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We develop the theory of quantum scars for quantum fields. By generalizing the formalisms of Heller
and Bogomolny from few-body quantum mechanics to quantum fields, we find that unstable periodic
classical solutions of the field equations imprint themselves in a precise manner on bands of energy
eigenfunctions. This indicates a breakdown of thermalization at certain energy scales, in a manner that
can be characterized via semiclassics. As an explicit example, we consider time-periodic nontopological
solitons in complex scalar field theories. We find that an unstable variant of Q-balls, called Q-clouds,
induces quantum scars. Some technical contributions of our work include methods for characterizing
moduli spaces of periodic orbits in field theories, which are essential for formulating our quantum scar
formula. We further discuss potential connections with quantum many-body scars in Rydberg atom arrays.
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I. INTRODUCTION

Most systems in nature are chaotic, and the interplay
between chaos and quantum mechanics has long been a
topic of intense study. While the subject of quantum chaos
is not yet in its final form, it hosts a diverse set of
phenomena [1,2] that have been essential to our under-
standing of mesoscopic systems [3,4], quantum thermal-
ization [5], and even quantum gravity [6,7].

In classical Hamiltonian mechanics, chaos provides a
mechanism for systems to exhibit ergodic behavior. For
instance, a chaotic Hamiltonian system at fixed energy is
generically expected to equitably explore all configurations
in phase space at that energy. This forms the theoretical
basis for the classical microcanonical ensemble. The
quantum analog is to consider a Hamiltonian operator H
and a projector P onto a band of eigenstates concentrated
around E. Then the Wigner phase space distribution
corresponding to Py is expected to be approximately
uniform over all configurations in the classical phase space
with energy ~FE. This would justify the usual quantum
version of the microcanonical ensemble.
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Remarkably, a large variety of chaotic, few-body quan-
tum systems fail to conform to the microcanonical ensem-
ble, even approximately. What happens is that the Wigner
phase space distribution of P is enhanced in the vicinity of
unstable classical periodic trajectories [8—11].

The seminal analysis of Heller leveraged semiclassical
techniques and time-smeared correlators to establish that
the position-space density of eigenfunctions is enhanced
around unstable, classical periodic orbits in few-body
systems [8,11]. Building off of this, Bogomolny showed
that these imprints on the wave function could be made
visible as oscillatory fringes after smoothing over an energy
and position window [9], while Berry showed that these
fringes are also visible in phase space using Wigner
functions [10]. See [12] for a comprehensive review. The
question we wish to address is whether quantum scars occur
in quantum field theories by an analogous mechanism.

There are related phenomena [13-16] that have
received attention following experiments on Rydberg atom
arrays [17], where periodic revivals were observed after a
quantum quench. This is a situation where one might
normally expect the system to thermalize and be composed
of energy eigenstates obeying the eigenstate thermalization
hypothesis [5,18-20]. Reference [13] showed that a small
number of nonthermal eigenstates are responsible for the
periodic revivals, while Ref. [16] showed that these states
could be approximately described by matrix product
states that support unstable periodic orbits. These thermal-
ization-breaking eigenstates have been suggestively called
“quantum many-body scars” [13—16], although their precise
relation to the few-body scars of Heller and others has not
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been understood. An important question is thus: are quan-
tum many-body scars in the sense of [ 13—16] due to the same
mechanism as the few-body scars of Heller? To begin to
address this, we must first develop the quantum field-
theoretic version of Heller’'s quantum scars. We will put
particular emphasis on the approach of Bogomolny since it
admits a rather direct generalization to field theory. This is
the goal of the present paper.

The rest of the paper is organized as follows. In Sec. II,
we generalize Bogomolny’s scar formula to quantum field
theory. In Sec. III, we pursue a particular example of
quantum field-theoretic scars, furnished by unstable peri-
odic orbits of nontopological solitons called Q-clouds. In
Sec. IV, we characterize the moduli space of time-periodic
Q-cloud solutions in a fixed energy window and show that
it satisfies the assumptions of our scar formula. Finally, in
Sec. V we conclude with a discussion.

II. SCAR FORMULA FOR QUANTUM
FIELD THEORY

We adopt the convention that capital Greek letters
®(x,1),II(x, 1), ... denote fields as a function of spacetime
coordinates, whereas lowercase Greek letters ¢(x), z(x), ...
denote fields at a fixed moment of time. We will set the
speed of light to be ¢ = 1. Consider a relativistic scalar
quantum field theory with action S[®], Hamiltonian
H[®,T1], and associated eigenfunctions {¥,[¢]},. These
eigenfunctions may, in general, come in a continuous
family, in which case n is replaced by a continuous index.
The field theory in question is assumed to be nonintegrable,
for instance, an interacting scalar field theory in d + 1
spacetime dimensions where the potential U(®) is not
fine-tuned. It will be convenient for us to consider a
complex scalar field, in particular, with a potential of the
form U(|®?).

We are interested in rendering a semiclassical description
of the probability functional |¥,[¢]|> associated with a
single eigenstate W, [¢]. However, in general, there is no
semiclassical description of individual eigenstates of a
chaotic system [9,10], but there is such a semiclassical
description of smeared bands of eigenstates. Accordingly,
in the spirit of [9], we make the following simplifications:
(i) We work with an average over probability functionals
|¥,[¢]|> with energy in the range [E—e/2,E +¢/2],
corresponding to an energy band around E of size . We
assume that ¢ is much larger than the mean level spacing
and also much less than E. We denote the energy band
average by (|P[¢]|?) . (ii) Additionally, we smear slightly
in field space using a Gaussian functional. The smeared
version of (|¥[¢]|*)g is denoted by (|¥[}]|*)g and is
given as

(I¥[9]1") g - —N/d;( (W] ) ez S #5@=2@P

where N is the normalization. Note that we have
(¥[]1*)e.a = (P[PIP)E as A > 0.

We can derive a semiclassical formula for {|¥[¢]|*) z 5 by
generalizing the analysis of Bogomolny that applies to the
few-body setting [9]. Bogomolny’s scar formula and its
derivation are reviewed in great detail in Appendix A; our
treatment of the derivation is organized to most readily
generalize to quantum field theory. The quantum field theory
scar formula is derived in Appendix B and has numerous
ingredients that are unique to the field theory setting. To state
our result, let us develop some further notation.

Let F be the infinite-dimensional space of field con-
figurations ¢: RY — C. We equip the tangent bundle of F
with the standard L? inner product so that F becomes a
Riemannian manifold. Then a classical periodic orbit
®_(x,1) can be regarded as a map ®.(x,-):R — F, whose
image specifies a one-dimensional submanifold of F.
Consider the collection of periodic solutions to the classical
equations of motion such that their energies lie in the range
[E —¢/2, E + ¢€/2], and their periods T are less than ~7/¢.
In a chaotic system, these orbits are generically unstable.
Let O denote the union of the images of these periodic
orbits; momentarily assuming that any two distinct orbits
(which are not time reversals of one another) do not
intersect, @ is a union of connected submanifolds of F,
possibly with different dimensions. We denote the indi-
vidual connected components by O;. Each O; is a moduli
space of periodic orbits (satisfying our above desiderata),
which are continuously deformable into one another.

With these notations at hand, we can formulate our
result. If (|W[¢]|?) z o conformed to our expectations for the
microcanonical ensemble, then for small & we would expect
it to approximately equal

JBE18.(E - H(¢. 7))

P micro [¢] ’ (1)
f[d)(][zﬂh](s-(E_H()(’ ))
where [2%] denotes the formal path integral measure

[ Liere ‘2}571) and similarly for [dy]. Here, &, is an & smearing
of the § function. However, our periodic orbits will provide
deviations from this microcanonical answer.

In particular, suppose we evaluate (|¥[¢]|?); » at a field
configuration that lies on a periodic orbit or is only slightly
off of that periodic orbit. More precisely, let p = ¢. + 5¢ | ,
where ¢, is a pointin O, and 6¢ | is in the normal bundle of
O at ¢,, notated as N(/,L_O. The normal bundle NO can be
thought of as field fluctuations that move us off of O.
Letting T,.x be the period of the longest orbit in O, we
choose A to be

A =/nT hy for an 1< <1 (2)
- max ETmax y 4 y 2

and consider fluctuations d¢ | satisfying
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fl 1/4
||5¢J_||L2 S V h’Tmax (F) . (3)

In this regime7 <|‘P[¢”2>EA = Pmicr0[¢] =+ 5Pscar[¢c95¢J_]’
where there is an additional scar contribution. This is

depicted in Fig. 1. Since ¢, belongs to some periodic
orbit @, (x, 1), say with ®.(x,0) = ¢, then let us denote
b, = 0;®.(x,1)|,—o. Further writing 6¢p; .6¢,  as the
real and imaginary parts of o¢,, we have the scar
formula

1/2

5Pscar [¢cv 5¢J_] =

X exp |:_€T(¢c’¢wE) - iy(¢c’¢c’

2 Im{1 ! et< ! 52S(¢A’¢B’
wh [[dy|3Z)5,(E—H (y.7)) i||¢c||L2

2rih

E))
5¢j‘_5¢§_ ¢A :¢B:¢(

S(¢e.e.E)

52 ¢A¢B

/ddxddy Z Sps 1 (x <5¢A((¢A5(5;(

¢,m=1

This equation requires some unpacking. Above,
S(¢*, B, E) is the Legendre transform of Hamilton’s
principal  function, so that S(¢*, @5 E) = [I dtx
Jdix 32 T(x,1)0,®@;(x,1) is the “abbreviated action”
of a classical solution with energy E starting at ¢* at time
zero and ending at ¢® at time T = T(¢*, 2, E). Moreover,
in (4) the term T'(¢p.., .., E) is the period of the periodic orbit
passing through ¢, with energy E. The term v(¢,., ¢, E)
contains phase factors from the square root of the determi-
nant, which organize into the Maslov index. Finally, the ~
means that the equation should be understood as including
multiplicative corrections (1 4+ O(%, ( Ejf‘m)V))

(a)
Lo
0P ¢
5 € Ty, 0
0¢, € Ny O
@

FIG. 1.

D) ., 00

(4)

5¢A( LAY

Notice in (4) that periodic orbits with T > fi/e
are exponentially suppressed on account of the
exp(—eT (¢, ¢p., E)/h) term. This is why we are justi-
fied in building O out of orbits with period less than
~h/e. Interestingly, quantum scarring occurs for orbits
that are classically unstable; this is a signature feature
of quantum scars [8] and is fortuitous since generic
periodic orbits of Hamiltonian systems are unstable.
We note that our formula for corrections to the micro-
canonical ensemble also hold for stable periodic
orbits, although these are terminologically not called
quantum scars.

(b) (‘\P[d)”z)EA ~ Pricro + 0 Pscar

X

<|\II[¢”2>E,A ~ Pricro

(a) A schematic of O, the union of the images of our collection of periodic orbits. We are interested in the vicinity of a

particular orbit ¢, and construct coordinates 5¢| that lie in the tangent space Ty O (and include a direction parallel to the orbit ¢.) and
coordinates 8¢, orthogonal to the orbit that lie in the normal space Ny, O. (b) If we evaluate (|¥[¢]|*) z o ata point ¢ = ¢ + 5¢, in the
vicinity of O, then we have (|¥[¢][?)z o & Puicro + 6Pscar» Which has a scar contribution. The neighborhood of O for which the scar
contribution 5P, is sizable is shown in light blue. If we instead evaluate (|P[¢]|*) - , at a point ¢ sufficiently far away from O, then we
only have <|IP[¢”2>EA szicro-
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It is clarifying to write out our expression for (|W[¢]|*)z » in the following way:

5 Pmicro [¢] + 5Pscar [(bcv 6¢J_] if ¢ = ¢c =+ 5¢J_Where ¢c € Oa 5¢J_ € N(,IJCO’ ||5¢J_||L2 %
(¥[8 P ea ~ WA E) | S " - O
P icro [¢] if H < S 598 )¢A=¢B=¢ 12 >3

This formula emphasizes that there is an additional scar
contribution on and near O. Note that there are some
regimes for which our scar formula does not directly apply
The most 1nterest1ng such regime is given by 161 |2
corresponds to orbits that are nearly periodic (i.e., they
begin and end at ¢b but have slightly different initial and
final momenta), but are not nearby an exactly periodic
orbit. There is a way to account for such orbits and this is
discussed at the ends of Appendices A and B.

While (4) and (5) tell us how periodic orbits in a
(complex) scalar field theory augment the microcanonical
ensemble via quantum scars, it is incumbent on us to find
examples in which such periodic orbits arise. In the next
section, we study a particularly nice set of examples,
namely, a wide class of complex scalar field theories that
furnish periodic orbits in the form of nontopological
solitons called Q-clouds [21], which are perturbatively
unstable counterparts of Q-balls [22].

’\’A

, < A This regime
L2

III. Q-BALLS AND Q-CLOUDS

Solitons are localized field configurations that can arise
in nonlinear theories. While static scalar solitons can be
stabilized by topological effects, in this work we will be
concerned with nonstatic solitons stabilized by a U(1)
charge. Such solitons are known as Q-balls [22] when they
are classically stable and Q-clouds [21] when they are
classically unstable. We briefly review these below.

Working in d + 1 spacetime dimensions, we consider a
complex scalar field with U(1) symmetry and a nonlinear
potential, as specified by the Lagrangian £ = 9, 0" ®—
U(|®|?). In order for a soliton to not dissipate, it must be a
stationary point of the energy functional at fixed U(1)
charge. Note that, for a potential that has a global minimum
at U(0) =0, corresponding to the vacuum ® =0, the
perturbative spectrum consists of particles of mass
m? = U"(0). To support new kinds of excitations, we
consider a polynomial potential U that has U(®,) <
Tm?| @[> at some @, # 0; i.e., the potential grows less
quickly than a quadratic mass term. In particular, we
leverage a potential of the form

U(|®f?) = m*|@f - \<D|4+0(|<I>I6), (6)

where f > 0 and the O(|®|%) terms serve to stabilize the
potential, although their precise form will not matter for our
analyses. This potential furnishes spherically symmetric,
time-periodic solutions ®(x, 1) = e¢/®'¢(x) for a range of
 [21,22]. The function ¢ only depends on r = |x|, so we
will often write it as o(r). The residual equations of motion
for o(r) are

d+1
o' = — + o' — w*c + oU'(c?),
r

(7)

which has a frequency-dependent damping term in the
effective potential Uy = 5 (w?c® — U).

These periodic solutions e®'c(r) are called Q-balls if
they are perturbatively stable [22] and Q-clouds if they are
perturbatively unstable [21,22]. While both kinds of peri-
odic orbits provide corrections to the microcanonical
ensemble, we choose to focus on the unstable periodic
orbits since they will give rise to quantum scars, in
particular. We emphasize that it is a novel feature of
quantum scars that they are supported by unstable classical
solutions. The unstable periodic orbits of interest in the
scalar theory, namely, the Q-clouds, occur as w” approaches
m? from below. Along the lines of Alford’s analysis [21],
we define & = m? — @? to keep track of the closeness
between m? and @”. In the regime & — 0%, plugging the
scaling ansatz o;(r) = &w(&r) into (7) we obtain

w' —w+ fw? =0, (8)
which is £ independent. This means that o(r) flattens out in
the & — 0™ limit and becomes diffuse like a “cloud,” as can
be seen in Fig. 2. In this regime, the Q-cloud decays at large r
as ~Ee~*", and the U(1) charge tends to infinity as Q ~ &1

IV. MODULI SPACE OF Q-CLOUD SOLUTIONS
IN AN ENERGY WINDOW

As we explained above, our periodic orbits of interest
are often arranged in moduli spaces O with connected
components ;. Here, we show that there is a single
connected component Oq.¢jouq associated with Q-clouds in
3+ 1 dimensions, which sit in an energy window
[E—¢€/2,E+¢/2] and have periods less than ~#i/e.
Moreover, we find that Og o is a five-dimensional
submanifold of F: three of the dimensions correspond
to spatial translations, one corresponds to time translations,
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FIG. 2. Left: plot of Q-cloud profiles o,,(r) for different values of @ = 0.7, 0.95, 0.995. Right: plots of the potential U(c,,(r)?) and the

effective potential U (r) = L (0?62 (r) — U(o,(r)?)) for @ = 0.7.

2

and one corresponds to deforming a Q-cloud into another
Q-cloud with slightly different energy.

Our basic strategy will be as follows. Suppose ®,, is
a Q-cloud solution with period T = 27/ in our energy
range. We will establish that any @ that is (i) a small
deformation of ®,, (ii) periodic in time, and (iii) has
energy in the appropriate window is itself a Q-cloud
solution. Note that Q-cloud solutions are localized in
space, meaning that they must decay to zero at spatial
infinity. For (i), it is sufficient to measure “smallness”
via ([ d3x [ di| @, (x, 1) — B (x, 1)[2)"2.

Since @, (x, 1) = o, (x), where we have added a
subscript to o(x) to make explicit its dependence on ,

we can write ®(x, 1) as

&J(x,t) — ei(u;+5a;)t(o_m(x) +5¢1(x)) + Zei(a)+5(">nt5¢n(x)’
n#l

which has period 27/(® + dw). Note that we have not
included perturbations that would cause the period to
become multiplicatively larger as T — &T for € 2 2; such
orbits are exponentially suppressed in the scar formula
relative to solutions with period nearly equal to 7. For
ow sufficiently small, there is another Q-cloud solution
with the same period, namely, @, 5, = e+ o ().
Writing 6, 5, (x) = 0,(x) + 80, (x), let us redefine 5¢p; —
8¢, — 6o, in our equation for ®(x, r) above to obtain

D(x, 1) = 50 (x,1) + Y _@HMMEp, (x). (9)

nez

We can view this as a perturbed version of the Q-cloud
solution @, s,.

For ®(x, ) to be a solution of the equations of motion, to
first order in perturbation theory we require

(0)2712 + VZ - U/ - 63} U”)5¢n - 63} U//6¢in+2 = 0’ (10)

(@?’n® + V2 = U - c2U"¢*, — 62U"5¢,.» = 0. (11)

Evidently, this system of equations couples the 6¢,’s with
one another.

Fortunately, the system of equations can be mostly
decoupled. Observe that, for large |x|, we have o, — 0,
U — m?, and U"” — 0. Then in this regime,

2
—V254, — m? <w—2n2 - 1)54;,,, (12)
m

where w/m < 1. The above is an eigenvalue equation of
the form —V28¢, = 1¢,, which has oscillatory solutions
for 4 > 0, corresponding to |n| > 1. But such solutions do
not decay at infinity, and so we can rule them out and set
O0¢uz041 = 0. Plugging 6¢,20 .1 =0 back into (10)
and (11), we see that d¢py = 0 as well. This leaves us with
O¢+1, which satisfy the system of equations

(0> + V2 =U -c2U"¢p_, =0, (13)
(2 + V2= U' = 265U") (8, + 847) = 0. (14)
(0? + V2 =U")(6¢, — 6¢7) = 0. (15)

In Appendix E, we fully characterize the solutions to these
equations in an appropriate regime of couplings. Our
approach is to decompose the fields into spherical har-
monics, which gives us infinitely many decoupled, time-
independent Schrodinger-type equations. We show that the
equations for all of the harmonics with # > 1 do not have
normalizable solutions; we then solve the remaining
¢ =0, 1 equations through a combination of analytics
and numerics. The solutions to the £ =0, 1 equations
reveal that 6¢ is an infinitesimal spacetime translation of
the original solution @, s,,.

Since according to (9) our perturbations are around the
Q-cloud solution ®,, 4, there is implicitly another one-
parameter family of perturbations corresponding to chang-
ing the w of the Q-cloud solutions. This brings us to five
parameters in total. Within this five-parameter family, no
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two periodic orbits overlap. Repeating the entire analysis
starting with ®_,, we simply find the time-reversed
solutions of our previous analysis. Since the image of
the solutions and their time reversals coincide, we obtain
again the same moduli space Og_¢jouq- This means that the
moduli space is doubly covered by orbits; this is because
our relativistic scalar field theory has t — —¢ symmetry.
This double covering is already accounted for in (4) with a
multiplicative factor of 2.

V. DISCUSSION

In this work, we have generalized Bogomolny’s analy-
sis [9] of Heller’s quantum scars [8] from the setting of
ordinary quantum mechanics to quantum field theory. We
focused on the case of scalar fields, and complex scalars
fields, in particular, for which we could find explicit
periodic solitons in the form of Q-clouds that furnish the
scar formula.

We emphasize that the Q-cloud solutions, which con-
tribute quantum scars, are classically unstable; it is unusual
to have unstable solutions that contribute semiclassically to
nondecay processes. In his original work on Q-clouds [21],
Alford expressed this theoretical prior, describing Q-clouds
as being “of little concern to quantum field theorists” due to
their instability. Our work suggests that this assertion is
incorrect.

Going forward, it would be desirable to find other field-
theoretic examples of quantum scars or variants such as
perturbation-induced quantum scars [23-25], along the
lines of our analysis. Perhaps it is possible to find examples
where the functional determinants are computable, even if
only approximately. The evaluation of these determinants
will require some regularization scheme, as is usual in
quantum field theory; the results will have physical import
for ascertaining the enhancement or suppression of quan-
tum scars in the field-theoretic setting. It may be valuable to
find a semiclassical explanation of the putative “scar states”
that were recently discovered numerically in [26] in an
interacting scalar field theory. While we have focused on
scalar fields for simplicity, our analysis should generalize to
other field contents. Along these lines, there are a number
of examples of very nearly periodic orbits called oscil-
lons [27-30], with various field contents. Our scar formula
also generalizes to the nearly periodic setting, and so would
suggest that oscillons may imprint themselves on bands of
energy eigenstates. In fact, recent work [31] shows that
many different kinds of oscillons have an effective field
theory description in terms of scalar field Q-balls and
Q-clouds, so perhaps the effective field theory analysis
could be combined with our analysis in the present
paper.

It would be particularly interesting to consider quantum
scars in quantum field theories with discrete spectra (e.g.,
by considering field theories on compact manifolds). In this
context, a projector onto an energy band would contain a

finite number of eigenstates, and so if the projector is
scarred then the constituent eigenstates would also exhibit
some degree of scarring.

As mentioned in the Introduction, a motivating example
for our work is the quantum many-body scars of [13—17].
To understand whether or not these are quantum scars in the
original sense of Heller [8], we generalized Heller and
Bogomolny’s style of analysis to quantum field theory. This
brings us closer to understanding the recent quantum many-
body scars that occur in Rydberg atom arrays. Such a model
of interacting Rydberg atoms is described by the PXP spin
chain and its variants. If we could formulate a version of the
PXP model in the continuum, say via some IR coarse-
graining or collective field theory approach, then we could
attempt to directly apply the techniques in the present
paper. While it may be possible to apply our methods to the
spin chain model directly (i.e., instead of working in the
continuum), the classical interpretation of putative periodic
orbits may be less clear.

Another application of our results would be to gravity
and, in particular, AdS/CFT. One might suspect that
periodic orbits (e.g., involving particles orbiting black
holes) on the gravity side of the correspondence would
indicate the presence of scarred eigenstates on the con-
formal field theory (CFT) side. There have been initial
explorations in [32,33], chiefly using CFT techniques. It
would be interesting to use our path integral methods to
gain a more refined semiclassical understanding.
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APPENDIX A: REVIEW
OF BOGOMOLNY’S FORMULA

Here we review Bogomolny’s scar formula in few-body
quantum mechanics [9] and provide a comprehensive but
self-contained derivation. We obtain the scar formula via a
series of stationary phase approximations: first we use the
expression for the Van Vleck propagator or semiclassical
Green’s function. Then we Fourier transform from time to
energy variables, performing another stationary phase
approximation in the process. Finally, we perform both
position and energy averaging to arrive at Bogomolny’s
scar formula. A detailed derivation of the Van Vleck
propagator and Gutzwiller trace formula can be found in
textbooks like [1,2], and we utilize aspects of these
analyzes.
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1. Van Vleck propagator in ordinary
quantum mechanics

The semiclassical Van Vleck propagator takes the form
of a sum over all classical paths between q* and q”, where
q” is the initial end point of the path and q® is the final end
point. For d degrees of freedom,

(@¥|U() det<‘)25 (2.2, t)) "
paths ¢ (ZTHh)d aZAaZ :gig?;
X exp [%SC(qA,qB,t)—ivcg]. (A1)

Here, S.(q*, q®,t) denotes the action with end points q*,
q? evaluated on the classical path c. The reason for the ¢
subscript is that S.(q*, q®,7) can be multivalued on
account of having multiple classical solutions that go from
q” to ¢® in a time 7. As such, we can regard the subscript ¢
as indicating a choice of branch of S.(q, q’, t), namely, the
branch for which the classical path labeled by c is assigned
the correct action. Also, v, is the Maslov index, which
explicitly keeps track of the number of negative eigenvalues
of 0*S,./(0q"aq?).

|

Next we transform our Green’s function from time to
energy variables,

1 feo
Glat.a".E) = [T @ulat). (a2
injo

Plugging (A1) into (A2) and taking the stationary phase
approximation in ¢ forces

0S.(q*,q%, ¢
E+M:0, (A3)
ot
Here, WZ —H(q",q%,t) is the energy of the

classical trajectory beginning at q* at time zero and ending
at ¢® at time . We can invert this to solve for #; we call the
solution .. Here, t, = t.(q*, q%, E) is the time it takes to
traverse a classical solution beginning at q* and ending at
q5 having energy E, where the solution is restricted to the ¢
branch of Hamilton’s principal function. Performing a
stationary phase approximation in ¢ for the Green’s func-
tion, we find

-1/2 1/2

G(q*. q% E)

(2zih) d-1

pdths c

X exp [;(Sc(q .q®%.1.) + Et.) —iv

0250(q/‘, q®.1)
or?

0?8, (24,28, 1,
det L(ZA ZB L)
0z° 0z

3 (a4

t=t,

where now v, accounts for a possible additional phase. Next, we perform the Legendre transform from ¢ to E coordinates,

S.(q*,q%,E) = S.(q*. 4", 1.(q*, 4", E)) + Et.(q*, 4" E), (A5)
to obtain
1 1 S (qA,qB,t)> -1/2 <025 (27,258, ¢ )) 1/2
G(q*.q5. E det< < det| ——F%—
( )~ ih p;;c (2min)d! or? —, 0z 0z® e
i .
X exp {%SC(qA,qB,E) —ives|- (A6)

Above, S.(q*,q%, E) = [ diP.(1) - Q.(t) is the abbrevi-
ated action of a classical solution (Q.(7),P.(¢)) with
energy E, starting at q* and ending at q”. Here, ¢, =
t.(q*, q®, E) is the time extent of the orbit.

For our next simplification, we rewrite the amplitude
factor using the following matrix:

S, 8.
0240z  0z*OF'

S, S, g
0zPoF’ OE"? ’

|
whose determinant corresponds to the change of variables
from (—p*, 1) to (q®, E). By the chain rule for determinants,
the Jacobian for the change of variables can be rewritten as

o(pA.t o(p.t) o(zP,t
—det # Agh = —det (pB’ ) (ZB ’ ) , :qA
o8 B ) | o(z8. 1) 0(2B E') ) 155
E'=E E’:E
d S\
_ <det_l’8) ( ) .
aq :gjzg 1 t=t.
(A8)
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Next we use the fact that H(q, p) = E is fixed to see that

9 o s _ op* oH
o 1R T BN =05
=q zP=q
S, )
= %aFort ' qA =0, (A9)
- :q
O HaE it P E)|  —o= 2
aZA ’ ’ :gigg apB aZA :gigg
.. 0°S,
=q°- 92502 10 =0 (A10)

It is convenient to decompose fluctuations around q* and ¢
in the following manner: using similar notation as above,
consider a classical trajectory Q.(7), indexed by c, that goes
from q* to q® in a time . We can decompose a fluctuation
dq”* around q* as 5qﬁ + 8q/, where 6qﬁ is along the
classical trajectory and &q’ is orthogonal to it. We adopt
a similar notation for fluctuations around q?. With this
notation at hand, note that the @* on the far right in (A9) is in
fact QL(0)=:q%, which is parallel to the orbit. As such,

O_GZSE(ZA,ZB,E) 4 08 (24,28 E) 12
T 0dPorr | T T ozBogh |aipldel
B_qB [ BgB
*S.(z*, 28, E)
9025 —0 All
azBazﬁ —n (AL1)
Similarly defining Q. () =:q%, we have
.p 0°S.(z, 2P E . py 0°S.(z7, 2P E
0=y POAEILE) g, )
OZ ()Z z’;iq‘g a ”a Zgiqg
0*S.(z*,28 E)
=0 Al2
()zﬁdzA At (AL2)
B=q

These identities allow us to rewrite the determinant as

S,

0 0 dzﬁ()E’

S, S,

det [ 0 T 9o
7S, 7S, R
dzﬁdE’ 0z8 oF' 6E/7 B;gB
E'=E

ot, ot, ( >
= (A13)
A 9

(az 0z 024028 ) )

gt
ZB:B

where we used the fact that

S, o, 0’S. o1,
6zﬁaE’ N azﬁ ’ azﬁaE/ N azﬁ? '

(Al14)

To understand these expressions, note that for any function
F = F(z,,zp) we have

oF| 4 oF
- A /\ /\’
orfila g 1l 0l
OF @ oF
= ¢ AlS
6z” A A |qB|l/2 6z3 A A ( )
Accordingly, we have
ot, 1 ot 1
oz} g4 ()ZC s (A16)
et |QI2 Iz IQ|

Thus, the Green’s function may be rewritten as

1 1 1
G(q*.q% E) ~ - .
p%;c V/ (2rin)d=! AR HES
S ,ZB E)\ [1/2
. dt<¥>
oz'} oz ig
i A B . T
X exp %Sc(q . q ’E)_WCE . (A17)
where we usedw = M ,aswell as
i '=q" oz} '=q"
% = M . We note that our sta-
T B=q? z’] 2P=¢®

tionary phase approximation in 7 given by (A17) is only valid
for q* # q%; in particular, there is an extra term proportional
t05(q* — q?) that vanishes for q* # . This means we have
to be more careful about our approximations below when we
compute the trace of the Green’s function wherein we

set ¢4 = qF.

2. Trace of the Van Vleck propagator

Let us commence with taking the trace over the end
points of the Van Vleck propagator. The starting point is the
following approximation, which is valid in the semiclass-
ical regime [1,34]:

/°° d[A(t)eiB(t)/h ~ M
to BI(IO)
+ [stationary phase contributions].

(A18)

We can apply this to the trace of the Green’s function and
write the result as
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/ dqG(q.q.E)~ / dqGy(q.q.E) + / dqG s (q.9.E)

:GO(E)+GOSC(E)’ <A19)
where G (E) corresponds to the first term on the right-hand
side of (A18), and G (E) corresponds to the stationary
phase terms. For Gy(E) we will take the z, — 0" limit of

| fe .
— [ dt / dq(q|e="H=E1/N|q)

in /i,
—i(H-E)ty/h
E - H(q9 qv t())
5(q—-4q) :
— ddqddq/ q e—z(H—E)to/h q/
[ #adia 20—l )
(A21)

<q|e—i(H—E)to/h |q/>

B /ddqddp s e~ (a-q)/h
~ ) @) T E-H(q.q" 1)
(A22)

d oy 7d —ip-(q—q')/h
_ / d'qd‘p dlgq = plaa) N, ei(Sadi)~Et)/n,
(2zh)? " T E—H(q.q.19)" °
(A23)

where N ;, 18 a normalization depending on fy. The ¢’
integral admits a stationary phase approximation, which
sets p = —045(q.,q’, ty). This forces the variable p to be
identified with the momentum, and so the above approx-
imately equals

/ddqddp dd , e—ip-(q—q )/h Ntoei(S(%q/JO)_E’O)/h

(2zn)? " " E—-H(q,p)
_ /d"qddp dd / e_lpv(q_q/)/h <q|€_i(H_E)t0/h|q/>.
(2zn)! "~ " E-H(q.p)

(A24)
|

0’S.(q*.q% E)

0’S.(q*.q% E)

Finally, taking the limit ¢, > 0", we have
(qe~"H=E)n/n|q/) — 5(q — q') and so the integral becomes

/ddqddp ey e~ip-(a—q')/h
(2zh)* = " E - H(q.p)

B /ddqddp 1
) (2zn)* E-H(q,p)’

5(q-q')

(A25)

In summary, we have found

G (E)N/ddqddp 1
"7 ) (2an)* E-H(q.p)

(A26)

Next we consider the G, (E) term, which comes from
performing a stationary phase analysis of the trace of the
Green’s function. We have

/ dqG (9. 9. E)

1 / 1 1
= | ——
lhm%s:c V (Zﬂih)d_l |q|

02S A’ B,E 1/2
det( (a%.q ))

X
oq’toq?

q*=q’=q

(A27)

X exp {% S.(q,q,E) —iv, g]

Since the initial and final points of the trajectory are taken
to be ¢, we have set q4, = z = q in the formula. Applying
the stationary phase approximation in q yields

0S.(q".q". E)  9S.(q".q", E)
0= A + B
6q aq q“=q"=q

=-p* +p°.

(A28)

Thus, the stationary points belong to periodic orbits
beginning and ending at (q*,p*) = (q®, p?). Suppose
that (q.,p.) is a point along a periodic orbit. Then
letting q =q,+q,; be a small fluctuation about q.
perpendicular to the periodic orbit, we have the expansion

S.(q", 4", E)

1
S.(q,9,E)= |S.(q.. 9., FE) +=5q, -
(4.9.E) { (4.9 )+2 q. < P

: 5q4 . (A29)
g’ oq’ dqfoq’ >qusql_

We then use this to write the trace of the Green’s function as

1
/ dqG oy (9.9, E) »

X exp (%’ [scmcm, Q.(1). E)

0’S.(q*.q% E)
oq” oq}

1 /n /
— N [ ar | a*'sq ’ det(
e o :

> -5q4—iuﬂ>,
" =¢?=Q.(1) 2

02SC(qA,qB,E)> v
dq/idq’i *=q?=Q.(1)

1 *S.(q". 4", E)  0S.(q".q% E)
+56q. - Ao A A3 B

2 oq' oq’} oq’ oq

(A30)
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where here we are summing over periodic orbits ¢ with period 7. Integrating over the fluctuations 6q ; perpendicular to the

orbit Q.(7) at time 7, we are left with

/ dqGos(q. 9, E

where M = M(Q_(7)) is the monodromy matrix for the
closed orbit Q.(¢) [1], and v, has been augmented to
accommodate for the number of negative eigenvalues of the
determinant prefactor. A key property of the monodromy
matrix for a closed orbit is that its spectrum is independent
of where it is evaluated along the closed orbit, namely,
spec(M(Q.(7))) = spec(M(Q.(¢'))) for any ¢ and . More-
over, the term S.(Q.(¢),Q.(¢), E) appearing in the ex-
ponential in (A31) likewise satisfies S.(Q.(7), Q.(¢), E) =
S.(Q.(7),Q.(¢),E), since the action only depends on
the total trajectory. We will often write the action
as S.(q..q.,E) where Q(0) =gq, is taken to be a
“representative” point on the closed orbit Q. (z).

In light of these above facts about time dependencies, we
observe that the integrand of the ¢ integral in (A31) actually
does not depend on T at all; as such, we can perform the
t integral to find

1 T.

dquosc (q7 q, E) R =

/ lho%;c V1 det(M(Q,) - 1)]
X exp <flS (qC’qC’ ) - Uc%)'

(A32)

Finally, adding G, to G,, we obtain

1
(27Tfl>d / ddqddp

L T

/ '4G(d.9.E)~ H(q,p)

X eXp iSc(qc,qC,E)—inz . (A33)
n 2
This is the Gutzwiller trace formula.

3. Bogomolny’s scar formula

The scar formula of Bogomolny [9], which involves both
position and energy averaging, ultimately computes the
expression

Zn<|l//n(q)|2>A5s(E B En)
Znés(E_En) '

Here, the y,(q) are energy eigenfunctions, the expression
{lw,(q)|?) indicates position averaging over a window of
size A, and

(w(@)P)pa =

(A34)

orblts c / \/| det Qc

_Mexp( (Qc()Qc(t),E)—ivcz), (A31)

1 €

58(x) =

mer + x? (A35)
is a 6 function, which is smeared out to have width . Thus,
(A34) is an average over position-smeared eigenfunctions
in the energy window [E —¢/2,E + ¢/2].

Our goal is to write (|y/(q)|*)  in terms of the Green’s
function G(q*,q%, E). To see how to do this, we first
observe a few properties of the Green’s function. To
simplify the analysis slightly (and in a manner that will
be appropriate for the field-theoretic setting), we assume
that, for any triple q*, 2, E with ¢* # q5, there is only a
single orbit starting at q* and ending at q® having energy E.
For q* = q? and fixed E, we assume that if there are any
nontrivial orbits (i.e., not a fixed point of the dynamics)
beginning and ending at ¢ = q® with energy E, then there
must be exactly two such orbits that are time reverses of one
another. In particular, it is sufficient to assume that the
classical system has time-reversal symmetry. These con-
ditions imply that there is a single branch of S.(q*, q%, E)
that correctly reproduces the actions of all the classical
trajectories. As such, we will drop the ¢ subscript from
S.(q*,q®, E) henceforth. It is easy to reintroduce the
multivalued structure if needed.

First, note that the Green’s function solves the equation

(E +ie — H(d43.5))G(q". 9" . E) = 5(q” - q"), (A36)
and so the solution is
A * (B
GlaP . aP E 4 ie) = S V(0w (d7) A37
(q*,q°, E + ie) ' E+tie-E, (A37)
It follows immediately that
1
——ImG(q, q, E + ie) Zh//,, )?5,(E—E,), (A38)
7

and moreover the trace gives
1

——Im/dqu(q, q.E+ie) =Y 5(E—E,). (A39)
n n

Putting aside for the moment our A-spatial smearing, (A38)
and (A39) reproduce the numerator and denominator
of (A34).
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We essentially already computed the denominator term
> . 6.(E—E,) in the subsection above, albeit for &€ — 0.
Working instead at small but finite &, we obtain

1 1
2 OE =) ) / d"qddPE Ties
P

orblts c

H(q,p)

VIdet(M(Q,) = 1)]
T
X exp <fl S(qcv qc, ) lyc E)

x exp(—eT./h). (A40)
Notice the presence of the exp(—eT./#), which suppresses
orbits with large periods; this term was not present in (A33)
where ¢ was zero.

We now turn to the numerator of (A34), which has a
Gaussian smearing of width A. Suppose that T, is the
period of the longest orbit with energy in [E — &/2, E + ¢/2].
Moreover, suppose that our classical Hamiltonian H(q, p)
describes nonrelativistic particles of m. Then we take

|

1
(zﬂ,AZ)dﬁ
1 1

/d"zG(z, z,E+ ie)e_ﬁ(q_z)2

n

/T, v 1 1
A = r;lnax (ETmaX> for any 1 <r<3,

2

(A41)

which we will justify shortly. A key assumption of our
analysis is that we are in a semiclassical regime where
ET ./ 1 is large. The main role of the A-spatial smearing is
to pick out periodic orbits (or very nearly periodic orbits) and
suppress the contribution of nonperiodic orbits to the scar
formula. Explicitly, we compute

z<|l//n (q)|2>A56(E - En)

n

=——Im

1 ~L(q-z
d/z/dde(z,z,E—i—ig)e el )2}.
n

e
(A42)

Let us consider the argument of the Im{-} and analyze the
integral. We have

1 :
~ ddzddy ~L(a-2)
(22A2)i (Zﬂh)d / P e —H(zp)¢

2

+ 27TA2 d/zlhw/ 277.'lfl d-1

ddz—
||

The term in the last line has a factor of 2 to account
for the time reverse of orbits beginning and ending at
the same z, with energy E. We have also dropped
multiplicative (1 + O(e/E)) corrections on the right-
hand side. For each integral on the right-hand side, the
only part of the integration domain that substantially
contributes is

(A44)
|

lq—z|, <A

2 /dd det *S(z*, 2 E)
(27A%) 72 zh N oz 028
2

aZS(q ,qB,E) 1/2
! oq” oq”
q7 097}

ih M(zmh)d—l |‘l|

q*=q®=q

2 A B E
de t<0 S(zA,z , ))

oz} 0z%

e~ (Q.4.E)5—3T(q.q.E)

1/2 .
18(2,2.E)—iv(2.2.E)i—}eT (2.2.E)

ok (a-2)*

e 2A2

(A43)

Z,=Zp=1

Since A < /Mlou( b )1/4 for ET,,/h large, we can
make the approximatlon

1 1 1
dizd'p ———
(2zA2)42 (27h)? / P e H(z,p) ¢
1 1
~ d? .
(2rh)? / P ie—Hq.p)
For the second integral on the right-hand side of (A43),
we can make a similar approximation as follows:

—a(a-z)

(A45)

1/2

e%S(z,z E)—iv(z.2.E)5—4¢T(z.2.E) e 2A2(q z)?

Zy=Zp=1

1 )d/z / ddzegs(z z E)e ﬁ(q—z)z .

e (A46)

Focusing on the residual integral on the right-hand side, it is natural to expand S(z,z, E) around z = q. We have
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2

! / d7088(2.2.E) ;=532(977)

(Z”AZ)dﬂ
. ; A 4B A B !
o 1 ddze‘m(q—Z)erg(S<q,q,E)+(z—q)~((’S( P EmS(TBE)) ZA:ZB:q+7(Z-q)-A(q)'(z—q)+»--> (A47)
(2nA2)4/ ’
where
0S(z*, 28, E) 0S(z*,28,E)
( ozt 028 g "+ p” (A48)
z8=1"=q

is the difference between the initial and final momenta of the trajectory beginning and ending at q, and we define the d x d

matrix A;;(q) by

262S(ZA,ZB,E)

0*S(z*, 2 E)
Aij( ) = A5A
OZ,- aZ]

Defining
m
1Al =7 sup  [v-A(q)-v].  (A50)
max HV”2: V hTmax/m
we show in Appendix D that we have
m ET
A < —= AS51
A@l S 7= (A51)

Note that ||A|| « max{|Anals [Amin|}> Where ., and A,
are the largest and smallest eigenvalues of A, respectively.
We assume that the norms of the higher-order derivatives of
the abbreviated action evaluated on periodic orbits are

similarly bounded by 7" % Since we have imposed

A < T4, the term o (q~2) - A(q) (4 - 2)
as well as the higher-order terms contribute negligibly to

the integral in the regime that ET,,,/# is large. Then we
are left with

1 1 2,1 A B
~ d oy 522472 +7(5(4.9.E) +(a-2)-(-p"+p”))
~W/d ze 27 n .
(A52)
Performing the z integral, we find
i 1A% o L,
But this is only sizable when
B _ pA h
p® —p H2NX’ (A54)

A7, B
6Zl~ aZ]

?S(z*, 2% E
(2,2 )) . (A49)
ZA ZBiq

By B
0z;0z;

|
which is a nontrivial bound since A > y/*Tmx(2)1/2 To

max

unpack this, let us rewrite A as

h (ET.. . \i7
A — max
(55)

5 (A55)

1 1
for any Z<y<§,

where
p? == mE (A56)

can be regarded as squared momentum associated with E.
Then we can rewrite (A54) as

bl
1% - pA[l < za( ) . (as)

ETmax

In this regime, we see that (A53) can be replaced with

exp <%S(q,q, E)). (AS8)

Note that there is an intermediate regime where ||p® —p* ||, =
¢ where ¢ ~ 1. In this regime, exp (— %2—; (p? — p*)?) only
gives rise to a moderate amount of decay. We will not
consider this regime in our analysis here; i.e., we will
assume ¢ < 1 so that we can use (A58) instead of (A53).

Since the above formula assumes that ||p? — p#||, <%

or, equivalently,

0S(z*, 28, E) N 0S(z*, 28 E)
oz A—gB—q

y o (A59)

h
5_7
, A

it is natural to ask: for which q does this inequality hold? A
partial answer is that if we let O be the union of the images
of all exactly periodic solutions of the classical equations of
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motion, then the inequality in (A59) occurs for q in the
vicinity of O. However, there can be other points q that
achieve the desired inequality but are not near O. If the
domain of q was compact, then we could simply make %
small enough to avoid the latter possibility. (In the billiards
setting of Bogomolny [9], this compactness condition
holds.) If the domain of q is not compact, it could be
the case that there are infinitely many points where the left-
hand side of (A59) is arbitrarily small. This is not allowed if
the left-hand side of (A59) is uniformly bounded, but in
general, we do not have this guarantee. Let us avoid this
possibility for now and focus only on the former setting
where we look at points near O.

To proceed, we make some reasonable assumptions
about O. Suppose that it is a disjoint union of smooth,
connected manifolds of nonzero codimension, where the
minimum over the pairwise distances between the mani-
folds is lower bounded by a nonzero constant. Consider one
of these manifolds that comprises a single connected
component, calling it M, with dimension k where
1 <k < d. Let us focus on the vicinity of q in M, so
that locally M looks like a k hyperplane.

Now we pick some q near M for which (i) q = q,. + 6q
where q. € M, and (ii) ||5q||, < %. In fact, this implies the
inequality in (A59) for the following reason. We have

aS(z*, 25, E))
H=rP—q

(dS(zA, 28 E)

ozt 0z
~5q- A(q,) (A60)
because (aS(z;*z,iB,E) + ')S(Zsz’ﬁB‘E))zA:ZB:q‘ =0, and since the

higher derivatives of S at q,. are tensorfally contracted with
oq’s which leads to suppression in the semiclassical regime.
The norm of the right-hand side is upper bounded by

15all2/|A (ac) | S P ()" because || A (g, )| <72/ 5.
But then (A60) implies

0S(z*, 28 E) N 0S(z*, 28 E)
oz A—gB—q

A 0ZB

h
<. (A61

which indeed reproduces the inequality in (A59) as
claimed.
In the aforementioned regimes of (i) and (ii), we have

exp <% S(q,q,E)>

i i
~exp (gsmc,qc,fz) +ba-Alg,) .5q>, (A62)

where the higher-order terms are dropped since
l6q|l, S 2. Let us make a few observations about the

above equation. First, we observe that since the gradient
(0S(zA,zB,E) + 0S(z* 2" E)
oz 0z
M, tangent vectors to M are in the kernel of the
Hessian A(q.) for any q, € M. Decomposing RY~
Ty, M & Ng M, where Ny M is the normal bundle to
M at q., we can can orthogonally decompose q as
0q =6q) +6q, so that the right-hand side of (A62)

becomes

)ZA:ZB:q is constant (i.e., zero) along

i i
exp (ES(qc,qc,E) + 57001 - Adde) '5q¢>- (A63)

However, note that q only equals q. + 6q if 6q = 0. But
we can find a point ¢, on M that is the point on the
manifold closest to q; this will mean that q = q/. + 6q’,
since 5qi| = 0. We will have that the right-hand side of

(A62) equals

exp (’S(q’c,q’c,E) +i

! oo, Ao, ). (a6

This is our desired expression.

For self-consistency, we would like to check that,
within the regime of validity of our approximations,
(A63) is close to (A64). First, we observe that since
0S(z" 2P .E) | 9S(z" 2" E)
( 0z oz )ZA=ZB
have S(q., q., E) = S(q.,q., E). This can be readily seen
by the fundamental theorem of calculus: if r(7) is a
differentiable path satisfying r(0)=q. and r(1) = q_., then
S(9¢.90. E) =S4, 9. E) = [y dix'(1)-VS(x(2).x(1). E) =0.
Next, we note that, since 5q and 6q’ only differ in the
directions along the tangent space to the manifold, we have
6q, = 6q/,. Finally, since the third- and higher-order

ET a3
7 m

q =0 for q in M, we must

derivatives of S are assumed to be at most T’”
max

norm, it follows that the Hessian does not significantly vary
when we change (.. to q. since they are at most a distance
of % apart; in particular, the change in the Hessian is
subleading relative to the terms shown in the exponential
above. Thus, we can replace A(q..) with A(q,).

In summary, we have the formula
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(2 A12>d/2/ddZ€5S(ZZE)e 2A2(q z)?
T

eiS(4e-9c-E) 3500, A4)84: if q = q, + 5q , where g,

~ . A 4B A 4B (A65)
0 if ()S(za,i E) + dS(z .’z; E) > h
Z 0z A B A
" =7"=qll2
A B A B
Note that there are some domains of q not covered by the above, namely, || (as(zaz’f, £) | OS(Z()Z‘,Z; ’E>)z e H ~ A, and also

ll6q ], = 2but || ([)S(Z;;B‘E) + % (z;z’f,B’E))zA:zB:q ||2 <2 The first type of domain is not very interesting and just corresponds
to a regime in which we need to use (A53) instead of (A58) since we are considering points q, which are a bit too far away
from exactly periodic orbits. The second type of domain is more interesting and corresponds to certain kinds of nearly
periodic orbits that are not nearby any exactly periodic orbits. We will comment on this further below.

Finally, let us put everything together to get our equation for quantum scars. Defining

d
e 0e(E— H(q.p))

Pricro(q) = (A66)
J 'z 55856.(E — H(z,p))
and also
2 q*.q% E)\|'/?
5Pscar(qm 5q ) = { ‘ <)
VU ah [l s (E-H(zp) i \/Qain)Tldl i AT
. T 1
<D |~ T ) = 040 E) 1 (S0 E) 30, Ala) 00, )| ] (a6)
we have our desired equation
Pricro(@) + 0Pear(qc, 6q1)  if q = g, + 5q  where q. € O,8q, € Ny O, [|6q, [l S %
(lw(@)*)pa ~ 4 g5 AP (A68)
Pmicro(q) if oS(z E) + 95( aZ’B -E) > %
z=2"=qll2

The ~ means that the formula includes multiplicative
corrections (1 4+ O(%, (77— —)")), where the formula is
further subject to our assumptlons listed above. We will
summarize these assumptions here. We have assumed that
(i) for each triplet q*, 2, E with q* # qP, there is a single
classical trajectory starting at q*, ending at q®, and having

We end this section with a comment about certain kinds
of nearly periodic orbits. Suppose that we found a
collection of nearly periodic orbits whose image in
position space forms a manifold Oy, but such that
none of the nearly period orbits sit near any exactly
periodic orbits. By “nearly periodic” we mean that the

energy E; if there are any nontrivial orbits beginning and
ending at q* = q® with energy E, then there must be
exactly two that are time reverses of one another;

(i) [[A(q)l] < 72
third- and higher-order derlvatlves of S; (iii) O is a disjoint
union of smooth manifolds (which by definition do not
have any self-intersections, otherwise they would not be

smooth); and (iv) the only values of q for which
|| (0S(ZA,ZB,E) + 0S(z" 2% E)

oz! 0z8
close to O.

ET’“M for q € O and similarly for the

)Aiqu\zﬁ% are those that are

orbits begin and end at the same spatial point and satisfy

A B
||(0S 22" ) ds(zaz'; ’E))ZAZZB:qHzE%. Then, for ¢’s on or

near Oneaﬂy, we could write an essentially identical expres-
sion for (|y/(q)|*) o as the boxed scar formula above.

APPENDIX B: DERIVATION OF QUANTUM
SCAR FORMULA FOR A QUANTUM
FIELD THEORY

In this appendix, we generalize Bogomolny’s scar
formula [9] to the quantum field theory setting. Our
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analysis here closely mirrors that of Appendix A above, but
is reformulated to work in field theory. Along the way, we
will require field-theoretic versions of the Van Vleck
propagator and Gutzwiller trace formula; we derive these
results by adapting the analyses in [1,2].

1. Notation in field theory
Here, we will consider complex scalar fields in
d + 1 spacetime dimensions with spatial profiles ¢(x) =
\/LE (¢ (x) + ih,(x)). It will often be convenient to treat this
as a two-component object ¢ := (¢;(x), P, (x)). We will
use a similar bolded notation for 7 := (7 (x), 7, (x)).

It is useful to introduce two different kinds of norms.
First, we have a more ordinary 2-norm on R?, given by

l(a.b)ll, = Va* + b

For instance, we will sometimes write expressions like

(B1)

1% (x) = $* (1)II3 = (7 (x) = $7 (x))?

+ () —d3(x)*.  (B2)

Another very useful norm for our analysis is a type of L?
norm for two-component functions f(x) = (f;(x), f2(x)),
namely,

1/2

= ([ atstr 2+ 200) 83

This norm has an associated inner product, given by

(f.8)p: o= / dx(F1 ()9 () + Fo(@)ga(x).  (B4)

This inner product will be so useful that, in the field theory
analysis below, we will simply define the dot product
between two vector-valued functions as

f-g:= <fvg>L2‘ (BS)

Similarly, if we have some kernel A;;(x,y) for i, j = 1, 2,
then we use the notation

f-A-g:= / dixdly " fi(x)Ay(x.y)g;(y)  (B6)
ij=1

and, relatedly,

2
A= [dySaeng0). B

=

We have an analogous expression for f - A.

Next, we require some functional derivative notation,
which will interface well with our L?> inner product
notation. Given a functional F[f(x)], we use the functional

derivative notation % to denote the infinite-dimensional
5F

vector with components 50 fori = 1,2 and x € R?. This
is analogous to vector derivative notation in finite dimen-
sions. If G[g(x)] is another functional, then using our dot

product notation we have

5F & 2 6F 6
_._g:/ddxz__g‘ (B8)
of o8 — 6fi(x) 6g;(x)

These notations will make our quantum field-theoretic
derivations look more like the ordinary quantum mechani-
cal setting.

2. Van Vleck propagator in quantum field theory

The derivation of the scar formula in quantum field
theory proceeds analogously to the derivation in the
ordinary quantum mechanical setting in Appendix A.
We start by deriving the Van Vleck propagator, which
we subsequently transform from time to energy variables.
The scar formula is then obtained by a functional smearing
over field configurations in conjunction with an energy
average over a window [E —¢/2, E + ¢/2]. As explained
above, we restrict our attention to complex scalar field
theories in d 4+ 1 spacetime dimensions; an analysis for
real-valued scalar field theories is essentially identical. We
further assume our complex scalar field theory has time-
reversal symmetry.

We begin by approximating the field-theoretic propagator,

O(x.1)=¢" (x)

@) ") = /

[d®] exp <i S[(I)]). (B9)
®(x.0)=" (x h
Some explanation of our terminology is required. In field
theory, the propagator usually denotes the two-point
function of fields (usually in the ground state), e.g.,
(Q|d(x, 1)D(y, 0)|Q), where we have written the operators
in the Heisenberg picture. This two-point function depends
on the initial and final times, as well as x and y. By contrast,
we will be interested in K[t,¢%;0, "] := (@p2|U(1)|9?),
which not only depends on the initial and final times, but is
also a functional of the field configurations ¢*(x) and
@®(x). Our goal is to develop the Van Vleck formula for
K[t,5;0,¢"] and, thereafter, a Gutzwiller trace formula
based upon it. A useful reference for the Van Vleck
propagator in the ordinary quantum mechanical setting
is [35], which emphasizes a symplectic geometry point of
view. Below we will use field-theoretic generalizations of
parts of [35].
It is perhaps most intuitive to motivate the Van Vleck
propagator in field theory in an anachronistic way, starting
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with the path integral. (Indeed, the Van Vleck propagator in
ordinary quantum mechanics predates Feynman’s path
integral for ordinary quantum mechanics by two decades.)
We observe that (B9) can be evaluated in the path integral
framework using a stationary phase approximation as

L isoramn,

@EUDpY) ~ >

paths ¢ ¢

(B10)

where we are summing over classical paths ¢ that begin at
¢* at time zero and end at ¢® at time . Above,
S.(¢*, @5, 1) denotes the classical action of the path c,
i.e., Hamilton’s principal function (here it is a functional),
and 1/+/D,. denotes a corresponding functional determi-
nant factor. Let us regard the ¢ in S.(¢*, @5, 1) as
designating a choice of “branch” of Hamilton’s principal
function; the function is multivalued on account of having
multiple classical paths that begin at ¢p* and end at ¢ in
the same amount of time. Our desired generalization of the
Van Vleck formula comes about by establishing that

1
D[¢". 1:¢".0]
1 525 A’ B,l 1/2 .
L (RLAE 57 S0 RN ST
(27ih) oxox o
[

where V is the number of points in space and v, is the
Maslov index. Let us analyze a single term in the sum
in (B10), e.g., for a fixed branch ¢ of Hamilton’s principal
function that contains a single classical path going from ¢y
to ¢p® in a time ¢. If we consider the classical path up to an
infinitesimal amount of time 6¢, then the end point will be
some (;)B . Then, we have

#eéSc(tﬁA,JJBﬁt) ~ ! ’ exp L lp® — p? |3
2rihdt h \ 26t 2

T )
(B12)

Letting z(x) be the momentum conjugate to ¢h(x), for
infinitesimal times we have

) = =) ) - ). (81
orf(x) 1
sr(x) (1)
) &) B

where the factor of 2 in the exponent of (B15) accounts
for the fact that the complex scalar has two components.
The infinitesimal-time propagator in (B12) can then be
written as

1/2 [ A 1B
RS D" 5

U iserdron _ 1 or’
/Do 2rin)?

(B16)

where equality here is meant in the sense of the infinitesi-
mal ot limit. We have opted to put absolute values around
the determinant term since it is already positive. We would
like to generalize this formula to noninfinitesimal times.
Let us suggestively write

1 , ~ 1
eiS @ N = F (§F 51,8, 1)
A /Dc,t \V Dc,&l
x eilS:(@" 9" 1-o0+S.@"9"60)  (B17)
or, equivalently,
1 . B 5717A 1/2
WS @ 9" — F (HP. 51,5, ¢t det——
/ey e (§7. 007 1) Qzin)Y | 5P
x enSe( @ P"1) (B18)

In particular, we know how the phase transforms as we
increase ot to t: we simply accumulate phase by integrating
the action of the classical path from ¢p* to ¢p? in a time ¢ that
is indexed by the branch ¢ of Hamilton’s principal function.
The remaining mystery is the F..(¢p®, 61, ¢, ) function. To
see what it is, we note that the amplitude prefactor 1

~/ ’DCJ
transforms like the square root of a density. In fact, defining
.1 - (B19)

Pl U =TS g 1

D" 0: . 1]

for ¢4 fixed and ¢b on the ¢ branch of Hamilton’s principal
function, and evolving #

[

erSc 9t @.1] according to the

functional Schrodinger evolution, we find in the semi-
classical limit that

S0 .1] | 951" 4.1
H[(ﬁ, 5 } + gy =0, (B20)
op.\P. 1) b
A N R R BVA TN B
_oHig.
Uc[¢’ t] - o ﬂ:‘ssl‘[‘g:‘/"’]' (le)

The first equation is just the Hamilton-Jacobi equation,
which is solved by Hamilton’s principal function (i.e., the
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integrated action along a classical path beginning at ¢* at
time zero and ending at ¢b at time 7). The second equation is
a transport equation for p.[¢, ], where v.[¢,1] acts as a
velocity field in infinite dimensions. Such a transport
equation is solved by

ol 1.1

pl@’. 1] = [det——r— o

pldld’. 1. 1)1, (B22)

where ¢p[¢@’, 1, '] means the following: we consider the point
5S¢ x.1] 5Sc[¢"w]| s
B & k=

the momentum and then evolve the point in phase space
backward from # to #; the resulting point in field space has
its field configuration (i.e., we ignore the momentum)

¢lp',t,¢]. But this means that our mysterious
F. (B, 61,5 1) is just

in phase space (¢, %« ly—¢) where

Eﬁ%lghﬁl;,ét,t] 1/2

FC(J)B,ét;d)B,t):(det 557 ) . (B23)

since |F,(@®, 6t; %, 1)|* = |det

above is that we need to decide which square root of det2,

| One subtlety with the

5¢B
we are to take; dependlng on the number of negative

eigenvalues of 227 the choice of square root can lead to

5 SAHB>
overall factors of £1 or %i. Such a factor is packaged into
the Maslov index v, as

B0 s (o)

F. (P8 61,95, 1) = ‘det 547

The value of v,. is prescribed by a more detailed analysis,

but we will not delve into this further here. In the ordinary

quantum mechanics setting, a very useful reference is [35].
In any case, (B18) becomes

1

S N (A )]
Ve
B|1/2 |
= ! det i 6”A /2 S. (B .1)—iv ¥
(27Tlfl)v 6¢B 5¢B
12
= ! detﬁ eis(-(fﬁA»lﬁB,l)—iuc’i’
(2zin)V | o¢®
1 28 (A ¥B. 012, -
= N\ det CWA XB ) eﬁs(?(qu’(pB-t)_wa. (st)
(2zih) xS -1

The above indeed establishes (B11), and so summing
over ¢’s the full Van Vleck propagator in quantum field
theory is just

1 52S (XA XB l) 1/2
B U t A % C 9 9
(@P|U(D)lp*) Z i) o iy
X oS @ " 0=ivg (B26)

where the % is in the sense of a semiclassical limit.

Next let us transform our equation for the quantum field-
theoretic Van Vleck propagator in (B26) from time vari-
ables to energy variables,

W9, 5) = [T e g o). (B27)

We consider the stationary phase approximation in ¢, which
picks out fixed energy paths,

S (¢". 9% 1)

E
+ ot

=0= E=H(¢p" ¢® 1.). (B28)
Here, ¢, is the time extent of the path along the ¢ branch of
Hamilton’s principal function that starts at ¢4, ends at ¢,
and has energy E. Then, it is useful to define the Legendre

transform of Hamilton’s principal function as

Sc(@". 4" E) = S.(¢". 9" 1.(". ¢". E))

T Er(¢".¢". E), (B29)
where, as  before, S.(q* q%.E) = f(; dt [ dx x

2 I o (x, 1)®; .(x,1) is the abbreviated action of a
classical solution (®(x, ¢), IL.(x, 7)) with energy E, begin-
ning at ¢* and terminating at ¢b%.

Performing the time integral in (B27) and using the
stationary phase approximation in (B28), the Green’s
function in energy variables becomes

G 97 E) >

paths c

1
(2zin)V-(1/2)
(XAvXB E>

1/2

xg :¢’;
27 =

-1/2
det

dile o
(ZS“”B)

1=t

c

xexp[ (" 9" E) - wcﬂ, (B30)

where v, accounts for an additional possible phase. As in
the ordinary quantum mechanics case, we next want to
repackage the amplitude factor. We start by writing the
matrix

58, 60S. st ot
S SytoE TP T OF
=( * ., (B31)
308, 3S. ) A ot ot Agh
&PoE o7 T A=t " R
E'=E E'=E
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which has a determinant corresponding to the change of
variables from (—z, 1) to (¢?, E). Using the chain rule for
determinants, this can be rewritten as

o(x*, 1) ozt 1) o(xB.1)
0" E)lr-e) - <0(x3 1) o E’))

: 15 (25,
= (sge) (5)

To further simply this determinant, we use the fact that the
energy H(¢p, ) = E is fixed, namely,

—det At

¢

(B32)

t=t.

ont OH
At x B = 0= 5 ot
(x . x°, E]) "232 Sy 57tAx*‘$A
58,
e A =0, (B33)
5){ 5){
o B . B[,A B _o=%H o
—H", 7%y x ,E])lﬁgjg —O_ﬁ'@(—/*l;:.pg
x7=¢
. 5%S
B c
N ) - 0. B34
L P o

As in the ordinary quantum mechanical setting, we now
decompose fluctuations around ¢p* and ¢®. Let us focus on
a classical trajectory @, (x, 1), which goes from ¢* to ¢p? in
an amount of time ¢. Fluctuations 6¢p* around ¢* can be
decomposed as 5¢f|‘ + ¢’} . Here, 5¢ﬁ is parallel to the
classical trajectory and ¢/ is orthogonal to the classical
trajectory. As such, 5¢ﬁ corresponds to a single coordinate
direction in field space, and ¢ corresponds to all of the
residual orthogonal coordinate directions in field space.
(Later on, when we define the moduli space O, we will
redefine 54)‘? as being in the coordinate directions in field
space tangent to O and 8¢y} as being in the coordinate
directions in field space normal to O.) Our notation for
fluctuations around ¢? follows analogously. Using this
notation, the d)A on the far right of (B33) is equivalent to
0,®,(x, )| ,_o =t ¢? (x). Clearly, ¢ is parallel to the orbit
since it is a tangent vector. Then, we have

85,

_ 0S| g TS |
A A () S
S, (x* x5 E
% =0 (B35)
X K| ,,B;ﬁB

In the same vein, letting 0,®,(x, s)|,_, = ¢ (x) gives us

. &S, . 5S.
0=¢r - B LA =¢c- o
S oy | -ot X ox" [xh=ot
2B=¢8 l 1B=¢B
52S A’ B,E
% = (B36)
x| X 1y

Then the left-hand side of (B31) can be further decom-
posed as

55, S,  50S. 0 0 508,
sionf ot o oE [0E
&S, 8%S. 5808, . 2S5, 508,
éx’iéxu oy oy 5)(“0E’ - oy o 6)(A()E’
95S,  05S,  0°S, 05S, 085S, %S,
OE'Sy] OE'§T OE” | |a_gn OE'Gy oE'&T  oE® |4 o
xP=gP 2P=pP
E=E E’ E
(B37)

We can write the determinant of the above in a compact
manner, using several identities. First, note that

89S, &t 95S.  ot,
%‘aE' n 5;4? ’ aE’(Sxﬁ’ B 5xﬁ '

(B38)

To understand these expressions, note that for any func-
tional F = Fly,,xg| we have

oF qbc oF
S A = 172 s,A )
oy 1021 6215 ooy
oF gbc oF
5X—B A =B ||¢ ||1/2 5)(3 ZA:d'A. (B39)
I ;Blg c BogB
Accordingly, we have
ot, 1 ot, 1
— . B40)
A 1727 B 172 (
oy BRI
Then, the determinant terms in (B30) become
1 1 &S,
-—— - det < > . (B41)
eIz llpell,2 Sx1oxt *“’A

Thus, we have rewritten the Green’s function in energy
variables as
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1 1 1
G(¢A7¢B9E)z._ R — 0 O
Zh; 2ain)"= V21| 2 e 2
52S A’ B,E 1/2
X det(%)
HioxT ZQZW,;
b4
cewp [ LS (0N 90, E) - i) (B4

where the v, terms account for the phase of the determinant.
Absorbing the Gaussian normalization factor into the
determinant, we can rewrite the above equation as

G(¢*, 9" E)
ho%c ||¢c||L2||¢c||L2
1 2 i A 1/2
x | det - &S0t 2 E)
2rwih 5){‘3‘_ 5}{?_ g
VBB

xewp [ 1501008 -] (B4

3. Trace of the Van Vleck propagator
in quantum field theory

Consider Eq. (B27) for the Van Vleck propagator in
energy variables, which we worked to write in a very
explicit form in (B43) by using a stationary phase approxi-
mation. Note that this analysis neglects §[¢* — ¢®]-type
contributions at ¢p* = ¢® which will be important when we
imminently take the trace of the Van Vleck propagator. In
particular, we must be careful to consider both the con-
tributions to (B27) from the stationary paths [i.e., (B43)], as
well as the contribution from the r — 0" end point of the
time integral. We again use the following approximation,
which is valid in the semiclassical regime:

/wth(t)e"B“)/f’
)

iA(l'O)eiB<t0>/h

~————— [stationary phase contributions].
B'(1o)

(B44)
Thus, the trace of the propagator will contain two terms,

/ dB|G (.. E) ~ / (dd)Goldb. . E)

+ / ()G (b . E)

= Go(E) + Gow(E). (B45)
Here, the first term Gy(E) corresponds to the contribution
from the #; — 0" end point, whereas the second term
Gy.(E) contains the stationary phase contributions. As

with the ordinary quantum mechanical setting, for Go(E)
we consider the 7, — 0" limit of the following:

—/ ar [ () ple =51 )

(@p|e”"H=E/h|gp)
< g (B0
— / 5(¢_¢/) —i(H-E)t, /
—/[W’][W’]m@k (H=E)io/h|gp/ )
(B47)
ddlld e~ in(p—9")/h ,
- / [(53;)75] [dd’q E H(¢,(l)/, tO) <¢|e_l(H_E)t0|¢/>
(B48)
—in($p—¢')/h

(S E)-E1) /1

 [ldpld] . e )
= | Gy Vi g

(B49)

Here, N/ 1, 18 a normalization factor. Performing a stationary
phase approximation in the ¢’ integral, which sets

%S (¢, @', E), the z variable is identified with the
momentum. Then, we obtain
e~ in(d—¢')/h
/ d¢][dn] ) ) oi(S(@b E)=Eto)/h
(27h)Y H(p. ', o)
dep][dr| e~ m=4)/h i(H-
— dd’ i(H=E)to |/ )
[ ) i e )
(B50)
Taking #, — 0" limit so that (gh|e " F=E)o|gy’) —

6(¢p — '), we have

[dglldr] e ™d=d)/n oy
| G g2 )
dr 1
= [t 3| =g (B30
Altogether, we find
Go(E) z/[dgb} [;i—”h] #@’75) (B52)

Now we compute G, which involves taking the trace of
the Green’s function over ¢ as
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/ (dB)Gose(. . E)

1
. - det
orbltsc/ <||¢IL4||L2||¢CB|L2

Performing the stationary phase approximation in ¢ that is induced by the trace yields the condition

1/2

1 &S.(¢".4".E)
<2m'h oot )

e |55 01 90,5 - w5 ). (BSY

' =¢p"=¢

o[BI SWPE) s

)]
st s

This means that the stationary ¢’s belong to periodic orbits with end points (¢, z4) = (¢p5, #®) in phase space. Letting
(¢p.,m.) be a point along a periodic orbit, and letting ¢ = ¢p. + 5¢p |, where 5¢p, is a small fluctuation about ¢,
perpendicular to the periodic orbit, we have the expansion

| S, (PGP E) S (M PP E) S (PP E
S R e e e DR L

Thus, the Gy (E) term evaluates to

/ dt / dog |

con(i[sibs.

S.(¢p". ¢®.E)
S op™

JGrr

d t( 1 52 (¢A,¢B,E)> 1/2 (B56)

orblts c

525c(¢A’¢B?E) 52SC(¢A’¢B’E> . T
5¢A5¢B + 5¢35¢B >¢A=¢B:¢C(x’t> . 6¢L:| — 1, 2> . (B57)

Here, we have summed over periodic orbits ®,.(x, ¢) with period T, i.e., ®.(x,0) = ®.(x,T,.) = ¢., each labeled by c.
Performing the integral over 6¢b |, we obtain

+2

o (7

Jbinis b S [ e (S G B i) (B

where M = M(®,.(x, 1)) is the monodromy matrix for @, (x, ), and we have absorbed the contribution of minus signs from
negative eigenvalues in the determinant into the exponential phase term v,.. As in the ordinary quantum mechanical setting,
the spectrum of M(®,.(x, 7)) does not depend on ¢ and so we can perform the 7 integral above to obtain

1 T, i 1
/[d¢] osc(¢ ¢ E) Z \/‘ det M((I) (x l‘)) ﬂ)|CXp <%SC(¢C’¢C’E) - ”/c§>

orbm c

1 T, i .z
= E();C N ] exp <7z S (@, (x,1), ®.(x,1),E) — iv, 2), (B59)

where in the second line we have used S.(¢..¢ . E) =S .(P.(x,1),P.(x,1),E), since the Legendre transform of
Hamilton’s principal function is independent of the ¢ of ®.(x,?).
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Adding the G, and G terms together, we arrive at the following expression for the trace of the Green’s function:

[pic@.a.5)~ [l ;5] i
1 T,

+ =
fl; V] detM(®,(x, 1

4. Scar formula in quantum field theory

Finally, we consider the quantum field theory scar
formula, noting that by analogy to the quantum mechanics
case, we average over an energy window of size € centered
at E and a window A (defined in the L? norm) centered on
¢. Again, we work with energy eigenstates ¥, [¢p] with
energy E, that solve the Schrodinger equation (here 7 is a
possibly continuous index), where now P[g| is a wave
functional. The objective is to compute the expression

2nl[¥al@]]*) a0 (E - E,)
Znés(E_ En) ‘

In this equation, (|¥,(¢)|*),
with a window of size A, and §,.(x) =
function.

Analogous to the ordinary quantum mechanical setting,
we desire to write (|¥,(¢)|*) g using G(¢*, 95, E). As
before, we make a useful assumption: for any triple ¢p*, %,
E with ¢* # P, there is only a single orbit starting at ¢
and ending at ¢p? with energy E. For ¢* = ¢® and E fixed,
if there are any nontrivial orbits (i.e., nonfixed points)
beginning and ending at ¢4 = ®, then there must be
exactly two such orbits that are time reverses of one
another. This holds because we have imposed time-reversal
symmetry. Indeed, these assumptions mean that S, has a
single branch, and so we can drop the ¢ subscript.

We proceed by recalling that the Green’s function solves
the equation

(P[] e =

(B61)

indicates position averaging

1 I is a smeared &

(E+ie—H($® 7%))G(¢" .5 E)=5(p"-¢*).  (B62)
and so we can write the Green’s function as
: ¥, [0, [0"]
G(¢p*, @5 E = —mr ' B63
(", " E + ie) ;E—I—is—En (B63)
It follows that
1
——ImG(¢p, ¢, E ¥, ()%, (E-E B64
o mG(p, . E + ie) Z| él| n).  (B64)

and

—%Im/[dd)]G(d),qb,E—kie) => 5.(E-E,). (B65)

If we take the ratio of (B64) and (B65) and perform a A
smearing of ¢, then we recover the right-hand side of
(B61). We already know how to compute (B65) from the
previous subsection; using our formula for )", 5(E — E,,)
from there and putting in ie’s, we have

1
;58(E_E”) ~ / ] {mm] E+ie— H((/) 7)
0§L \/|det t))_]])‘
X eXp (%SC( e(x,1),®.(x,1),E) — ivcg>
(B66)

xexp (—eT,/h),

where the exp(—¢T./h) suppresses longer orbits.

Next, let us consider the Gaussian smearing of ¢ with
width A in the sense of L. As before, we suppose that T,
is the period of the longest orbit with energy in
|E —¢&/2,E + ¢/2]. Taking'

h r 1 1
A= hTmax <Fmax> for any Z <y < 5 y (B67)

we write

Z<|1Pn [¢] |2>A58(E - En)

n

1

/[d){}G(){,x, E+ ig)e-ﬁw—xllzz }’
(B63)

where the argument of Im{-} can be written approximately
in the semiclassical regime ET;{“‘ > 1 as

'Restoring the speed of light, A = /AT i C < )
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! dm 1 sl
= g = 2
(2ﬂA2)V/[ 2] {hh} Etie—H(.n)¢

o) 1 1 525 A’ B’E 1/2

+ i | det( . ))
(2zA%)Vin 4l H1oKT XA=x5=%

% e%SO(,Z,E)—il/(;(,){,E)%—%ST(XJ(vE)e_ZALzH‘ﬁ_XHiZ . (B69)

There is a factor of 2 in the second line that accounts for the
time-reversal symmetry of our system. In particular, if there
is a nontrivial orbit beginning and ending at y with energy
E, then there are two such orbits.

In (B69) we only receive non-negligible contributions to
the integrals when

ld —xll2 <A, (B70)
J
2 1 1 S 28, E)\ |['/2
ATV V—h/[dx] - det( (ZA B ))
( A ) ! H)(HL2 5ZJ_5){J_ XA=XB=X

2 1 1/2

if |||

SS(PA. 5. E)
det( 59" )

Pa=tps=¢

P DESHTDPE)

on account of the Gaussian decay induced by the A

smearing. Since A < /AT, (72—)"%, in the semiclass-

ETg, .
2 >> |, we can approximate

ical regime

1 dm 1 Sl
[ d - - 2A2 2
(2A%)Y /[ 2] [2;#;] Etie—H(.a)© '

N dn 1
N/[Zfr—h] E+ie—H(p.x)

(B71)

By contrast, the second line of (B69) contains the term

erS2-E) which can have nontrivial stationary phase con-
tributions in the semiclassical regime. We can approximate
all of the other terms in that integral by setting y = ¢ as

i . —1 -2
eéS()(,;(,E)—w()(,x,E)%—%eT(x,)(,E)e 2A2H¢ Z”Lz

1
(2zA2)Y

/ et Tl (g7

We can analyze the m Jldx] efSra ) g a0 integral by expanding the Legendre transform of Hamilton’s principal

function around y = ¢,

- / [dy)erSorxE) ¢zl P21

(2zA2)Y
e —M%nqs—xujﬁé(s<¢.¢.E>+o(—¢)~(%+%) o +%0(—¢)'A[¢]'(Z—¢)+"')
NW [d ] 2" =¢ . (B73)
In the second line, we have
3S(x* ¥, E) 6S(x* ¥ E
( Wox.E) | S0 x )> = 7'+ 75, (B74)
5){ 5){ ==
and we define the kernel
(SZS A, B,E 525 A’ B,E 52S A’ B,E
Al (x, y) :=< A(x XA ) A(x xB ) B(x X )) (B75)
o ()i () i (x)oxi (v) - S ()8 (%) ) p__y

The eigenvalues of A are bounded in magnitude when E is finite; a proof of this fact appears in Appendix D. More

specifically, defining the operator norm

1
Al = —  sup b Ak, (B76)
max “Z”LZZ V AT pax
from Appendix D we have
ET nax
IAll'< = - (B77)
max
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We will also assume that the higher derivatives of S have a
corresponding tensor norm upper bounded by the same
quantity, although we will not prove this. Notice that
because A < \/hTmax(%m)l/ 4 the quadratic term

zm(;( @) -Alp]- (x —¢) and the higher-order terms
-7 in the exponential in the second line of (B73)
contrlbute negligibly to the integral in the semiclassical
regime. As such, a good approximation to (B73) is
1A% 5
exp (¢ ¢.E) =5 la® —="i. ). (B78)
However, the right-hand side is exponentially suppressed
unless

h
It = 7Pl S -

A (B79)

To better unpack this bound, we can rewrite (B67) as

A (ET e\ 1 1
A= = < hma">2 for any 157 <3 (B80)
where
7t =E. (B81)
With this notation, we can express (B79) as
[ h \i7
It -l sa(—) . ms2)

Then, in the semiclassical regime, we can approximate
(B73) by

exp< 5. E)) (B83)

As in the ordinary quantum mechanical setting, there is an
intermediate regime where ||7IB -], =c% for c~1.
Within this regime, exp (— LAY 2B — g 12,) provides a
moderate amount of decay. We w111 not consider this regime
further and restrict ourselves to ¢ < 1 so that we can use
(B83) in place of (B78).

As we have seen, a crucial condition in the simplification
<™ or equivalently,

/\/A?
5S(x* . x%.E) 6S(x* x®.E h
b x ) 380 . E) < (Bs4)
4 ox = A

As explained in the ordinary quantum mechanical setting in
Appendix A 3, these inequalities are satisfied for exactly
periodic solutions to the classical equations of motion, as
well as nearby nearly periodic orbits (i.e., beginning and
ending at the same ¢ but having different initial and final
momenta 7#* and #?). There may be other nearly periodic

orbits that are not in the vicinity of any exactly periodic
orbit, and these can satisfy the inequalities as well.
However, these latter kinds of orbits are difficult to find
analytically, and so we confine our attention to exactly
periodic orbits and nearby nearly periodic orbits.

As before, let O be the union of the images of all exactly
periodic solutions to the equations of motion. If F is the
space of complex fields ¢: R? — C, then O can be
regarded as a subset of F. We equip F with the L? inner
product we have defined previously. Let us assume that O
is a disjoint union of smooth, connected manifolds of finite
dimension (and hence infinite codimension since they sit in
an infinite-dimensional space), and that the minimum
pairwise distance between these manifolds (using the L2
norm as a distance) is upper bounded by some positive
constant. We denote each component of O by O,. Let us
pick a particular O; to study and call it M, and suppose that
it has dimension k.

We further pick some ¢ nearby the submanifold M
such that (i) ¢ = ¢, + ¢ for . € M, and (ii) || 6 || > < L.

Such a ¢ will satisfy (B84) since (%qu
A B
%)AJW% Alp.] and [6d- Alp]],» <

6|2 | Al ]Il < §
For ¢ in the regimes of (i) and (ii) above, we can perform
an expansion in the exponent of (B83) as

eXP( S(.. E))

soxp (S be )+ 300 AlB-50). (B55)

We have dropped the terms at higher than quadratic order
since we have assumed that they are upper bounded by

o /% in the tensor norm and also [|6¢| > < %. Let us
max

decompose F =Ty M @ Ny M, which enables us to
orthogonally decompose o¢p = 5¢p| + 6¢p,, where 6| €
Ty M and 6¢p, € Ny M. Note that, since dim M =k,
we have dimTy M =k and dimNy M = co. Since

A B A B
I (5S(X5;§ -E) +5SO(5;§ VE))XA=XB= . H < Z is constant (namely,
zero) along M, for any ¢, € M we have that Ty M is in
the null space of A[¢g.]. Accordingly, the right-hand side of

(B85) equals

exp (3 SUbebe )+ 500, Al ). (B8O

Given a point ¢p = ¢ + d¢p satisfying the assumptions of
(i) and (ii) above, we can opt to find a ¢/ such that
¢ = . + 6¢', where 5¢p' lies only in the normal bundle
Ny M, ie., 6¢' = 5¢', . In particular, we can choose ¢, to
be the point on M closest to ¢. Identical arguments as
those in Appendix A 3 tell us that
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exp (E Sl bl E)

and (B86) agree in the semiclassical limit.

5500 - AL 6¢L>

(B87)

We end this subsection by collecting all of our results and writing down the scar formula for quantum field theory. We

have found that

3 Zz)v / (]St B) a2
T

erS(De e E)tpop Al )6,

Q

ifp=¢.+0p, whereqﬁce(’)&ﬁLeN@(’)||6¢L||Lz<—

(BSS)

The two cases above do not cover two different types of

domains of ¢: one domain such that ||(LZXZ E)

St X% E)
T)Z —P—qlli2 ™ A, and another domain such that

o 12 2 2 but [|(BLCLMEL Sty

D e AR
Here, the first type of domaln is not physically interesting,
since it corresponds to ¢, which are just far away enough
from exactly periodic orbits such that we need to use (B78)
in place of of (B83). However, the second type of domain is
quite interesting and corresponds to nearly periodic orbits

. S xB.E) | sS( xB.E
0 if V4 )(A ) (V4 )g )
Sy & A B
X =X"=q

>
L 2

R

(i.e., periodic in ¢, but not in x), which are not nearby
exactly periodic orbits.

To write down the actual scar formula, we require the
definitions

o J0dn)s.(E - H(g. 7))
Pmlcr0[¢] = f[d¢] [dﬂ;]ﬁe(E - H(¢7 7[))

(B89)

and

2
ah [[dy] (556

X exp —ET(¢C,¢C, E) -

SPscurlhe. 0p 1] =

{1 1 < 1 52S(¢A,¢B,E)> 1/2
Im - et ; A B
(E-H(x.z)) Ui|g|,: 2mih - S odT ) lgpr—gi—g

Wb B+ (S0t B) 4 500, Ao, )|} (B90)

The functional determinant term must be regularized, as is standard in quantum field theory. The scar formula can be
written as

Pmicro [¢] + 6Pscar [¢cv 5¢L}

P micro [¢] if

if ¢ =+ 6p, where ¢p. € O.5¢, €Ny O, |5, <E

<|T[¢]|2>E,A ~ 5S(e* P E) i 5S(x4 x5 E)
St D& g

(B91)

>>

D=

The approximate nature of the scar formula above means that it includes multiplicative corrections (1 + O(%, ( ETM)Y)).
Moreover, we recall the assumptions that went into the derivation of the quantum field theory scar formula, which are
directly analogous to those we used in the ordinary quantum mechanical setting: (i) for each triplet ¢, 2, E with ¢p* # ¢p®,
there is a single classical trajectory starting at ¢*, ending at ¢p®, and having energy E; if there are any nontrivial orbits
beginning and ending at ¢* = ¢® with energy E, then there must be exactly two that are time reverses of one another;

(i) |A(@)] < Tnlm % for ¢ € O and likewise for the third- and higher-order derivatives of S; (iii) O is a disjoint union

of smooth manifolds of finite dimension (for instance, this means the manifolds do not have self-intersections); and (iv) the

only values of ¢ for which ||(5S(Z(;\;B’E> + 550{;?23’@)

i ¢|| <2 are those that are close to O.
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The comments at the end of Appendix A about nearly
periodic orbits in the ordinary quantum mechanical setting
also generalize to the quantum field theory setting. In
particular, if O,e,yy is a manifold in field space F that
consists of nearly periodic orbits [in the sense of
O R NN

o' w12
nearby any exactly periodic orbits, then for ¢b’s on or near
Opearty We could write an expression for (|¥(¢)[?) 4 that is
nearly identical to the boxed scar formula. This may be
useful for studying so-called oscillons [27-30], which are
examples of nearly periodic orbits in quantum field
theories. However, in many cases, it is hard to ascertain
whether or not an oscillon is nearby (or perhaps equal to) an
exactly periodic solution due to numerical precision.
Moreover, it seems difficult to classify moduli spaces of
nearly periodic oscillons that are not nearby exactly
|

< A] which are not

2
5(E H(z,p))

SPear(Qc. 69 ) = —
+ h fdd

{vﬁﬁﬁﬁMI C__E[_

periodic orbits. These difficulties aside, the broader point
is that oscillons may indeed contribute to quantum scarring
in bands of eigenfunctions in quantum field theories.

APPENDIX C: DIMENSIONAL ANALYSIS

Here, we discuss dimensional analysis for both the
ordinary quantum mechanical scar formula as well as its
quantum field theory counterpart.

The ordinary quantum mechanical scar formula in (A68)
has two cases. In the second case, we only need to consider
P icro(q), defined in (A66). We see from the definition that
P iero(q) has dimensions of 1/[L]¢, as expected. In the first
case of the scar formula (A68), there is also a contribution
from 6Py, (q, 5q ). This should also have dimensions of
1/[L]%, but let us check this. We recall the formula (A67),
namely,

1/2

qu))

q"=q’=q

. /4 1
X exp [—%T(qc,qc,E)—lv(qc,qc,E)E h<S(qc,qc, )+—5qL-A(qc)'5ql)]}-

A short inspection shows that this term has dimension

LI,

[E] [T]( n (d—l)/z_ 1
_( > Sty

A2 (L] W

which gives the expected answer.

Now let us turn to the quantum field theory setting. The
corresponding scar formula is given by (B91), which again
has two cases. In the second case, we only need to examine
P icro|@], which is given above in (B89). This has dimen-
sions of 1/[¢]?Y, where V can be regarded as the “number
of points in space.” The factor of 2 in the exponent accounts
for ¢ being a complex scalar field (i.e., it has two
components). Indeed, 1/[¢]?" is the expected answer since
P icro[@] is a probability functional in ¢ = (¢, ¢»).

In the first case of (B91), we also need to contend with
OPyeor[he, S¢p 1 |, which is defined in (B89) above. Since this
equation was given previously, we do not rewrite it here.
Examining the form of the equation reveals that it has
dimension

[E][T] (1 h2> @v-n2 @)

(] \n[g] R

which is the expected answer.

2

APPENDIX D: BOUNDEDNESS OF HESSIAN
FOR FIXED ENERGY TRAJECTORIES

In this appendix, we bound the norm of the A operator in
both the ordinary quantum mechanical setting and the
quantum field theory setting. The bounds and their deri-
vations are very similar to one another.

1. Boundedness in the ordinary quantum
mechanical setting

In (A49) in Appendix A, we defined the operator

A (q) = 0*S(z4, 2P E) 0?S(z4, 28 E)
)= 070z} 0z} 0z?
0*S(z*, 28, E
g8@.z.E) ‘ (1)
aZi aZ] A,ZB,q

In (A50) we further defined the operator norm [|A;;(q)]|,
which we reprise here in slightly more explicit notation,

Zi,j”iAij (Q)”j
Zi”%

Our goal here is to show that ||A;;(q)|| is bounded when q is
on a periodic orbit with energy E. As in Appendix A, we
assume that our quantum mechanical theory has canonical
momentum terms with mass m, and that the theory is
invariant under time reversal. Our approach to bounding the

HAij(q)H = Sup

Ui

(D2)
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norm is to show that the three terms in (D1) are individually
bounded. In particular, we use the triangle inequality,

?S(z*, 28, E) 0*S(z*,2P,E)
[Ai(@)] <
i - aZ?aZ‘]A az?aZf ZA:ZB:q
?S(z*, 2P E)
Nk =7 (>3
i UL ' =2%=q

We start with the definition of the Legendre transform of
Hamilton’s principal function to fixed energy,
|

S(z*,28 E) == S(z*, 28, 1(2*, 28 E))

+ Et(z*, 28 E). (D4)

Let us begin with a bound on the second term on the right-
hand side of (D3), which contains the mixed A and B
derivatives.

a. Mixed derivative term

Letting d% denote a total derivative (as opposed to a
partial derivative), we can leverage (D4) to write

0 d d
S(z*,7z8 E =———(S(z*,2%,1(z*,28  E Et(z*, 7% E
EEeR | =S ) )|
0 op; ot
p] PJ ’ (DS)
0 ot az P —2P—q
i—S(ZA 28 E) d_d (S(2z*,28,1(2*,28 E)) + Et(z*,25 |E))
i IR e S P
dp?  dpt ot
_—apé— 5; 55 : (D6)
j <j 24 =2 =q
But since %éS(zA, 28 E) = %%S(z 28, E), we can average (D5) and (D6) to obtain
0 0 1/ opt op¥ 1/ op* o 0p? or
552" E ——<— L+—L R (o B A ) D7
e A I = =) A A G T =T =) (B7)
Thus, we have
0*S(z*, 28 E 1 apr op? opt or  op? or
72ZA6ZB ) :fﬂ’"n sup §Z5Zi<_ apzla ;%— 5' 58T 51 P ) 6z;.  (D8)
L0 == X |155]),2 /A /1 = 1 2 0z orozj o 0L 0T/ g

, and hence U Ty

The right-hand side can be simplified. Since q is on a periodic orbit with energy E, we have z4 = z? o o
Moreover, since our theory is time-reversal symmetric, #(z*,z?, E) = t(z%,2%,E), and so a‘)—’,; S )
2 1h=2P=q oz} 24 =zP=q
Accordingly, the last two terms in the parentheses in (D8) cancel, and so we are left with
0%S(z4, 2% E m 0 0
78,z E) YW ) = sup Zﬁz, p; +—F pj 6z;
0z} azj A—rP—q AT pax — dz o4 ) . .
[|62]|,2=A/ T ax/m i: i / gA=2P=q
1|lop? 1||op}
< ’ P H += ‘ = (DY)
2 azj 7' =2P=q 2 ()Zl '=1f=q

Let us bound the first of the two terms on the right-hand side of the inequality; a bound on the second term will follow by a

nearly identical argument.
We have

op?

B
0z g

m

' =28=q

= sup

nT e
max ||5ZHL2: hTmax/m L]

(D10)
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Defining
6p3
opB =) 6z;( —- , D11
Pl =Yoo (5%) D
which depends on dz;, we can rewrite (D10) as
hTm sup Z 5p?éz;
max H‘SZIILZZ\/ hTgax/mJ
%7 sup [|op”l.,[|oz]| .2
X |16z 2=/ AT ax/m
sup | (D12)

hTmaxHézHZZ V AT pax /M

where we have used the Cauchy-Schwarz inequality.
Finally, we bound |8p?|,. To do so, we note the inter-
pretation of the definition of p? in (D11): it is the change
in momentum at the final time (i.e., at B) if we perturb our
periodic orbit by g; — g; + Jz; at the initial time (i.e., at
A), but still insist that it ends at the same g; and has the
same energy E. Letting q* = q® = q be the unperturbed
initial position as usual, and further letting p# = p® = p be
the unperturbed initial and final momentum, we have

E :i(pwpf})2 + U(q).

o (D13)

Letting Uy, :== mingU(q), we assume this value to be
finite. Without loss of generality, we also assume U ;;, > 0.
Then, we obtain

Ip + 8p® |13 < 2m(E = Upin).- (D14)

By the reverse triangle inequality, we have

V 2m E— Urnm + ||p||2
< 2+/2m(E = Upin),

which is finite. In total, we have the bound

‘ <2, / 2m(E — Upin),

(D16)
as we desired.

[6p? I, <
(D15)

?S(z*, 2%  E)
azAaz

Z*Z*

b. Nonmixed derivative terms

Now we turn to bounding the first term on the right-hand
side of (D3). By similar arguments as in the previous
subsection, we have

6zS(zA,zB,E)+
5z§‘5z‘]‘~‘
_(_op}  op?
-\ o o

52S(z4 zB,E))
—zb—q

0z} 62%
op? ot
+ 2L 2 .
ot 0z Prfeq

op? ot
T3f A
ot 0z}
Noting as before that for our periodic orbit p# = p? and by
time-reversal symmetry #(z,,Zp, E) = t(zg,24, E), the
0*S(z4, zP

above simplifies to
<025(ZA, 28, E) ,E))
A5 A BB
0z; 0z 0z; 0z; P —P—q
opt  opB
(%%,
<j <j A =28=q
Taking the norm of both sides, we have
H <62 7%, 28 E) N azS(zA,zB,E)>
A BB
0z} az 0z; 0z; —2P—q

H ( 0171 L op? )
' =28=q

op op?
074 078

(D17)

(D18)

(D19)

j 1zt =2"=q

J 12t =2P=q
Let us bound the first term on the right-hand side of the
inequality, since a bound on the second term will follow by
the same argument. We have

op
0z}

2'=28=q

071'
= sup Y oz (a ) 5z;. (D20)
MaX||5z]|y =/ AT oy /m 1. Z 24 =28=q

To simplify this, we define

op?
J Z ! OZ? A =18=q

which depends on 6z;. We find that (D20) simplifies to

(D21)

m
e sup Z 8p}oz;
max HEZHZZ V hTmax/m J

<77 sup_ [|6p™[|,]|6zll,
max Hst“z: \V/ AT ax /M
< sup[|6p* [l (D22)

hT
max”(ngZZ \V/ AT pax /M
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It remains to bound ||6p”||,. From the definition in (D21),
we can interpret 5p;‘ as follows: it is the change in
momentum at the initial time (i.e., at A) if we perturb
our periodic orbit by g; — ¢; + 6z; at the initial time (i.e.,
at A), but still insist that we have the same energy E.
Accordingly,

1
E = P (p +p*)? + U(q + 6z) (D23)

implies
[p + 6p*(5 < 2m(E = Upin), (D24)

and by an identical reverse triangle inequality argument as
in the previous subsection, we have

15p ]|, < 2¢/2m(E = Upin).- (D25)
Altogether, we have
H<02 8,28 E) 0*S(z",2® E))
B
azA()z 0z; dzj 2P —q
<4, |-\ 2m(E = Upy) (D26)
m - in/s
N hTmax e

which is indeed finite.

c. Putting the bounds together

In total, for ¢ a periodic orbit with energy E, we have the
bound

6v2m
A < E—U. .
[Aij(@)]l < T rnin
< 67\w/§m (E - U;in>Tmax' (D27)

Since we have assumed U ,;, > 0, we have thus shown that

m ET .«

A <__ D28
|Ai;(q)]] 7\ (D28)
as we wanted.
) D D
55 550" %" E) = Dyl D
5)(;’ 5)(]' ZA=15=¢ D D
57:59 anj St

:% ?5){,- =P = ¢

2. Boundedness in the quantum field theory setting
Recall that in (B75) in Appendix B we had the definition

_ 5ZS(XAvXBvE) 525(XAvZBvE)
Aildllxy) = <5)(?(X)5;(?(y) S (67 0)
ES 1. E)
axﬂx)axf(y))mw (D29)

We equipped this operator with an operator norm
|A;j[¢](x,y)|| in (B76), which can be equivalently writ-
ten as

1A (@] (x, ¥
a3 i ()AG ) (x y)r(9)
T Jdix 370 xi(x)? - (D30)

In the present subsection, we will show that if ¢ is a
periodic orbit with energy E, then the norm ||A;;[¢](x, y)||
is bounded. We take an identical approach as in the
ordinary quantum mechanical setting explained above,
namely, by using the triangle inequality as

4[] (x. )l
< H(&ZS(XA’XB’ZD 52 (xA’xB E))
TN (o (v) - ®)ef (V) ) e,
S %8, E)
2‘ & ()37} () Ly qu (D31)

and bounding the individual terms on the right-hand side.
As before, we begin by recalling the definition of the
Legendre transform of Hamilton’s principal function to
fixed energy, namely,

S a% E) =S xP. t(x* . x".E))

+ Et(x*. 4. E). (D32)

In what follows, we will bound the second term on the
right-hand side of (D31).

a. Mixed derivative term

Similar to before, we let 2 Dy denote a total functional
derivative (as opposed to a partial functional derivative).
Using (D32) we have

7 (SO0 x% 1" X E)) + Et(¢" %" . E))

2 =x"

(D33)

125005-28



QUANTUM SCARS IN QUANTUM FIELD THEORY PHYS. REV. D 107, 125005 (2023)

6 6 D D
P S(x*x®.E) =5 P A (SO X8, t(* xB.E))+ Et(x* x* E))
% iy DXEDK P
ontt ont St
=20 % % . (D34)
6)(]‘ ot 5){/ P
Noting that 55,;5 < S xB E) = 7%5(}(*‘,13, E), by averaging (D33) and (D34) we arrive at
5 & 1 [ ozt o2 1/ ot 6t o0n% 6t
st =g (-geth) (-GS o)
Sy 6)( P 2 5)(j oy R 2 ot 5;( ot oy} ——
which gives
52S()(A B
‘ S ()8t (y) XA:xB:sz
1 1 2 onf(x) 6n(x) omi(x) &t ond(x) &t
7, e n ] o w0 (S R T e 0,
max H{sXHLZZ\/m ij=1 }(J y )(1 y )(] y )(z y XA_)( &
(D36)

We will simplify the right-hand side of the above equation. By assumption, ¢h belongs to a periodic orbit that has energy E,
and accordingly 74 = 8. This implies = d”f‘ = 0”” . Since we have assumed our theory is time-reversal symmetric, we have

t(x* %%, E) = t(x®, x", E), which gives %' —— =% s

parentheses in (D36) cancel one another. The 51mp11ﬁed result is then

. This means that the last two terms in the

2S(x . x5 E 1 1 2 smd on? (x
‘ S OB A(X ;{B ) H = sup — [ d?xd%y 25)&'()’) <—5ﬂg(x) +5 ﬁ\( )> 5)(j(x)
Xi (x) )(j( ) A=yB=¢ MaX || 5, 2=1/PT ij=1 X j (y) Xi (y) ==
1||67% (x) H
1 , D37)
i (
Haﬂfj :ZB:lﬁ 2 5;{/1 <y) ){A:ZB:¢

We proceed by bounding the first term on the right-hand side of the inequality, since the second term follows by the
same steps.
Explicitly, we have

x) 1 2 or8 (x)
Hé H T Wl T / dladly )90 <5 5 ) i) (D3
)(J ) ' =xP=¢ 1 6x ], 2=/ M T inax i.j=1 7i (v) x'=x"=b
and so defining
2 578 (x)
)= [ e (o) (D39)
12:1: 1)) =g

which has dependence on &y;(x), (D38) can be rewritten as

1 d
T sup /d xz&r x)dy(x
H(SX”LZ: \V AT max

sup [l |5l <

< hT sup |67®|,,. (D40)
max ”(SXHL2: V AT max

\/hT
M 16l 2=/ AT max
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Here, we used the Cauchy-Schwarz inequality in the first
inequality. Now we bound ||6z%|;_, and as in the ordinary
quantum mechanical setting it is convenient to take stock of
the interpretation of the definition of 2% in (D39). Notice
that 5z® is the change in momentum at the final time (i.e.,
at B) if we perturb our periodic orbit by ¢; — ¢; + oy, at
the initial time (i.e., at A), but require that it ends in the
same field configuration ¢; and has the same energy E.
Using our usual notation ¢p* = ¢p® = ¢ for the unperturbed
initial position, we additionally notate z4 = z® = x for the
unperturbed initial and final momentum. With these nota-
tions, we write

:/a"’xBi(”+5”3)2+%i(v¢i)2+U<g¢%)}'

i=1 i=1

(D41)

As in the quantum mechanical case, we define
Upin *= min,ep_ U(x), which for us is always finite. Let
us further suppose without loss of generality that U, > 0.
Then, we have

Iz + 67872 < 2(E = Upyin). (D42)

Leveraging the reverse triangle inequality gives us

167512 < V/2(E = Upyin) + |12

< 2V/2(E = Upin).- (D43)
We have thus obtained the total bound
525 A’ B,E 1
‘ % <2 2(E = Upin)-
517 (X)0x 5 (¥) | yn—g AT oo
(D44)

b. Nonmixed derivative terms

Going back to (D31), we now bound the first term on its
right-hand side. Using nearly identical arguments as above,
we have

5ZS(XA’XB’E) 5ZS(XA’ZB’E)
(5)(?(96)5)(?0) 5){?(?6)@(?@)) g
st onP ont &t

B 5t
o 3) . (D45)
ot oy; =xt=¢

Since for our periodic orbit we have #4 = z® and by virtue of
time-reversal symmetry we have ¢(y4.x5,E) =t(x5.X4,E),
we can simplify the form of the above equation to obtain

(525(%";(3’ E)  S(t X", E))
A A B B
i ()8 (V) x0T () ) oy

B < orf N 5ﬂ'?>
—\T5,A B :
5)(j 5)(j Jr—

By taking the norm of both sides of the above equation, we
have

(D46)

|Gt Staon).... |
St ()& () )T () )y

H( s 6t),00
6){/ 5),/] XA=XB:¢

on?
o

(D47)

5)@ o =x" d)‘ xAthIJH
We now bound the first term on the right-hand side of the
inequality. An identical bound the second term follows by the

same steps. We explicitly write out

orf
A
oy f

1

2
H = sup / d'xdly Yy 31i(y)
x'=x"=¢ X (15, 2= /AT ij=1

(5 )

(D48)

and define

/ ddyz 5, <5ﬂ2(;§>xA=xB:¢’ (D49)

oy

which has dependence on 8y;(x). With this notation, (D48)
becomes

1 2
o sup d?x Z 67 (x)6y;(x)
max HEXHLZZ\/ AT ax J=1
1

< w el
max ”5)(()‘)”[2: V AT max
wp o, (D50)

max H(SX ”L2: V AT max

To finish the bound we need to treat [|6z*|, . Using the
definition in (D49), let us interpret 577‘/‘.‘: it represents the
change in momentum at the initial time (i.e., at A) if we
perturb our periodic orbitby ¢p; — ¢; + Jy; atthe initial time
(i.e., at A), but maintain the same energy E. Then,
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1< 1<
- 518)? + = 5
[2 > (i onl) 52 (V(di+ )7

(lﬁ; (i + x:) )] (D51)

gives us

l7r + 6|72 < 2(E = Upin). (D52)

Using the reverse triangle inequality argument from above,

we find
1674 2 < 24/2(E = Upin)- (D53)
In total, we have
SS(h AP E)  8S(t x4 E)
H <5xf‘(x)5)(§~‘(y) Syt (X)3; (y)> . ¢H
<4 th — \/2(E = Vi), (D54)

c. Putting the bounds together

Putting together the previous results, assuming that ¢ is a
periodic orbit with energy E, we have

62 6vV2 [ET pu
Ajj ’ < E— Umin S :
45191031 < o=/ e
(D55)
Since by assumption U,;, > 0 we have
1 ET ax
4l S =2 (Ds6)
max

as claimed in the main text.

APPENDIX E: CHARACTERIZATION
OF MODULI SPACE OF Q-CLOUD
SOLUTIONS IN AN ENERGY WINDOW

In this appendix, we elaborate on the arguments made in
Sec. IV where we characterized the moduli space of
|

Q-cloud solutions. There we showed that it is five dimen-
sional, wherein any two points in the moduli space are
related by some combination of spacetime translations and
energy deformation. We work with the usual Q-cloud
Lagrangian in 3 + 1 dimensions with a sextic potential
given by

1
U(o?) == m*c? - §f04 + go®. (El)

For concreteness, we can take m=1, f=1, and
g = 1/20, although the parameters are flexible.

We begin by recalling some of the setup from Sec. IV in
the main body of the paper. Let @, (x, ) = ¢®'5,(x) be a
Q-cloud solution with period T = 2z/® in our desired
energy range. Then, we wanted to show that if @ is (i) a
small deformation of ®,,, (ii) time periodic, and (iii) in our
desired energy window, then @ is itself a Q-cloud solution.
When we say that @ is a “small deformation” of ®,,, we
mean that

( A dx A v dt|®,,(x, 1) — ®(x, t)|2> v (E2)

is small. This is sufficient because we are only considering
periodic orbits of length at most ~#/e on account of the
exponential decay factor exp(—e7'/h) in the scar formula.
Recalling the discussion around (9), we can write ® as

Cb(x, t) = (Da)+5w(xa t) + Zei(w+5w)nt5¢n (X), (E3)
nez
or more compactly as
D(x, 1) = By 5 (X, 1) + 6D (x, 1), (E4)

which can be viewed as a perturbed version of the Q-cloud
D, 5, With period 27/(w + éw).

For @, 5, + 6@ to be a solution to the equations of
motion, 0@ must be a zero mode. This is equivalent to the
condition

< (q):)Jrﬁ(u) U” _aﬂaﬂ - U/ - |<I)w+5w|2U”> < oD ) (0) (ES)
_aﬂaﬂ — U _ |q)(u+5w‘2UN w+5wU// S5D* - 0 :

|
Next, we plug in the mode expansion of 6® and expand the  (w?n? + V? = U’ — 62U")5¢h, — 05U"5¢*, , =0, (E6)
result to first order in the d¢,’s and dw. The dw terms only
contribute at second order in fluctuations, and so at first
order in fluctuations we have (@?’n® + V2 = U - c2U"¢*, — 62U"5¢,.» = 0. (ET)
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These equations simplify significantly upon making the
following observation. For large |x|, we have o, — 0,
U — m?, and U” = 0, and so in this regime we find

2
V26, = m? (“’—2 n? — 1) 5, (E8)
m

Here, w/m < 1, and so as explained in Sec. IV if we want
solutions that decay at infinity (i.e., are nonoscillatory), we
require 8¢, +1 = 0. If we plug 6¢,, 9 -, = 0 into the zero
mode equations, we find that d¢y = 0. The remaining
equations are given by

(@*+V2=U -c2U")5¢p_, =0, (E9)
(@ + V2 = U' = 205U") (84, +847) =0.  (E10)
(@ + V2 =U")(¢) — 6¢7) = (E11)

We would like to show that the only solutions to the
above three equations are given by perturbative spacetime
translation zero modes. This can be done in two steps: First,
we show that the perturbative spacetime translation
zero modes solve the above equations. Second, we prove
that these are the only solutions. The first step is easy.
The perturbative time translation zero mode [which for
Q-clouds coincides with a perturbative global U(1) trans-
formation] is given by

6D (x,t) = € - iwe' o, (x) (E12)

for ¢ a small parameter. Here, we have d¢ = ¢ - iwo,,,
0P} = —€ - iwo,, 6¢p_1 =0, and 6¢p* | = 0. It is readily
checked that these modes solve (E9)—(E11). Similarly, for
spatial translations we have

5D (x, 1) = €e'0;0,(x) (E13)

for j =1, 2, 3, giving é¢), = edjo,,, d¢p7 = €d;o,, and

o¢_y =0, 6¢*, = 0, which likewise solve (E9)—(E11).
For the second step, we need to show that there are no

other solutions to (E9)—(E11). We expand the d¢.; modes
in spherical harmonics as

¢i1 Yfm(g ¢) (EM')

\I»—*

) 14
Sps1(r.0.0) = ZZ

=0 k=—

where the 1/r factor is for convenience. In these variables,
we can decouple (E9)—-(E11) into an infinite tower of 1D
Schrodinger-type equations, namely,

(- ves) ) owtt ) =0,

d 2
Ve (r) = =& + m? = 2f6%(r) + 3goi(r) +@’
(E15)
d2
( At Vil )> (07*(r) + 691" (r)) = 0,
VE(r) = —? + m® = 3f2(r) + Sgob(r) + M
(E16)

(=5 Ve ) @) =) =0,

Vi(r) = —* +m* = foo,(r) + goy(r) +@'

(E17)
Our goal is to show that (i) (E15) has no nontrivial,
normalizable solutions for all #; (ii) (E16) has only the
single normalizable solution o,(r) at £ = 1, with no other
nontrivial normalizable solutions for # # 1; and (iii) (E17)
has only the single normalizable solution ro,,(r) at £ = 0,
with no other nontrivial normalizable solutions for £ > 1.

We achieve these goals by numerically solving the
eigenvalue problems

2
(=it Va0 o) = ECp0s . (E19

(—d—fwf( ) 60f(r) + i (r)

= EC(50f(r) + 0?4 (1), (E19)
et )
= £ (Bt 0) - (). (E20)

and looking for zero energy solutions corresponding to

normalizable eigenstates. We have elected to choose

m=1, f=1, and g = 1/20, and scan across w’s from

®=0.85 to ®=0.95. Our results can be found in

Tables I-III, respectively. These results can be understood
as follows.

(i) For (E18) pertaining to the V7, (r) potential, we find

two bound states with negative energy at £ = 0, and

a continuum of unbound states with strictly positive

energy. Thus, there is no state of zero energy at

¢ =0. For £>1, the lowest energy state has

positive energy (which increases as ¢ increases),

and so there are no states of zero energy for £ > 1.

(ii) For (E19) corresponding to the V’ (r) potential, at

¢ =0 we find three bound states with negative

energy, and a continuum over unbound states at
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TABLE 1. Eigenspectra for @ = 0.85 and potentials V%, (r), V4 (r), and VZ(r), for relevant values ¢.

Vil (r) E(il El—l Eil Eil
=0 —4.09609 —1.16907 First unbound (0.224325) Unbound
=1 First unbound (0.295918) Unbound Unbound Unbound
V() £ E! £ B

=0 —6.32877 —2.68596 —0.299762 First unbound (0.281553)
‘=1 0 First unbound (0.296584) Unbound Unbound

‘=2 First unbound (0.314928) Unbound Unbound Unbound

Va(r) E° E! E? E?
=0 —1.93887 0 First unbound (0.283307) Unbound
‘=1 First unbound (0.296226) Unbound Unbound Unbound

TABLE II.  Eigenspectra for @ = 0.9 and potentials V7 ((r), Vi(r), and V% (r), for relevant values #.

Vil(r) E(ll El—l Eal E3—1
=0 —3.31383 —0.910297 First unbound (0.145222) Unbound
=1 First unbound (0.208235) Unbound Unbound Unbound
Va(r) ES E} EL E}

=0 —5.22681 —2.12991 —0.273849 First unbound (0.193224)
=1 0 First unbound (0.209239) Unbound Unbound

=2 First unbound (0.227407) Unbound Unbound Unbound

Vi(r) E° EL E? E?
=0 —1.48428 0 First unbound (0.195745) Unbound
=1 First unbound (0.208676) Unbound Unbound Unbound

TABLE III.  Eigenspectra for @ = 0.95 and potentials V*,(r), V4 (r), and VZ(r), for relevant values #.

Vil(’) Egl El—l EEI Eil
=0 —2.01353 —0.533926 First unbound (0.0698135) Unbound
=1 First unbound (0.115038) Unbound Unbound Unbound
Vi) £ £l £ £

=0 —3.23551 —1.27336 —0.179464  First unbound (0.0996173)
=1 0 First unbound (0.117283) Unbound Unbound

=2 First unbound (0.134789) Unbound Unbound Unbound

Vi(r) E° EL E? E3
=0 —0.855891 0 First unbound (0.103121) Unbound
=1 First unbound (0.115994) Unbound Unbound Unbound
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higher energies. Accordingly, there is no normal-
izable state of zero energy at# = 0. AtZ = 1, there s
a single bound state ro,(r) with zero energy corre-
sponding to the spatial translation zero modes. All of
the other states in the spectrum are unbound states,
and so there are no other zero energy states at £ = 1.
For £ > 2 there are no bound states at all, and hence
no normalizable solutions at zero energy.

(iii) For (E20), which has the V%(r) potential,
at £ =0 there is one negative energy bound

state and one zero energy bound state ro,(r)
corresponding to the time translation zero
mode. For £ > 1, all of the energies are greater
than zero.
Our numerical results are reliable until the level spacing
becomes too small to distinguish between the bound and
unbound states, which occurs for w too close to m. For the
parameters m = 1, f = 1, and g = 1/20, our numerics can
resolve the difference between bound and unbound states
up to around @ = 0.999.
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