%,25)...
Y¥(t,,z,)) can be given by a linear combination of
correlation functions of the renormalized fields ®g(z;)
and ®g(z;) with (gg)5. In the renormalized perturbation
theory, when evaluating the correlators of ®g(z;) and
®(z;), UV divergences are renormalized by the normal
counterterms. So, in the case of the massive free flow, any
correlation function of the flowed fields is UV finite for any
nonzero flow time if the Wess-Zumino model is properly
renormalized.

F. Power counting theorem

We can calculate the superficial degrees of divergence in
the perturbation theory of the Wess-Zumino flow using the
super-Feynman rule given in Sec. IV D.
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Since the field propagators given in Eq. (72) have
t-dependent functions, we need to evaluate the following
integrals for each flow vertex:

1(p?) E/ dte™7’ £ (1. p?). (77)
0
where p is a loop momentum and external momenta are set
to zero for simplicity. After a short calculation, we find that,
for large p?,

1(p?) = p2£(0.p?) + (p2)f(0. p*) + -+, (78)

where £ (t, p?) = d"f(t, p*)/dt". Since flow propaga-
tors with the same chirality and ﬁeld propagators have
f(t, p*) ~cos(tM~/p?), cos(B,(p ), sin(B,(p?)), the
extra suppression factor appears as p~2 from the first term
of (78). Whereas, for massive flow propagators with the
opposite chirality, f(¢, p?) ~sin(tM+\/p?) leads to
£(0, p?) = 0 and the extra factor becomes p~> from the
second term of (78).

At each flow vertex with an external flow line, we can
apply the identity 44 AAp — W (0 an internal line and move a
factor of A to the external line by integrals of parts. This
transformation leads to an extra suppression factor p~!
because a factor % remains at the internal line. This type of
transformation cannot be applied to the boundary vertex
because, since it is made of fields with the same chirality,
the partial integration of A does not work.

Consider a 1PI supergraph with L loops, V boundary
vertices, Vf flow vertices, E external field lines, £ ¥ external
flow lines, and P field propagators, of which C are massive
field propagators with the same chirality, Y'¥ and ¥ P,
and P flow propagators, of which C; are massive flow
propagators with the opposite chirality. Each loop has a
d*p integral, and the identity §,,D>D?5,, = 165, still
applies in this case to remove a D>D? ~ p? at each loop. At
t = 0, P¥ propagators behave as p°, while massive chiral
propagators behave as p~! for large p?>. We have extra
suppression factors p~2 from the boundary of ¢ integrations
at each flow vertex discussed above. For massive flow
propagators with the opposite chirality, we have p~3
instead of p~2. Each boundary vertex has a factor of
A;;/p*~ p~! on one of the internal lines. Each internal
outgoing flow line emanated from the flow vertex has a
factor of A;; ~ p. Each external flow line has a suppression
factor p~! from the discussion using the identity 2% My _

Thus, we find that the superficial degrees of dlvergence d
is given by

d=2L-C-2V;~C;=V+V;—E;—E;. (79)
Using a topology relation L — P — Py +V +V,=1anda
few relations such as 3V +3V,=E+ E; +2P +2P;

(each vertex has three lines) and V; = E¢ + Py (the flow
vertex has an outgoing flow line), where E,>1 for
nonzero Vf, we finally obtain

This shows that any super-Feynman graph with flow
vertices is UV finite at all orders of perturbation theory.
The remaining divergences for V, = E; = 0 arise from
boundary vertices and cancel as in the massive free flow
case because n-point functions of W(z,z) are those of
K, ®(z) for V; = 0 and @, is given by g and renormal-
ized fields ®p from (53). We can conclude that any
correlation function of flowed fields is UV finite in the
Wess-Zumino flow at all orders of perturbation theory.

V. SUMMARY

We introduced a supersymmetric gradient flow with
renormalization-invariant couplings in the Wess-Zumino
model and showed that correlation functions of the flowed
superfield are UV finite using a power counting theorem for
1PI supergraphs based on super-Feynman rules. In par-
ticular, we found that the interaction terms of the flow
equation do not contribute to divergent graphs, only terms
of the boundary theory do. After the parameter renormal-
ization in the boundary theory, the remaining divergence of
the wave function can be removed by taking initial
conditions to be renormalization invariant. Thus, we found
that any correlation function of the flowed superfield is UV
finite at all orders of the perturbation theory.

In nonsupersymmetric scalar field theory, including the
mass term and a term like ¢* interaction yields nonremov-
able divergences. Even in the massless free flow, a wave
function renormalization remains. Some kind of symmetry
could be necessary for the UV finiteness property. In the
Yang-Mills flow, the BRS symmetry guarantees the UV
finiteness, whereas in the Wess-Zumino flow, the super-
symmetry plays a crucial role to hold the property in a
mechanism that is quite different from the Yang-Mills flow.

The existence of the nonrenormalization theorem is
significant in our proof because it leads to the renormal-
ization-invariant initial condition [Eqgs. (52) and (53)] and
the invariant mass [Eq. (13)] in the Wess-Zumino flow
[Eq. (47)]. The UV finiteness is a direct consequence of
these invariances. Therefore, it is unclear whether our
results can be extended to other theories that do not have
a nonrenormalization theorem.

Without the renormalization-invariant initial conditions
(52) and (53), the wave function renormalization remains,
and the extra wave function renormalization of the flowed
superfield, as in gradient flow of quark fields, makes the
correlation function finite. On the other hand, if the flow
equations are not given by renormalization-invariant
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coupling constants, the perturbative renormalizability
breaks down completely.

Gradient flows have been successfully applied to various
research such as nonperturbative renormalization group,
holographic descriptions of field theory, and lattice simu-
lations. In addition, supersymmetry has been actively studied
in particle physics in a variety of ways. Therefore, super-
symmetric gradient flows can be expected to have various
applications. The techniques developed in this article will be
very useful for subsequent studies using supersymmetric
gradient flows.
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APPENDIX: CONVENTION IN EUCLIDEAN
SPACE

In order to obtain the Euclidean theory from the
Minkowski one with metric 7,, = diag{-1,1,1,1} in
Ref. [52], we use the Wick rotation x, — —ixy to move
on to the Euclidean signature. The FEuclidean four-
dimensional ¢ matrices are defined as oy = 6, = —il;
the others are the same. The auxiliary fields in the chiral
superfields are replaced as F, F* — iF, iF*. The Euclidean
action is defined as Sy = —iS after the Wick rotation.

The Fourier transformation is defined by

_ dp
®(x,6,0) :/—ﬂew@(p,e,e). (A1)

(27)

1. Spinors and ¢ matrices

Lety, (a =1, 2) be a SU(2)y spinor and y,, (@ = 1, 2)
be a SU(2), spinor, then they are not related to each other
under the complex conjugate in the four-dimensional
Euclidian space. We define the invariant tensors of SU(2),
and SU(2), as

e =€l =¢; =¢€'?2=1,
21

€p =€ zeiizeii:—l (A2)

with the others being zero, so that eaﬁeﬁ}’ =9, and
€; Beﬂ 7 = §,7. Then spinors with upper and lower indices
are related through the invariant tensors,

w = ePyy Wa = eqpyl (A3)
We use the following spinor summation convention:
L A P e (Ad)

The ¢ matrices in the Euclidean space (¢,,),,; and (,)%
are defined as

- 0 0 1
"°:<0 —i)’ ”‘:<1 0>’

0 —i 1 0
"2:<i 0)’ ”3:(0 —1>’

(5M)aa — (B ap (0';4 )ﬂb”

5= —oi(i = 1,2.3). (A5)

60 = 0y,

For more detail on the spinor algebra, see Ref. [30].

2. Chiral superfield

The supercharges Q, and Q,, are defined as difference
operators on the superspace labeled by z = (x,,6,. 0,),

0, = aa - i(au)adedaw

Qd = _aix + iaa(au)adaw (A6)
where 9, = 3%.,0; = 5%, and d, =;=. The associated

supercovariant derivatives that commute with the super-
charges are defined as

Da = aar + i<0-ﬂ)aa'téda

"o

D('z = —0,3, — iéa(aﬂ)addﬂ. (A7)
These difference operators obey

{Q(l’ Q(l} = 2i(6ﬂ)aila;v

{Dm D('l} = _2i(o-ﬂ)adaﬂ’ (AS)

and the other anticommutation relations vanish. After a
short calculation, one can show the useful identities

D*D?D? = 1600D?,
D*D?*D? = 1600D?, (A9)
where [ = 0,0,

The chiral and antichiral superfields ®(x,6,6) and
®(x,0,0) are characterized by the constraints D,® = 0
and D,® = 0, respectively. They are expanded in 6
and @ as

_ _ 1 __
®(x.0.0) = A(x) + i00,00,A(x) + 000 0 DA(x)
i

+ V20 (x) 7

000,y (x)0,0 + iOOF (x),

(A10)
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_ _ _ 1 __
B(x.0.0) = A*(x) ~ i00,00,A" (x) + £ 0000 A" (x)

+ V200 (x) + %99 6,0, (x) + i00 F*(x),
(Al1)

where A and F are complex bosonic fields, and v, are
two component spinors. Note that ® is not a complex
conjugate of @ in this Euclidean theory. One can easily find
the following projection operators for the chiral superfields:

g P=2. (Al12)
D?*D?
g ®= (A13)

Introducing new coordinate (y, 6, 9) with y, =x, +i90”9,
the derivative operators and @ are expressed as

Qo = 0Oq,
Qd = —ad + 21.9&(6#)(1&0”,
D, = 0, + 2i(0,),46%0,.

D(y,0) = A(y) + V20y(y) + i00F(y), (A14)

while in (¥, 6.0) with 3, = x, — 00,0,

Qs = =04,
D(l = a{l’
D[l = _a('l

D(3.0) =

Gﬂ)adédaﬂ s

—2i0%(6,,) 40

aa“pu

A*(5) + V20 (5) + DO F*(5).  (Al5)

Note that ¥ is not a complex conjugate of y in the
Euclidean space.

3. Integral and delta function over Grassmann
coordinates

The volume element of the superspace z = (x,, 6. 9&) is
d¥z = d*xd*0d*0, (A16)

where

(A17)

/d2092 =1, /dzééz =1.

Under the Euclidean space integral, the Grassmann inte-
grals can be interpreted as

2
/d4xd29— /d‘*x(—%)

_ D?
/ d*xd?6 = / d‘Uc(—T) (A18)
and
- D*D?
/ & 02D — / d4x< i ) (A19)
The delta functions are defined as
8%(0) = 62, 5(0) = 0, (A20)
such that
/ d*05%(0) =1 / d*08*(0) = (A21)
The functional derivatives of chiral superfields ®(z) and
®(z) are
5¢(Z1) l)2
- __58 - A22
5®(Z2> (Zl ZZ) ( )
5&’(1] ) D2
- 58 - 2), A23
e R N (A23)
where
(21 = ) = 8 (x) = x2)8°(0) = 0,)5° (0, = 6,).  (A24)

We use the abbreviation 6,, = 6*(8; — 6,)5°(6, — 6,) for
simplicity. The following relation
81,D*D?8,, = 6,,D*D?5,; = 166, (A25)

is useful in perturbative calculations.
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