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Induced energy-momentum tensor in de Sitter scalar QED
and its implication for induced currents
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The aim of this research is to investigate the vacuum energy-momentum tensor of a quantized, massive,
nonminimally coupled scalar field induced by a uniform electric field background in a four-dimensional
de Sitter spacetime (dS;). We compute the expectation value of the energy-momentum tensor in the in-
vacuum state and then regularize it using the adiabatic subtraction procedure. The correct trace anomaly of
the induced energy-momentum tensor that confirmed our results is significant. The nonconservation
equation for the induced energy-momentum tensor imposes the renormalization condition for the induced
electric current of the scalar field. The findings of this research indicate that there are significant differences
between the two induced currents which are regularized by this renormalization condition and the minimal

subtraction condition.
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I. INTRODUCTION

In the past several decades, quantum field theory in
curved spacetime has played a major role in the study of the
effects of gravity on quantum fields; for a pedagogical
introduction, see [1-3]. A precise understanding of the
quantum effects in curved spacetime was acquired by the
late 1960s by Parker [4—6] and followed by investigations
of others. Indeed, these early investigations focused pri-
marily on the physical consequences of particle creation in
the cosmological spacetimes. It has been illustrated that
a time-varying gravitational field creates elementary par-
ticles from the vacuum. Parker discovered that this particle
creation process can be analyzed by using the Bogoliubov
transformations method [5]. Formulating a general frame-
work of quantum field theory in curved spacetime involves
nontrivial questions. The problem of particle concept is a
deep one, and it is associated with one of the most
fundamental difficulties of quantum field theory in curved
spacetime, that there is no an unambiguous or unique
vacuum state; a detailed discussion can be found in [1,2].
This ambiguity is reflected in the theory by the absence of
an unambiguous or unique preferred mode solutions of the
field equation, which is in turn a consequence of symmetry
group of the spacetime. Since in a general nonstatic curved
spacetime there is generically no any timelike Killing
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vector field, it is not possible to classify modes as positive
frequency or negative frequency. Indeed, it is possible to
construct a compleat set of modes. However, the problem is
that there are many of such sets, and we will not have any
criterion available to select a unique privileged choice of
the modes. One of the key lessons learned from the
development of this subject is that the notion of particle
number does not generally have universal significant.
Hence, the expectation value of the energy-momentum
tensor in a suitable vacuum state is perhaps a more
physically relevant object to probe the structure of quantum
fields in curved spacetime rather than particle number
quantity [1]. Part of reason is that the expectation value of
the energy-momentum tensor in a fixed vacuum state
transforms according to the usual tensor transformation
law. In particular, if the vacuum expectation value of the
energy-momentum tensor vanishes for an observer, it will
vanish for all observers. On the contrary, the expectation of
particle number is an essential observer-dependent quan-
tity. The energy-momentum tensor is also important,
because it is directly relevant to explore the consequences
of the quantum field dynamics for the geometry of the
spacetime through the Finstein equation. Hence, it is
interesting to investigate the expectation value of the
energy-momentum tensor in a suitable vacuum state.
Since the mid-seventies, significant advances have been
made in the computation of the energy-momentum tensor
of the quantum fields as well as its applications in the
cosmological context. An essential feature of these com-
putations is that they all involve the ultraviolet divergen-
cies. In fact, such divergencies occur naturally in quantum
field theory calculations. Various prescriptions have been
developed for rendering the energy-momentum tensor
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finite. Among these prescriptions, Pauli-Villars regulariza-
tion [7,8], dimensional regularization [9-11], and zeta-
function regularization [11-14] were originally developed
for use in Minkowski spacetime. Several sets of fictitious
fields may be necessary to remove all of the divergences,
making Pauli-Villars regularization rather complicated.
In [13], it was pointed out that the dimensional regulari-
zation procedure is ambiguous in curved spacetime due to
the fact that in some classes of spacetimes, there is no
natural way to generalize the dimensionality of the space-
time, and the answer would be different in different
extensions to D dimensions. This method also suffers from
limitation that one needs, in principle, to solve the field
equations exactly. Another often used regularization pro-
cedure is point-splitting technique [15-18] which is
intrinsically designed to be used in the position-space
representation of the composite operators. This regulariza-
tion is implemented by placing the two quantum fields at
distant points separated by an infinitesimal distance in a
non-null direction, and then, the divergencies that arise in
the coincidence limit are absorbed into the renormalized
parameters. Although the point-splitting technique is the
most applicable regularization scheme, it involves consid-
erable technical complication. An alternative regularization
prescription is adiabatic subtraction [19-23] which was
originally invented by Parker [5] to obtain the average
density of the scalar particles created in a spatially flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) universe.
This approach is only applicable in spacetimes with slowly
varying curvature, and in fact, an adiabatic expansion is an
expansion in number derivatives of the spacetime metric.
Hence, it is especially useful for studies that involve
numerical techniques and problems of cosmological inter-
est [22]. In order to arrive a sensible semiclassical back-
reaction theory of quantum fields in curved spacetime,
Wald has propounded [24] a minimal set of properties that
the renormalized energy-momentum tensor should satisfy.
These properties which are often called the Wald axioms, in
the weaker set of axioms, can be expressed as follows [1,3]:
(1) The expectation value of the energy-momentum tensor in
any state at a point p in spacetime is covariant under general
coordinate transformations (diffeomorphisms) and is inde-
pendent of spacetime geometry at any point ¢ # p. (2) The
off-diagonal matrix element of the energy-momentum tensor
between any orthogonal pairs of states is finite and unam-
biguous. (3) For all states, the expectation value of the
energy-momentum tensor is covariantly conserved. (4) The
expectation value of the energy-momentum tensor vanishes
in the relevant vacuum state in the Minkowski spacetime. It
was shown in [ 18] that the fifth axiom of Ref. [24] cannot be
satisfied. Wald then proved a remarkable result, i.e., the
uniqueness theorem, which states that if the expectation
value of the energy-momentum tensor satisfies the Wald
axioms (1)—(3), then it is unique up to the addition of a local
conserved tensor [24]. Hence, the final results for the

renormalized energy-momentum tensor do not depend on
the employed regularization method [1,3]. Using these
regularization techniques, the regularized and renormalized
energy-momentum tensor of a neutral scalar field has been
widely investigated in FLRW universes [19-22,25-33] and
its physical implications for cosmological issues have been
explored [34-36].

It is thought that the very early universe can be approx-
imately described by de Sitter spacetime (dS) [2], which
motivates us to study the quantum field theory in this
spacetime. Gibbons and Hawking [37] originally discovered
that an inertial observer with a particle detector at rest
perceives the de Sitter invariant vacuum state as a bath of
thermal radiation which apparently comes from the cosmo-
logical event horizon. In this context, a relatively simple
model problem is that of a neutral scalar field with no
self-interactions whose regularized and renormalized
energy-momentum tensor has been analyzed [11,38-45].
In [39-41], it was subsequently shown that the vacuum state
of the quantum field in dS is unstable to particle creation.
Furthermore, the study of a semiclassical backreaction effect
of the quantum corrections onto the Hubble rate in [42]
indicated that these contributions can potentially result in a
superacceleration phase, i.e., a phase when the Hubble
rate increases as the dS expands. The spontaneous creation
of pairs of charged particles from the vacuum by a strong
electric field background in Minkowski spacetime is
a well-known nonperturbative feature of quantum field
theory [46—48]. Since the clearest version of this effect
was worked out by Schwinger, it is named the Schwinger
effect; reviews of this subject can be found in, e.g., [49,50].
The phenomenon of particle creation has revealed the
close analogy between quantum field theory in dS and a
constant, uniform electric field in Minkowski space-
time [40,41,51,52]. This analogy motivates us to explore
the combined implications of the dS Gibbons-Hawking
effect and the Schwinger effect. Aside from this analogy,
there are arguments and evidences that require the existence
of strong electromagnetic fields in the early universe [53,54].
This logical possibility provides a further reason for studying
quantum field theory in the presence of an electric field in dS.

There has been numerous studies to investigate the
Schwinger pair creation by a uniform electric field
background with the constant energy density in a dS.
Seminal contributions have been made by [55,56]. The
Bogoliubov transformation method has been used to
analyze the Schwinger effect for the charged scalar field
in two- [55-60], four- [61], and arbitrary-dimensional [62]
de Sitter spacetimes. The Bogoliubov transformation
method has been used to investigate the Schwinger effect
for the Dirac field in dS [63-67], in a manner similar to
that used for the corresponding charged scalar field. In
this method of analysis, which bring its own insights, the
expectation value for the number of particles is related
to the Bogoliubov coefficients which, in turn, can be
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determined by specifying the in-vacuum and out-vacuum
states. A reasonable definition of the out-vacuum state
requires that the parameters mass of the quantum field and
the electric field strength satisfy the semiclassical con-
dition. For a created semiclassical particle, this condition
implies that either or both the mass and the magnitude of
its electric potential energy acroses one Hubble radius
must be much greater than the energy scale determined by
the spacetime curvature [60,61]. An immediate conse-
quence of the semiclassical condition is that the entire
physical ranges of the parameters mass and electric field
strength cannot be probed by this method. A useful
alternative approach for studying the Schwinger effect
in dS was introduced in Ref. [60]. In this approach the
expectation values of the objects such as the electric
current and the energy-momentum tensor of the quantum
field in the in-vacuum state are investigated. The choice of
the in-state as the vacuum is justified from various
viewpoints; see [55]. Regarding the regularity properties,
it is a Hadamard and adiabatic state [56,60]. The regu-
larized expectation value of the electric current (also called
induced current) in the in-vacuum state of the charged
scalar field coupled to a constant, uniform electric field
background has been evaluated in two- [60], three- [62],
and four-dimensional [61,68] de Sitter spacetimes. In those
analyses, the behavior of the induced current can be probed
in the infrared regime for which the quantum field mass is
smaller than the magnitude of the electric potential energy
acroses one Hubble radius which in turn is smaller than the
energy scale determined by the spacetime curvature. The
authors found that, although the induced current has been
computed using different regularization method, in the
infrared regime the induced current increases with deceas-
ing electric field strength [60—62,68]. This peculiar behav-
ior was first observed in [60] and is called the infrared
hyperconductivity. In [69], the authors gave an alternative
derivation of the infrared hyperconductivity phenomenon
in dS; using the uniform asymptotic approximation
method. For a charged scalar field coupled to a uniform
electromagnetic field background with a constant energy
density electric field parallel to a conserved flux magnetic
field in dS,, the Schwinger effect using the Bogoliubov
transformation method [70-72] and the induced cur-
rent [70,71] in the in-vacuum state have been investigated,
and a period of infrared hyperconductivity was found. The
in-vacuum induced current of the Dirac field coupled to a
constant, uniform electric field background in two- [65]
and four-dimensional [73] de Sitter spacetimes has been
analyzed in a manner similar to that used for the corre-
sponding scalar field. It was subsequently found that, in
contrast to the case of corresponding scalar field, the
infrared hyperconductivity phenomenon does not occur in
the induced current of the Dirac field. Another peculiar
behavior of the induced current occurs when the direction
of the induced current is opposite the direction of applied

electric field background. This phenomenon which is
called the negative current, has been reported for both
the scalar field [61,68] with essentially small mass and the
Dirac field [73] with any mass in the four-dimensional
de Sitter spacetime. For the scalar field case, the negative
current occurs in a finite interval of the electric field
strength, and for the Dirac field case, it occurs below a
certain value of the electric field strength which depends
on the mass. In Refs. [74,75], some notable attempts have
been made to explain and remedy these peculiarities of the
induced current. Beside the induced current, the regular-
ized expectation value of the energy-momentum tensor
(also called the induced energy-momentum tensor) in the
in-vacuum state of the charged scalar [76-78] and
Dirac [79] quantum fields coupled to a constant, uniform
electric field background have been analyzed in different
dimensions of dS. In two-dimensional dS, the induced
energy-momentum tensor of the charged scalar field has
been analyzed in [76], and subsequently, the nonperturba-
tive, regularized, one-loop effective Lagrangian of scalar
quantum electrodynamics (QED) has been constructed.
The induced energy-momentum tensor of the correspond-
ing Dirac field has been derived in [79] and then applied to
study of the gravitational backreaction effect. The trace of
the induced energy-momentum tensor of the charged,
massive scalar field conformally coupled to the Ricci
scalar curvature of three- [77] and four-dimensional [78]
de Sitter spacetimes has been computed, and to examine
the evolution of the Hubble constant, the induced energy-
momentum tensor has been obtained from the trace, along
with the assumption that the created pairs act like a perfect
fluid with a vacuum equation of state. By applying the
Bogoliubov transformation method, the energy-momentum
tensor of the Schwinger scalar pairs created by a constant,
uniform electric field background in an arbitrary dimen-
sional dS has been computed under the two limiting
conditions, i.e., the heavy scalar field [62] and the strong
electric field [80]. In both these cases, it was found that the
Hubble constant decays as a consequence of the Schwinger
pair creation. Before closing the present section, it is
worthwhile to mention that the Schwinger effect has been
studied in FLRW spacetimes [81] and in the framework of
cosmological models [69,82-92]. The role of strong electro-
magnetic fields in astrophysics and cosmology was
reviewed in [93]. The objectives of this article are to
investigate the induced energy-momentum tensor of the
charged scalar field coupled to a uniform electric field
background in dS, and to analyze its nonconservation
equation. The importance and originality of this study are
that it calculates the induced energy-momentum tensor and
explores a relation between the induced energy-momentum
tensor and the induced current which leads to new insights
into the regularization and behavior of the induced current.

The remaining part of the article proceeds as follows: In
Sec. II, we define and construct the basic elements of the
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formalism that are necessary in our subsequent discussions.
We then carry out explicit computation of the induced
energy-momentum tensor in Sec. III. The properties of the
induced energy-momentum tensor are explored in detail in
Sec. IV. In Sec. V, we analyze the nonconservation equation
of the induced energy-momentum tensor; this investigation
yields a relation between the induced energy-momentum
tensor and the induced current. Then, the properties of the
resulting induced current are discussed in detail. In Sec. VI,
we present the findings of the research. In the Appendix we
present further supplementary data associated with the
calculation of the expectation values of the components
of the energy-momentum tensor.

I1. BASIC DEFINITIONS AND CONSTRUCTIONS

In this section, we define and construct the basic
elements of the formalism that are necessary in our
subsequent discussions.

A. Specification of the model

We have already mentioned that we consider a massive
complex scalar field ¢(x), coupled to the electromagnetic
vector potential A,(x), which describes a uniform electric
field background with a constant energy density in the
conformal Poincaré patch of dS,. To represent this region
of dS; which is conformally related to a region of
Minkowski spacetime, we choose the coordinates x* =
(7,x) that the ranges of the conformal time z, and the
comoving spatial coordinates x are given by

7 € (—00,0), x € R3. (1)
In terms of these coordinates, the metric of the spacetime
takes the form

Gudxtdx? = Q*(7)(de* — dx - dx), (2)

with the conformal scale factor

Q) = -, ()

where H is the Hubble constant. The nonzero Christoffel
symbols for the metric (2) are given by

o ., o
ﬁ 5 Fi j - = 6

Qi F6j2—5’ (4)

0 _
Lo = A
where the roman indices i, j denote only three spatial
components and run from 1 to 3. We use the overdot to
denote differentiation with respect to the conformal time .
From Eq. (4), the Ricci tensor and hence the Ricci scalar

can be calculated,

R, =3Hg,, R = 12H>. (5)
We put a uniform electric field background with a constant
energy density on the Poincaré patch represented in Eq. (2).
Without loss of generality, we choose our coordinates so
that this electric field to point in the x' direction. Thus, the
nonzero components of the electromagnetic field tensor are

Fop=—-F = QQ(T)E’ (6)

where E is a constant. It is convenient to express this
electromagnetic field tensor in terms of a vector potential in
the Coulomb gauge [60-62] as

E
Aﬂ(T) = —Eﬁ}l (7)
The complete action S, of this theory can be represented as
sum of a pure gravitational piece, an electromagnetic piece,
and a scalar field piece,

Siot = Sgr + Sem +S. (8)

Here, S, is the Einstein-Hilbert action that only includes
the gravitation piece of the complete action, and is given by

=— [ d*xy/=g(R -2A
Sw=1ez [ EWEIR=280, (9)

where G is Newton’s gravitational constant, g is the deter-
minant of the metric, R is the Ricci scalar of the spacetime,
and A, is the cosmological constant. The electromagnetic
piece of the complete action is expressed in terms of the
electromagnetic field tensor as

1
Sen==73 / dx/GF  F. (10)

The dynamics of the complex scalar field ¢(x) of mass m
coupled to the electromagnetic vector potential (7) with
coupling e is governed by the last piece of the complete
action which can be written as

S= [ dxymala 0, + ied,)o(0, ~ ieh )y
) (1)

where £ is a dimensionless nonminimal coupling constant
which describes the strength of the coupling ¢ to the Ricci
scalar (5). The Euler-Lagrange equations of motion give the
Klein-Gordon equation for the scalar field,

1
——0,(/—99"0,¢) + 2ieg"*A,0,p — ezg"”A A,
\/_—g /4( ) H H
+ (m* + ER)p =0, (12)
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and the Maxwell equation for the electromagnetic field,
V, F# = jH, (13)

where V denotes the covariant derivative operator, and j* is
the electric current of the scalar field caused by the electric
field background (6) which is defined by

J(x) =ieg™ (0,0 + ieA,p)p* — p(d,9" —ieA,p*)]. (14)

Itis straightforward to verify that V,,j* = 0;i.e., the electric
current is conserved.

B. Preliminary definition of the
energy-momentum tensor

The classical Einstein equation can be derived from the
complete action (8) by demanding the invariance of S
under infinitesimal variation of the metric 6g,,, or equiv-
alently, infinitesimal variation of the inverse metric §¢**.
This condition requires that

2 88 2 (68, 8S., OS
toyt: < & Sequ D> =0. (15)
V=969 /=g \og"” 69"  6¢"

The variation of expression (9) with respect to 6g"* leads to
|

2 58, 1 1
\/——_959”” = % (R/u/ - ERg/w + Acg/w> y (16)

The variations of the electromagnetic action S, and the
scalar field action S, with respect to 6¢g** define the energy-
momentum tensor of the electromagnetic field T,(Zm), and
the energy-momentum tensor of the scalar field 7,

respectively, as

2 8Sum

= =T 1)
2 68

—\/_59”11 =Ty (18)
-9

Plugging expressions (10) and (11) into Egs. (17) and (18),
respectively, and following the standard calculus of varia-
tions procedure yields the energy-momentum tensor of the
electromagnetic field,

1
T/Etim) = Zg;wF/meH + gpoFm)F(wv (19)

and a preliminary expression for the energy-momentum
tensor of the scalar field,

1
Ty = [(45 —1)g?°(9, + ieA,)p(0, — ieA,)p* + (1 — 4&)m>pp* + <§ B 45) fRW*} I

+ (1 =28)(0,00,9* + 0,00,0") + ieA, (900" — 0,0¢") + ieA,(9d,¢*

+2e*A,A,09" + 2E17, (90,

Plugging three expressions (16)—(18) into Eq. (15) gives
the Einstein equation,

1 em
R, - ERg;w +Acgu = _8”G(T/(4V : + TMD)‘ (21)

An important property of the Einstein equation is that both
sides of Eq. (21) have identically vanishing covariant
divergences, which implies

vV, " = —VﬂT<em)””. (22)

Using the Klein-Gordon equation (12), it is straightforward

to show that the covariant divergence of expression (20) is
given by

V, T = —j,F". (23)

Apparently, the energy-momentum tensor of the scalar field

is not covariantly conserved in the presence of the electro-
magnetic field, as the consequence of the electromagnetic

- aﬂ(p(p*)

[
interactions. We show that the nonconservation of T, is

compatible with the nonconservation of 7= so that the
relation (22) is satisfied, and hence, the total energy
momentum tensor is covariantly conserved. By taking
the covariant divergence of the expression (19) and using
the Maxwell equation (13), it is seen that

v, Tlemm = j Fro. (24)

As aresult of Egs. (23) and (24), it is evident that the relation
(22) is satisfied. Hence, the total energy-momentum tensor
T, + T is manifestly conserved.

It is important to state that we treat the classical
gravitational field (2) and the classical electromagnetic
field (7) as fixed field configurations which are unaffected
by the dynamics of the quantum complex scalar field
@(x) in response to these backgrounds. In fact, the
Einstein equation (21) describes the backreaction effects
on the gravitational field, and the Maxwell equation (13)
and Eq. (24) describe the backreaction effects on the
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electromagnetic field. Indeed, due to the conceptual impor-
tance of Eq. (23) in our subsequent discussions, we have
presented Egs. (13), (21), and (24) to provide a fairly
detailed discussion of its derivation. It is then clear that we
do not discuss these equations further in this article.

C. Quantizing the complex scalar field

Quantizing the complex scalar field ¢(x), in the classical
gravitational (2) and electromagnetic (7) field backgrounds,
is completely straightforward and follows exactly the same
route as that of a complex scalar field in Minkowski
spacetime. We solve the Kline-Gordon equation (12),
and then adopting the canonical quantization method, we
can define the in-vacuum state to obtain the expectation
value of the energy-momentum tensor operator.

Taking account of the fact that the gravitational (2) and
electromagnetic (7) backgrounds are invariant under spatial
translations, it is convenient to write the mode solution of
Eq. (12) as

Uk(x) = Q7! (r)e™ f(2), (25)
where k is the comoving momentum. Plugging Egs. (2),
(7), and (25) into Eq. (12), we can put the differential

equation in a standard form by the change of variable
z = 2ikz so that k = |k|. Then, it becomes

d2f+ <_l+f+1/44_7/2)f(z)20, (26)

dz? 4 z 2

where the dimensionless parameters are defined through

m ek - 1
= —, ﬂl:——’ = -,
H=g 72 656
_K =—il _ /! 2= — 128 (27)
r= PR K = —IAF, V= \/4 H :

Two values of & are of particular interest and are the
minimally coupled case £ =0 and conformally coupled
case £ = 1/6 which imply & = 0. The variable k, which
appears in the definition of the parameter r, denotes the
component of the comoving momentum k along the
electric field background. Equation (26) is the Whittaker
equation, and the solutions are called Whittaker functions;
see, e.g., [94]. We define the in-vacuum state |in) so that in
the remote past (z — —oo0) where the spacetime is asymp-
totically Minkowskian, an inertial observer there would
identify this state with a physical vacuum. This vacuum
state may be represented by a mode solution of the
Whittaker equation (26) which behaves like a mode
function in Minkowski spacetime in the limit of
7 — —oo. Hence, the solution of Eq. (26) with the desired
asymptotic form in the limit of |z| - oo which can be
represented in terms of a Mellin-Barnes integral [94] is

e_% +ico (g 1
W, (z) = i 3
SCNS e s T il casas)
|
Xr<§_y+s>r(—x—s)z‘s, (28)

with the condition that the phase of the variable z and the
values of the parameters y and x must satisfy the following
inequalities

1
5:!:}/—K¢O,—l,—2,--~. (29)

3r
phz)] <.
In expression (28), the factors denoted by I" are the gamma
functions. The contour of the Mellin-Barnes integral (28)
consists of a straight vertical line from minus infinity to
infinity, parallel to imaginary axis in the complex plane,
and of a semicircle at infinity with indentations if necessary
to avoid poles of the integrand in a way that separates the
poles of (3 + 7+ ) and I'( — y + s) from the poles of
I'(—=k — s). The normalized mode functions which behave
like the positive frequency Minkowski mode functions in
the remote past are given by [61,62],

Uy (x) = \/%eMTKQ_I(r)eik'x W, (2ikt).  (30)

Besides, the normalized mode functions which behave like
the negative frequency Minkowski mode functions in the
remote past are found to be [61,62]

1 inx P
Vi(x) = ﬁe_TQ_l(r)e_’k"‘ W, (=2ikz). (31)

We have conventionally normalized the mode functions
(30) and (31) such that their Wronskian is

U Ui —ULU = ViV = Vi Vi = iQ2(2).  (32)

These mode functions will be orthonormal with respect to
the conserved scalar product integrated over the constant 7
hypersurface [62]. The usual canonical quantization will
proceed by introducing the creation aL, and annihilation a)
operators for each of mode functions Uy, and similarly the
creation by, and annihilation b, operators for each of mode
functions V. The creation and annihilation operators
satisfy the commutation rules

la.a)] = by b = QaPsk - k). (33)

with all other commutators vanishing. Then, the complex
scalar field operator can be expanded in terms of the creation
and annihilation operators in the standard manner as
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¢m=/é§mmw+ﬂww. (34)

The in-vacuum state |in) is characterized by the fact that it is
annihilated by each of gy and by operators

aylin) = bylin) =0, Vk. (35)
III. CONSTRUCTION OF THE INDUCED

ENERGY-MOMENTUM TENSOR

Having built a foundation for our discussion and
presented the definition for the energy-momentum tensor
of the scalar field in Eq. (20), we proceed to present the

regularized in-vacuum expectation value of the energy-
momentum tensor of the scalar field.

A. Unregularized expectation values
in the in-vacuum state

Integral representations for the in-vacuum expectation
values of the components of the energy-momentum tensor
can be obtained by substituting the mode expansion (34) for
the quantum scalar field ¢(x) into the definition (20), and
then calculating the expectation values in the in-vacuum
state using relations (33) and (35). By using Eq. (12) and
some algebra, we have the following integral expressions in
terms of the positive frequency mode function (30) for the
expectation values of the components. The integral expres-
sion of the timelike component is given by

&’k

(in|Tgpin) = / G (U Uy — 6607 (U Uy + U Ug) 4 772(K222 + 24rke + 22 + pi* + 68) U Uy]. (36)

For the diagonal spacelike components, we get

3
ammm:/f§«

+(46+1)22

— 48U Uy, = 2607 (U Ug, + Uy Up) + 772 [(4€ = 1+ 212)k202 + 2(4E + 1) Arke
+ (46 = D® + 6£(88 — 1)]Uy Uy}, (37)
and

(in|T'p[in) = (in|T'33[in)

f o

+ 20227 + 2(48 = 1)arke +

— 48U Uy, = 2607 (U U, + U UL + 772[(4€ = 1)

(48 = )2 + (45 = Dp? + 65(88 — 1)|U Uy }- (38)

The only nonvanishing in-vacuum expectation values of the off-diagonal components can be expressed as

(in| Ty [in) = (in| T oin) = i7" / (ke + ) (U Ui — U UL (39)

(27)*

Using the asymptotic expansion of the Whittaker function (28) for large values of its argument [94], it can be shown that the
mode function (30) is proportional to k>~ in the limit of k — co. Then, inspection of integrals in Eqs. (36)—(39) shows
that these expressions are ultraviolet divergent. Thus, we first regulate them by cutting them off at a large momentum K. A
further description of the calculation of the expressions (36)—(38) is available in the Appendix. We find the final expression
for the unregularized in-vacuum expectation value of the timelike component

2

4 4
(in|Tgp|in) = QZ(T)H—Z{/\4 + </,¢ - 6¢+ 2 >A2 (M——I—6E 2 —/1—) log(2A) + 548 —
kY4 2 6

4 u

22
= 6 £
15+ +§ +8

1942 2y (4 cosh(2z2) ¢ 45

— oy m T o (- 6-96F + 442 — 267 — 6 —96F + 6412 — 2642
h(2z4 +1 ' 1 ' |

X%—l— iCSC(2ﬂ:}/)/_l COr |:(62ﬂ/1r +821ﬂy)ll/ <§+7+ i/ll") _ (eZﬂ/lr +e—21ny)w<§_y+ i/ll’)j|dr

+;—§(3/,t4 + 3682 —/12)}, (@0)
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where the coefficient Cy, is given by

5 1
CO,:—§/14r4+ (6u% + 642 + 36E + 1) o+ )0 + A2 4+ 128). (41)

The final results of our evaluation of the unregularized in-vacuum expectation values of the diagonal spacelike components
are

H* A4 2142 oL, A o 2620 Tut
(in|Ty,|in) = Q*(7) — { (25 By —) A+ (% + 6&u* — —) log(2A) — 548 — —— — sy

822 | 3 15 6 105 24
18¢ L | 15(105 2 15— 1328 + 3522 — 112) — 6622 — 336822 — 42*
186, W 22— 15— _ _ _
5 £ 7772 T30 247 |7 #
h(274) % 15 -
— 4622 | £ 10572 = 15 — 132 + 17522 — 11 36642 — 2976812 + 13674
ﬂ} sin(2zy)  487°X° | & 2 (1057 £+ w) - t

sinh (274 . +1 ) 1 .
— 2662 2} W + icsc(2xy) /—1 Ci, [(62”’1’ + &2 )y (E +7+ tlr)

o (1 ’ 3
— (e 4 2imr )y, <§ -r+ i/lr)] dr - i—’; (3u* + 368 ~ /12)}’ (42)

where the coefficient Cy, is given by

35 1 . 1 . i
Ci, = §,14r6 -3 (702* + 302242 + 360E2% + 252%)r* + 3 (3924% + 3u* + 304%u% + 396EA° + T2Eu* + 2042
_ _ 1 _ _ _ _
+ 6u® + 43282 + 728)r* — 3 (424 4+ 42212 + 60E2% + 128U + 202 + 2u% + 1448 + 24¢), (43)

and we also have

(in|T[in) = (in|T33]in)

H* (A% _oouro2r ut - 2 27
— () 4% (e A2 (B 682+ ) log(2A) — 5482 + 25
(1)8752{3+<‘f 3 15) +<2+ 5”+6> 0g(2A) = 54" + 33
7/4 45 /42 1922 2 y 5 -
Y LY | B e 2 (105772 — 15 — 1328 + 3822 — 1142 — 2422
o TSR Ty B e | (105 St #)

20024

cosh(27A) Y
sin2ry) 32724

220 , ,]|sinh(274) . +1 . 1 ,
2 2mAr 2iny _
3 A ] sin(27) + i cse( zry)/_l Cy, | (e7™ + ™ )y 2+7/+1/1r

5 -
[ (1057272 — 15 — 132& + 17822 — 114%) — 12422 — 1024&2% +

. 1 ] _
— (2™ + 72 )y (5 -7+ m)] dr— % (3u* +36&u* + /12)}, (44)
where the coefficient C,, is given by

C, 5 1 . 1 _ _
SF gt 1 (647 — 6 + 36E + 1)1 + 1 (Bt + 200 + 12807 + 3687 - 7). (45)

C2r:_

Plugging the resulting expression given in Eq. (32) for the Wronskian of the mode functions Uy into Eq. (39) and
integrating over momentum phase space, we obtain the unregularized expression for the only nonvanishing off-diagonal
components,

. . . : 5 H'Z
{in|To1[in) = {in|Tolin) = ©*(7) —5 A°. (46)
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The expressions (40), (42), (44), and (46) clearly have
ultraviolet divergences when A — oo. This was expected,
because the expectation values in the Hadamard in-vacuum
state suffer from the same ultraviolet divergence properties
as Minkowski spacetime.

B. Construction of the counterterms
and adiabatic subtractions

To render the in-vacuum expectation values given by
Egs. (40), (42), (44), and (46) finite, we provide a set of
needed adiabatic counterterms. The adiabatic regularization
method consists of subtracting the appropriate adiabatic
counterterms from the corresponding unregularized expres-
sions. To adjust the set of appropriate counterterms, we
treat the conformal scale factor Q(z), and the electromag-
netic vector potential A, (7) as quantities of zero adiabatic
order. As pointed out by Wald [18], in four dimensions, to
obtain a renormalized energy-momentum tensor which is
consistent with the Wald axioms, the subtraction counter-
terms should be expanded up to fourth adiabatic order; see
also [1,2]. Thus, to construct the expectation value of the
energy-momentum tensor with the desired physical proper-
ties, we expand the subtraction counterterms up to fourth
adiabatic order. To construct the appropriate counterterms,
we need an expansion for the mode functions up to fourth
adiabatic order. We use the definition z = 2ikz to turn the
Klein-Gordon equation (26) into the convenient form

d*F,

W+(w%(f)+A(7))fA :O, (47)
where F 4 is the positive frequency adiabatic solution, and
the conformal time dependent frequencies read

wo(7) = (K2 + 2eA kr + €2 A + m2Q2):,  (48)

A(z) = 128 (g) y (49)

It is then obvious that @, is of zero adiabatic order, and A is
of second adiabatic order. The adiabatic form of F, is the
Wentzel-Kramers-Brillouin (WKB) solution of Eq. (47).
This WKB solution can be written as

F.() :ﬁexp {—i / TW(T/)dT/], (50)

where WV satisfies the exact equation

W 32
WZZO)%-FA—m'FW. (51)

To put the solution into the desired form, it is convenient to
write WV as

W =W 4+ We 4 Wi, (52)

where the superscript numbers in parentheses denote the
adiabatic order approximation to V. Substituting the
expansion (52) into Eq. (51), we find the zero adiabatic
order approximation

WO = . (53)

The next iteration gives the second adiabatic order
approximation

A @y 30

W@ = (54)

200 402 S

Repeated iteration yields the fourth adiabatic order
approximation

i = WV 3ipgW?
200 4w} 4(08 4(1)3
22
3 3@ (55)
doy

It should be remarked that all terms in the adiabatic expansion
of W of odd adiabatic order vanish. Assembling the pieces
given in Egs. (25), (50), and (52)—(55), we find the positive
frequency adiabatic solution to fourth adiabatic order
approximation,

U ) = 0 ()=

X exp {ik x—i / ' W(T’)dt’] . (56)

We use the superscript symbol [4] to indicate that the cross
terms from the field expansion products that are of adiabatic
order greater than 4 are to be discarded. To obtain expansions
of the required counterterms to adiabatic order four, it is only
necessary to calculate (36)—(39) with Uy replaced by U r J
Doing this, we find the counterterm to adiabatic order four for
the timelike component,

4 2
[4 H - 24
Ty = Qz(f)g {A4 + </42 —65+—- A?
4 2 4 2
u 2, A 2A > AT
(L v ege - 1og( ) 2B -2
(2+ H 6> °g<ﬂ MR TR
4 2 2,2
- ut o 24 - Au 1
OF2 + 1 T _opE R
O $TT3 60
72 3ER
o - 52 . (57)
240u™  30u~  2u
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We find the counterterms to adiabatic order four for the diagonal spacelike components,

A4 - 21422 4 - A2 2A - 134* 7ut -
TE“E—QZUW{ (:—”+>Az ("2+652—>1og<)—72:2——”—naﬂ
7

3 15 6 105 24
N R R 2 35&2
e e B 58
5 6 18 15 60 240u* + 1842 * 2u? (58)
and
H* A4 _ /42 2/? ut 2 2A A
T _ 7 _ 02, _Pr A2 " 222 ) ) o082 4 2
2 33 ()82 28 5 + 2+6fﬂ +5 ) log p §+35
Tut 25 ,ﬂ 77/ TR B 22
_E SR g 59
24 Wy 5 6 18 5 +60+720,u4 45° 2;42] (59)

We obtain the counterterms to adiabatic order four for the only nonvanishing off-diagonal components,

H*)
Tyl =Ty = @) g7 A (60)

Then, the adiabatic regularization procedure is carried out by subtracting the counterterms (57)—(60) from the corresponding
unregularized in-vacuum expectation values (40), (42), (44), and (46). Thus, we obtain our final expression for the timelike
component of the regularized energy-momentum tensor,

Ty = (in|Tgglin) — ng
H* (1 724 2?2 312 PR 22 u?
20 {

— - - —18B2 - 4B 3y L 08
822 160 2404° 3042 | 242 ¢ 5+12 S Vi

y (45 ) ,\ cosh(2z4) % 45 ) ,\ sinh(274)
— | = —6—-96& + 41 — 26 — —6—96¢& 4 6417 — 26 —_—
e < £+ 1) “sin(2zy) 48222 £+ ") sin(2y)

+1 . 1 . 1
+ icsc(2ny) / Cor [(ez”’“ + 2™ )y (5 +y+ i/1r> — (&2 + e72imr Yy (E -7+ iﬂr)] dr
S 2 in -
- (% + 6Eu% — g) log(u) + 17 (3u* + 368u” — /12)}~ (61)

We obtain our final expressions for the diagonal spacelike components of the regularized energy-momentum tensor,

Ty = (infTy fin) - 7]
H* 1 724 2 3ER 134 Ny L R e
— _ S NI T Y- L Y B SO
2y { 60 22047 182 " 22 TS T0s e R R BT
Y cosh(271)
24702 sin(27y)
/4

sinh(27z4)
487773

sin(27y)
+1
+ icsc(2my) /
-1

15 -
{ (1057272 — 15 — 132& 4 354 — 114?) — 664% — 336E1° — 40* — 46/12,uz}
15 -

[ (1057272 — 15 — 132& + 1752% — 114%) — 3664> — 2976£)° + 1362* — 266/12/12}
2ir | 2i 1 . dmir 1 —2i 1 )
Ci,|(e*™" + 2™ Yy §+y+lh — (e + 7 )y E—erl/lr dr

4 _ )“2 . _
(15 4 68 = ) towti = 5 30t + 3652 = ) . (62)

and
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. . 4
Ty =T33 = (in|T33/in) — T[zs]

H* 172 2 &2
=Q(1) o5t
(z) 8712{ 60 7204% a2 "

16722 |x

__r
327203 | n?

+1
—I—icsc(2m/)/
-1
4 2 .
u 2, A in
Z 16 21 =
+<2 + 6&u +6) og(u) =1,

We see that the nonvanishing unregularized expectation
values of the off-diagonal components, given by Eq. (46),
are exactly canceled by their counterterms (60),

Tor = Tig = (infTyolin) = Tig = 0. (64)
Thus, we have arrived at the desired expressions for the
regularized in-vacuum expectation values of all the compo-
nents of the energy-momentum tensor, also called the
induced energy-momentum tensor.

An alternative and very fruitful approach to the issue of
scalar QED in de Sitter spacetime has been established in
the series of remarkable papers [95-97]. In this series, the
Starobinsky stochastic formulation [98] of inflationary
quantum field theory has been extended to the setup of
scalar QED in de Sitter spacetime. In the framework of the
Starobinsky stochastic formalism, the long and short wave-
length modes of the light scalar field are split via a window
function. Or equivalently, in the momentum-space, the low-
and high-momentum modes are split via an appropriate
cutoff. Then, the short-wavelength part of the field inside
the Hubble horizon is treated as a source term in the
classical equation of motion for the long-wavelength part of
the field outside the Hubble horizon; for a recent review of
this subject, see [99]. Hence, the Starobinsky stochastic
formalism treatment is in contrast to the canonical quan-
tization procedure adopted in this paper where the scalar
field operator is built from an appropriate linear super-
position of all the mode functions with an equal weight; see
Eq. (34). In [95], the Starobinsky stochastic formalism
applied to massless, minimally coupled scalar QED in
de Sitter spacetime, where the electromagnetic vector field
was integrated out, and then, the renormalized effective
potential and scalar QED energy-momentum tensor were
derived. Furthermore, the Starobinsky stochastic equation
was generalized to the effective scalar theory and solved
at late times. In particular, their result for the effective
energy-momentum tensor implies a decay of the effective

> 4182
2u? 18
/ [32 (105772 — 15 — 132Z + 3822 — 1142) — 242 — 144222

Rl (105772 — 15 — 132 + 17842 — 114%) — 1242% — 10242 +

(3u* + 36&u% + /12)}.

M 2ER 2 R
Z 4342 2 4T
TR S DI S

] cosh(274)
sin(27y)

12'“2

2002* 220 2 2} sinh(274)

3 3 sin(2zy)

. 1 . 1
C2r |:(627z/1r + e217zy)y/<2 + Y + lﬂr) _ (eZﬂir + 8—217[]/)1//<2 -y + Mr)} dr

(63)

cosmological constant due to the inflationary pair creation.
In [96,97], the two-loop vacuum expectation values of the
gauge invariant bilinears and the energy-momentum tensor
of massless, minimally coupled scalar QED in de Sitter
spacetime have been evaluated using the dimensional
regularization method. It was found that the results are
in agreement with the predictions of the stochastic formal-
ism which was derived in [95]. Our result for the induced
energy-momentum tensor (61)—(63) differs considerably
from that of Refs. [95-97], because our viewpoint in this
investigation has been quite different from that of
Refs. [95-97]. First, instead of the Starobinsky stochastic
formalism, we have adopted the canonical quantization pro-
cedure, as discussed in Sec. II C. Second, in Refs. [95-97],
the electromagnetic field was considered as a dynamical
quantum field which was integrated out in Ref. [95], and
was treated perturbatively using the formalism of Feynman
diagrams at two-loop order in Refs. [96,97]. However, as
we have noted already in Sec. II B, in our analysis, the
electromagnetic field (7) is treated as a fixed classical
background field.

IV. PROBING THE INDUCED
ENERGY-MOMENTUM TENSOR

The nonvanishing components of the induced energy-
momentum tensor are given by Egs. (61)—(63). Observe
that all the off-diagonal components of the induced energy-
momentum tensor are zero, and the components 7,, and
T3; are equal as consequences of the underlying sym-
metries of the backgrounds (2) and (6). Furthermore, since
the electric field background (6) is not invariant under full
symmetries of de Sitter spacetime, this indeed violates the
time reversal symmetry [51], and causes an electric current
along its direction; we observe that Ty, T, and T, are
not equal to one another. Thus, we expect that in the limit
of vanishing electric field background that the in-vacuum
state possesses the full set of de Sitter invariances, and the
induced energy-momentum tensor takes the maximally

125001-11



OMID GHOLIZADEH MEIMANAT and EHSAN BAVARSAD

PHYS. REV. D 107, 125001 (2023)

invariant form under the transformations of de Sitter group,
i.e., must be proportional to the de Sitter metric. By setting
A =0 in Egs. (61)—(63), which corresponds to vanishing
electric field background, the induced energy-momentum
tensor reduced to the form

H* (1 . -, 2P .
=0 = T2B — 1287 — T+ 2 (128 + 42
w 32”2{15 & G =3 (128 4-p7)

x [w (%er) +W<%—70) —log(uz)} }g,m (65)

where yo = /(1/4) —u*> — 12& is obtained by setting
A =0 in the definition of y. The expression (65) accords
with the result of computing the renormalized vacuum
energy-momentum tensor of a real scalar field in dS,
obtained in Refs. [11,38], except for the overall factor of 2
in Eq. (65). This factor of 2 is consistent with the complex
scalar field as being made of two real scalar fields with the
number of degrees of freedom doubling up.

A. Behavior of the induced energy-momentum tensor

Figures 1-3 provide some useful insight into the general
behavior of the induced energy-momentum tensor. The
absolute values of the expressions (61)—(63) as functions of
the electric field parameter A, for various values of the scalar
field mass parameter y, and two values of the coupling
constant £ are shown on the graphs in Figs. 1-3, respec-
tively. Note especially that the scales are logarithmic on
both axes; hence, on the graphs, zero values of the
expressions, where the signs of the plots change, are
displayed as singularities. Therefore, these figures signal
that the induced energy-momentum tensor is analytic and
varies continuously with the parameters A, y, and &;
this statement is consistent with the requirements discussed

104

1032

102

IT8UH

101

100

1 1 1
0.01 10 10° 07
A

FIG. 1. The absolute value of 7§ component of the induced
energy-momentum tensor is plotted in unit of H* as a function of
the electric field parameter 4 = —eE/H?. The lines correspond to
different values of the mass parameter y = m/H, and the
coupling constant ¢ as indicated. Both axes have logarithmic
scales.

T T T T

10%

102

101

1T

10°

0.1
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10ME

0.:)1 10 16‘ 167
A

FIG. 2. The absolute value of 7} component of the induced

energy-momentum tensor is plotted in unit of H* as a function of

the electric field parameter A = —eE/H?. The lines correspond to

different values of the mass parameter y = m/H, and the

coupling constant ¢ as indicated. Both axes have logarithmic
scales.

in [100]. Figures 1-3 also illustrate the outstanding
qualitative features of the induced energy-momentum
tensor. For fixed values of x4 and &, the absolute values
of the nonvanishing components of induced energy-
momentum tensor are increasing functions of A, but by
excluding a neighborhood of the zero value points, this
behavior is assured. For fixed values of 4 and &, the absolute
values of the nonvanishing components are decreasing
functions of u. For fixed values of 4 and 4, the nonvanishing
components do not vary significantly with the parameter &
in the range 0 < £ < 4, p. The qualitative behaviors shown
in Figs. 1-3 can be given quantitative treatments by
inspection of expressions (61)—(63) in the limiting regimes.
We concentrate our attention on three regimes of interest:
(1) The strong electric field regime with the criterion

FIG. 3. The absolute value of T3 component of the induced
energy-momentum tensor is plotted in unit of H* as a function of
the electric field parameter A = —eE/H?. The lines correspond to
different values of the mass parameter g = m/H, and the
coupling constant ¢ as indicated. Both axes have logarithmic
scales. Recall that T3 = T3.
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A > max(1,u,&). (2) The heavy scalar field regime with
the criterion y > max(1, 4, £). (3) The infrared regime with
the criteria y < 1, 1< 1, and £ = 0.

1. Strong electric field regime

In the strong electric field regime A > max(1, u, &), it is
appropriate to find the approximate behavior of the induced
energy-momentum tensor in the limit 4 — oo. By expand-
ing expressions (61)—(63) around 4 = oo with ¢ and £ fixed,
we find the dominant terms in the components of the

induced energy-momentum tensor,
H* (72
Q2 4 )" (66)
8z~ \240u

Thus, in this regime, the absolute value of the nonvanishing
components of induced energy-momentum tensor increase
monotonically with increasing A but decrease monotoni-
cally with increasing y, as we see on the right end of any
graphs in Figs. 1-3.

Too = =Ty = 3Ty =3T3 = —Q°

2. Heavy scalar field regime

In the heavy scalar field regime y > max(1,4,¢&), it is
appropriate to find approximate behavior of the induced
energy-momentum tensor in the limit 4 — oco. By expand-
ing expressions (61)—(63) around y = oo with 4 and ¢ fixed,
we find the dominant terms in the components of the
induced energy-momentum tensor,

H* (a b col?

H* (a b 2
Ty =Ts= —927 <P+_4+2_4+ (9(/4_6)), (67)
H H

where the coefficients a, b, ¢y, ¢; and ¢, are given by

a=—%+§—72£§3,

b= _%o (1 — 328 4 504&> — 90720&*),
002_315_5“252’ cl=—32125+3f+12§2,
622%5‘5 (68)

The asymptotic forms in Eq. (67) reveal that the induced
energy-momentum tensor falls off as H?/m? in the limit
(m/H) — oo. Thus, the behavior of the induced energy-
momentum tensor is inconsistent with the behavior of the
semiclassical energy-momentum tensor [39,62] that falls of
as exp(—2zm/H) in the heavy scalar field regime where

m > H. A similar feature arises for the induced electric
current of both scalar [61] and Dirac [73] fields in dS,.
Studies [74,75] have proposed explanations in physical
terms for this feature of the induced electric current.

3. Infrared regime

To find approximate behavior of the induced energy-
momentum tensor in the infrared regime, where y <« 1,
A< 1 and £ =0, it is appropriate to make Taylor series
expansions of the expressions (61)—(63) around ¢ = 0 and
A =0, and set £ = 0. We find that the dominant terms in the
expansions of (61) and (63) are given by

) H* (61 1722 724
Ty =

872 \60 604>  240u4*

O, u) ), 69
0 s~ a0+ OFR)) (69

H* (61 1122 724

Ty =Ty=-P— (4" 4~
2oy 822 \60 " 18042 72040

+ (’)(/12,/42)>,
(70)

which are valid for y <« 1 <« 1 as well as 1 <y < 1. The
expansion of expression (62) for 4 < 4 < 1 takes the form

HY (299 72 7
=@ (2 4 Lo, (11
i 8752(60+36/42+24Ou4+ ( ’”) 71

while for 4 < y <« 1, it is approximated by

H* (61 22332 1433)*

T, = _92872 <@_W+—240u4 +O(/12,;ﬂ)> . (72)
Observe that all the asymptotic expansions (69)—(71)
diverge as m™* in the exactly massless case, i.e., m = 0.
We can understand the origin of these infrared-divergent
terms by looking at the counterterms (57)—(59). These
terms arise from the contribution of the zero modes in the
massless case to the counterterms. Therefore, the signal for
the massless case of the method of adiabatic regularization
cannot be used because it leads to singularities in the
counterterms, as pointed out in [19,20,61]. We emphasize
that the result (72) is an approximation valid only for
A < p < 1, and hence, we cannot use it in the limit of zero
mass for a fixed value of A.

B. Trace anomaly

It is reassuring to do a consistency check, to see that
whether the induced energy momentum tensor yields the
well-known predicted trace anomaly for a free, massless,
conformally invariant scalar field in dS,. Putting the metric
(2) and components (61)—(63) together, we obtain the trace
of the induced energy-momentum tensor,
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H* (1 72¢ 2 2ER ol
T=g¢"T, ==53-—— - 728+
I T 87:2{15 180u* 45M2+ e S5
-
27 A sin(2xy)

— 125/42 —

2222
6 3

Na +1 _ ‘
(2zAcosh(2zA) — sinh(2z1)) + m/l (3212 =22 — 2 —12¢) |:(€2”h + e%imr)

1 . 1 _ _
Xw<5+7+i/1r> - <e2m+e-zmw(i—wmr)]dr—uw+ 128) log (42) + im® (u® + 12:)}. (73)

We see that the trace anomaly of the free, massless,
conformally coupled complex scalar field is given by

Lo H* 2 1,
limlimlim7 = —— =-——(-R*=R,R" |, (74)
A=0u=0 g 1207°  28807° \3

and in arriving at the second equality, we have expressed
H* in terms of a combination of the Ricci tensor and the
scalar curvature of dS, which are given by Eq. (5), to put
the result into a familiar form. The trace anomaly (74)
is in agreement with the result of computing the trace
anomaly [101] of a free, massless, conformally coupled real
scalar field in dS,, except for the overall factor of 2 in
Eq. (74) as explained below Eq. (65).

V. IMPLICATIONS FOR THE
INDUCED CURRENT

The generalization of the nonconservation equation (23)
for the classical energy-momentum tensor of the scalar field
to the induced energy-momentum tensor 7, and the
induced current j, of the scalar field has important
implications for the induced current. Recall that the non-
vanishing components of 7, are given by Egs. (61)-(63),
and the nonzero components of F,, are given by Eq. (6).
The only nontrivial relation that arises from Eq. (23) is
obtained by setting v = 0, which leads to

0yT® + HQ(5T® + T + T2 4 T3%) = —-Q72Ej,, (75)
J

where we have used Egs. (4) and (6). The relation (75),
along with the relations

TP = 2HQ(D)T®, T =g, T",
—Q2Ej, = HQ 'A.j, (76)

suffice to show that the timelike component of the induced
energy-momentum tensor can be written in terms of the
trace 7, and the effective electromagnetic potential energy
A.j as

The induced current j, is defined as the regularized
expectation value of the scalar field electric current operator
(14) in the in-vacuum state specified in Eq. (35). It can be
verified that the induced current j, is conserved and whose
only nonvanishing component is j;. Thus, the induced
current flows along the electric field background direction.
For convenience, we write the induced current as

jﬂ = Q(T)J[n]5},. (78)

Here, we use the subscript [1] to indicate the adiabatic order
n of the subtracted counterterms to obtain the induced
current J|,;. Comparison of Egs. (61), (73), and (77) allows
us to read off the effective electromagnetic potential energy
A.j, and then, we use the last relation in Eq. (76) and
definition (78) to extract Jiy. This gives

Y (45 ) cosh(27A)

= —6—96E + 412 — 8u?
n? ¢t #) sin(2ay)

S el a2 7’13+%10(z) ind 4%
R T A B A R T
y (45 o) sinh(274)
(2 6-96E+ 642238
122272 (;:2 < #

- , 1 . 1
_’_12 +M2 + 125) |:(627Mr + eZmy)lI/ <§+ Y+ l/l?’) _ (eZIMr + e—2my)w <§ —y+ l/l?‘)]dl’},

where the subscript [4] indicates J{; has been derived from
the expressions which have been regularized by the
counterterms expanded up to fourth adiabatic order. This
should be clear from Egs. (61), (77), and (78). To verify

sin(2ry)  2sin(27y)

iA +1 -
/ (522r* = (1 +36& + 64% + 3u*)r?
-1

(79)

[

our result (79), we have evaluated directly the induced
current by calculating the expectation value of the current
operator (14) in the in-vacuum state and then subtracting
the corresponding counterterms expanded up to fourth
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adiabatic order. The expression for Ji that follows from
this direct analysis reproduces exactly the expression given
by Eq. (79).

In Ref. [61], the induced current of the massive,
minimally coupled & = 0, scalar field has been evaluated
by calculating the expectation value of the current operator
(14) in the in-vacuum state which is represented by the
mode functions given in Egs. (30) and (31) with £ = O for
this case. In order to regularize the expectation value, the
method of adiabatic subtraction was employed. Those
authors expanded the required counterterm up to second

|

inl 41* 7

3 6/1

eH? (A
=32 {310g(/42)

<45 110+ 422 — 8y > cosh(2z2) 7

adiabatic order that it suffices to remove the divergences,
and the regularized expression resulting from use of it
reduces to the expected results in the Minkowski spacetime
limit. We refer to this prescription as minimal subtraction.
Furthermore, they argued that including the contribution
of fourth adiabatic order in the counterterm spoils the
expected behavior in the Minkowski spacetime limit.
Following these restrictions and arguments, it was sub-
sequently found in Ref. [61] that the induced current is
given in terms of Jp) as in Eq. (78) by

45
~ R ( + 10 + 644% — >

sin(27y)

smh(27zﬂ) 2 4 2 2
-2 2rAr 2iny
* sin(277) 251n(27r7/ / (S22 + (5= 622 = 3y2)r* + & 4> = 2) | (¥ + &)
1 . 1
x 1,,(5 +7+ Mr) — (¥ 4 72Ty (5 -7+ iﬂrﬂ dr}, (80)

where 7 = /9/4 — 2> — i? is obtained by setting £ = 0 in
the definition of y, and the subscript [2] indicates J, has
been regularized by the counterterms expanded up to
second adiabatic order. It is important to note that there
are two differences between expressions (79) and (80).
First, the coupling constant ¢ is treated as arbitrary real
value parameter in the expression (79), whereas the
expression (80) has been computed for fixed value
& = 0. Second, expression (79) contains contributions from
the fourth adiabatic order expansion of the counterterm.
With these two differences, (79) is a generalization of (80).
Therefore, the difference Ji4 (£ = 0) — Jp) would give only
the fourth adiabatic order contnbutlon of the counterterm to
J [4]> that is

H (74 ¢
Ju(E=0)—Jp = %(——i——). (81)

9u®  90u*

In our subsequent discussion, we demonstrate that the
expected behavior of Jy in Minkowski spacetime is not
spoiled by these fourth adiabatic order contributions.
Furthermore, we show that these contributions alter the
behavior of the Ji; when compared to Jy, especially in
the two regimes of the infrared hyperconductivity and the
strong electric field.

A. Minkowski spacetime limit

Here, we explore the behavior of the result (79) in the
Minkowski spacetime limit. Note that in the limit where the
Hubble constant tends to zero, i.e., H — 0, we recover
Minkowski spacetime. As was mentioned in the discussion
of Eq. (81), the difference between the expressions (79) and

|
(80) comes from the contribution of fourth adiabatic order
in the adiabatic expansion of the counterterm. Comparison
of the expressions (79) and (80) shows that these fourth
adiabatic order contributions are

5] — eH? (4E) 73
8 \ U2 9t 9oout
e _— H? 7(eE)?
= —— H |, 82
s () (-5 @

where the second equality comes from using the definitions
of A and p given in Eq. (27). It is clear from the second
equality in Eq. (82) that all these terms vanish in the limit
H — 0 for fixed and finite values of E and m. This
observation will automatically insure the validity of (79)
in the Minkowski spacetime limit. If the electric field
background E and the scalar field mass m are regarded as
fixed and finite, then by taking the limit H — O of the
expressions (79), we find

3 2

1273H

hmJ[ 4] =
H-0

E%e71er, (83)
which is exactly the same as the result obtained in Ref. [61]
for the behavior of J ), given by Eq. (80), in the Minkowski
spacetime limit. It has been argued [61] that in the
expanding dS the inverse of the Hubble constant H~!, in
fact, is equivalent to the finite time interval between
switching on and off the electric field background in
Minkowski spacetime. By this argument, we can see that
the behavior (83) of the induced current in the Minkowski
spacetime limit agrees with the electric current of the
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charged scalar particles produced by the Schwinger mecha-
nism in Minkowski spacetime [40,41].

A comparison of the result of this article for the induced
current Jyy) [see Eq. (79)] to the result of Ref. [61] for the
induced current Jy [see Eq. (80)] is shown in Fig. 4. The
figure is drawn for & = 0, and illustrates that, for the light
scalars p < 1, the induced currents Jiy and Jp differ
considerably in the regime A Z p. Subsequently, we set
¢ =0 and concentrate our attention on the regime 1 2 p.
We examine the behaviors of Jy and Jp) in the two
regimes: the infrared hyperconductivity with the criterion
u < A< 1 and the strong electric field A > max(1, u, £).

B. Behaviors in the infrared
hyperconductivity regime

In Ref. [61], it was pointed out that, in the infrared

hyperconductivity regime u < A1 < 1, the absolute value of
the induced current Jj;; monotonically increases with

decreasing the electric field parameter 1, as shown in
Fig. 4. In this regime, we can approximate expression
(80) by

eH? 64
Ty=g 7 </172 +ﬂ2>' (84)

From Fig. 4, it is obvious that in the infrared hyper-
conductivity regime, the absolute value of the induced
current Jiy reduces to zero at a certain value of the electric
field parameter A, which depends on the mass parameter u.
Indeed, the sign of Ji; changes at 4,. This figure also

indicates that the absolute value of Jy is a decreasing
function of 4 in the interval 4 < A < A, and is an increasing

FIG. 4. Dependence of the absolute values of the normalized
induced currents |Jy|/eH? (solid curves) and |J |/ eH* (dashed
curves) on the electric field parameter 1 = —eE/H?, for the case
of minimal coupling £ = 0. The lines correspond to different
values of the scalar field mass parameter y = m/H as indicated.
Both axes have logarithmic scales.

function for A > A,. In the infrared hyperconductivity
regime, we can approximate expression (79) by

NeH3 P/ n 64 (85)
[4 = 872 90/44 9,[42 22 +Iu2 :

This expression has a zero at A, ~ 2.090u. In the range of
A > 2.090u, the dominant contribution to Ji4 comes from
the first two terms in Eq. (85) which its absolute value
increases with increasing A. Thus, in this range, the infrared
hyperconductivity phenomenon does not occur. On the
other hand, in the interval y < 4 < 2.090u, the dominant
contribution to Ji4 comes from the last term in Eq. (85)
which increases with decreasing A. Thus, in the interval
U < A <2.090y, the infrared hyperconductivity phenome-
non occurs. We therefore conclude that although there exist
a period of the infrared hyperconductivity in our result for
the induced current J 4}, now this phenomenon occurs in the
more restricted interval y < 1 < 2.090u.

C. Behaviors in the strong electric field regime

Figure 4 shows that although the absolute values of the
two induced current J 5 and Ji) are increasing functions of
A in the strong electric field regime A > max(1,u, &), the
induced current Jp; does not depend on the scalar field
mass, whereas the induced current Jyy is proportional to
u~*. We find that, in the limit 1 — oo for a fixed u, the
induced current Jyy is given approximately by

eH? (7123 THe* [ E?
yr ﬁ—w<—4> :—2<_4>' (80)
7= \90u 7207~ \m

We observe that the behavior of the induced current Ji) in
the Minkowski spacetime limit [see Eq. (83)] will be
different from that in the strong electric field limit, see
Eq. (86). Whereas, in [61], it was pointed out that the
induced current Jpy has the same behavior in these two
limits, indicated on the right side of Eq. (83). We note that
in the Minkowski spacetime limit, the electric field strength
E, the scalar field mass m, and the coupling constant & are
regarded as fixed, and the Hubble constant H, tends to zero.
Thus, in the Minkowski spacetime limit, although A =
—eE/H? and u = m/H tend to infinity, the ratio A/u’
remains finite. We also note that in the strong electric field
regime, the Hubble constant H, the scalar field mass m, and
the coupling constant ¢ are regarded as fixed, and the
electric field strength E, tends to infinity. Thus, in this
regime, A goes to infinity while y is regarded as a fixed and
finite value.

VI. CONCLUSIONS

The aim of the present research was to examine the
induced energy-momentum tensor of a massive, complex
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scalar field coupled to the electromagnetic vector potential
(7) which describes a uniform electric field background
with a constant energy density in the conformal Poincaré
patch of dS; where the metric takes the form (2). The
dynamics of the complex scalar field is governed by the
action (11). The energy-momentum tensor of the scalar
field is not covariantly conserved in the presence of the
electromagnetic field, as the consequence of the electro-
magnetic interactions, see Eq. (23). The nonconservation of
the scalar field energy-momentum tensor is compatible
with the nonconservation of the electromagnetic field
energy-momentum tensor [see Eq. (24)], and hence, the
total energy momentum tensor of the theory is covariantly
conserved. We treated the classical gravitational field (2)
and the classical electromagnetic field (7) as fixed field
configurations which they are unaffected by the dynamics
of the quantum complex scalar field in response to these
backgrounds. We discussed canonical quantization of the
scalar field. The normalized positive and negative fre-
quency mode functions of the scalar field which behave like
the positive and negative frequency Minkowski mode
functions in the remote past are given by Egs. (30) and
(31). These mode functions determine the in-vacuum state
of the scalar field.

We calculated the expectation values of all the compo-
nents of the energy-momentum tensor in the in-vacuum
state of the scalar field; the nonzero expectation values have
been obtained in Egs. (40), (42), (44), and (46). It is
expected that these expectation values contain ultraviolet
divergences, because the expectation values in the
Hadamard in-vacuum state suffer from the same ultraviolet
divergence properties as Minkowski spacetime. To render
these in-vacuum expectation values finite, we employed the
adiabatic regularization method. To adjust the set of
appropriate counterterms, we treated the conformal scale
factor and the electromagnetic vector potential as quantities
of zero adiabatic order. As pointed out by Wald [18], in four
dimensions, to obtain a renormalized energy-momentum
tensor which is consistent with the Wald axioms, the
subtraction counterterms should be expanded up to fourth
adiabatic order. Under these assumptions, we then con-
structed the set of the appropriate adiabatic counterterms,
which are given by Egs. (57)—-(60). The adiabatic regulari-
zation procedure was carried out by subtracting the
counterterms from the corresponding unregularized in-
vacuum expectation values. Thus, we have arrived at our
final expressions for all the nonvanishing components of
the induced energy-momentum tensor, which are given by
Eqgs. (61)—(63). This research has shown that all the off-
diagonal components of the induced energy-momentum
tensor are zero, and the components 7’5, and 733 are equal
as consequences of the underlying symmetries of the
backgrounds (2) and (6). Furthermore, since the electric
field background (6) is not invariant under full symmetries
of dS, this indeed violates the time reversal symmetry [51],

and causes an electric current along its direction; we
observe that Ty, T, and T, are not equal to one another.
The research has also shown that in the limit of zero electric
field, our result for the induced energy-momentum tensor
reduces to the form (65). The expression (65) accords with
the result of computing the renormalized vacuum energy-
momentum tensor of a real scalar field in dS, obtained in
Refs. [11,38], except for the overall factor of 2 in Eq. (65).
This factor of 2 is consistent with the complex scalar field
as being made of two real scalar fields with the number of
degrees of freedom doubling up. The absolute values of the
expressions (61)—(63) as functions of the electric field
parameter A, for various values of the scalar field mass
parameter u, and two values of the coupling constant & are
shown on the graphs in Figs. 1-3, respectively. These
figures signal that the induced energy-momentum tensor is
analytic and varies continuously with the parameters 4, y,
and ¢&; this statement is consistent with the requirements
discussed in [100]. For fixed values of x and &, the absolute
values of the nonvanishing components of the induced
energy-momentum tensor are increasing functions of A, but
by excluding a neighborhood of the zero value points, this
behavior is assured. For fixed values of 1 and &, the absolute
values of the nonvanishing components are decreasing
functions of u. For a fixed 4 and u, the nonvanishing
components do not vary significantly with the parameter &
in the range 0 < ¢ < 4, p. The qualitative behaviors shown
in Figs. 1-3 can be given quantitative treatments by
inspection of expressions (61)—(63) in the limiting regimes.
The examination of the expressions (61)—(63) has shown
that in the strong electric field regime A > max(1, u, £), the
components of the induced energy-momentum tensor can
be approximated by Eq. (66). In the heavy scalar field
regime u > max(1, 4, ), the components can be approxi-
mated according to Eq. (67). We also found that in the
infrared regime, where y < 1, 1 < 1, £ =0, the compo-
nents can be approximated by Egs. (69)—(72). To do a
consistency check, we derived the trace anomaly of the
induced energy-momentum tensor for the case of a free,
massless, conformally invariant scalar field in dS,; see
Eq. (74). This investigation shows that our result (74) is in
agreement with the earlier result of computing the trace
anomaly [101] of a free, massless, conformally coupled real
scalar field in dS4, except for the overall factor of 2 in
Eq. (74), as explained below Eq. (65).

One of the more significant findings to emerge from this
research is that the nonconservation equation (23) implies
the relation (77) between the induced energy-momentum
tensor and the induced current. This relation in turn implies
the renormalization condition for the induced current. We
derived the expression (79) for the induced current of the
scalar field by using the expressions (61), (73), and relation
(77). This result for the induced current has been derived
from the expressions which have been regularized by the
counterterms expanded up to fourth adiabatic order.

125001-17



OMID GHOLIZADEH MEIMANAT and EHSAN BAVARSAD

PHYS. REV. D 107, 125001 (2023)

In Ref. [61], the induced current of the massive, minimally
coupled & =0, scalar field has been evaluated by sub-
tracting the counterterm expanded up to second adiabatic
order; see Eq. (80). In the discussion of Eq. (83), we
remarked that our result for the induced current in the
Minkowski spacetime limit agrees with the electric current
of the charged scalar particles produced by the Schwinger
mechanism in Minkowski spacetime [40,41]. A compari-
son of the result of this article for the induced current Jiy
[see Eq. (79)] to the result of Ref. [61] for the induced
current Jpy [see Eq. (80)] is shown in Fig. 4. The figure is
drawn for £ = 0, and illustrates that, for the light scalars
u < 1, the induced currents J and Jpy) differ considerably
in the regime A 2 u. From Fig. 4, it is obvious that in the
infrared hyperconductivity regime y < A < 1, the absolute
value of the induced current Ji4 reduces to zero at a certain
value of the electric field parameter A, which depends on
the mass parameter u. We found that in the infrared
hyperconductivity regime, the induced current Jyy can
be approximated by Eq. (85) which has a zero at
A, 22.090u. In the interval u < 1 < 2.090u, the dominant
contribution to Ji4 comes from the last term in Eq. (85)
which increases with decreasing A. Thus, the infrared
hyperconductivity phenomenon occurs in the interval
u < A <2.090u. We therefore conclude that although there
exist a period of the infrared hyperconductivity in our result
for the induced current J 4, now this phenomenon occurs in
the more restricted interval g < 4 < 2.090u. Figure 4 also
shows that the absolute value of the induced current Jy is
an increasing function of A in the strong electric field
regime A > max (1, u, £), but decreases as y~* with increas-
ing p. We saw that in the limit A — oo for a fixed u, the
induced current J 4 is given approximately by Eq. (86). The
results of this investigation show that the behavior of
the induced current Jy) in the Minkowski spacetime limit
[see Eq. (83)] will be different from that in the strong
electric field limit, see Eq. (86).

This would be a fruitful area for further work. A natural
progression of this work is to analyze the backreaction of
the induce energy-momentum tensor on the gravitational
field of dS, and the backreaction of the induce current Jiy

on the electromagnetic field. This is also an issue for future
research to explore the induced energy-momentum tensor
of a Dirac field in the context of our discussion.
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APPENDIX: EVALUATION OF THE
MOMENTUM INTEGRALS OVER
THE MODE FUNCTIONS

In the Appendix, we present further supplementary
data associated with the calculation of the expressions
(36)—(38). It is convenient at this stage to switch to the
three-dimensional spherical momentum space, and then,
we can perform the entire three-dimensional integrals in
three-dimensional spherical coordinates. We introduce a
transformation from the Cartesian momentum coordinates
(ky, ky, k,) to the spherical momentum coordinates (k, 6, ¢)
by equations
ky=kcos®, k,=ksinfcos¢, k,=ksinfsing. (Al)
In these coordinates, the variable r = k,/k is given by
r = cos @ with range —1 < r < 1. The integration measure
is then d®k = k? sin @d¢pdOdk. Tt is useful to convert the
variables of integration from the momentum k to the
dimensionless physical momentum p = —kz, and from
the angle 0 to the variable r. Thus, the previous expression
for the integration measure may be rewritten as

&k = —H>Q*(t)d¢pdrp*dp. (A2)
Accordingly, we use a dimensionless physical momentum
cutoff A, which is related to the momentum cutoff K as
A = —K7z. To begin the evaluation of (36)—(38), we change
the integration measure according to (A2) and substitute
the expression (30) for Uy(x). After integration over
azimuth angle ¢ and some simplifications, the expressions
(36)—(38) reduce to

H* [+1 1 _
(in|Toplin) = QQF/ dr{2Il —4rT, + (Z_ }/2 - 18.§+/12r2)13 +23[Z4) = 2R [(6& — 1 — idr)Zs] +Ié}, (A3)
T J-1

H4

+1
(in|T, [in) = QZW/ dr{2r2T, — 44rT + [(46 + 1)2 + (4& — 1)p? — (4 — 1)1
JT

+ (66— 1)(85 = 1)]T5 — 23[(4E = 1)T4] + 2R[(1 — 6¢ + idr — 4iAré)Ts) — (4 — 1)T4},

and

(A4)
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(Tl = (nTfin) = @ oo [ ar{(1 = )T, + (4= )02 442 = 27) + (68 = 1)(8E = DI

—23[(4& = 1)T4] + 2R[(1 — 6¢ + idr — 4iAré)Ts| — (4 — 1)Tg}. (A5)

where J and R stand for the imaginary and real parts of any expressions, respectively. In these expressions, the momentum
integrals over the Whittaker functions have been defined by

7= e [ appwe (-2ip)P (A6)
7= [ app?lw,, (2ip)P. (A7)
7o = e [ " dppiw,(2ip)l, (A8)
T, = (i =2+ i/lr> e /0 * dpp*W,_,(=2ip)W_,,(2ip), (A9)
Is= <i =22+ ixlr) e /OA dppW,_y,(=2ip)W_,,(2ip), (A10)
T :' 3—‘ —y2 =22 +iir ze”’l’ AA dppW,_,(=2ip)W_,_,,(2ip). (A11)

The integrals in Eqs. (A6)—(A11) are of the same kind of those momentum integrals over the Whittaker functions which
encountered in the calculation of the induced current of a scalar field in two- [60] and four-dimensional [61] de Sitter
spacetimes. The first step in the evaluation of the integrals (A6)—(A11) by the method that explained in Ref. [61], is to plug
the Mellin-Barnes representation (28) for the Whittaker function W and make use of the theorem of residues. It is rather
straightforward, but rather lengthy, to show that our final results are

A? 1 1
I, = T +'¥A3 +1g (4y% + 12272 = 1)A? +%(12y2 +204%r* = 7)A + 8 (27 + 48y* + 5602*r* — 12052
Tyt 83y 533 1607 59 351
4 222_2221 2A) — _ T 14 4 2.2 72,2922 T
+ 480y°27r* — 52047 r*) log(2A) 32+64 96/1r+192/1r 167//1r 512
B 55y 35)%r? _@ yAr ]
24 8 96

(cos(2my) + €*™r) — (27 + 48y* + 56044 r* — 120y + 480y22°r?

i
sin(2zy) 256 sin(27xy)

. 1 . 1
—5201r2) |:77,' sin(2zy) + (e*™ + 6_2'”7)l//<§ -7+ i/1r> — (&2 + 2 )y <5 +r+ iﬂr)] , (A12)

1 ar 37 95 52
Ty =—+ A2+ —(4y2 + 12022 = DA + = (1292 + 202272 =T 1og(2A) = —Br + = ir ==}
) 3+2 +8(y+ r )+8(y+ )log(2A) 12r+48r T

iAr
16 sin(2xy)

4 1 . 1
X |msin(2zy) + (e¥™ + e72im )y <§ -7+ i/lr) — (e¥r 4 &2 )y (5 +y+ iﬂr)] . (A13)

— (42 152252 —4) —L(cos(2ny) + &277) —

122 + 202212 -7
6 sin(277) (12r°+ )
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A? 1 2 12 S 3yir
Ty = 4 2rA+ = (4% + 12222 — 1) log(2A) = - — S __ o
I T S Tk pey ey

(cos(2my) + )

i A |
——————(4* + 1222 = 1) |zsin(2x 2mhr . ,=2iny ”
16 sin(27xy) (47 g ) [ sin(2zy) + (7" + e Wy <2 —y+i r)

, 1
— (&2 + %)y (5 +y+ ilr)] , (A14)

i

I:
4 16

1 3i
(4y* + 4221 — 4idr — 1)A> — 3 (4y* + 42212 — 4idr — 1)(1 + 2idr)A — _1218 (49% + 4221 — 4idr
79 47 409 39y 109 2152
- 1)(4}’2 —+ 20/12 2 20iAr — 9) 10g(2/\) —1—3—21'/141’4 +§/13r3 —6—41./127'2 +1—)6/i/12r2 —3—2/1r+ 8]/

Ar

LTi, 83, 35l g
327 64’ T512 " 4sin(2ay)

15 13 97
<47/2 + = iBr 4152277 + - iy?Ar — N iAr— 4> (cos(2my)

+ e2miry — (472 + 42212 — didr — 1)(492 + 20422 — 20iAr — 9) {n sin(27y)

256 sin(2xy)
. 1 . 1
+ (eZﬂ/lr + e—2my)l//<§ —y + llr> _ (627zﬂr + 62”[7)1//(5 + % + Mr)] , (AIS)

' 1
Is= —§(4y2 + 4227 = &idr = A =2 (47> + 427 = 4iar = 1)(1 + 2idr) Iog(2A) = 27> = 1027

16 20, 3 ;
- SRR = dirhr + T idr £ V(82 + 12227 — 18idr — 8)(cos(2ny) + )

3 2 3sin(27y)

; 1
+ m (4}/2 + 4/12 2 _ 4ilr — 1)(1 + 21/1r) |:77,' Sln(z;;;}/) + (ezﬂ/lr + e—Zm:y)ll/ (E —y + lﬂ,r>

: 1
—(ezm{r+62'”}/)l[/<§+7+i/17):|, (A]6)

1 4 72 25 7 29
To = — (16y* = 8y + 16241 + 32y2221% + 82217 + 1) 10g(2A) — =+ —— = =244 — — 22217 = — 2212
6 64(6}/ 8y + 164*r* + 32y%2%r* + 84%r* + 1) log(2A) 16+32 48/1r 8y/1r 96/1r

11 y
e (6ph — 82+ 1644 4 32722272 + 82 + 1) (124353 + 2072 + TAr) (cos(2
356~ A8sin(amy) (1O T 81" HNOATT 4 32 %0 £ 8257 + 1)(124577 + 207+ Tir) (cos(2n7)

i
128 sin(2zy)

) 1 ) 1
+ (&2 + e2inr )y, (5 -7+ i/lr) — (2 + 62’”7)1//(5 +y+ iﬂr)] , (A17)

+ o2y — (16y* — 8y* + 162 r* + 32p2 221> + 84°r* + 1) [n sin(27y)

where we use log(z) to denote the natural logarithm function, and y(z) to denote the digamma function. By substituting
Egs. (A12)—(A17) into expressions (A3)—(A5) and performing the integrals over r, we obtain the results (40), (42), and (44),
respectively.
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