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This study employs the effective field theory approach to quantum gravity to investigate a non-Abelian
gauge theory involving scalar particles coupled to gravity. The study demonstrates explicitly that the
Slavnov-Taylor identities are maintained at one-loop order, which indicates that the universality of the color
charge is preserved. Additionally, the graviton corrections to the two-loop gluon self-energy and its

renormalization are computed.
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I. INTRODUCTION

Although we are still in need of a consistent and
generally accepted description of quantum gravity at high
energies, if we restrict ourselves to low energies compared
to the Planck scale, we can nevertheless draw some trustful
conclusions about the gravitational phenomena at quantum
level using the viewpoint and methods of effective field
theories [1-3]. Thus, the well-known nonrenormalizability
of Einstein’s theory coupled to other fields [4-6] is not
an impediment to study the influence of gravity in the
renormalization of other fields and parameters in a mean-
ingful way. The central idea is that we add to the action the
high-order terms needed to renormalize the parameters of
the lower-order terms and the new parameters introduced
will be irrelevant to the low-energy behavior of the theory.

As it is well known, the renormalized quantities of a
theory depend on an arbitrary scale and the renormalization
group is the theoretical tool to study this dependence and
allows us to describe how the coupling constants change
with this scale, establishing the so-called running of the
coupling constants [7]. If this dependence is such that the
coupling constant gets weaker as we go to higher energies
the theory is said to be asymptotically free [8—10]. The
possibility that gravitational corrections could render all
gauge coupling constants asymptotically free was sug-
gested by Robinson and Wilczek, who used the effective
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field theory approach of quantum gravity to reach this
conclusion [11]. However, this result was soon contested
by Pietrykowski [12], who showed that the result was
gauge dependent. Subsequently, many works investigate
the use of the renormalization group in quantum gravity as
an effective field theory (see for instance Refs. [13-23]). In
a previous work [21], we used dimensional regularization
to compute gravitational effects on the beta function of the
scalar quantum electrodynamics at one-loop order and
found that all gravitational contributions cancel out. The
situation is different at two-loop order, in which we do find
nonzero gravitational corrections to the beta function for
both scalar and fermionic QED, as shown in a latter work
[22]. However, those corrections give a positive contribu-
tion to the beta function and thus the electrical charge is
neither asymptotically free nor has a nontrivial fixed point.

The use of renormalization group in the context of non-
renormalizable field theories raise some subtle questions.
The universality of the coupling constants in effective field
theories was discussed by Anber et al. in [20], where it was
suggested that an operator mixing could make the coupling
constants dependent on the process under consideration and
therefore nonuniversal. That would imply that, unlike
renormalizable field theories, the concept of running
coupling may not be useful in the effective field theory
approach to quantum gravity. This is indeed the case for the
quartic self-interaction of scalars in scalar-QED, as dis-
cussed in [21] but, as shown in [21] for scalar-QED and in
[23] for fermionic-QED it seems not to be the case for the
gauge coupling because of the Ward identity. The central
role of the gauge symmetry in the universality of the gauge
coupling for QED led us to explore this issue in the non-
Abelian case. Using dimensional regularization, we
showed that the Slavnov-Taylor identities are satisfied in
a non-Abelian gauge theory coupled to fermions and
gravity [24]. In the same work, we have also calculated

Published by the American Physical Society


https://orcid.org/0000-0001-5075-6541
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.125012&domain=pdf&date_stamp=2023-06-13
https://doi.org/10.1103/PhysRevD.107.125012
https://doi.org/10.1103/PhysRevD.107.125012
https://doi.org/10.1103/PhysRevD.107.125012
https://doi.org/10.1103/PhysRevD.107.125012
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

SOUZA, IBIAPINA BEVILAQUA, and LEHUM

PHYS. REV. D 107, 125012 (2023)

the gravitational correction for the beta function at one loop
thus verifying directly the absence of contributions from
the gravitational sector.

In previous studies, the coupling of non-Abelian gauge
theories to gravity has been investigated [24-27]. In this
research, we extend our previous analysis by investigating
the asymptotic behavior of a non-Abelian gauge theory
coupled to complex scalars and gravity. This exploration is
motivated by the significant role scalar theories play in the
advancement of high-energy theory. Over the years, scalar
models have been proposed to tackle issues such as
renormalization group theory for nonrenormalizable theo-
ries [28], the study of dilatons [29], and potential candi-
dates for dark matter [30,31]. In fact, Ref. [32] argue that
quantum gravity might have crucial implications in a theory
of dark matter. Additionally, a recent study [33] inves-
tigated the interaction between SU(2) Yang-Mills waves
and gravitational waves. The results revealed that while the
problem can be perturbatively studied in the symmetric
phase, nonperturbative approaches are necessary in the
broken phase. Hence, the examination of a non-Abelian
gauge theory coupled to complex scalars and gravity is of
particular interest due to the fundamental role scalar
theories have played in addressing diverse problems in
high-energy theory.

The paper is structured as follows. Section II introduces
the Lagrangian and propagators of the model. In Sec. III,
the one-loop renormalization of the model is presented,
highlighting the preservation of gauge invariance of the
gravitational interaction and respect for the Slavnov-Taylor
identities. Section IV utilizes the Tarasov algorithm to
compute the two-loop counterterm for the gluon wave
function. Finally, concluding remarks are provided in
Sec. V. The minimal subtraction (MS) scheme is used
throughout this work to handle the UV divergences, with
(+ — ——) being the spacetime signature and natural units
of c = h =1 are adopted.

II. THE EINSTEIN-SCALAR-QCD MODEL

To get an effective field theory description for our model,
we add higher order terms to the Lagrangian of a non-
Abelian gauge theory with complex scalars coupled to
gravity:

2 1 . )
L= f“—gZ{pR — 1907 GGl + 9 (D) D
7
() + A+ cﬂo}, (1)
where the index i=1,2,...,N, runs over the scalars
flavors, G4, = V,A% =V, A%+ gf®*cALAS is the non-

Abelian field-strength with f¢*¢ being the structure con-
stants of the SU(N) group, and D, = 9, — igt“Aj is the

covariant derivative. The higher order terms Lyo are
written as

pi . ) A : ;
Lo = 3 Re((§) 0P + 1 [Im((4/) 0,0/
é3 v D a
-G M_%G””' (2)

To obtain the usual quadratic term for the gravitational
field, we need to expand g,, around the flat metric as

9w = Mw + Kh;w’ (3)

such that

and J=g=1+ch+--, (4)

‘g"w:ﬂ”U—KhMU—F"' 5

where h = n**h,,. The affine connection is written as
1
F’lﬂy = 5K(n’l" - Kh’l")(dﬂhw + 0,hgy — 05hy).  (5)

Organizing the Lagrangian as

L=Ly+Ls+La, (6a)
L, = ;22\/—_gR, (6b)
L, = =Gl D) Dol = m( ) + (&) B,

(60)
£ =Y guprcr, e, (6d)

Using Egs. (3)-(5), we write the pure gravity sector (6b)
in terms of /,,,. Moreover, it is convenient to organize £, in
powers of & as follows:

Ly =LY +xLh+ -, (7a)
0 1 1 oV
L5 = =3 0uhd"h + 5 9,1 b, (7b)

1 1
Ly =51 g0 W (Oyh =S Hp0uh O B = H 50, o0 I,
1 1
+Zhaﬂhﬂbaﬁh .+ hP0,h% 50", —ghd'ho,h. (7¢)

where the indices are raised and lowered with the flat metric
(here and henceforth, we are following the results
in Ref. [34]).

For the matter sector (6¢), the expansion around the flat
metric give us
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L= (D"¢") D" — mi((¢')'¢)

L@~ (D) Do
R (D) D, = mEB) = (@),
Q
which we organize as follows:
L= L0+ kL4, (9a)

£0 = (D) D~ m3( ) )~ 5 () (9D)
ﬁz = _hMD(Dﬂ¢i)TDD¢i

42| (D) D = mp ) =5 ()72,

(9¢)
and finally, for the gauge sector,
Lo=LY4KkLy+ -, (10a)
L4 = —%G;},,GZ”, (10b)
1 1
L= 3 n Gy Ga + 3 hLs. (10¢)

As usual for gauge theories, in order to quantize this
model, we have to deal with the excess of degrees of
freedom in Aj and h,, due to their symmetries. In our
calculations, we have followed the Faddeev-Popov pro-
cedure that introduces gauge-fixing terms in the action that
will modify the propagators of both Ay and 4,,. Moreover,
we must also introduce ghost fields for both vector and
tensor fields. However, the ghost field associated with the
graviton will not appear in this text because, since we are
working with the one-graviton exchange approximation,
the new term containing the ghosts added to the action will
not contribute to the renormalization of the gauge coupling
constant. Therefore, whenever we refer to ghost field in
what follows, we mean the one associated with AZ. The
propagators for scalars, ghosts, gluons, and gravitons are
given, respectively, by

¢ g

@

1 2

FIG. 1.
and graviton propagators, respectively.

h g
€T§ ST 9 @ ¢ ¢
RV S —
¢ 9 N ¢ ¢
¢ ¢
3 4

(11a)

(11b)

” i , pip*
Al (p) = 2 <’7” - (1= §A>7>5ab7 (11c)

i Qaﬂ/w
o (p) = (P - (1= ) 0. (11a)
p p
The gauge-fixing parameters £, and &, will be carried out
through the whole calculation, since we do not want to
choose any specific gauge. The projectors P*** and Q%+
in the graviton propagator are given by

pei — %(ﬂ““nﬂ” + e =),

Q(lﬂ;w — (nayp/}pzx + naupﬁpy 4 nﬁupapzx 4 n/iupapy).
(12)

III. THE ONE-LOOP RENORMALIZATION

The Slavnov-Taylor identities are a set of relations that
must be satisfied by the n-point functions to ensure the
gauge independence of the observables of the theory. In this
section we want to explicitly show that the Slavnov-Taylor
identities are respected at one-loop order for our model. To
simplify our computations, we will consider here that all
the masses are the same, so we drop the index i. As we will
see, this will not affect our final result.

We start by computing the n-point functions. Namely,
the self-energy of scalar, vector, and ghost fields (X, IT;,
and X, respectively), also the scalar-gluon, ghost-gluon,

and gluon-gluon three-point functions (I'z, I, , and I,

respectively), the gluon four-point function (I';;”?), and

finally the scalar-gluon four-point function (IT, ). All the
computations were done using the Mathematica packages:
FeynRules to generate the models [35], FeynArts to draw the
diagrams [36], and FeynCalc to simplify and compute the
amplitudes [37].

At one-loop, the self-energy of the scalar field, Fig. 1,
results in

5

Feynman diagrams for the scalar self-energy. Continuous, wiggly, dotted, and dashed lines represent the scalar, gluon, ghost,

125012-3



SOUZA, IBIAPINA BEVILAQUA, and LEHUM

PHYS. REV. D 107, 125012 (2023)

Yo

Iy

¢ g
¢
e oy
g g g9 g g g9 :
¢

o

1 2 3 4
g g
M % g
g RETETET NN
g - g g
h g
5 6 7

FIG. 2. Feynman diagrams for the gluon self-energy.
. -2 (Caléa=3)g" = (& =2)>m* )
—ix =ip? +Z5,
s(p)=ip ( e 2

4im? —Caésg* +4AN, — (&, —2)k*m? _
167%€¢ s

+ finite, (13)

where C4 = N for the SU(N) group. By imposing finite-
ness to X,(p), we find the following one-loop counter-
terms:

szz(‘fh —2) = Cy(&4 - 3)92

1
Z§Y> = 1671'26 ’ (14&)
-C 2+ 4\N, — - 2)k*m?
ZSJ) — AgAg + s (5}1 )K m . (14b)

167%€¢

For the gluon self-energy, it is convenient to write the
one-loop correction (corresponding to the diagrams in
Fig. 2) as

I, (p) = (P = p* p")I(p)S,p. (15)
where the function I1(p) is found to be

iKzPZ(z —3&,)
967%€
iCyg* (2N, + 3&4 — 13)
- 967%€

(p) = —iz\" —ip>Z{V +

+ finite, (16)

and, imposing the finiteness on II(p), we find

_ CAQZ(ZNS + 3§A - 13)
967°¢ |

K2(3§h -2)
9672¢

z\V = (17a)

Z\V = - (17b)

We can see from Eq. (16) that Z5 is the relevant counterterm
to the beta function of the color charge, since it is the
renormalizing factor for the quadratic term G4°G¢,, while
Z5 renormalizes a higher derivative term like G4*0JGY,.

9
LTy C ¢
B R ) & [EEERD SRR SR
(o] >~ (o]
C
1 2

FIG. 3. Feynman diagrams for the ghost self-energy.

Notice also that the UV divergent part of Eq. (16) is not
dependent on the masses of the scalars.

Contributions to the ghost self-energy up to one-loop
order are depicted in Fig. 3. The resulting expression is

ip>C -3
i, = <% + ipzzgi))(sa,, + finite, (18)
and, imposing finiteness, we find

Zél.) _ _ CAgz(?fA2 -3) ] (19)
¢ 64r°e

Notice that in Fig. 3 the gravitational interactions are not
shown. Although in the action there is a coupling of /** to
the kinetic term of the ghosts associated with the gluons,
the gravitational contributions to the ghost self-energy will
be renormalized by a higher-order term and is therefore
irrelevant for our purposes here. One way to see why this is
happens is to observe that both the ghosts and the graviton
are massless, so the only contribution proportional to >
must be of the order p*.

For the three-point functions, let us first consider the
ghost-ghost-gluon vertex (Fig. 4), where again all the
gravitational corrections are renormalized by higher-order
terms and are therefore omitted here. Also, in the following
expressions, we will use p; and p, to represent incoming
external momenta, and p; and p, for outgoing momenta.
The expression obtained for these diagrams is

Cag*éa 1 .
e —|—ch) + finite, (20)

l—‘Zbc = _ngfabc(
and the subtraction of the UV pole will give us

C 2
Z(ll) _ Ag zfA'
¢ 32rn“€e

c c
o g g g
.‘QQQQ c - cC A c
A wiéy’ - y;}px -
R4
9909088 o g g
g g
1 2 3

FIG. 4. Feynman diagrams for the vertex interaction between
gluons and ghosts up to one-loop order.

(21)
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FIG. 5.

For the other three-point function, the scalar-scalar-gluon
vertex, the gravitational interaction will be present in some
diagrams, as we can see in Fig. 5, where the relevant
contributions to this function up to one-loop order are
shown. The resulting expression is

_iFI(:bc = gfabc(pg - P/;)

8 Cu(9=584)9% + d>m? (&, — 2)
64n%e

_ Zg))

+ O(p?) + finite, (22)
from which, through MS, we find
Cu(9—584)g% + 4>m? (&, =2
ZE” _ a( $a)g” + dim* (&, ) (23)

6472

The three-point function describing the vertex with three
gluons in shown in Fig. 6. We have used the projection

g g »@Ju.
>¢ g /\j g '~c_ g
[0} [} ch ),"nnﬂr
¢ ¢ 999998 ¢
g g g
1 2 3

g g g
g g
g g ¢
gs g ®
" h g g
g g 9
7 8 9
g g
g g ¢ g
o} 9¢ 37 g
g
g g ¢
13 14 15

Feynman diagrams to the vertex interaction between quarks top and gluons up to one-loop order.

va vTTQ a 1 va
HZbc =" Habc = Habc = Znﬂynlt:bc (24)
and used the fact that p3 = p; + p, to get
o g3fabcCA(_9§A - 4Ns + 17)(p1 B pZ)a
_lnabc - 2
256z°€
30 -
- ZZ§y>g(p1 — P2)*fabe + O(p?) + finite, (25)
Through MS, we impose finiteness and find
2
1) g7 Cx(964 — 17— 4N,)
Zy) = — . 26
39 1927%¢ (26)

Now, we consider the scattering of four gluons (see
Fig. 7, showed at the end of the paper for convenience).
Since the interaction of four gluons has no derivatives, the
Z4, counterterm will renormalize terms proportional to p°

g g g
g, ¢ g . h
- g ! g9 ~. 9
ct LTI hi g
v |
999888 ¢ g e}
g g g
4 5 6

g g g
g
g g
h. ¢
:i:éwg“ ;%«;W ::b:%”
g g g
10 11 12
h g
g g g
g g g
9 g 9 g g
16 17 18

FIG. 6. Feynman diagrams to the gluons vertex interaction at one-loop order.
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FIG. 7. Feynman diagrams to the scattering between gluons up to one-loop order and one graviton exchange.

and therefore we can set external momentum equals to r . i N (27)
zero if we restrict ourselves to the computation of this abed = 7 Mwlpo™ abea>

counterterm. Also, for simplicity, we have used the scalar

projection to obtain the expression for the gluon four-point function
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. / X; 9
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g

¢ ¢ ¢ ¢ [} [} [} ¢ ¢ ¢ 5 ¢ v ¢
¢ [}
¢ h g g g g g
g g g g g
22 g 23 g 24 g 25 g 26 g 27 9 28 9
¢ ¢ ¢ o 4 @ ¢ g ¢ ¢ ¢ ¢ ¢
¢ _a ¢ ¢ . 2 2
4 th b > B9 ¢ g ¢ ¢ 4 ¢ hi g g g
h‘ _————
g 9 g g g
) () g h
29 9 30 9 31 9 g 32 9 g 33 9 g 34 9 g 35 g

FIG. 8. Feynman diagrams to the scattering between gluons and quarks up to one-loop order and one graviton exchange.

T — — iCag* (N, + 384 —2) + 3 iz\V 7@ Then, again imposing finiteness through MS, we have
abed 327% 2
2 —
X (tr(ttptoty) = 2tr(tt tyty) — 2tr(tyt, 1,1, zgi) _ _Cag (AZLSE;LZ%A 2) . (29)
9 e
+ tr(thtatctd) + tr(tctathtd) + tr(tctbtatd))’

The other four-point function involves two scalars and

(28) two gluons (see Fig. 8, again showed at the end of the paper
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for convenience). For this vertex, we use the following
projection:

1
Habcd = _ﬂﬂungll;cd (30)

HZZI;cd = ”ﬂynabcd = 4

and then we have

¥ . lg2 - 3CA<§A - 1)92 - 2(§h - 2)K2m2
abed — 2
16z7€

- 2iZ<2;)g2> (2tr (2 tptoty) — tr(t,t byt y)

—tr(tpt toty) —tr(tytotyty) — tr(t t,tyty)
+ 2tr(t.tpt4t,)). (31)

The counterterm is found to be

- 1)g* =2(&, - 2)*m?
Zgl) _ _3CA(§A )g 5 (&n —2)x"m . (32)
: 32n°e

From Eqgs. (14a), (17a), (19), (21), (23), (26), and (29) we
conclude that

39

1, _a | | |
= §<Zég) - Zés)> = ZEC) - Z<20)
_Cag* (3 +&4)

B 64r%e (33)

I 1 1 n 1, _a 1
)2 =) -2 ) -2

so the Slavnov-Taylor identities [38,39] are indeed
respected and thus gravitational interaction does not spoil
the gauge symmetry. This result allows us to define a global
color charge.

Moreover, we can show that the beta function is
independent of x and m, as the expression the one-loop
beta function of the color charge can be found through the
relations between the renormalized coupling constants and
the counterterms given by

12
—2e 22523
Z

g=pu 90, (34&)
(34b)

(34c¢)

(34d)

Z;/ 2 Zé/ 2

1/2
Z,)

—2e

g=pu Jo- (346)

Therefore, the beta function for the color charge is

) dg
= limy -2
B(9) Himu 2
(1)
EERTI ML 25\ e
—ll_{%/"dﬂ[go(l_zl t 2y
3
¢ (11 2
=-—~ _(=c,-ZN,). 35
<4n>2(3 te ) )

The observed outcome is gauge independent, a charac-
teristic that was previously established via a functional
approach in Ref. [40]. This property has also been verified
in the context of the effective field theory of gravity when
coupled with fermionic QCD in [24].

As we can see, it does not depend on the mass, so our
choice to make all masses the same does not affect our
result for the beta function at one-loop order. On the other
hand, as discussed in [23], at two-loop order we would
expect a y_; k*m? term.

It is needed to stress here the importance of a regulari-
zation scheme that preserves the symmetries of the model.
In fact, the authors in Ref. [40] showed that in the weak-
gravity limit there is no gravitational contribution at one-
loop order if the regularization scheme preserves the
symmetries of the model, such as dimensional regulariza-
tion. On the other hand, if the regularization scheme does
not preserve all the symmetries, there will be a negative
contribution to the beta function (as seen in [11]).

IV. TWO-LOOP GLUON SELF-ENERGY

This section presents the computation of the two-loop
gluon self-energy and its renormalization. TARCER [41],
in combination with previously cited Mathematica pack-
ages, is utilized for this computation. TARCER implements
the Tarasov algorithm for the reduction of two-loop scalar
propagator type integrals with external momentum and
arbitrary masses [42]. The Feynman and harmonic gauges
(éy = &, = 1) are used for simplicity, and the analysis is
limited to the case in which there is only one scalar
particle (N, = 1).

The Feynman diagrams we need to compute are showed
in Fig. 9. Due to gauge invariance, our result can be
expressed as

2 = (P2gu — pup,)TI?, (36)

where the function II?® is a scalar function that can be
expressed in terms of a set of basic integrals. To present the
results in a simplified manner, we will adopt a notation
similar to the one used in the original TARCER paper [41]
for the basic integrals that will be utilized,
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89 90

FIG. 9. Feynman diagrams to the gluon self-energy involving only one graviton exchange at two-loop order.
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1 dPk
A, (m) = ﬂ.D/Z/ (K2 —m2]*’ (37)
1 dPk
B , = , 37b
A o
1 dPk,dPk,
Jl/ NZR2) (ml’ my, m3) - _/ P ) A (37C)
2 W= R — R —
1 dPk,d k,
F,  u(my. ... ,ms) :/ P ~ - - —, (37d)
’ aP ] [kt = mi] (k3 — m3]2[k3 — m3]"s kg — m]s ks — mz]*s
in which p is the external momentum and we introduced k3 = k; — p, k4 = ko — p, and ks = k; — k».
Therefore, we can write
% = ¢;A;(m)B;1(0,0) + c,A; (m)By ;(m,m) + 3B, 1(0,0)By ; (m, m) + c4(A,(m))?
¢s(B11(0.0)) + c(By 1 (m,m))* 4 ¢2J111(0,0,0) + cgJy 11 (m.m,0) + coJy 1 1 (m, m,0)
c10F11.1.1.1(0,m, 0,m,m) + ¢y Fy 1 11.1(m,0,m,0,m). (38)

All of the aforementioned integrals are established and can be found in Refs. [43,44], and the coefficients c; are presented
in the Appendix. As we are only concerned with the renormalization of the gluon wave function, we expand Eq. (38) around
p = 0 and retain only terms proportional to p°. Higher powers in the external momentum will be renormalized by higher-

order terms. Thus we obtain

o — _ACag _ik’m’Cyg®  iChg'log(m?) iCig'log (=p?) iiCag” | SirCig’
384r*e 2567 384rxte 64rte 384r%c  384x'e
17iC/2494 5i10g(47r)C§g4 5iC§g4 N
o finite. 39
576x%e 38474 76842 + O(p) + finite (39)

Now, we should compute the one-loop diagrams with counterterms insertion in Fig. 10. By doing so, we obtain

2 2
Ner = (020 = P )TIE (40)
where
@ _ _iCig'log(m?)  iCig'log(-p?) _SiCig' | ilCag® SiyCig’
cr 384r'e 64nte 384r%c? ' 1927%¢  384x'e
59iCig*  Silog(4n)C%g* .
- - (0] finite. 41
30drte T 3sdgte T Op)Hfinite (41)

Therefore, we obtain that the two-loop gluon wave
function counterterm is given by

(2) o C124.g4 _ 5C124.g4 _K2m2CA92 (42)
3 7 256n%  7687%¢ 256rtc

V. CONCLUDING REMARKS

In summary, we have evaluated the n-point functions for
the Einstein-Scalar-QCD model and demonstrated that
there are no gravitational corrections to the beta function

of the color charge at one-loop order. Additionally, we have
explicitly verified that the Slavnov-Taylor identities are
preserved at this order of perturbation theory, indicating
that the universality of the color charge is maintained. Last,
we have computed the counterterm for the gluon wave
function at two-loop order.

It is important to contextualize our results and com-
pare them with previous research. To this end, we will
follow the discussion in [45] and highlight some dis-
tinctions between our findings and theirs. One such
difference lies in the adoption of a distinct regularization
scheme. In Ref. [26], it is argued that there are three
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FIG. 10. Gluon self-energy one-loop diagrams with counterterms insertions.

primary concerns that should be considered when working
with quantum gravity: gauge invariance, gauge conditions
introduced in the quantization process, and the ability of the
method to regulate any type of divergence. It was further
argued that although dimensional regularization (DR) sat-
isfies the first two requirements, it cannot handle more than
logarithmic divergences. Therefore, Tang and Wu employed
the loop regularization method (LP) in their studies [26,27]
to regulate the divergences. This method is capable of
dealing with the quadratic divergences that appear in the
Feynman diagrams. The authors used LP to compute the
beta functions of the Einstein-Yang-Mills theory and com-
pared the results with those obtained using DR. They found
that while using DR leads to no gravitational contribution at
one loop, the use of LP leads to a contribution that is
proportional to y?.

Itis afundamental requirement that physical results should
not depend on the choice of the regularization scheme. Anber
pointed out in [20] that the quadratic divergences are not
relevant when using the S matrix, which is a physical
quantity. Moreover, Toms demonstrated in [46] that it is
possible to define the electrical charge in quantum gravity
using the background field method in a physically mean-
ingful way that is not influenced by the quadratic divergen-
ces. Therefore, such contributions should be regarded as

unphysical and should not be included in the evaluation of the
running coupling.

An intriguing avenue for further investigation pertains to
the existence of a non-Abelian scalar particle serving as a
potential dark matter candidate, as well as the implications of
quantum gravity for dark matter. In the study conducted in
Ref. [32], the potential ramifications of quantum gravity on
dark matter models were explored. It was demonstrated that
quantum gravity would give rise to a fifth forcelike inter-
action, setting a lower limit on the masses of bosonic dark
matter candidates. The authors also argued that, due to the
influence of quantum gravity, these potential candidates
would decay. However, given the ongoing observation of
dark matter in the present Universe, the authors were able to
calculate an upper bound on the mass of a scalar singlet dark
matter particle. In our future work, we intend to investigate
the mass range for a non-Abelian scalar dark matter candi-
date, as presented in our study. In such a scenario, the fifth
forcelike interaction would also be non-Abelian in nature.
This particular scenario was discussed in [31].

In our future endeavors, we plan to investigate the
dynamics of the renormalized coupling constant in non-
Abelian gauge theories, considering the presence of fer-
mions and scalars coupled to gravity at the two-loop level.
This investigation will involve an expansion of our research
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to incorporate modified theories of gravity, such as quadratic
gravity [47-51]. Drawing on the qualitative analysis pre-
sented in [24], we expect that modified theories of gravity,
characterized by unconventional properties such as repul-
sive gravity under specific regimes, could potentially impact
the behavior of the beta function. These modified gravity
theories introduce additional gravitational interactions and
might influence the running of the coupling constant in non-
Abelian gauge theories, leading to intriguing and novel
phenomena.

i(D* = 10D +35D% — 50D + 24)C,g?
960(D —4)(D —3)(D — 1)?m*

L = —

+ (2D* = 11D + 12)p?) = 5(D* — 8D + 12)k*m?*((D — 8) p* — 48m?)),

iCAQ%
16(D —4)(D -3)(D - 1)2m2p2

Cyr =
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APPENDIX: TWO-LOOP COEFFICIENTS

In this section we present the two-loop coefficients for
the two-loop gluon self-energy from Eq. (38).
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