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We present analytical solutions describing a family of both inwardly and outwardly spiralling orbits in
the Kerr spacetime. The solutions are exact and remarkable for their simplicity. These orbits all have the
angular momentum and energy of a circular orbit at some radius rc, but are not restricted to remaining on
that circular orbit, a property not possible in Newtonian gravity. We demonstrate that there are five distinct
orbital solutions which terminate at the black hole singularity, and three solutions which either escape to
infinity or remain bound. The different orbital solutions are characterized entirely by the black hole spin a
and the location of rc. Photon orbits spiralling into or out of their (unstable) circular orbit radii are also
analyzed. These have properties similar to the hyperbolic class of massive particle orbits discussed herein.
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I. INTRODUCTION

Despite the complexity of the Kerr spacetime, classes of
exactly solvable timelike geodesics (orbital solutions) are
known. Examples include the familiar circular orbits, radial
plunges [1], “zoom-whirl” orbits, and homoclinic orbits,
which separate bound and plunging orbital domains [2]. A
useful compendium of such orbits may be found in [3]. The
study of relativistic test-particle orbits characterized by the
energy and angular momentum of a circular orbit, but
which are not in fact circular, is by no means new. As early
as 1959, Darwin solved for some of these solutions in
Schwarzschild geometry [4]. The homoclinic orbits [2] are
another example of such “pseudocircular” orbits, as are the
inspirals from the innermost stable circular orbit of Kerr
black holes derived recently [5]. Still other studies of
geodesic motion in black hole spacetimes are summarized
in Chandrasekhar [6]. While many such particular solu-
tions are known, and completely general solutions of, e.g.,
the bound orbits of the Kerr spacetime are known in terms
of elliptic integrals [7], a complete characterization of the
entire family of the much simpler pseudocircular orbital
solutions is not present in the literature; rather, incomplete
sets of solutions are found in different papers.
More than mathematical completeness is involved here.

Exact geodesic solutions can be a powerful and extremely
useful theoretical tool, and as such often surface in

astrophysical studies. These include, for example, the study
of black hole accretion flows [8–11], and the starting point
for analyzing the gravitational radiation from extreme mass
ratio inspirals [12–18]. The latter is likely to be an
important gravitational wave source for the LISA
mission [19]. Additions to the known family of simple
orbital solutions are therefore of general interest, as they
offer insight into the internal dynamics of more complex
situations, which are otherwise accessible only through
numerical means.
The purpose of the current study is to provide a

systematic and detailed analysis of those orbits for which
the effective potential of a Kerr black hole presents a double
root and factors cleanly, a result of the underlying proper-
ties of the circular constants of motion. This condition lends
itself to integrability in terms of elementary functions. As
noted above, not all of the solutions presented in this paper
are new, but the majority of them are. In particular, we
present a formal analysis of those orbits about extremal
Kerr black holes a ¼ �M which do not appear to have
been studied previously in the literature. In particular, we
demonstrate that eight distinct classes of these pseudocir-
cular orbital solutions exist, five of which plunge to the
singularity, and three of which move to larger radii. There,
they may either remain bound or escape to infinity. We
highlight a number of interesting physical properties of
these solutions.
The layout of this paper is as follows. In Sec. II we

introduce the general properties (stability, boundless, etc.)
of circular test-particle orbits in the Kerr metric. In Sec. III
we demonstrate that associated with each of these circular
orbits is a pseudocircular orbit, which shares the same
constants of motion (angular momentum and energy) as
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these circular orbits, but is not moving on a circular orbit. In
Sec. III we derive the general properties of the radial
velocity of these quasicircular orbits. In Sec. IV we derive
the solutions of the entire family of these orbits evolving in
the Schwarzschild metric, before generalizing to the Kerr
metric in Sec. V, and extremal Kerr black holes in Sec. VI.
In Sec. VII, we discuss how photon orbits fit into this
general set of solutions and show that they are analogous to
a hyperbolic class of massive particle orbits. We conclude
in Sec. VIII.

II. PRELIMINARIES

We shall use geometric units in which the speed of light c
and the Newtonian gravitational constant G are both set
equal to unity. In coordinates xμ, the invariant line element
dτ is given by

dτ2 ¼ −gμνdxμdxν; ð1Þ

where gμν is the usual covariant metric tensor with
spacetime indices μ, ν. We shall use the standard Boyer-
Lindquist coordinates ðt; r; θ;ϕÞ, where t is time as
measured at infinity and the other symbols have their usual
quasispherical interpretation. We shall work exclusively in
the Kerr midplane θ ¼ π=2. For black hole mass M, and
angular momentum a (both having dimensions of length in
our choice of units), the nonvanishing gμν and gμν we
require for our calculation may be summarized:

g00 ¼ −1þ 2M=r; g00 ¼ −
1

Δ

�
r2 þ a2 þ 2Ma2

r

�
;

g0ϕ ¼ gϕ0 ¼ −2Ma=r; g0ϕ ¼ gϕ0 ¼ −2Ma=rΔ;

gϕϕ ¼ r2 þ a2 þ 2Ma2=r; gϕϕ ¼ 1

Δ

�
1 −

2M
r

�
;

grr ¼ r2=Δ; Δ≡ r2 − 2Mrþ a2: ð2Þ

The four-velocity vectors are denoted by Uμ ¼ dxμ=dτ.
For circular orbits, only U0 and Uϕ are present, and their
r-dependence may be deduced from the two coupled
algebraic equations:

−1 ¼ gμνUμUν; 0 ¼ UμUν
∂rgμν; ð3Þ

where ∂r is the standard partial derivative with respect to r.
(The second equation is a consequence of the geodesic
equation for dUr=dτ; see, e.g., [20]). Solving these equa-
tions gives

Uϕ ¼ M1=2

r3=2D
; U0 ¼ 1þ aM1=2=r3=2

D
; ð4Þ

where D2 ¼ 1 − 3M=rþ 2aM1=2=r3=2.

Circular values of angular momentum and energy con-
stants are calculated in their usual manner (Uμ ¼ gμνUν)
and are given by

J ≡ Uϕ ¼ ðMrÞ1=2 ð1þ a2=r2 − 2aM1=2=r3=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3M=rþ 2aM1=2=r3=2

p ; ð5Þ

γ ≡ −U0 ¼
ð1 − 2M=rþ aM1=2=r3=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3M=rþ 2aM1=2=r3=2

p : ð6Þ

III. RADIAL VELOCITY OF PSEUDOCIRCULAR
ORBITS

A. The radial velocity equation

The radial velocity of a massive particle is given by the
solution of the geodesic equation gμνUμUν ¼ −1, or
explicitly

ðUrÞ2 þ J
r2

�
2Maγ
r

þ
�
1 −

2M
r

�
J

�

−
γ

r2

��
r2 þ a2 þ 2Ma2

r

�
γ −

2MaJ
r

�

þ 1þ a2

r2
−
2M
r

¼ 0; ð7Þ

where we have expressed all azimuthalUϕ and temporalU0

four-velocity components in terms of their (conserved)
four-momenta counterparts J and γ [5]. Note that Eq. (7) is
of the form ðUrÞ2 þ VeffðrÞ ¼ 0, which defines an effective
potential Veff , cubic in 1=r, which may generally be
factored:

VeffðrÞ ¼ −V0

�
r1
r
− 1

��
r2
r
− 1

��
r3
r
− 1

�
; ð8Þ

where r1, r2, and r3 are the general (possibly complex) roots
ofUr. For a circular orbit at radius rc, both VeffðrcÞ¼0 and
∂rVeffðrcÞ ¼ 0, meaning rc must be a double root of Veff ,
i.e., r1 ¼ r2 ¼ rc. The normalization constant V0 may be
found by going back to Eq. (7), and evaluating r3ðUrÞ2 in the
limit r → 0. Taking this limit we find

V0 ¼
2M

r1r2r3
ðJ − aγÞ2: ð9Þ

On the other hand, we may consider the r → ∞ limit, which
leads to

V0 ¼ 1 − γ2: ð10Þ

Taking γ and J to be the energy and angular momentum
of a circular orbit at rc, and writing r1 ¼ r2 ¼ rc, we can
constrain the other root r3 with these two expressions
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r3 ¼
2M
r2c

ðJ − aγÞ2
1 − γ2

; ð11Þ

which gives the radial velocity equation

Ur ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

q �
rc
r
− 1

� ffiffiffiffiffiffiffiffiffiffiffiffi
r3
r
− 1

r
; ð12Þ

where the correct choice of sign will be made for each orbit
in the subsequent sections. For any given black hole spin and
mass, γ, J, and r3 are fully determined by the choice of rc. As
rc descends through smaller radii, the behavior of pseudo-
circular orbits qualitatively changes as rc passes through a
series of characteristic radii, which we discuss below.

B. Characteristic radii

The largest characteristic radius is the innermost stable
circular orbit (ISCO), denoted rI . Circular orbits with
rc > rI are stable and approach their Newtonian behavior
at large radii; orbits with rc < rI are dynamically unstable.
The ISCO itself corresponds to a radius of marginal
stability.
The second key radius is the innermost bound circular

orbit (IBCO), rib. Circular orbits with rib < rc < rI remain
bound though they are unstable. Physically, this instability
results in a class of pseudocircular orbits that describe a
particle infinitesimally perturbed outwards from rc, and
then traveling out to a finite radius (r3) before returning to
rc once again in the limit t → ∞.
The final key circular orbit radius is the photon radius rp,

lying interior to rib. The photon radius corresponds to the
unique radius at which photons are able to undergo
(unstable) circular motion. Massive particle circular orbits
with rp < rc < rib are possible, but are both unstable and
ultimately unbound. The region between rp and the outer
event horizon rþ does not host any circular orbit solutions,
for either massive particles or for photons, as this would
require superluminal velocities.
When normalized to M, each of these special radii

depends only upon the Kerr black hole’s angular momen-
tum parameter a (e.g., [20]) via a⋆ ¼ a=M. The ISCO
radius is given explicitly by [21]

rI
M

¼ 3þ Z2 −
a⋆
ja⋆j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3 − Z1Þð3þ Z1 þ 2Z2Þ

p
; ð13Þ

where

Z1 ¼ 1þ ð1 − a2⋆Þ1=3½ð1þ a⋆Þ1=3 þ ð1 − a⋆Þ1=3� ð14Þ

and

Z2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2⋆ þ Z2

1

q
: ð15Þ

The IBCO radius is [6]

rib
M

¼ ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a⋆

p
Þ2: ð16Þ

The photon radius is given by [20]

rp
M

¼ 4cos2
�
1

3
cos−1

�
−

a
M

��
; ð17Þ

and finally, the inner (r−) and outer (rþ) event horizons of a
Kerr black hole are located at [20]

r�
M

¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2⋆

q
: ð18Þ

The values of these five important radii are plotted as a
function of black hole spin in Fig. 1. In the formal a⋆ → 1
limit, each of these radii converges on r ¼ M. However,
this is in actual fact a Boyer-Lindquist coordinate effect.
The key radii remain separated by a finite proper radial
distance. A free-falling observer would, just as for all other
values of the black hole spin parameter, first pass an ISCO,
then the IBCO, then the photon orbit, and finally the event
horizon in this a ¼ M limit.

C. The relationship between r3 and rc
Figure 1 shows that the ordering rI > rib > rp is always

obeyed. The nature of a circular orbit will then depend upon
the magnitude of rc relative to these key quantities, and is
best understood by using rc and r3 (a direct function of rc)
in tandem.
Consider first the large rc limit of the r3 equation. We

then have J →
ffiffiffiffiffiffiffiffiffi
Mrc

p
and 1 − γ2 → M=rc following

Eqs. (5) and (6). Equation (11) then demonstrates that r3
approaches 2M, the Schwarzschild event horizon. The
same limit holds for Kerr black holes as well, and so lies
outside rþ for all values of a⋆.

FIG. 1. The key radii of the Kerr spacetime, plotted as a
function of black hole spin.
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Figures 2 and 3 are plots in the ðrc − ribÞ=M, r=M plane,
for a Schwarzschild and a ¼ 0.9 Kerr black hole, respec-
tively. (We restrict the plots to the rc > rib domain.) Both rc
and r3 appear as labeled curves, which by definition must
intersect at rc ¼ rI. It can be seen that for rc > rI, the root
r3 is always located between rþ and rI . In particular, as rc
approaches rI from above, r3 approaches rI from below. At
the intersection, the right side of Eq. (12) for the radial
velocity takes the form of a square root of a perfect
cubic. This is of some astrophysical interest [5]. As rc
approaches rib, the r3 root increases monotonically, diverg-
ing as rc → rib.
The shaded zones of these plots denote regions acces-

sible to a particle in pseudocircular orbit for a given rc (or
the associated r3). The red region indicates the domain of

plunging orbits; the blue, homoclinic orbits. (Homoclinic
orbits will be discussed in more detail below.) In the
white zone, only r ¼ rc is allowed, in conformance with
Newtonian sensibilities. For rc ¼ rib, the particle may
access all radii while retaining its constant angular momen-
tum and energy, either through an escape to infinity with
infinitesimal final velocity, or a plunge into the singularity.
Finally, we find r3 < 0 when rc is located between the
IBCO and photon radius, rp < rc < rib. (Not shown.) In
this regime, all radii are similarly accessible, the difference
being that particles escaping to infinity do so with finite
velocity.

IV. SCHWARZSCHILD SOLUTIONS

The Schwarzschild metric is particularly simple as,
unlike the finite a Kerr metric, the ϕ coordinate is well-
behaved at the single event horizon. The general solution
required for characterizing the various Schwarzschild orbits
starts with the simple expression for the ϕ component of the
test-particles four-velocity

dϕ
dτ

¼ Uϕ ¼ J
r2
: ð19Þ

The shape of a particle’s orbit is then given by the solution
of the following ordinary differential equation:

dϕ
dr

¼ Uϕ

Ur ¼ −
Jffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p 1

r2ðrc=r − 1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=r − 1

p ; ð20Þ

or explicitly

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
J

ϕ ¼ −
Z

dr
r2

1

ðrc=r − 1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=r − 1

p : ð21Þ

For three of the five radial regimes we may solve the
integrals by defining ũ ¼ r3=r, leavingffiffiffiffiffiffiffiffiffiffiffiffi

1 − γ2
p

J
ϕ ¼ 1

r3

Z
1

ðrcũ=r3 − 1Þ ffiffiffiffiffiffiffiffiffiffiffi
ũ − 1

p dũ: ð22Þ

Finally, with y ¼ ffiffiffiffiffiffiffiffiffiffiffi
ũ − 1

p
we have

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
J

ϕ ¼ 2

rc

Z
1

ð1 − r3=rc þ y2Þ dy; ð23Þ

note r ¼ r3=ð1þ y2Þ. The exact solution of this final
integral depends on the value of the ratio r3=rc. The integral

IðyÞ ¼
Z

1

ð1 − r3=rc þ y2Þ dy ð24Þ

has solution

FIG. 2. The properties of the third root r3 of the Schwarzschild
(a ¼ 0) velocity potential, plotted against the difference of the
circular radius rc from the IBCO rib ¼ 4M. Different regions of
radial space available to different classes of pseudocircular orbits
are indicated by the shaded regions. See text for further details.

FIG. 3. As in Fig. 2, except for Kerr spin parameter a ¼ 0.9M.
Note that r3 ≥ rþ for all values of both rc and a.
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IðyÞ ¼
8<
:

tan−1ðy= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− r3=rc

p Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− r3=rc

p
; r3 < rc;

−1=y; r3 ¼ rc;

−tanh−1ðy= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=rc − 1

p Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=rc − 1

p
; r3 > rc:

ð25Þ

For the final radial regime rp < r < rib, we have γ > 1 and
r3 < 0, and the integral [Eq. (21)] should be rewritten
before the substitution ũ ¼ −r3=r ¼ jr3j=r is made.
Writing all terms as a manifestly positive,

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
J

ϕ ¼ −
Z

dr
r2

1

ðrc=r − 1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijr3j=rþ 1
p : ð26Þ

We now follow a similar approach to the previous case with
ũ ¼ −r3=r ¼ jr3j=r, y ¼ ffiffiffiffiffiffiffiffiffiffiffi

1þ ũ
p

, and r ¼ jr3j=ðy2 − 1Þ.
We then find

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
J

ϕ ¼
Z

1

ð1þ jr3j=rc − y2Þ dy: ð27Þ

Note

Z
1

ð1þjr3j=rc−y2Þdy¼
tanh−1 ðy= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijr3j=rcþ1

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijr3j=rcþ1
p : ð28Þ

Note that tanh−1ðXÞ and tanh−1ð1=XÞ have exactly the
same derivative, so that the proper argument of this
function must be chosen on the basis of whether X or
its reciprocal is less than unity. This flexibility embodies
the difference between the plunging and out-spiralling
orbits. We now discuss each of the eight different solutions
of these integrals in turn.

A. rc > rI plunging orbits

For rc > rI, we have r3 < rc. We may then solve
explicitly for rðϕÞ from the first line of Eq. (25),

rðϕÞ ¼ r3
1þ ð1 − r3=rcÞtan2ðϕ=ϕ⋆Þ

; ð29Þ

where

ϕ⋆ ¼ 2Jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rcðrc − r3Þð1 − γ2Þ

p ; ð30Þ

with the convention that the orbit starts at ϕ ¼ 0. Unlike
other Schwarzschild solutions, the rc > rI orbits involve
only a finite rotation angle Δϕ before reaching the
singularity r ¼ 0 (Fig. 4):

Δϕ ¼ πJffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rcðrc − r3Þð1 − γ2Þ

p : ð31Þ

Note the divergence as r3 → rc (i.e., rc → rI).
As rc → ∞, we have

Δϕ → π

�
1 −

2M
rc

�
−1=2

> π; ð32Þ

i.e., all orbits complete at least one half-rotation of the
singularity, independent of rc. Interestingly, in this limit the
plunging particle has a formally divergent specific angular
momentum J →

ffiffiffiffiffiffiffiffiffi
Mrc

p
→ ∞. Having an arbitrarily large

amount of angular momentum and starting outside the
event horizon is not sufficient for preventing the particle
from eventually being swallowed by the singularity.

B. rc = rI spiral orbits

The ISCO radius rc ¼ rI is the special location at which
r3 ¼ rc ¼ 6M, and the effective potential is a perfect cube.
This remarkably simple solution was discussed in detail
in [5] and seems to have been first written explicitly in [6].
It has the following form:

rðϕÞ ¼ 6M
1þ 12=ϕ2

; ð33Þ

with the convention that ϕ increases from −∞ at r ¼ 6M to
0 at the singularity r ¼ 0.

C. rib < rc < rI homoclinic and plunging orbits

For rib < rc < rI, two possible pseudocircular orbits
exist. These correspond to orbits which spiral either out-
wards from rc toward r ¼ r3 or inwards from r ¼ rc
toward r ¼ 0.

FIG. 4. A Schwarzschild plunging orbit, with rc ¼ 7M.
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1. r > rc: Homoclinic orbits

The homoclinic orbits were first discussed in full detail
by [2]. However, the conceptual history of homoclinic
orbits goes back much further in time. Darwin [4] first
wrote down an explicit Schwarzschild homoclinic orbit in
1959. (Interestingly, Darwin writes that he was motivated
by his experience with the relativistic Bohr model for
hydrogen.) While these solutions are therefore not new, we
shall include a brief discussion for completeness.
For rib < rc < rI, the third root of the radial velocity r3

is greater than rc. Thus, orbits exist where the particle
spirals outwards from r ¼ rc toward r ¼ r3. The following
solution for rðϕÞ describes the test-particles motion:

rðϕÞ ¼ r3
1þ ðr3=rc − 1Þ tanh2ðϕ=ϕ⋆Þ

; ð34Þ

where

ϕ⋆ ¼ 2Jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rcðr3 − rcÞð1 − γ2Þ

p : ð35Þ

A homoclinic orbit begins with ϕ ¼ −∞, at r ¼ rc. As the
azimuthal coordinate increases the radial coordinate grows
until ϕ ¼ 0; r ¼ r3, before the orbit repeats itself, with the
radius returning to r ¼ rc as ϕ → þ∞ (see Fig. 5).

2. r < rc: Plunging orbits

The complementary test-particle orbit which spirals
inwards from r ¼ rc to the singularity is described by
the following function:

rðϕÞ ¼ r3
1þ ðr3=rc − 1Þ coth2ðϕ=ϕ⋆Þ

; ð36Þ

where ϕ⋆ is given once again by Eq. (35). This orbit is in
many ways similar to the inspiralling trajectory starting
from the ISCO. The particle undergoes a formally infinite
number of rotations about the unstable circular orbit rc (the
ϕ → −∞ limit), before transitioning to a plunge which in
effect “begins” at an azimuthal angle ϕ ∼ −ϕ⋆ and termi-
nates at ϕ ¼ 0.

D. rc = rib parabolic orbits

The IBCO is defined by the circular orbit radius at which
γðribÞ ¼ 1, allowing an escape to infinity with vanishing
velocity, and r3 → ∞. In this limit, the radial component of
the test-particle four-velocity is quite well-behaved and
simplifies to

Ur
ib ¼ −

J
rib

ffiffiffiffiffiffiffi
2M
r

r �
rib
r
− 1

�
: ð37Þ

For a Schwarzschild black hole, from Eqs. (5) and (6) we
find Jib ¼ rib ¼ 4M and Uϕ ¼ 4M=r2. Thus

dϕ
dr

¼ Uϕ

Ur ¼
2

ffiffiffiffiffiffiffi
2M

p

r3=2
1

ð4M=r − 1Þ : ð38Þ

The two solutions of this differential equation (correspond-
ing to inspiralling and outspiralling orbits) are

rðϕÞ ¼ 4Mtanh2
�

ϕ

2
ffiffiffi
2

p
�

ðr < rib inspiralÞ ð39Þ

and

rðϕÞ ¼ 4Mcoth2
�

ϕ

2
ffiffiffi
2

p
�

ðr > rib outspiralÞ: ð40Þ

These are displayed in Fig. 6. Note that by running the
outspiralling orbit in a time reversed fashion, we see a
particle infalling from rest at infinity and ending on a
circular orbit.

E. rp < rc < rib hyperbolic orbits

For rp < rc < rib we have γ > 1; r3 < 0, and a test
particle can escape to infinity with nonzero radial velocity.
The shape of the particles orbit is the following:

rðϕÞ ¼ jr3j
ð1þ jr3j=rcÞtanh2ðϕ=ϕ⋆Þ − 1

ðoutspiralÞ; ð41Þ

where

ϕ⋆ ¼ 2Jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rcðjr3j þ rcÞðγ2 − 1Þ

p : ð42Þ
FIG. 5. A series of many Schwarzschild homoclinic orbits, with
circular orbit radii ranging from rc ¼ 4.15M (purple) to rc ¼
4.45M (red).
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A test particle undergoing this orbit escapes to infinity at a
finite angle (the orbit begins with ϕ → −∞)

ϕ∞ ¼ −
2Jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rcðjr3j þ rcÞðγ2 − 1Þ
p tanh−1

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jr3j=rc
p �

:

ð43Þ

This escape angle is a measure of the finite radial velocity
with which these orbits approach infinity. These trajectories
are plotted in Fig. 7. The decrease in the escape angle as rc
approaches the photon radius 3M is clearly visible.
Alternatively, the test particle may spiral inwards from
r ¼ rc to the singularity at r ¼ 0 according to the following
profile:

rðϕÞ ¼ jr3j
ð1þ jr3j=rcÞcoth2ðϕ=ϕ⋆Þ − 1

ðinspiralÞ; ð44Þ

with the convention where ϕ progresses from −∞ to 0
while r progresses from rc to 0.

V. KERR SOLUTIONS

The shape of spiral in the Kerr metric for a finite mass
particle differs from the equivalent Schwarzschild orbits in
two key ways: the first is that frame dragging forces the
particle to corotate with the black hole within the ergo-
sphere, which in the equatorial plane lies at the location
rE ¼ 2M. The second is that the ϕ diverges, a purely

FIG. 6. The Schwarzschild parabolic orbits, spiralling outwards
(blue) or inwards (red) from the IBCO (rib ¼ 4M).

FIG. 7. A series of many Schwarzschild hyperbolic orbits, with
circular orbit radii ranging from rc ¼ rib − 0.01M (purple) to
rc ¼ rp þ 0.01M (red).
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bad-coordinate effect, at the two event horizons of the black
hole, at the radial locations r� ¼ M �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
.

The general form of the Kerr azimuthal four-velocity is
the following:

dϕ
dτ

¼ Uϕ ¼ 2Mγa=rþ Jð1 − 2M=rÞ
r2 − 2Mrþ a2

; ð45Þ

which implies that the orbital integral takes the form

ffiffiffiffiffiffiffiffiffiffiffi
1− γ2

q
ϕ¼

Z
r3=2ð2Mγa=rþJð1−2M=rÞÞ
ðr− rþÞðr− r−Þðr−rcÞ ffiffiffiffiffiffiffiffiffiffiffi

r3−r
p dr: ð46Þ

The solution of this integral is clearly more complicated
than its Schwarzschild analog. We define a “Kerr-type”
integral to be of the form

IK ¼
Z

xn=2

ðx − AÞðx − BÞðx − CÞ ffiffiffiffiffiffiffiffiffiffiffiffi
D − x

p dx: ð47Þ

Kerr-type integrals can be transformed into Schwarzschild-
type integrals by repeated use of the identity

1

ðx − αÞðx − βÞ ¼
1

α − β

�
1

x − α
−

1

x − β

�
; ð48Þ

where a Schwarzschild-type integral has the following
form:

IS ¼
Z

xn=2

ðx − ΓÞ ffiffiffiffiffiffiffiffiffiffiffiffi
Δ − x

p dx: ð49Þ

The solutions of these Schwarzschild-type integrals can then
be found by similar steps to those performed in Sec. IV.
The following Kerr-integral solutions will be useful:

I1¼
Z

x3=2

ðx−AÞðx−BÞðx−CÞ ffiffiffiffiffiffiffiffiffiffiffi
D−x

p dx

¼ 2A3=2

ðA−BÞðC−AÞ ffiffiffiffiffiffiffiffiffiffiffiffi
D−A

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D=x−1

D=A−1

s �

−
2B3=2

ðA−BÞðC−BÞ ffiffiffiffiffiffiffiffiffiffiffiffi
D−B

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D=x−1

D=B−1

s �

−
2C3=2

ðC−AÞðC−BÞ ffiffiffiffiffiffiffiffiffiffiffiffi
D−C

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D=x−1

D=C−1

s �
ð50Þ

and

I2¼
Z

x1=2

ðx−AÞðx−BÞðx−CÞ ffiffiffiffiffiffiffiffiffiffiffi
D−x

p dx

¼−
2A1=2

ðA−BÞðA−CÞ ffiffiffiffiffiffiffiffiffiffiffiffi
D−A

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D=x−1

D=A−1

s �

þ 2B1=2

ðA−BÞðB−CÞ ffiffiffiffiffiffiffiffiffiffiffiffi
D−B

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D=x−1

D=B−1

s �

−
2C1=2

ðC−AÞðC−BÞ ffiffiffiffiffiffiffiffiffiffiffiffi
D−C

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D=x−1

D=C−1

s �
: ð51Þ

It is important here to note that these solutions assume
0 < A < B < C < D, and A;B;C < x < D. For the case
C > D the identity −i tanh−1ðizÞ ¼ tan−1ðzÞ allows the
final term to be appropriately rewritten. For D ¼ C some
care must be taken, which is discussed further below. The
arguments of the tanh−1 functions should be inverted for
x < A, B, C.
The general form of the Kerr orbital solution is therefore

given by a sum of three functions,

ϕðrÞ ¼ fþðrÞ þ f−ðrÞ þ f0ðrÞ; ð52Þ

where the functions f� are defined as the functions which
encapsulate the divergent ϕ behavior at r�, while f0 will be
qualitatively similar in character to the Schwarzschild
solutions discussed above. For rc > rib, f�ðrÞ have the
following form:

f�ðrÞ ¼ �
�

2Jr3=2� þ 4Mr1=2� ðaγ − JÞ
ðrþ − r−Þðrc − r�Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3 − r�
p

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

r3=r� − 1

s �
: ð53Þ

Note that for a ¼ 0, where rþ ¼ 2M; r− ¼ 0, we find
f� ¼ 0. For rc ≤ rib the form of f�ðrÞ changes slightly, as
will be discussed below. Note that for radii within the event
horizons r < r� the arguments of the tanh−1 functions in
f� should be inverted.

A. rc > rI plunging orbits

For rc > rI, the third root of the radial velocity poly-
nomial r3 is small rþ < r3 < rI < rc. In this limit the only
solution for f0ðrÞ is the following:

f0ðrÞ ¼
�
2Jr3=2c þ 4Mr1=2c ðaγ − JÞ
ðrc − rþÞðrc − r−Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rc − r3
p

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tan−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

1 − r3=rc

s �
; ð54Þ
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which is entirely analogous to the Schwarzschild plunge
discussed above. Note that frame dragging and the poorly
behaved ϕ coordinate on the Kerr event horizons mean that
there is no well-defined “rotated angle” which this orbit
traverses over its infall. However, there remain, in the
formal limit rc → ∞, orbital solutions of the Kerr equations
which start outside of the event horizon at r ¼ 2M, before
subsequently reaching r ¼ 0, despite the particle having an
arbitrarily large specific angular momentum.

B. rc = rI spiral orbits

For rc ¼ rI, the third root of the radial velocity poly-
nomial r3 is equal to the ISCO r3 ¼ rc ¼ rI. In this limit
the solution f0ðrÞ is the following (first derived in [5]):

f0ðrÞ ¼
ffiffiffiffiffiffiffi
6rI
M

r �
2MðJ − aγÞ − rIJ
r2I − 2MrI þ a2

� ffiffiffiffiffiffiffiffiffiffiffiffi
r

rI − r

r
: ð55Þ

C. rib < rc < rI homoclinic orbits

For rib < rc < rI, the third root of the radial velocity
polynomial r3 is greater than the ISCO r3 > rI > rc. In this
limit there are two solutions for f0ðrÞ. The first, the
homoclinic solution, is the following (as first derived
in [2]):

f0ðrÞ ¼ −
�
2Jr3=2c þ 4Mr1=2c ðaγ − JÞ
ðrc − rþÞðrc − r−Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3 − rc
p

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

r3=rc − 1

s �
: ð56Þ

The second, a plunging orbit, has the following form:

f0ðrÞ ¼ −
�
2Jr3=2c þ 4Mr1=2c ðaγ − JÞ
ðrc − rþÞðrc − r−Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3 − rc
p

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=rc − 1

r3=r − 1

s �
: ð57Þ

D. rc = rib IBCO parabolic orbits

For rc ¼ rib, we have simultaneously 1 − γ2 ¼ 0 and
r3 → ∞. The combination

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2Þðr3 − rcÞ

p
converges

to
ffiffiffiffiffiffiffi
2M

p ðJ − aÞ=rib, and the three functions have the
following form:

f�ðrÞ ¼ �
�

2Jribr
3=2
� þ 4Mr1=2� ribða − JÞffiffiffiffiffiffiffi

2M
p ðrþ − r−Þðrib − r�ÞðJ − aÞ

�

× tanh−1
� ffiffiffiffiffi

r�
r

r �
ð58Þ

and

f0ðrÞ ¼ −
�

2Jr5=2ib þ 4Mr3=2ib ða − JÞffiffiffiffiffiffiffi
2M

p ðrib − rþÞðrib − r−ÞðJ − aÞ

�

× tanh−1
� ffiffiffiffiffi

rib
r

r �
ð59Þ

for orbits which spiral outwards r > rib. For inspiralling
(r < rib) orbits, we instead have

f0ðrÞ ¼ −
�

2Jr5=2ib þ 4Mr3=2ib ða − JÞffiffiffiffiffiffiffi
2M

p ðrib − rþÞðrib − r−ÞðJ − aÞ

�

× tanh−1
� ffiffiffiffiffi

r
rib

r �
: ð60Þ

For the inspiralling orbits, and for radii within the event
horizons r < r�, the arguments of the tanh−1 functions in
f� should be inverted.

E. rp < rc < rib hyperbolic orbits

For rp < rc < rib we have γ > 1; r3 < 0, and a test
particle can escape to infinity with nonzero radial velocity.
The shape of the particle orbit is

f�ðrÞ ¼ �
�

2Jr3=2� þ 4Mr1=2� ðaγ − JÞ
ðrþ − r−Þðrc − r�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijr3j þ r�
p �

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jr3j=rþ 1

jr3j=r� þ 1

s �
ð61Þ

and

f0ðrÞ ¼ −
�

2Jr3=2c þ 4Mr1=2c ðaγ − JÞ
ðrc − rþÞðrc − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijr3j þ rc
p �

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jr3j=rþ 1

jr3j=rc þ 1

s �
ð62Þ

for orbits which spiral outwards r > rc. The inspiralling
orbits instead have

f0ðrÞ ¼ −
�

2Jr3=2c þ 4Mr1=2c ðaγ − JÞ
ðrc − rþÞðrc − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijr3j þ rc
p �

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jr3j=rc þ 1

jr3j=rþ 1

s �
: ð63Þ

VI. EXTREMAL KERR BLACK HOLES, a= �M

For a ¼ �M, the two event horizons of the Kerr black
hole coincide r� ¼ M, and so the partial fractions approach
to solving the Kerr-type integrals must be modified. As far
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as the authors are aware, none of the pseudocircular orbital
solutions have been studied before in this extremal limit
(except the ISCO inspiral [5]).

A. Extremal prograde spin a = +M

For a ¼ þM, circular orbits in the Boyer-Lindquist
coordinate system are stable at all radii down to the event
horizon rþ ¼ M. (In these coordinates, this is also the
ISCO radius.) We therefore have r� < r3 < rc for all rc,
and there is only one valid pseudocircular orbital solution, a
plunging solution starting at r3. The solution no longer has
two f�ðrÞ solutions, as the two event horizons coincide,
but is of the form

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

q
ϕ ¼

Z
r3=2ð2M2γ=rþ Jð1 − 2M=rÞÞ
ðr −MÞ2ðr − rcÞ ffiffiffiffiffiffiffiffiffiffiffiffi

r3 − r
p dr: ð64Þ

The solution is again most simply written as a sum of
three functions:

ϕðrÞ ¼ f0ðrÞ þ fHðrÞ þ f̃ðrÞ; ð65Þ

where

f0ðrÞ ¼
�
2Jr3=2c þ 4Mr1=2c ðMγ − JÞ

ðrc −MÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rc − r3

p
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tan−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

1 − r3=rc

s �
; ð66Þ

the analog of the Schwarzschild plunge, and

fHðrÞ ¼ −
MðJ − 2MγÞ

ðrc −MÞðr3 −MÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr3 − rÞp
r −M

; ð67Þ

which encapsulates the divergent ϕ behavior of the event
horizon, and finally

f̃ðrÞ ¼ M1=2ð1 − γ2Þ−1=2
ðr3 −MÞ3=2ðrc −MÞ2 tanh

−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

r3=M − 1

s �

× ½Jðrcr3 − 2rcM − 3r3M þ 4M2Þ
þ 2Mγðrcr3 þMr3 − 2M2Þ�; ð68Þ

for r3 > r > M, and with an inverted tanh−1 argument for
r < M. In the formal limit rc → ∞, r3 → 2M, and the
above solution describes an orbital plunge from 2M to the
singularity. An example trajectory, with circular orbit
parameter rc ¼ 106M, is displayed in Fig. 8.

B. Extremal retrograde spin a = −M
The extremal retrograde spin limit a → −M is a limit of

great interest, as it highlights some of the most interesting
frame-dragging effects of the Kerr metric quite simply.
For a ¼ −M, the key orbital radii take the following

values: rI ¼ 9M, rib ¼ ð3þ ffiffiffi
8

p ÞM=2, rp ¼ 4M, and event
horizons r� ¼ M. In this limit, note that all key radii are
distinct and a full set of orbital solutions is available.
The orbital shape integral is of the form

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

q
ϕ ¼

Z
r3=2ðJð1 − 2M=rÞ − 2M2γ=rÞ
ðr −MÞ2ðr − rcÞ ffiffiffiffiffiffiffiffiffiffiffiffi

r3 − r
p dr: ð69Þ

Once again the general solution comprises three functions:

ϕðrÞ ¼ f0ðrÞ þ fHðrÞ þ f̃ðrÞ: ð70Þ

The function

fHðrÞ ¼ −
MðJ þ 2MγÞ

ðrc −MÞðr3 −MÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr3 − rÞp
r −M

; ð71Þ

for all rc ≠ rI; rc > rib. It will, as will be discussed shortly,
be modified for rc < rib and rc ¼ rI . The second function
is equal to

f̃ðrÞ ¼ M1=2ð1 − γ2Þ−1=2
ðr3 −MÞ3=2ðrc −MÞ2 tanh

−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

r3=M − 1

s �

× ½Jðrcr3 − 2rcM − 3r3M þ 4M2Þ
− 2Mγðrcr3 þMr3 − 2M2Þ�; ð72Þ

FIG. 8. An extremal prograde (a ¼ þM) Kerr plunging orbit,
with rc ¼ 106M. The colors denote the trajectory inside (orange)
and outside (blue) the event horizons r� ¼ M.
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which again will be modified slightly for intra-IBCO
circular orbits and for rc ¼ rI. Note that for the
special ISCO location, where rc ¼ r3 ¼ rI ¼ 9M (with
J ¼ 22

ffiffiffi
3

p
M=9, γ ¼ 5

ffiffiffi
3

p
=9) the function f̃ðrÞ ¼ 0 as the

final term in the square brackets vanishes. We now discuss
the eight distinct orbital solutions of the extremal retrograde
Kerr metric.

1. rc > rI plunging orbits

The plunging orbital solution for extremal a ¼ −M is
given by

f0ðrÞ ¼
�
2Jr3=2c − 4Mr1=2c ðMγ þ JÞ

ðrc −MÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rc − r3

p
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tan−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

1 − r3=rc

s �
: ð73Þ

2. rc = rI spiral orbits

For rc ¼ rI, the third root of the radial velocity poly-
nomial r3 is equal to the ISCO r3 ¼ rc ¼ rI. In this limit
the solution for ϕðrÞ is [5]:

ϕðrÞ ¼ 2
ffiffiffi
2

p

3M3=2

r3=2

ð1 − r=MÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r=9M

p ; ð74Þ

which is most easily found by returning to the governing
integral (69) and simplifying in this limit.

3. rib < rc < rI homoclinic orbits

The homoclinic orbital solution for extremal a ¼ −M is
found to be

f0ðrÞ ¼
�
2Jr3=2c − 4Mr1=2c ðMγ þ JÞ

ðrc −MÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3 − rc

p
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=r − 1

r3=rc − 1

s �
; ð75Þ

as is the corresponding second orbit, a plunging orbit:

f0ðrÞ ¼
�
2Jr3=2c − 4Mr1=2c ðMγ þ JÞ

ðrc −MÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3 − rc

p
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3=rc − 1

r3=r − 1

s �
: ð76Þ

4. rc = rib IBCO parabolic orbits

For rc ¼ rib, we have simultaneously 1 − γ2 ¼ 0 and
r3 → ∞. The combination

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2Þðr3 − rcÞ

p
converges

to
ffiffiffiffiffiffiffi
2M

p ðJ þMÞ=rib, and the three functions have the
following form (presented here for the inspiralling case):

ϕðrÞ ¼ α tanh−1
ffiffiffiffiffi
M
r

r
þ β tanh−1

ffiffiffiffiffi
r
rib

r
þ γ

r1=2

r −M
: ð77Þ

The argument α tanh−1 should of course be inverted within
the event horizon r < M. The three constants are

α ¼ −
ribJðM − 3ribÞ þ 2ribðrib þMÞðJ þMÞffiffiffi

2
p ðrib −MÞ2ðJ þMÞ ;

β ¼ 2
ffiffiffi
2

p
r3=2ib MðJ þMÞ − ffiffiffi

2
p

r5=2ib Jffiffiffiffiffi
M

p ðrib −MÞ2ðJ þMÞ ;

γ ¼ 3ribJM1=2 þ 2ribM3=2ffiffiffi
2

p ðrib −MÞðJ þMÞ : ð78Þ

The argument of β tanh−1 should be inverted for out-
spiralling orbits, where r > rib.

5. rp < rc < rib hyperbolic orbits

For rp < rc < rib we have γ > 1; r3 < 0, and a test
particle can escape to infinity with nonzero radial velocity.
Each of the three orbital functions must be modified
slightly in this limit. They are

fHðrÞ¼
MðJþ2MγÞ

ðrc−MÞðjr3jþMÞ
ffiffiffiffiffiffiffiffiffiffiffi
γ2−1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðjr3jþ rÞp
r−M

; ð79Þ

and

f̃ðrÞ ¼ −M1=2ðγ2 − 1Þ−1=2
ðjr3j þMÞ3=2ðrc −MÞ2 tanh

−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jr3j=rþ 1

jr3j=M þ 1

s �

× ½Jðrcr3 − 2rcM − 3r3M þ 4M2Þ
− 2Mγðrcr3 þMr3 − 2M2Þ�; ð80Þ

and finally

f0ðrÞ ¼
�
2Jr3=2c − 4Mr1=2c ðMγ þ JÞ

ðrc −MÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rc þ jr3j

p �

×
1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jr3j=rþ 1

jr3j=rc þ 1

s �
; ð81Þ

for the outspiralling orbit r > rc. The corresponding
inspiralling orbit is instead described by a function of
the same form, but with its tanh−1 argument inverted. This
concludes the set of massive particle pseudocircular orbits.
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VII. RADIAL MOMENTUM AND ORBITS
OF PHOTONS

The case of massless particles, which for simplicity we
refer to generically as “photons,” proceeds along similar
lines. The trajectories of photon orbits are well studied in
the literature, with the Schwarzschild solutions first pre-
sented in [4], and a general discussion of Kerr photon orbits
is presented in [6]. The case of extremal Kerr orbits, which
are not simple limits of the more general jaj ≠ M Kerr
solutions, do not appear to have been derived previously
and are presented here. For completeness we also present
the Schwarzschild solutions of [4].
We work with the four-momenta pμ ¼ dxμ=dσ, where σ

is a suitable affine parameter. The equations for a circular
photon orbit are now

gμνpμpν ¼ 0; pμpν
∂rgμν ¼ 0; ð82Þ

with only p0 and pϕ present. The conserved energy and
angular momentum correspond to (minus) p0 and pϕ. The
solution of this homogeneous system requires the deter-
minant of the coefficients to vanish, which is the same as
solving the following:

D2 ¼ 1 − 3M=rp þ 2aM1=2=r3=2p ¼ 0: ð83Þ

Solving this with the standard cubic formula gives the
radius of a circular photon orbit:

rp ¼ 4Mcos2
�
1

3
cos−1

�
−

a
M

��
; ð84Þ

which varies from 4M to M for −1 ≤ a=M ≤ 1. With
D ¼ 0, we may now solve for the (conserved) ratio pϕ=p0

from either one of the equations in (82), the first being more
convenient. The end result is

pϕ ¼ ða − 3
ffiffiffiffiffiffiffiffiffi
Mrp

p Þp0: ð85Þ

(To arrive at this apparently simple result is nontrivial
because it involves very selectively substituting for a in
terms of rp using the original D ¼ 0 equation. See
Ref. [20] for an alternative derivation.)
Next, we retain the conserved circular p0 (which is

arbitrary) and pϕ (from above) values, while also allowing
for a pr component to be present. Our governing equation
(pμpμ ¼ 0) is then

r2
�
pr

p0

�
2

−
pϕ

p0

�
2Ma
r

−
�
1 −

2M
r

�
pϕ

p0

�

−
��

r2 þ a2 þ 2Ma2

r

�
þ 2Ma

r

pϕ

p0

�
¼ 0: ð86Þ

Proceeding as before, this unwieldy equation may be
factored in terms of the roots rp and r3 by defining an
effective potential. Matters simplify dramatically:

�
pr

p0

�
2

¼
�
1 −

rp
r

�
2
�
1 −

r3
r

�
: ð87Þ

(The normalization follows from Eq. (86) by taking the
limit r → ∞.) Taking the limit limr→0 r3ðpr=p0Þ2 gives,
from the above equation, −r2pr3, and from the governing
Eq. (86)

−r2pr3 ¼ 2M

�
pϕ

p0

þ a

�
2

¼ 2Mð3 ffiffiffiffiffiffiffiffiffi
Mrp

p
− 2aÞ2 ¼ 2r3p; ð88Þ

where we used (from D ¼ 0)

2a ¼ 3
ffiffiffiffiffiffiffiffiffi
Mrp

p
− r3=2p M−1=2 ð89Þ

to arrive at the final equality. Thus, the remarkable solution
from the null geodesic equation that emerges is

ðprÞ2 ¼ ð1þ 2rp=rÞð1 − rp=rÞ2ðp0Þ2: ð90Þ

In common with the case of massive particles inspiralling
from the ISCO [5], this depends on a only through the
photon orbit radius rp. This orbital equation is of the same
form as the massive particle hyperbolic orbit.
To determine the photon orbits spiralling from the

photon radius, we require pϕ, which is readily evaluated
from pϕ and p0:

pϕ ¼ p0

Δ

�
a −

4Ma
r

− 3ðMrpÞ1=2 þ
6M3=2r1=2p

r

�

¼ p0

Δ

�
a − 3ðMrpÞ1=2 þ

2M1=2r3=2p

r

�
; ð91Þ

where in the final line we have usedD ¼ 0 to substitute for
4Ma=r and Δ ¼ ðr − rþÞðr − r−Þ.

A. Schwarzschild photon spirals

In the Schwarzschild a ¼ 0 limit, pϕ ¼ −3
ffiffiffi
3

p
Mp0=r2.

Then with rp ¼ 3M, x ¼ r=rp,

dϕ
dx

¼ rp
dϕ
dr

¼ rp
pϕ

pr ¼ −
1

x − 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

xðxþ 2Þ

s
: ð92Þ

Then
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ϕ ¼ −
Z

dx
x − 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

xðxþ 2Þ

s

¼ 2tanh−1
ffiffiffiffiffiffiffiffiffiffiffi
3x

xþ 2

r
; ðx < 1Þ;

¼ 2tanh−1
ffiffiffiffiffiffiffiffiffiffiffi
xþ 2

3x

r
; ðx > 1Þ: ð93Þ

Solving for r:

r ¼ 6M
3coth2ðϕ=2Þ − 1

ðinspiralÞ;

¼ 6M
3tanh2ðϕ=2Þ − 1

ðoutspiralÞ: ð94Þ

These solutions formed part of Darwin’s 1959 analysis [4].
Note that as in the case of the massive particle hyperbolic
orbits, photons following this outspiralling orbit reach
infinity at a finite angle

ϕ∞ ¼ −2 tanh−1
� ffiffiffi

1

3

r �
: ð95Þ

B. General Kerr solution −M < a < M

The general Kerr photon integral is of the following
form:

ϕðrÞ ¼
Z

2M1=2r3=2p r1=2 þ ða − 3
ffiffiffiffiffiffiffiffiffi
Mrp

p Þr3=2
ðr − rþÞðr − r−Þðr − rpÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ 2rp

p dr; ð96Þ

whose solution can be found via a partial fraction expan-
sion. Omitting the lengthy but straightforward details, we
find

ϕðrÞ ¼ C0tanh−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3r
2rp þ r

s
þ Cþtanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2rp=r

1þ 2rp=rþ

s

þ C−tanh−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2rp=r

1þ 2rp=r−

s
ð97Þ

for an inspiralling r� < r < rp solution (the arguments of
the final two tanh−1 functions are inverted for r < r�).
While the outspiralling solution r > rp is

ϕðrÞ ¼ C0tanh−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2rp þ r

3r

r
þ Cþtanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2rp=r

1þ 2rp=rþ

s

þ C−tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2rp=r

1þ 2rp=r−

s
; ð98Þ

the coefficients C0; C� of these solutions are the following:

C0 ¼
−4M1=2r3=2p − 2rpða − 3

ffiffiffiffiffiffiffiffiffi
Mrp

p Þffiffiffi
3

p ðrp − rþÞðrp − r−Þ
ð99Þ

and

C� ¼ � 4M1=2r3=2p r1=2� þ 2r3=2� ða − 3
ffiffiffiffiffiffiffiffiffi
Mrp

p Þ
ðrþ − r−Þðrp − r�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r� þ 2rp

p : ð100Þ

Note that for a ¼ 0; rp ¼ 3M, rþ ¼ 2M, r− ¼ 0, and
therefore C0 ¼ 2, C� ¼ 0.

C. Extremal Kerr solutions a = �M

For an extremal spin a ¼ �M, the two event horizons of
the Kerr black hole coincide r� ¼ M, and the partial
fractions approach used in the previous section must be
revisited. These solutions appear to have not been pre-
viously discussed in the literature and display some
remarkable properties.

1. Extremal retrograde spin a = −M

For the extremal retrograde spin of a ¼ −M, the photon
radius is at rp ¼ 4M, and the photon orbit has the following
shape:

ϕ ¼
Z

16M2r1=2 − 7Mr3=2

ðr −MÞ2ðr − 4MÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ 8M

p dr; ð101Þ

FIG. 9. The inspiralling photon trajectory for the extremal
retrograde a ¼ −M Kerr metric. Pronounced frame dragging is
clearly visible, with the trajectory changing direction just outside
of the ergo-region rE ¼ 2M.
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which has two possible solutions. For r < 4M, we have

ϕðrÞ ¼ 1

9

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9rð8M þ rÞp
r −M

þ 8
ffiffiffi
3

p
tanh−1

ffiffiffiffiffiffiffi
r
4M

r

þ 4
ffiffiffi
3

p
ln

�
4þ ffiffiffiffiffiffiffiffiffi

r=M
p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

24þ 8r=M
p

4 −
ffiffiffiffiffiffiffiffiffi
r=M

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24þ 8r=M

p ��
; ð102Þ

while for r > 4M we have

ϕðrÞ ¼ 1

9

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9rð8M þ rÞp
r −M

þ 8
ffiffiffi
3

p
tanh−1

ffiffiffiffiffiffiffi
4M
r

r

þ 4
ffiffiffi
3

p
ln

�
4þ ffiffiffiffiffiffiffiffiffi

r=M
p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

24þ 8r=M
p

4 −
ffiffiffiffiffiffiffiffiffi
r=M

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24þ 8r=M

p ��
: ð103Þ

The inspiralling orbit displays pronounced frame drag-
ging and is displayed in Fig. 9.

2. Extremal prograde spin a = +M

For a ¼ þM the photon radius rp coincides with the
two event horizon radii r�, all occurring at the Boyer-
Lindquist coordinate r ¼ M. For a photon, there is in fact
an orbital solution starting at the Boyer-Lindquist event
horizon rþ ¼ M, which then escapes to infinity. With
rp ¼ r� ¼ a ¼ M, this orbital solution satisfies the follow-
ing integral:

ϕ ¼ 2M
Z

Mr1=2 − r3=2

ðr −MÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ 2M

p dr; ð104Þ

which has the following solution:

ϕðrÞ ¼ 2

3
ffiffiffi
3

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3rð2M þ rÞp
r −M

þ 2tanh−1
ffiffiffiffiffi
M
r

r

þ ln

�
2þ ffiffiffiffiffiffiffiffiffi

r=M
p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6þ 3r=M
p

2 −
ffiffiffiffiffiffiffiffiffi
r=M

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6þ 3r=M

p ��
: ð105Þ

This orbital solution is displayed in Fig. 10.

VIII. CONCLUSIONS

The pseudocircular orbital solutions of the Schwarzschild,
Kerr, and extremal Kerr metrics, which are characterized by
constants of motion that also describe a circular orbit, have
been explicitly derived. There are eight such orbital classes,
five of which plunge and terminate at the origin, while three
either remain bound (homoclinic orbits) or escape to infinity
with zero (parabolic) or finite (hyperbolic) radial velocities.
Each orbital solution may be written entirely in terms of
elementary functions, a result of the remarkable symmetry
imposed on the orbits by the circular constants of motion.
The inspiralling or outspiralling behavior of photon trajec-
tories starting at the unstable photon circular radius have also
been discussed, and have qualitatively similar properties to
the hyperbolic class of massive particle orbits.
The systematic derivation of all eight orbital classes in

this paper completes a line of analysis which dates back to
Darwin’s 1959 study of Schwarzschild orbital motion [4].
Although the origins of this field are more than half a
century old, these explicit solutions have important modern
applications, e.g., as contextual benchmarks for numerical
accretion [22] or photon ray tracing problems [23], for the
computation of gravitational waveforms arising from
extreme mass ratio inspirals using the Teukolsky formal-
ism [24], or in extending existing theories of black hole
accretion [11].
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FIG. 10. The outspiralling photon trajectory for the extremal
prograde a ¼ þM Kerr metric. This orbit starts formally at
Boyer-Lindquist radial coordinate r ¼ M, before escaping to
infinity.
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