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In this paper, we construct a charged soliton with a finite energy and no delta function source in a pure
Abelian gauge theory. Specifically, we first consider the three-dimensional Abelian gauge theory, with a
Maxwell term and a level N CS term. We find a static solution that carries charge N, angular momentum%
and whose radius is N independent. However, this solution has a divergent energy. In analogy to the
replacement of the four-dimensional Maxwell action with the BI action, which renders the classical energy
of a point charge finite, for the three-dimensional theory which includes a CS term such a replacement leads
to a finite energy for the solution of above. We refer to this soliton as a CSBlon solution, representing a
finite energy version of the fundamental (sourced) charged electron of Maxwell theory in four dimensions.
In three dimensions the BI 4 CS action has a static charged solution with finite energy and no source, hence
a soliton solution. The CSBlon, similar to its Maxwellian predecessor, has a charge N, angular momentum
proportional to N and an N-independent radius. We also present other nonlinear modifications of Maxwell
theory that admit similar solitons. The CSBlon may be relevant in various holographic scenarios. In
particular, it may describe a D6-brane wrapping an S* in a compactified D4-brane background. We believe

that the CSBIon may play a role in condensed matter systems in 2 4 1 dimensions like graphene sheets.

DOI: 10.1103/PhysRevD.107.125011

I. INTRODUCTION

Classical solutions of quantum field theories with finite
energy are physically very important and are rare. In gauge
theories there are certain finite energy solutions with some
finite charge, usually topological in nature, though not only
(for instance, consider the Q-ball solution [1]). In the case
of non-Abelian gauge theories, one can have topological
soliton solutions involving the gauge fields only, for
instance, the BPST instanton solution [2], though in that
case the solution only exists in Euclidean signature. If one
adds matter, specifically scalars, there are more soliton
solutions possible, like the 't Hooft monopole in the 3 4 1
dimensional non-Abelian case [3], and the Nielsen-Olesen
vortex in 2 4+ 1 dimensional Abelian-Higgs theory [4]. One
can also have finite energy solutions that are sourced by a
delta function, like the Blon solution, invented by Born and
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Infeld [5] in order to describe the electron as a finite energy
solution with a delta function source.

But until now, to our knowledge, there were no soliton
solutions in pure Abelian gauge theory. In this Letter, we
first derive a static solution of the Maxwell + level N CS
theory. This explicit solution has a charge N, angular
momentum N/2, and a radius which is N independent.
However, it has a divergent energy and a delta function
source. We cure both problems by uplifting the system into
a BI 4+ CS one. We refer to the corresponding soliton
solution as the CSBlon. For that case were not able to
derive an analytic explicit solution, but we show that indeed
it has finite energy, and charge, angular momentum and
radius similar to those of the predecessor Maxwell + CS
theory, but no delta function source. Moreover, the electric
charge associated with the solution does not arise from a
topological number.

The Maxwell + CS electromagnetism in 2 + 1 dimen-
sions has many applications to condensed matter physics.
These are described in the reviews [6—8] and in references
therein. Probably in a similar manner one can consider
applications of the BI 4 CS action to solid states systems.
In particular a phenomenological description of the dynam-
ics of the graphene sheets in terms of a DBI action was
proposed in [9]. The CSBlon may be a source outside of
the sheet.

Published by the American Physical Society
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Gauge field theories, Abelian and non-Abelian, described
by an action built of BI and CS terms, are very common on
the world volumes of D-branes. As such they show up in
various string and holographic models. An example of such
an Abelian gauge theory in three dimensions is associated
with a D6-brane that resides in the background of compac-
tified D4-branes and wraps an S*. This model has been
suggested [10] as the holographic dual of the proposal to
describe an Ny =1 baryon in terms of a quantum Hall
droplet [11].

The paper is organized as follows. The next section is
devoted to the motivation for this work and to a comparison
with the Blon solution in four dimensions. In Sec. III we
derive solutions of the Maxwell + CS action. First we
derive the basic static solution and compute its classical
energy, angular momentum and radius. We then derive a
solution with finite energy for the case where the origin is
encircled by a conducting circle and a time dependent
solution. In Sec. IV we uplift the Maxwell term to a BI one.
We write down the equations of motion and the constitutive
relations. We analyze the structure of the solution and
conclude that it has to have finite energy and charge and
angular momentum that are linear with N and radius which
is independent of it. Next we describe certain ModMax
generalizations. In the next section we summarize, con-
clude and write down several open questions. The paper
includes also three Appendices. In the first we describe a
nonrelativistic BI-type model, followed in the second by a
relativistic one. We then present 4 attempts of approximat-
ing the exact solution in the third one.

II. MOTIVATION AND COMPARISON WITH BION
SOLUTION IN FOUR DIMENSIONS

As motivation for our work, we can take the point of
view of the formal theoretical physicist, and simply look for
an answer to a mathematical physics question: can we find
in Abelian gauge theory a finite energy soliton solution,
which is not sourced by a delta function?

In four dimensions, the Blon solution to the BI action [5]
(modification of Maxwell electromagnetism) has a finite
energy, which is why Born and Infeld constructed it. But it
is also sourced by a delta function, so as to be able to be
identified with a finite field energy version of the electron.
At r — oo, the Blon solution becomes the regular Maxwell

electron, so Exl /r?, which gives a finite energy at infinity,
since 8~4ﬂfr2dr1732/2 ~ [dr/r?, while at r - 0, the

Blon modification keeps E finite. L

But the Blon is necessarily sourced, since V - D = 4zpy,
with p, the free, or external, charge density, which is found
to be g&°(r). There are no static solutions that are finite
energy and not sourced, either in Maxwell or in BI theory.

In Maxwell theory (see [12—14]) and in its BI generali-
zation [15,16], there are time-dependent knotted solutions
with nontrivial topological charges.

So it is natural to look to three dimensions, and see if
we can find something there. But in three dimensions, even
the regular Maxwell electron has E « 1/r, so a diverging
energy at infinity, since now & ~2x [ rdrE*/2 ~ [ dr/r.
So one needs to consider a modification of Maxwell theory
at large distances, or small energies (in the IR). Luckily,
in three dimensions we have the CS term that we can add,
and will dominate in the IR.

We can now ask: can we find such an action, of
Maxwell 4+ CS, or BI 4+ CS in a physical system? The
answer for BI + CS is in the affirmative, as follows.

Consider the D4-brane holographic system, or the
doubly Wick rotated nonextremal D4-brane (Witten model)
with a large N number of D4-branes, and consider a
D6-brane wrapping the transverse $* in it, and the other
three directions being parallel to the D4-brane. The CS term
on the D6-brane will contain a nontrivial term of the type
JANdANF (4)» and since on the transverse sphere
F(4) ~ Newy, we obtain on the three directions common
to the D4- and D6-brane an Abelian gauge theory term

N
SCS+BI = SBI + %/ d3xe””/’Aﬂal,Ap. (21)

But, before we continue, we will review the four-
dimensional Blon solution.
The four-dimensional BI action is

L(b;E.B) = b* [1 - m] (2.2)

where b is the dimensional parameter, of dimension 2, that
defines the theory, and

- 1
2 v
F=p (B —E) =55 Fub,
1 - - 1 -
G=—E-B=-—F, F", 2.3
b 4pr " (23)

ith Frv — 1 quvpo
with F 2€ F por- - . .
As always in nonlinear electromagnetism theories, be it
inside a material, or in vacuum, we define the objects

q__9L_ B-GE

0B VI+F-G*
TS E+GB
p=tz__L£+O8 (2.4)

0E V1I+F-G*

the above H(E, B) and D(E, B) being constitutive relations
for the material, or the vacuum theory.

In terms of E, D, B, H, the Maxwell equations without
sources have form
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N N N - -
V xXE=--9,B, V.-B=0,
c
— - > - -
V xH=-9,D, V.-D=0 (2.5)
c
In the presence of sources, one has
- S
V.D= Dexts (26)

which contains only the external (or free) charge density
Pexi (01 Py), which means delta function sources, introduced
as an extra term in the Lagrangian of the type [ p. Ao,
whereas we also have

- o
V-E=L, (2.7)

8 [

but here in p we also have charges due to the polarization of
the material, or in this case, of the vacuum, leading as usual
to the fact that this rotal charge density is spread out.

In four dimensions, the Hamiltonian is the Legendre

transform of the Lagrangian over E = F% = —A in the
Ay = 0 gauge,
n2
. 1+5
H=ED-L = b b 1], (2.8)
B2_ 72 5.0\ 2
\/ 1555 — (%)
and since we can calculate that
=2 B2 E+ Bz(] + EZb_ZE ) * 2@15)2
2 = D B — )
=P 1+ EE — (3E)
b2 b2
. oo 2R _ (E-B)
pP=DB*-(B-D)*=———— L (2.9)

we can reexpress it in terms of its natural variables, D and
B, as

— [ 2s  p?
. 12
H(b,D,B)—b 1+ﬁ+ﬁ 1
[ B+ B BB - (DB
)
=b \/1+ b2 + X —-1].

(2.10)

The Blon is a purely electric solution (l_é = 0), sourced
by a point charge, S0 Pey = Q4_1q5%(7), where for later
simplicity we took out a factor of Q,_;, the volume of the
unit sphere; for d = 3, Q, = 4x.

For the purely electric theory, the relevant constitutive
relation becomes

- E
D=———_ | (2.11)
\/1—E*/b?
inverted as
- D
o —— ) (2.12)

\/1+4 D?*/b?

Then, in four dimensions the equation of motion (EOM)
for the Blon solution becomes

d -
d—(rZD,) = 47q8*(7), (2.13)
,
with solution
D, = %, (2.14)
so that
, q/r gb
E.=—-¢'(r) = = = = = (2.15)

As we see, at r — oo, the solution reduces to the
Maxwell electron solution, and at r - 0, E/b — 1, the
maximum allowed value, because of the square root

\/1—E*/b
—
While V - D = p = q6°(¥) is sourced by a point
charge, the total charge is spread out,

- d
‘E="=(rE
dr(r r)

L_v
d q 2¢°
dr

€0

= (2.16)

P 3/2°
Vil +1 S <b‘§—24+ 1)

due to the “polarization of the vacuum.”
The total field energy of the purely electric solution, the
spatial integral of its Hamiltonian,

/ 22
S:/d3rb2 1+%—11

= 4nb? /oo r2dr
0

2

q
g™ 1], (2.17)

is finite.
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A. Three-dimensional Blon solution to BI theory

We can repeat the same analysis for the three-dimen-
sional case. We now denote by p the two-dimensional radial
coordinate (polar coordinate in the plane).

In 2 + 1 dimensions, the EOM for the Blon solution is
(taking out a factor of Q; = 2z as before),

d -
%(pr) = 27q8*(7), (2.18)
with solution
q
D/) — ;, (219)
S0
b
E,=¢ = ‘12//’ - 2‘12 _. (2.20)
\/p;’—bz 1 VPP +g
This integrates to
4 d b
b=—q /’ P s 2 (221
0 \/x*+ (q/b)? q

However, now the total field energy of the purely electric
solution is

E= /a’zrb2

= 27b? A - pdp

e

e
4+ 1]

2

q
R 1], (2.22)

and is log-divergent at p — oo as [dp/p, the same
divergence as in the Maxwell case. Of course, at p — 0
the energy is still finite.

III. SOLUTIONS FOR MAXWELL PLUS
CHERN-SIMONS IN THREE DIMENSIONS

In three dimensions, we can add a CS term, that will
dominate over the Maxwell one (or a BI, reducing to
Maxwell) at large distances, so in the IR. We analyze
therefore the solutions of this system.

A. The basic static solution

Consider then the Abelian Maxwell + CS term action at
level N, that reads

1 N
SCS+Mx = /d3X|:—@FﬂDF’w+§€”WA”0DA/) s (31)

where, since we have the CS term added to the Maxwell
term, we have introduced also the coupling ¢” in front of the
action. Then, as usual, A, has mass dimension 1, so g* has
mass dimension 1.

The corresponding EOM is

o,F" + Ae"PF,, =0, (3.2)
where 4 = g;—: has dimension 1.
Explicitly, we have (i =1, 2)
0,»Fio +/1F12 - O,
0gFO' + 0,F*' + AFy, =0,
00F02 +61F12 +/1F01 :O (33)

We define, as usual, the magnetic field (in three
dimensions, it is a scalar) B = Fy,, the electric field
E; = F;;. Consider a static solution (6,75 =0,B=0)
depending only on the radial coordinate p, the radial
component of E denoted by E and with E' =0,E,
B' = 0,B. Then the equations of motion take the form

E

—+E = ABo;B = AE; = B' = JE. (3.4)
p

Combining the two, we obtain a single equation for E,
P*E" + pE' — E(1 + 12p*) = 0. (3.5)

Denoting z = 4p, we obtain a modified Bessel equation
in the variable z,

?02E + 70.E — E(1 4+ 22) = 0. (3.6)
Thus the general solution for E is
E = al,[3p] + bK [2p), (3.7)

where I,[Ap] and K, [4p] are the modified Bessel functions
of the first and second kind, and &,b are arbitrary
constants.

Requiring on physical grounds that the field goes to zero
at large p, so excluding the /; solution, we end up with the
solution

E=bK\[Ap].  B=—bKyp). (3.8)
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Near p = 0, this solution becomes

We check that one of the equations of motion becomes
near p =0

b
B ~—~]E, (3.10)
P
so is satisfied near p = 0, and the other becomes
E b/1 1
E+—~—|——-——)~AiB, 3.11
ey <ﬂ2 /)2) 1D

so is also satisfied, but in leading order, 1/p?* (if we keep
higher orders in the expansions of E and B in p, it is, of
course, satisfied to all orders).

In retrospect, to satisfy the two differential equations in
leading order, we can propose the ansatz that E(p) ~
b/(Ap), then find B from B’ = AE, and then check that
the remaining equation, E' + E/p = AB, is satisfied in
leading order.

Note, however, that the solution we found has a delta
function source.! Similarly to what one does in 3+ 1
dimensions for the electron solution to pure Maxwell
theory, we rewrite the 0 component of (3.2) as

—- -
V -E =B+ C8r) (3.12)

with a free coefficient C, and integrate over an infinitesimal
disk D of radius € in order to fix C. Using the Stokes
theorem (Green-Riemann in 2 dimensions) to rewrite the

left-hand side as [ E - dI, we obtain

b 27b
2n1:0(62)+cz>cz%. (3.13)

Note also that in this case, since we obtain a linear
second order differential equation, with two independent
solutions, we can also propose the other ansatz (corre-
sponding to E = I;(4p), which is excluded on physical
grounds, as it blows up at infinity). Using the above rule,
we would write (we introduce D and H for later use in the
case of nonlinear electromagnetism theories, though here
they are trivial, D = E, B = H)

'We would like to thank Z. Komargodski for pointing this fact
to us.

1 D
D—EzAp+Cp3:>B—H—E<D’+—>
P

24 3C ,
:_+_p ’

ot (3.14)

in which case H' = AE implies C = AA?>/6, which indeed
matches the solution with 7,

2.2
D_E:Ap(l—l—/l—p).

: (3.15)

This solution is indeed a solution without source, since
again integrating (3.12) over a small disk as before, we now
find

A27e* = 2Ane* +C = C =0. (3.16)

At p — o0, we also have two possible behaviors: the
divergent one, to be excluded on physical grounds,

Ap

Q

E=1,(Ap) ~ , B=1y(Ap) ~E, 3.17
and the good one,
T
E=K\(lp)~e ™, |, B =—-Ky(Ap)~E. (3.18
1(dp) = e i o(4p) (3.18)

Note that at these large distances, the CS term dominates
over the Maxwell one, hence the exponential behavior
(unlike the Maxwell behavior, E ~ 1/p).

Also note that, since the differential equation is linear,
we have two solutions with general coefficients, but in the
nonlinear case to be studied later, we can have uniquely
fixed solutions (or not, depending on the nonlinear modi-
fication, as we will see).

We would like to determine for this solution the
charge, energy, momentum, angular momentum, and
mean radius. The charge is the integral of the divergence
of the electric ﬁeld#(in thi§ Maxwell case there is no
difference between D and E). Ignoring for the moment
the source charge at the origin, of value C/g*> =
27b/(g*2), and integrating only until a small radius e
(since as we will see, the energy is divergent anyway, but
both problems will be cured by going to the BI theory),2
we obtain

’If we nevertheless include the charge at the origin, so
including » =0 in our integration region, we obtain twice
the charge, and so we find J/Q = 1/4, i.e., if we fix b such
that Q = N, then we find J=N/4. But r=0 does not
contribute to the charge in the correct BI case, so we will
ignore it.
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1 . b [e
0= —2/ d?xV - E = —2/ d’xB = 2757 dZZKO[Z]
g Je g Js. gAJe=0

b (3.19)

where we have used [5° dzzKo[z] = 1.
If we choose the constant to be b = A%, we get that

Q=N, (3.20)

as we want.

For a radial electric field E, the components of the
momentum P, and P, (given by the Poynting vector 73)
vanish. ’

The angular momentum J is given by (the four-dimen-
sional J = J7x P, with P =E x H the Poynting vector
becomes in three dimensions J = [ d?xe"/x;P;, with P' =
€VE;B/¢*, and x;E; = pE, = pE, so J = [ d*xpEB/¢*)

1 2rb* [ 2nb* 1
J=— | d?®xpEB = —=—_ d ,2K K, [z2] =222 2
gz/ Xp 92 13 A iz O[Z] 1[2] 92 /13 2
(3.21)
where we have used [$°dzz?Ko[z]K;[z] =3 Upon

substituting the value of the constant b chosen above,
we get
|

2zb*1  2x2*1 N
J=5=-= ~ = 3.22
FPr2 Fr2 2 (322)
Then the mean radius of the object is given by
P/ 0B 1 fpdRKold _xl oy

PT LT84 [y duaKol] 22

so we see that in units of 4, which is the only parameter
appearing in the equations of motion (3.3) (note that, in this
classical case we are considering, the equations of motion are
the relevant object), the mean radius is independent of N.

Even though the object described by this static solution
does not relate to the usual flavor degrees of freedom in the
Sakai-Sugimoto-Witten (SSW) model [17-19], it does
admit properties similar to what is expected in the large
N from the novel type of baryon, namely, it has Q =
N,J = N/2 and p is independent of N.

However, for it to represent a baryon as a soliton,
ignoring the delta function source for a while, we still
need to check the energy of the object. Calculating the
energy (note that the CS term does not contribute to the
Hamiltonian, hence to the energy, so the energy is the same
as in the pure Maxwell case),

1
£= 2—g2/Jlx<E2 + B?), (3.24)

we obtain a divergence of the integral near p =0,
J&° E* ~ [ dzzK | [z]K[z]. However, the magnetic part
of the energy is finite, since [ dzzK[z]Ko[z] =1

5
For future use, note the general formulas

l+pu—-v

0 1
/ xdxK,(ax) = 2”‘1a_"‘1F< +l2l i y)l"(
0

)

. 2—2—/1 —U+/1—1bu 1=2 1—A—u— 1=-21 —
/ K, (ax)K, (bx) — a F( +,M—|-I/)F< JZ U)F( +p 1/>F

A r(1—2 2 2
1-2 1—a- p?
x< J;”Jr”, ”+”;1—,1;1—az>. (3.25)

B. Regularization with a conducting circle
around the origin

The divergence of the energy, as well as the source, come
from the near p = 0 region. To avoid them, we can consider
a system with a conducting circle of radius p, around the
origin, so that the electric and magnetic fields inside it
vanish. Now all the integrals in the expressions for Q, J, p,
and &£ will be only between p, and infinity.

If we take for this case that the constant is b = g

where Q = (poA)K|[(po4)], which ensures that we
still have Q = N, we get for the angular momentum

27 b? [
=5 [ dz?Ky[7]K
e A 22°Ko[z]K, [2]
2z YAl

= — 25z 2
gz Q2/132 (3 6)

[(poA)K 1 [(pod)]* = %
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Thus, even for this regularized setup, the ratio é = % is
still maintained.
The finite energy in this case is given by
1
g = ﬁ/ d2X(E2 + B2) = /1Ng(), (327)

where the dimensionless quantity & is given by

Ky [po/]
= 3.28
" 2(poA)Kolpol] (3.28)
The mean radius is now
A 00 N

. ?fcﬁxpB _ lff’o 122 Ko[2] _7p (3.29)

%fdsz A2 dzzKolz] 247

where

s 1
P=%

3n(:E—L(Apo) K, (4
(_37[L2(/1p0)+ (/1/10 1{11((5)())) 2 /)o))+41p0>’

(3.30)

and L;(z) and L,(z) are the modified Struve function of
order 1 and 2, respectively.

To conclude, in the “regularized case” where the electric
and magnetic fields vanish within a radius p, from the
origin, we can still get a solution that admits a charge
Q = N, angular momentum J = %, while having now a
finite energy, quantized in terms of the scale A in the
equations of motion, £ = AN&, and a mean radius that is

N independent, in terms of the scaling with p ~ L.

C. Time-dependent solution

We have found a static solution of the equations of
motion (3.3), but it had a divergent energy. Let us look
now for a time-dependent solution. In particular, we
would like to check whether there is solution that
incorporates a ‘“chiral mode,” while keeping the same
scaling of Q, J, and p with N. We start with an ansatz that
includes both a radial, as well as an azimuthal component
of the electric field vector,

E=Ep+EH,  E,=E,p).
Ey = Ey(p) cos(6 — wt). (3.31)
Since E, now does depend on theta, the divergence
equation [the first equation in (3.3)] has another term, so we
also modify the ansatz for B in the form

B =B,(p) + By(p.0), (3.32)

such that the additional equation that follows from the first
equation of (3.3) reads

1 1 .
;agEg :/139 d Bg = —EE()([]) 31n(9—wt).
(3.33)
The second and third equations now read
0,B, = AE,(p)sin(@),
0B, = AE,(p) cos(0),

0,By = AEycos(0) — 0,E,sin0,
0,Bg = —AEysin(0) — 0,E4 cos 6,
(3.34)

from which it follows that

apo = A‘Ep 0/)39 = —WEg Sin(ﬁ - Wt) (335)

Thus, it follow that E, obeys the modified Bessel
equation (3.5), namely,

PPE) +pE, —E,(1+12p*) =0,  (3.36)
and hence we have
E,= 2K,  B,=2rKolpl.  (337)

As for Ey and By, if we substitute the right-hand side of
(3.33) into the right-hand side of (3.35), we get

J,E) E
—p=b —92=—WE9—>
Ap  Ap

pO,Eq— (wip*+1)Eg=0.
(3.38)
The solution of this equation is

c .
Ey = cpetr’, By = —Ze’lwl’z sin(@ —wr).  (3.39)

The exponential growth of Ey is surprising. Note that if
one uses Euclidean instead of Lorentzian signature, this
growth turns into a decay, e’

Since when determining Q we integrate over 6, we get
that if there is a natural cutoff along p, B, does not
contribute to Q, and thus we still have that

0 =N. (3.40)

The angular momentum does not involve E, and again

the integral over By vanishes, so we also still get that

J=—. 3.41
- (3.41)
We also get again that
wl
p=——. 342
P=57 (3.42)
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IV. THE THREE-DIMENSIONAL BI ACTION
PLUS CS TERM

We want to find a finite energy soliton solution, so we
must modify the action in the region where the divergence
is situated, namely, at p — 0.

A. Equations of motion and constitutive relations

To obtain that, we replace the Maxwell term by a BI
term. The main goal is to check whether the ‘“soliton”
solution (3.8) is modified in the case of a BI action such that
we have a finite energy, rather than a divergent one (as well
as no delta function source). Consider then

1
SCS+BI:/d3x{Rb2 1—\/1+WF”UF”D

N
5 A4, } :

(4.1)

where b has dimension 2, R is a length scale, and g* is

dimensionless, so that R/ g is the previously defined 1/¢7,

now renamed 1/, that will continue to appear in /.
The corresponding equations of motion are

F
ad, 1 + Ae"PF,, =0. (4.2)
1+ 375 F,F
Explicitly, we have
(31[)1 + 62[)2 - lB = O,
0D, — 0,H + JE, =0,
0D, +0,H—-E, =0, (4.3)
where
- E
Dy =D\ = 1 1 2 _ p2y’
\/1 T2 (E - B )
- E
D2 = D292 = i 2 5
\/ - (B2 - B)
. B
H=Hg = (4.4)

\/1—92—1,]2(152—32)

and as usual (but referring only to the BI part, the CS term
depends explicitly on A,, so we cannot include it in the

definition of D, H)

5:%, H=-% (4.5)
oE oB
Note that in three dimensions the magnetic field B is a
scalar, and so is H.
Looking for a static solution with only a radial compo-
nent of E denoted by E, the equations take the form

D .
—+ D' =B,
P
0,H =E,,
0.H = AE,, (4.6)

which imply the 2 regular differential equations for the
radial fields,

.. D
D' +— =)B.
P

H = JE, (4.7)

A note on the BI action: When reducing the four-
dimensional BI action (2.2) to three dimensions, two things
happen: we are left with only B = B, and E; and E;, so
By =B, =0, E, =0, which also means that E-B= 0,
hence G = 0 now, and the second is that we integrate over
Z, giving a factor R in front, with dimensions of length. We
also have introduced 1/¢* in front of F in the action.

Then, the constitutive relations become now (after
absorbing the factor of R in D and H)

H(E.B) = 1 B H
b)) ===,
B-E
9. /1+ e g
- 1 E
D(E.H) = 5—F——=. (4.8)
9 )14 B=E
s

It would seem that we could simply use the above
constitutive relations in (4.7), but that would be more
difficult. It is clear that the better form is in terms of 5, B
and E(D, B) and H(D, B), which are the natural variables
in the Hamiltonian formalism.

The Hamiltonian, as the Legendre transform of the
Lagrangian, which in four dimensions was (2.8), becomes
in three dimensions

H=Rp|——20 1], (4.9)

but it needs to be reexpressed in terms of 13, B, where D is
now in (4.8).

Reducing to three dimensions_the correct form of the
Hamiltonian (2.10), in terms of D, B, we obtain
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- ’D* + B*/# DB
H(b; D, B) = Rb? \/1+g B, —11.

b? b*
(4.10)
Then,
> 0 > 1+ B%/(¢*b?
EB.B) =2~ 2D +m /(29 ) — . (4.11)
N2 R2
oD \/1+gDZZB/92+DTf
Moreover, since we can check that
Ez _ 9252 1 +Bz/(gzb2) (4 12)
Fv B 1+ @D
then
- B 14 #D*/b>
f(D,B) = S— 1++Bgz/( ébz). (4.13)
1+ £ g

Then we want to solve the equations of motion (4.7),
with constitutive relations

> > 6 - 1+ B? 2[72

\/1 N #£D* 4B/ +Bz/g L BB DZBZ
1+ ¢*D*/b?

1+ B*/(g°b?)

(4.14)

B. The analysis of possible solutions

These are 4 equations in z = Ap with 4 unknowns, so
they will admit a solution.

However, the solution is hard to obtain. We will focus on
the solution near p = 0. We have shown that the expansion
of the exact solution in the Maxwell case near p = 0 can
also be obtained as follows: we propose an Ansatz for one
of the fields (there E), and then find the other fields from
one of the equations of motion, and the constitutive
relations, and finally check if the remaining equation is
satisfied.

In this case, specifically we find it easier to write an
Ansatz for D(p), then find B from D' + D/p = AB, then E
and H from the constitutive relations, and finally check if
the equation A’ = AE is satisfied.

Since there are only a small number of possible behav-
iors near p = 0, once we find one that works, it is the
correct one.

As in the Maxwell case, we can have, near p = 0, the
solution that was excluded before, since it blew up at
infinity, with D = Ap + Cp>. For the moment we will

ignore it, though it will turn out to be the only possibility in
the end.
First, an observation: for D — co and B — oo, the
constitutive relations (4.14) give
E~B, H~D, (4.15)
which is the opposite of the small field result, for D — 0,
B -0,
E~D, H=~B. (4.16)
We consider the following possibilities: .
(i) We first try D diverging as a power law, D = A/p“,
a#1,and a > 0.

Then we get
A . A
B = (1—a)m, H:Esgn(/l)sgn(l—a),
=B|. (4.17)

On the other hand, from the EOM, we have

JE = H' = sgn(l —a).  (4.18)

Tta
p

We see that we have matching with the previous

only if @ = 0. This actually means D = Aeﬂ/_jy , and
we will comment on this later on, but for now, we
will continue to try other cases.

(i) We can also have D = Alnp, giving

Alnp A lnp

, H = Alnpsgn(2).
) e @

(4.19)

But on the other hand, from the EOM, we get

~ A
AE = H' = —sgn(2), (4.20)
p

so it does not match. This is not a good solution.
(iii) More generally, D = Aln® p gives

Aln* .
BzI npp, H = AIn*psgn(4),
1 a
E=A2Lsn(2), (4.21)

but from the equations of motion,
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na—l

- 1
JE=H =aA—Lsgn(2),  (4.22)
so this also does not match.
(iv) We next try D = A + Kp“, a > 0, giving
Bl g kK A?
T’ CIp P+ A%
A 1
=, (4.23)
|A|\/A% + g*b* P
and from the EOM
IE =H'<1/p, (4.24)

which also does not match.

(v) Similarly, we have also tried 5. D = Ap®Inp,
6. D=A+Kplnp, 7. D=K/Inp, 8. D=
A+Kp*/Inp, 9. D=A/p+Clnp, 10. D=
A+ K/Inp, 11. D = Ap*, a > 0 (both a > 1 and
0 < a < 1). None of these works.

This is good, since we can either have a unique solution,
or two solutions, as in the Maxwell case, so if we find
another possibility besides the D = Ap + Cp® one, that
must be it.

As we said, we could try (a, f > 0)

~ a ~ A a
Donach——|p|, B=-PL 5 _|p (23
/1/),0—0—1
with E~B and D ~ H.
Note that now the Hamiltonian is
DZ +32 D2BZ
‘H = Rb? -1/, 4.26
\/ 92b2 + g4b4 ( )
SO in our case it is
2a
D|B| A? o’
gL ATl e (4.27)

g gl

which would give an even more divergent energy. But now,
unlike the purely electric Blon solution, for which we had

to have E/b < 1 because of the square root 1/ 1 — E /b?,in

this case, this does not contradict anything, since we have

\/1 + B%/b? — E*/b%, and B > E.

However, note that while the leading behavior in B, D is
OK, the subleading one gives a contradiction.

Indeed, if we are more precise, when D — oo, B — o0,
from the constitutive relations (4.14), we have

1
w=nli- o))

1

In our case, using the leading behavior of D and B, we

find
H :Ae/% [1 + O(e_z/(ﬁ)} ,

E=~ —;if, [1 + O(e‘zfﬂﬂ :

On the other hand, from the equations of motion, D’ +
D/p =B and H' = JE, these two should reduce to
(almost) the same equation, and by comparing the differ-
ence between the two, we find we should have

(4.28)

(4.29)

a

o = Oe ),

(4.30)

RS
NIk

which is a contradiction.

So, in fact, there is no diverging solution either.

In this case, the only solution that we still have is the
(modified) small field behavior from the Maxwell case,
which we also saw had no delta function source. This
corresponds to D = Ap + Cp?, and we could prove it
as above.

However, for ease of analysis in the case of other
nonlinear actions besides BI, we will show how to derive
them using the D(E, B) and H(E, B) formulas. In this case,
we must make Ansatze for both E and B, then use the
constitutive relations D(E, B) and H(E, B) and then check
both equations of motion, D' + D/p = AB and H' = AE.

At p — 0, we write

E=Ap+ Cp’, B =By + Byy?. (4.31)
From the constitutive relations, we get
D = ! (Ap + Cp?)
iz T
1
H = ———=(By + Byp?). (4.32)
V14 B}
The EOM D' + D/p = AB fixes
2A 3C
=— = (4.33)

By = . By=
I+ B P /1+ B
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while the EOM H’ = AE fixes

B JA\/1+ B}
2= 5

> , (4.34)
so that
Cc A
B _ AA\/1+ Bj
2 — 2 )
2A
Boy/ 1+ B% = U (4.35)

Thus the solution is defined completely in terms of the
arbitrary constant A, like in the Maxwell case.

At p — oo, we still have the exponentially small sol-
ution, we can ignore the BI modification to the action, since
it vanishes at large distances.

But also at p — oo we do not have the diverging solution
anymore, for the same reason as in the small p case. From
(4.28) at large p, we need to be able to neglect D/p with
respect to D', in order for the two equations of motion
D'+ D/p=2AB and H = AE to give the same one in
leading order. That excludes a power law, and only leaves
an exponential in leading order,

A
D~ A B~ %ﬁpﬂ‘le”/’”, (4.36)
with @, > 0. But then the subleading order does not
match, since we get

2 ~ é eap" ~ O(e_ap)’

(4.37)
pop

which is a contradiction.

But then, the only possibility left is that there is a unique
solution, with p — 0 behavior given by the modified I,
Maxwell solution at zero and the modified K, Maxwell
solution at infinity. This will have a finite energy, as we
wanted. One could, in principle, find this solution through
numerical analysis, but this is left for further work.

We call the solution defined in this subsection the
CSBlon.

C. Charge, energy, and angular momentum of
the soliton solution

We revisit the calculation of Q, J, £ in Maxwell + CS
theory, with a view to understand it in the case of the BI +
CS soliton. .

We first note that, in general, V - D = py» the free (not
polarization) charge, usually g5¢(7). But we also have the

general Maxwell equation V D = 2B in the presence of

the CS term, with no delta function source, so really we still
have

0= iz/ &7V D= 12/ &£xB.  (4.38)
g g

Here A = ¢’ N/(2x), and E and B are both proportional
to an arbitrary constant, called b. In the Maxwell case, we
chose it to be = A2, so that the charge O = N. Now, for the
same reason, we will choose a slightly different value. Note
that 5 has dimension 2, but once this is taken out, E and B
become dimensionless functions of the dimensionless
variable z = Ap. Thus we write

B = bB(z), E = DE(2). (4.39)
Note that, for the BI case,
5 E - B

D — — H g —_—, (4.40)

| = BB | - E-B

gth g2h2

which means that also

D=bD(z), H=bH(2), (4.41)

and similarly for the case of the new relativistic modifi-
cation in Appendix B.
Then

0= —ZN/OOO dz zB(z), (4.42)

where the integral is a dimensionless number, so we can
now choose instead

b—/lz/ dzzB(z) = Q = N.
0

(4.43)

The Poynting vector, giving the momentum density of
the electromagnetic wave, is in four dimensions

P=ExH, (4.44)
which in three dimensions becomes
P = €E/H, (4.45)
and therefore the angular momentum is
s=1 / PxpE = 2 / Yz RE()H(Z).  (446)
g g4 Jo
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But with the above choice of b, we obtain

fpdPEQH()
J=N 0[f0°° dzzB(2)]*

(4.47)

Unfortunately, without a full solution, we cannot calcu-
late the coefficient of NV in the above.

Because of the scaling of the fields with b and g, and the
form of the Hamiltonian H, expanded in powers of the
fields, we can write, in the Maxwell as well as in the BI
(and new relativistic) cases,

1.
H= ?bz’H(z), (4.48)
so that the (finite) energy is now
27b? [
g 0
With the choice of b, we have now
©d
£ = Ny o 4z (4.50)

[J5° dzzB(2)]*

Since 4 has dimension 1 and is the only dimensional
constant appearing in the equations of motion, we can
consider it as the scale of the energy although, strictly
speaking, from the point of view of the action, where we
have separately the dimension 1 constant ¢° and N, 1 is
quantized in units of N as well, so the energy would be
proportional to N2, not N.

The coefficients of N in J and NA in £ can only be
calculated numerically, or knowing the full solution.

D. ModMax and ModMax precursor generalizations
in three dimensions

One can ask about the generality of the analysis in the
Maxwell and BI cases.

One could think that perhaps the new ModMax theory of
Bandos et al. [20], an extension of Maxwell with a
dimensionless parameter y, could also be of help in solving
the singularity at p = 0. We could extend the Maxwell term
to the ModMax term, and we will do that soon, but for the
moment consider the more general precursor theory to
ModMax, which is the theory that generalizes BI with the
introduction of the same parameter y, with Hamiltonian
(see the Lagrangian in [21])

H](;fi)gcn.(ﬁ, B) = \/T2 +2T (s coshy —sinhyy/s* — p2> +p*-T, (4.51)
where
D* + B 27 2 3
s = ;r . p=\/DB*- (D B (4.52)
Reducing to three dimensions, B becomes B, so we get
D* + B2
5= er . p=BD| (4.53)
and so
D>+ B2\* - D> - B?
Jst—pr = (222 _prp DB (4.54)
2 2
Also introducing ¢°, the three-dimensional Hamiltonian is
= 2T D’ + B \D-B\ DB
H](31—)gen(D,B) =R\[T*+ 7 <cosh]/2 —sinhy > ) +—5——RT. (4.55)
g

To this, one must, of course, add the CS Hamiltonian, but that vanishes, since the CS Lagrangian is linear in A (it has the
term A;A; — AyA}), so we are safe.
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Then we define E and H as usual, obtaining

T [cosh yB — sinh )/sgn(B2 - BZ)} + B?/ g

\/T2 —&-29—3 <coshy¥—5inhy

T {cosh yB — sinh ;/sgn(B2 - Bz)} + l;)z/g2

Su

g

9
_B? 52 B
29+4

(4.56)

The ModMax part of the Lagrangian is

- B> — > |B2— E2|
LE,B)=T|1—4/1- hy —sinhy———
(E,B) l \/ 77 coshy —sinhy —

’

(4.57)

to which now we must add the CS term.
The equations of motion are, as in the BI case,
H = JE.

D
~+ D' =B, (4.58)
p

From the constitutive relations (4.56), we see that as

B,D — oo, we obtain again

E - B, H =D, (4.59)

as in the BI case (the opposite of the small field results).

We also obtain that in the ModMax limit 7 — co, the
constitutive relations (4.56) become

E = Dlcoshy — sinh ;/sgn(B2 - B?)],

D = B[coshy — sinh ;/sgn(lq)2 - B?)]. (4.60)

This means that, up to a numerical factor, we are back to
the constitutive relations of the Maxwell theory, so the
same analysis as there follows.

Instead, we may hope that the precursor to the ModMax
has a better chance of avoiding the singularity, so we repeat
the same analysis. But since we have £~ B and H ~ D at
large D and B, we have the same analysis as in the BI case:
the equations of motion in terms of E, B, D, H are the same,
and for diverging D, B the same constitutive relations, so
again we take D = A/p® and (since then D and B are large)
find matching only for a — .

Moreover, then explicitly again we can take D = Ae®/ s
and obtain matching, but only for the leading order, the
subleading one does not work. So in this case again
we have a solution interpolating between the modified
Maxwell I, solution at p = 0 and the modified Maxwell K
solution at p — oo. This again gives a finite energy.

=B
\/T2+2g—2T<coshy

521 2 . DB 52 B2
— —smhy—‘ . | +—Dgf

In order to find the generality of the solution to the
diverging energy problem in nonlinear theories of electro-
magnetism, we consider other nonlinear modifications in
the Appendices.

V. CONCLUSIONS AND DISCUSSION

In this paper we have defined a finite energy solution to
three-dimensional BI+ CS electromagnetism (Abelian
gauge theory), which we called a CSBlon. The solution
for a level N CS term has charge N, radius that is N
independent, and angular momentum and (finite) energy
proportional to N, which means the solution represents a
soliton.

The CS + BI theory was understood heuristically in
string theory as a D6-brane wrapping an S* in a D4-brane
background, giving the CS + BI theory on the common
D2-brane world volume.

The CS term is crucial in many condensed matter
applications, since it dominates at low energies over the
Maxwell term. But it was crucial for the finiteness of the
soliton that we had BI electromagnetism, not Maxwell.
However, we can understand the BI modification as a type
of regularization. In fact, since the BI scale is related to the
string scale in string theory, the regularization appears
because of string theory.

The list of open questions related to the CSBIon include,
in particular, the following ones:

(i) Deriving explicit, probably numerical, solutions of
the equations of motion of the BI 4+ CS theory.

In this paper we have analyzed the pure gauge
theory. An obvious question is to consider the
coupling of the BI 4 CS theory to scalar and fermion
fields. It will be interesting to explore the inter-
actions between the CSBlon and the matter fields.
A natural generalization of the model discussed here
is in the form of a non-Abelian BI 4 CS theory.
The action of the BI + CS emerges as the low energy
effective action associated with D-branes in various
string backgrounds. In these cases one needs to
study the system in a curved background with
possibly additional fields.

(i)

(iii)
(iv)
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(v) Probably the most interesting question regarding the
CSBlon is to find realizations of it in the context of
condensed matter systems.

(vi) In this paper we have analyzed the system classi-
cally. An obvious question is how to quantize it.
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APPENDIX A: NONRELATIVISTIC BI-TYPE
MODEL

We saw that the problem with the Maxwell modification to
BI, and its ModMax precursor generalization, is that we have

V' 1+ B*— E*inthe Lagrangian, which in principle allows
for the solution where E ~ B — oo, unlike the case of the
original BI purely electric solution, where effectively we had

V1 = E?, 50 |E| was bounded by 1 (and in fact it reached this
value at the core of the Blon). That is why, although in fact we
find that the diverging solutions are not allowed by the EOM,
the finite energy solutions that we find are not like in the case
of the Blon; namely, they do not go to a fixed, maximal,
solution at p = 0, but rather they go to a solution depending
on an arbitrary constant.

Then, in order to have a solution with naturally bounded
|E|, as well as naturally bounded B, so with a more intuitive
finite energy solution, it suffices to reverse the sign of B?
in the Bl-type Lagrangian. To preserve the Maxwell
Lagrangian at small fields, we also add a B> term, obtaining

1 —.  B?
SNR 51 = /d3x{Rb2 1—\/1—W(32+E)—W]

N
+ W ””/’AﬂayAp}. (A1)
Then we find
g BZ+E2
2b2
H= =2B - A2
-9 - aB i (A2)

The Hamiltonian is now

N 1-— ﬁ BZ
H—=ED—L = Rb? 1t o], (A3)
1 — B22+E2 gb
b
and as before, we find that we can rewrite it as
212 2,2 P2p2
oo gD —B*/g D’B
H(b,D,B):Rb2 \/1+ 2 )
BZ
[y (A4)
Then we have
- S J = 1= B%/(Pb?
Eb.B) =" 5 . /9 ~) (AS)
oD 1+ D'_B: DR
92b2 94b4
Moreover, since we can check that
- 32
E* D 1-B*/(gh?) (A6)
gzbz—gzbzl VRN
+ D /(g°b%)
then
B
H(D B) =2B -
B E2
1 5 2p?
_op_py LRI g

1= B%/(g°b?)

Then we want to solve the equations of motion (4.7) with
constitutive relations

S o) =z 1 —B?/(¢*b?
E(D’B):_ﬁl:l) /(g°b) ’
0 | £ D=B _D'B
g2b2 g4b4

U 1+D 2p?

1-B%/(g°b)

Since we have the bound |E/(gb)| < 1 and |B/(gb)| < 1
from the square root in the Lagrangian, if follows that £ and
B can at most be finite, but cannot be infinite.

(1) According to our recipe, we start with an Ansarz for

D. Assume first it is infinite, while B must be finite,
as we said. Since D'+ D/p =B, this is only

possible if D=A/p+Cp+ ..., which gives
B =2C/A+ .... But then the constitutive relations
give
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- B? D|/gb
E=Dy/l-—5  H=2B-B IDI/g
b 1 B?
q2b2
(A9)
Then
A Ac? .20 A
B\~ H==7p :
Y p) 1_4/%2
(A10)

and we see that then H — oo and moreover,
H' = E — oo, which is not possible. So this pos-
sibility is out.
From now on, we will consider gb = 1 for simplicity
(though it can be reinstated easily).
(2) More generically, consider £ and B finite, but D
noninfinite. Then,

B=A+Kp) = D=Cp+K'p'*P’. (A11)
But the constitutive relations then say
E~DV1-B>~CpV1-A? -0, (A12)

so we get a contradiction. We could continue with
E « p, and we will in fact see that this is the solution,
but for the moment we just say that E cannot be finite if
B is finite.
(3) We could have E finite, but B = Kp* — 0, which
would imply
D = Cp'**(1 + K'pF), (A13)
but then from the constitutive relations H ~ B ~ Kp“
and E~D~Cp't® =0, contradicting  our
assumption.
(4) We are left with the possibility that £ — 0 and B
finite. Assume

B=A+KpP, (A14)

which means that

D = Cp(1 + Kp¥) - 0, (A15)

which gives

C+pCK ,

1 D 2C
B=-(D +—)=— Al6
/1( + p) A + A ( )
But then, from the constitutive relations,
1
H~B|2 — —|, (A17)
1 -B?

yet we want at least H = F + Gp?, so E « p — 0. This
implies # = 2 (at least), and moreover we can calculate H.
We have two possibilities:

(a) F=0, so H x p*. In that case, we obtain

2C 3 4Ck
A:—:£:K/:—:\/§K. (A18)
A 2 A
Then also
3 2
H e~ g lz ot |~k (A19)
\/1 — 43K p?
From the constitutive relations, we obtain
C
EzD\/l—BzzT’D, (A20)
but from the last EOM we get
H' K K
E=—=-12—p=—-12V3—p, A21
g P Vize, o (A21)
and equating the two, we get
/12
K=—-——. A22
96 ( )
Then, finally,
V3 V3 [, 22p?
E~— B~—|1——— A2
g 2{ 48}, (A23)

which gives a finite energy density at zero from (A3), just
like for the Blon.
(b) The more general case is for F # 0, so
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H—BP J__?
zA{z
e m+p2[2K<2‘
1 C®  2K(2C/A)?
1—(2C//1)2< +1—(2C/ﬂ)

But from the constitutive relations we have

E~DV1-B=Cp\/1—-(2C/A)>,

while from the EOM we have

(A25)

_H _4Cp _ ! - :
E=7=" [2K<2 1—(20/2)2> V1-(2C/A)?

C* 2K(2C/2)?

—t—— |- A26
X<2+1—(2C//1)2 (26)

Equating the two, we obtain

S Y — 2
o« 1a/recny 4 e A27
T2 91 _ (o (A27)
Vi-@eyr  (1-2C/)%)72

Thus we have obtained K = K(C), and we had pre-
viously obtained

2C
BzT(l - 2Kp?), E~Cp\/1-(2C/A)?,  (A28)
so the solution has a free parameter C, bounded by
C < 1/2. That is good, since we have solutions at infinity
that are also defined by a free parameter. This is also what

happens for the Blon solution.

APPENDIX B: RELATIVISITIC BI-TYPE MODEL

We can also consider relativistic nonlinear electromag-
netism Lagrangians, but we consider one that obtains a
stronger bound on the fields than in the BI case. We take

1 E> - B? E* - BY\?
—[: g 1— —FAa_-Aa .
R 292 gaZ

(B1)

This guarantees that at least |E* — B2| < ¢*b%, unlike the
Bl case, where, if B diverges faster than E, B can diverge as

i

\/— ! 2 !
J— [K <2_\/11—A2>_\/11—A2 <C7+%>H

(A24)

|
much as possible, as well as having B> — E? diverge
as well. .

But we still have the problem that E* and B* could
diverge, as long as their difference does not, which would
still give a divergent energy.

First, we calculate the constitutive relations

5 oL E
D = gZT = s
3} 2 5\ 2
1= (E —-B )
gZhZ
- oL B
H=-¢—=—n-— . (B2)
9B E*-B? :
)
Then the Hamiltonian is
H=E-D-L
B Rb? { E B <EZ Bz>3]
o 2 92b2 ga 292b2 ’
1 - ng
(B3)

just that now we have not been able to rewrite it in terms of

D, B, and find from it E(D, B) and H(D, B) as in the Bl case.

As a result, it is more difficult to analyze the solution to
the equations of motion. Before, we had to only write an
Ansatz for D, then derive B from the equations of motion,
then £ and H from the constitutive relations, and, finally,
check the remaining EOM H' = AE.

Now, we must write two Ansditze, for E and B, derive D
and H from the constitutive relations, and finally check
both equations of motion.

But, because of the form of the Lagrangian, now this
procedure is more doable.

Indeed, now, if B or E is infinite, so must the other one,
and we must have B ~ E — oo, with (B?> — E?)> < 1.

Let us assume that this is the case, and then we must also
have, for the subleading terms, first in the case of
|B> - E?| ~1,
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B2 — 2 = 1 - Apf, (B4)
which gives, from the constitutive relations (B2),
E
D~A ~H. (B5)
pa/2

Even in the case of |E? — B?| = C < 1, we still obtain
D ~ H > B ~ E (otherwise we have > instead of just >,
but the effect is the same).

We then obtain a contradiction, since on the one hand we
have obtained D ~ H > B ~ E, but then from the equations
of motion we have |D|/p < |D'| in order to be able to
neglect the extra term D/p and the two equations of motion
to give the same thing, and on the other we have then
|D'| ~ AE < AD, which finally gives |D|/p < A|D|, which
is a contradiction.

So we do not have diverging fields at p = 0, just like in
the BI case, and for a similar reason. But we also cannot
have diverging fields at p = oo, now called r to remember
that it goes to infinity, just like in the BI case.

Indeed, again we need to be able to neglect D/r with
respect to D', in order to obtain the same EOM for the two,
D'+ D/r=2AB and H' = AE, since E~B, say with
subleading terms in a Taylor expansion,

A

B2-F’=1-—, (B6)
r
so from the constitutive relations (B2),
D~ ~H~ (B7)

%\‘m
~[R
%“W
‘|>..

But for a diverging power law, D' ~ D/r, so we must
have an exponential instead,
B~E=~Ce™ (B8)

with > 0. Moreover, then the equations of motion reduce
in leading order to

D' ~ Cap =172 par?

B9
o (B9)
and equating with AB gives f = 1/2 and
aff a?
V2A 842 (B10)

It would seem like we found a solution, but in fact the
solution is not valid for the subleading terms, which give a
contradiction. Indeed, from the subleading terms for the
two equations of motion, we obtain

ayr
3.Ca & s,
224
1 Ca e®V"
————=§(AE), Bl1
3 o =) (B11)
which would give
T
B2 —E*~ — 00, (B12)
r

contradicting our assumption. So the diverging solution is
excluded also at infinity.

On the other hand, as usual, at infinity the exponentially
small solution, given by CS + Maxwell, is still okay, since
we can neglect the correction to the Maxwell action.

And at p = 0, again (like in the BI case) we have just a
modification of the /; solution of the Maxwell case. Indeed,
with the Ansatz

E~Ap+ Cp’,
B~ By + B,p?, (B13)
from the constitutive relations (B2), we find
D ! (Ap + Bp?)
- m P P ),
1
H ~———— (B + Byp?). (B14)
V1-B;
Then the EOM D’ + D/p = AB gives
2A 3C
+ p* = ABy + Byp?), (B15)
V1-B} /1-B}
fixing
2A 3C
By=———, B,=————, (Bl16
* T W1-B] P W1-B] (B16)
with By solving therefore the equation
[, 2A
while the H' = AE equation gives
c 2
—=2(1-BY, BI18
~ = (1-B)) (B15)
so that finally
JA\/1 — B}
B, ="Y_0 (B19)

2 9
so all the coefficients are written in terms of a single one, A,
like in the BI case.
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We can also easily exclude the other potential cases at
p— 0 and B — constant (which implies H « p, plus
maybe a constant from H' = Ap, but that forces the square
root in the action to be finite, which in turn means D starts
with a constant, but then the term D/p in the EOM 1B =
D' + D/p implies a diverging term in B, contradiction), or
E — constant and B — 0 (which again imples the D/p
term for AB must diverge, giving a contradiction), as not
solving the equations of motion, just as they were excluded
in the BI case.

That means again, like in the BI case, that the non-
diverging solution, modification of the /; solution in the
Maxwell case at p = 0, matches onto the nondiverging
solution, modification of the K; solution at p = oo, giving a
finite energy solution.

APPENDIX C: ATTEMPTS OF FINDING AN
ANALYTIC SOLUTION

In this appendix we try to see if we can guess a full
solution of the equations of motion in the BI + CS case,
based on the Maxwell + CS solutions, and what happens in
3 + 1 dimensions if we change the Maxwell theory into a
BI theory.

We first note that the solutions of the BI 4+ CS turn into
the solutions of the Maxwell 4 CS in the asymptotic limit
pA — oo. Thus, an idea is to take an Ansatrz for the solutions
of the BI 4+ CS in the form of

)+
)

\/ f(r) Ky (r)2+1
Ko(r2(f(n)+g(r))*+
F() K (r)(Ko(r)*(f
=2rf(r)f'(r) = rf(
(=Ko(r)(f'(r) +¢
= f(r)K(r)(Ko(r

T
)

+1)
’( ) ( )g(r) + £(r)*)).
r) + f(r)*Ky(
2(f(r) +9(r)?

r

( r)?
) +1)%

1. Attempt 1
The simplest attempt is obviously to take
flpA) =1,  g(pa) =0.

In fac~t this can be generalized, since the EOM (4.7) that
relates D and B,

(C7)

D

D' +— =B, (C8)
P
has a solution of the form
D = b(cK,[2p] + dl[2p), = b(cKo[Ap] = dlo[2p)).
(C9)

D(ph) = Ki(pA)f(pd).  lim f(pd) =1 (C1)

B(pA) = —Ko(pd)(f(pA) + g(pd).  lim g(p) = 0.
(C2)

Upon inserting this into (4.7) we find that
K
F'(pd) = =22 9(pA)- (C3)
1

With this Ansatz for D and B, we get that E and H take
the form

r B r r 2
Bp) = £ (1) \/ R e
and
= Rnu s 9“”\/ R 4 T T
(©s)

Plugging these expressions into the EOM (4.7) we find
the following constraint equation on f and g

K\ (r)*(=rg(r)f'(r) + Ko(r)*(£(r) + 9(r))*(f(r) = rf'(r))

(f(r) + g(r)+K (r) (£ (r) + g(r) (£ (r) Ko (r)* (Ko (r)* (£ (r) + g(r))* + 1) + 1)),

(Co)

sl

ot

FIG. 1. H'/AE—1 for A= 1.
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0.5 1.0 1.5 2.0 25 30 “f
-0.05F
-0.10F r
-0.15F
-0.20F 20 25 30
FIG. 2. Left figure H' — AE. Right figure D’ + Dp — AB for 1 = 1.
Not surprisingly, this is the same solution for £ and Bin ~ and similarly
the Maxwell + CS system and hence it is not a solution of
the BI case. Indeed, B~ K\ [ip] = Kolpl/\/1 + KolAp]?. (C13)

H = JE
is not fulfilled. This can be seen in Fig. 1.
If indeed these configurations of D, B are solutions of the
full system of equations, then it is easy to check, using
(4.10), that the corresponding energy when we take d = 0,
unlike the Maxwell case, is finite.

(C10)

2. Attempt 2

Another attempt which is inspired by the passage of the
electric field from Maxwell theory to the BI one, namely,

1 1
o R — (C11)
r 1+
takes the form
D~ K [2p] = K\ [2p]/\/1 + K1 [2p]*],  (C12)
25 3.0

FIG. 3. The energy as a function of Ap for g=b=1=1.

This means that we take

F(pA)=\[1+Ki(p2)*,  f(pA)+g(pA)\/ 1+ Ko(pA)*.

(C14)

In this case, using the constitutive relations, we find that
the difference between H'[Ap] —AE[Ap] and DIip] +
D[Jp] — AB[Ap] is very small, apart from the region around
Ap ~ 0, as can be seen in Fig. 2.

This is not surprising, since the BI starts to deviate from
Maxwell when Ap ~ 1.

The energy density associated with this configuration,
following (4.10), is drawn in Fig. 3.

It is obvious from this figure that the total energy is
indeed finite. The question is whether the correction to this
configuration that yields a solution of the system will
preserve this property.

2+

-8+

FIG. 4. H' — JE for attempt 3 with A = 1.
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FIG. 5.

3. Attempt 3

A third attempt of finding an analytic solution is as
follows. We start with the Ansatz for D of above (C12). We
then determine B using (4.7) and get

K (r)* = rKo(r)

PR

(C15)

We then determine E and H using the constitutive
relations and check again whether the other EOM H' —
AE is obeyed. Again it is obeyed apart from the region of
p ~ 0 as can be seen in Fig. 4.

0.5 1 1.5 2.0 25 3.0

-1.0r

-1.5F

Right figure H' — AE. Left figure D' + Dp — AB for 1 = 1.

4. Attempt 4

Another attempt is to use (C12) for B[p], but for B[ip]
we take

B~ K [2p] = Kol2pl/\/ 1+ Ko[Ap?.  (C16)

In this case the configurations are a reasonable approxi-
mation for the solutions of the EOM for large p but deviate
in the region of small p, as can be seen in Fig. 5, do not
solve exactly the equations of motion in the region of
small p.

To conclude, we see that we could not find an analytic
solution.
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