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Within the fðQÞ-gravity framework we perform a phenomenological study of the cosmological
observables in light of the degeneracy between neutrinos physics and the modified gravity parameter and
we identify specific patterns which allow to break such degeneracy. We also provide separately constraints
on the total mass of the neutrinos, Σmν, and on the effective number of neutrino species, Neff , using cosmic
microwave background (CMB), baryon acoustic oscillation (BAO), redshift space distortion (RSD),
supernovae (SNIa), galaxy clustering (GC) and weak gravitational lensing (WL) measurements. The
strongest upper bound on the total mass of the neutrinos is found for the combination of CMBþ BAOþ
RSDþ SNIa and it is Σmν < 0.277 eV at 95% C.L. For the same combination of data we find Neff ¼
2.93þ0.31

−0.34 at 95% C.L. We also find that all combinations of data we consider, prefer a stronger gravitational
interaction than ΛCDM. Finally, we consider the χ2 and deviance information criterion statistics and find
the fðQÞ þ Σmν model to be statistically supported by data over the standard scenario. On the contrary
fðQÞ þ Neff is supported by CMBþ BAOþ RSDþ SNIa but a moderate evidence against it is found with
GC and WL data.
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I. INTRODUCTION

Extension to the symmetric teleparallel gravity [1–3]
recently got attention from the cosmology community as a
possibility to explore new physics beyond the standard
cosmological model (ΛCDM). In this alternative theory, the
gravitational interaction is attributed to the nonmetricity
scalar Q. While an action constructed only with this scalar
is equivalent to the one of General Relativity (GR) in flat
space [4], the action built with a general function of Q, i.e.
fðQÞ [4–10] can generate a gravitational interaction at
cosmological scales which shows new interesting patterns
both at the level of the background evolution and in the
propagation of scalar and tensor perturbations [8,11–15].
Furthermore, for specific forms of the fðQÞ function it has
been shown that it can alleviate the σ8 tension [16], while
others allow for a better fit to cosmological data [17,18].
This theory is then challenging ΛCDM from different
perspectives.
When exploring modified gravity (MG) theories, such as

fðQÞ gravity, it is important to consider that MG effects on
cosmological observables are highly degenerate with neu-
trino physics [19–29]. Indeed, to name a few, a modified
gravitational interaction can, for instance, impact the

background expansion history, shape the temperature-
temperature cosmic microwave background radiation
(CMB) power spectrum at all multipoles (l) through a
modified early and late integrated Sachs-Wolfe (ISW)
effect [30,31] or a change of the amplitude and position
of the high-l peaks. These effects at high-l are due to a
modified background expansion history [32] or to a
coupling with dark matter [33]. MG can also impact the
lensing potential [34] and change the growth of structures
[35,36] with a direct effect on the lensing and matter power
spectra. Similarly, neutrinos leave detectable signatures on
cosmological observations that can be used to constrain
their properties, such as the effective number of neutrino
species, Neff , and the total neutrino mass, Σmν [37,38].
Increasing Neff results in a faster expansion at earlier times
altering the radiation to matter equality which in turn
enhances the first acoustic peak due to the early ISWeffect,
while the other CMB peaks are moved to higher multipoles.
Additionally it also changes the scale of Silk damping
which has the effect of lowering the damping tail of the
CMB spectrum and finally it suppresses the matter power
spectrum. Increasing the sum of the neutrino masses can
decrease the low-l tail of the CMB TT power spectrum due
to the late ISW effect, change the position of the high-l
CMB peaks, reduce the weak lensing effect and dump the
growth of structures on small scales. Therefore, constraints
on neutrinos properties are highly dependent on the kind of
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gravitational interaction one considers. Within the standard
cosmological model the upper bound on the sum of the
neutrino masses at 95% for the combination of Planck15þ
lensingþ BAOþ JLAþH0 is Σmν < 0.23 eV [39] and
the determination on the effective number of neutrinos is
Neff ¼ 3.15� 0.23 at 95% using Planck15þ BAO [39], the
latter being compatible with the prediction of the standard
neutrino decoupling model, Neff ¼ 3.046. Bounds on these
two parameters have been found in the MG context as well,
for example, when Neff is fixed to its standard value,
one has for Hořava gravity Σmν < 0.165 eV (95%,
Planck18þ lensingþ DESþ JLAþ BKP15) [28], for
designer fðRÞ model Σmν < 0.32 eV (95%, Planck13þ
WMAPþ BAOþ lensingþWiggleZ) [26], for the same
data set when considering a simple effective field theory of
MGmodel, one hasΣmν < 0.26 eV [26]; for the generalized
cubic covariant Galileon model instead one is able to find a
lower bound Σmν > 0.11 eV at 1σ using Planck15þ
BAOþ RSDþ JLA [40]; for the simplest model of sca-
lar-tensor theories with a conformally coupled scalar field it
isΣmν < 0.13 (95%, Planck18þ BAOþ HST),while if we
vary Neff one finds 3.16� 0.19 at 68% and when varying
them simultaneously one has Σmν < 0.14 (95%) andNeff ¼
3.14� 0.20 (68%) for the same combinations of data [29].
Finally we mention again the designer fðRÞ when varying
both of them simultaneously, one finds Neff ¼ 3.58þ0.72

−0.69
and Σmν < 0.860 eV (95%, Planck13þWMAPþ BAOþ
ACTþ SPT) [22]. One can also notice that when providing
bounds on neutrino physics in the presence of modifications
of gravity the constraints might be weaker.
In this paper we consider a specific form of the fðQÞ

function such that the background evolution matches
exactly the one of ΛCDM [41]. This model is characterized
by one extra free parameter and modification to the
gravitational interaction can be appreciated only at pertur-
bation level [15]. Cosmological constraints on the modified
gravity parameter and on the cosmological parameters have
been already derived considering massive neutrinos to have
a fixed mass (Σmν ¼ 0.06 eV, the minimum value allowed
by oscillation experiments) and Neff ¼ 3.046 [42]. In this
work we open the neutrino sector by considering the mass
of the neutrinos or their effective number as additional
parameters. We will then be able to investigate whether a
degeneracy exists with the modified gravity parameter and
if current cosmological data can break such degeneracy. We
will also provide for the first time constraints on Neff and
Σmν in the context of fðQÞ gravity.
This paper is organized as follows. In Sec. II we review

the theory behind the fðQÞ gravity and we present the
specific model we analyze. In particular we describe how
linear perturbation theory is treated in this analysis. In
Sec. III we describe the methodology, the codes and the
data sets we adopt to study the phenomenology associated
with the degeneracy between a modified gravitational
interaction and the neutrino sector and to derive the

cosmological constraints for model and cosmological
parameters, which are thoroughly presented and discussed
respectively in Secs. IV and V. We then provide a model
selection analysis in Sec. VI and finally we conclude in
Sec. VII.

II. THE MODEL

We adopt the Palatini formalism which is characterized
by the metric, gμν and the connection Γα

μν to be indepen-
dent fields. The action of the fðQÞ theory has the form [8]

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−

1

16πGN
½Qþ fðQÞ� þ Lmðgμν; χiÞ

�
;

ð1Þ

where g is the determinant of the metric gμν, GN is the
Newtonian constant and Q is the nonmetricity scalar which
is defined as Q ¼ −QαμνPαμν where Qαμν is the non-
metricity tensor, which reads Qαμν ¼ ∇αgμν and Pα

μν ¼
−Lα

μν=2þ ðQα − Q̃αÞgμν=4 − δαðμQνÞ=4 is the nonmetric-

ity coniugate, where we further defineQα ¼ gμνQαμν, Q̃α ¼
gμνQμαν and Lα

μν ¼ ðQα
μν −QðμνÞαÞ=2. The deviation from

GR is encoded in the general function of the nonmetricity
scalar, i.e. fðQÞ. Indeed the action (1) is equivalent to GR
for fðQÞ ¼ 0 [11]. Finally Lm is the matter Lagrangian of
standard matter fields, χi. Let us note that our action (1)
when compared with the one in Ref. [8] includes a
redefinition, i.e. fðQÞ → 1

16πGN
ðQþ fðQÞÞ. They are com-

pletely equivalent but this form better fits our purpose.
We also note that in the following treatment we adopt a

coordinate choice so that the connection vanishes, follow-
ing [8]. This choice is called coincident gauge.
In this work we will consider a flat Friedmann-Lemaître-

Robertson-Walker (FLRW) metric defined by

ds2 ¼ −dt2 þ aðtÞ2δjidxidxj; ð2Þ

where t is the cosmic time, xi are the spatial coordinates and
aðtÞ is the scale factor.
On this background the Friedman equations read [5]

H2ð1þ 2fQÞ −
1

6
f ¼ 8πGN

3
ρ; ð3Þ

ð12H2fQQ þ fQ þ 1Þ _H ¼ −4πGNðρþ pÞ; ð4Þ

where H ≡ _a=a is the Hubble parameter and a dot stands
for a derivative with respect to cosmic time. We note that on
a FLRW background Q ¼ 6H2 [5,41]. In Eqs. (3) and (4)
we have also defined: fQ ≡ ∂f=∂Q and fQQ ≡ ∂

2f=∂Q2.
Finally ρ and p are respectively the sum of the energy
density and pressure of nonrelativistic matter (baryons and
cold dark matter, “m”), photons (“γ”) and neutrinos (both
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massless and massive species, “ν”). Each of them obeys
the continuity equation for perfect fluids, i.e. _ρi þ
3Hðρi þ piÞ ¼ 0. Baryons and cold dark matter are pres-
sureless fluids, the energy density and the pressure for
photons and massless neutrinos are pγ;ν ¼ 1=3ργ;ν. For
massive neutrinos we assume a normal hierarchy obeying
the Fermi-Dirac distribution function.
From the set of background equations, it is clear that

either the functional form of fðQÞ or the Hubble expansion
HðaÞ needs to be chosen a priori. The latter is known as the
designer approach, firstly applied to fðRÞ theory [43,44]
and later to fðQÞ theory as well [45]. In this investigation
we want to consider a background evolution that matches
the one of the standard cosmological model, ΛCDM, in this
way it is possible to solve analytically the Friedmann
equation for fðQÞ. Then one gets [41]

fðQÞ ¼ αH0

ffiffiffiffi
Q

p
þ 6H2

0ΩΛ; ð5Þ

where the parameter α is a dimensionless constant, H0 ≡
Hða ¼ 1Þ is the Hubble parameter evaluated at present time
(a ¼ 1) and ΩΛ is the energy density parameter of the
cosmological constant. This construction then allows us to
investigate deviations from ΛCDM that appear at the linear
perturbation level.
A perturbed flat FLRW metric can be written in

Newtonian gauge as follows:

ds2 ¼ −ð1þ 2ΨÞdt2 þ a2ð1 − 2ΦÞδjidxidxj; ð6Þ

where Φðt; xiÞ and Ψðt; xiÞ are the two gravitational
potentials. In GR these two potentials are equal but for
modified gravity theories they can be different. Then the
relations between the two gravitational potentials and the
gauge-invariant density contrast,Δ, are altered compared to
GR. We adopt the following general way to parametrize
modified gravity in Fourier space, which consists of
introducing two coupling functions, μða; kÞ and γða; kÞ,
which are defined through the following equations [46–50]:

−
k2

a2
Ψ ¼ 4πGNμða; kÞ½ρΔþ 3ðρþ pÞσ�; ð7Þ

k2

a2
½ϕ − γða; kÞΨ� ¼ 12πGNμða; kÞðρþ pÞσ: ð8Þ

Here we define the gauge-invariant density contrast as

ρΔ≡ ρδþ 3
aH
k2

ðρþ pÞ; ð9Þ

with δ being the density contrast, σ is the matter anisotropic
stress and k is the Fourier mode. In particular μ is the
effective gravitational coupling and accounts for the mod-
ifications of gravity on the clustering of matter. Having
μ > 1 implies a stronger gravitational interaction than in

GR (μGR ¼ 1), while a weaker gravity is obtained for
μ < 1. Instead γ is known as the slip parameter but it does
not have a direct connection to observables. For this reason
usually one considers another coupling function Σða; kÞ,
known as the light deflection parameter, which describes
how light travels on cosmological distances. It is defined
via the following equation [46–50]:

k2

a2
ðΦþ ΨÞ ¼ −4πGNΣða; kÞ½2ρΔþ 3ðρþ pÞσ�: ð10Þ

In the limiting case of negligible matter anisotropic stress
the three coupling functions are connected:

Σ ¼ μ

2
ð1þ γÞ: ð11Þ

In this approach the coupling functions μ, Σ and γ in
general can depend on both scale and time and γ ≠ 1, i.e.
ϕ ≠ ψ . However, when computing analytically their forms
in specific theories of MG, by using the quasistatic
approximation (QSA) [51,52], they show up to be scale
independent, e.g. Brans Dicke theory [53], DGP [54],
K-mouflage [55], Galileon/Horndeski theories [52]. On the
contrary fðRÞ models show an explicitly scale dependence
[44]. Additionally some of them have γ ¼ 1, e.g. cubic
Galileon models and DGP, which seems a feature con-
nected with an unchanged speed of propagation of tensor
modes with respect to GR [56]. Let us note that the validity
of the QSA for dark energy and modified gravity models
has been extensively discussed in Ref. [57] and numerically
proved to be valid for some specific models for modes with
k≳ 0.001 h=Mpc in Refs. [56,58].
In the case of fðQÞ gravity, it is possible to obtain the

equations to linear order [41], which assuming the QSA,
leads to γ ¼ 1, similarly to GR and to a modified Poisson
equation (7) with [41]

μðaÞ ¼ 1

1þ fQ
; ð12Þ

which is scale independent. We note that due to stability
requirement 1þ fQ > 0. For the model we consider in this
work [Eq. (5)] it reads [15]

μðaÞ ¼ 12H

12H þ ffiffiffi
6

p
αH0

: ð13Þ

Such modification in the strength of the gravitational
interaction has been shown to lead to significant and
measurable signatures on cosmological observables com-
pared to ΛCDM [15]; when α > 0 the gravitational
interaction is weaker than in GR and this leads to a
suppressed lensing potential autocorrelation power spec-
trum and matter power spectrum and to an enhanced CMB
ISW-tail—the opposite holds in the case of α < 0 which
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corresponds to a stronger gravitational interaction. Let us
note that the model we are analyzing does not have early
time modifications since the fðQÞ function reduces to its
ΛCDM limit at early times, showing deviations from
standard model only at zþ 1≲ 20 [15].

III. METHODOLOGY AND DATA SETS

In this work we are interested in studying the degeneracy
between a modified gravitational interaction given by the
fðQÞ gravity and the neutrino sector. For this purpose
we adopt the Einstein-Boltzmann code MGCAMB [24,59]
which implements the framework for linear perturbations
described in Sec. II and has an accurate modeling of
massive neutrinos [59]. In detail we use a modified version
of it [15] which includes a new patch to evolve the model in
Eq. (5). For specific details about the explicit modifications
of the equations in MGCAMB on the inclusion of massive
neutrinos in the context of MG and the fðQÞ model under
consideration we refer the reader to [15,59], respectively.
We will then use the Monte Carlo Markov Chain code,
MGCosmoMC [24] to provide cosmological constraints. The
sampled chains from MGCosmoMC are analyzed using
GetDist [60].
We will present in the following sections both the

phenomenology analysis and the cosmological constraints
which will be splitted into two cases:
(1) investigation of the impact of varying massive neu-

trinos. For this case we will assume three neutrino
mass eigenstatesm1,m2, andm3 withm3≫m2>m1

(normal hierarchy) and a fixed Neff ¼ 3.046.
(2) investigation of the impact of varying the neutrino

effective number, Neff , due to neutrinos and to any
additional massless particles.

Let us now present the sets of data we will use for the
cosmological constraints.
We use the Planck 2018 [61] data of CMB temperature

likelihood for large angular scales (l ¼ ½2; 29� for TT
power spectrum) and for the small angular scales a joint
TT, TE and EE likelihoods (l ¼ ½30; 2508� for TT power
spectrum, l ¼ ½30; 1996� for TE cross-correlation and EE
power spectra). We refer to this data set as ”Plk18”.
We also consider baryonic acoustic oscillation (BAO)

data from the Sloan Digital Sky Survey (SDSS) DR7 Main
Galaxy Sample [62] and the 6dF Galaxy Survey [63] and
the joint BAO and RSD datasets from the SDSS DR12
consensus release [64].
Additionally we include the Joint Light-curve Array

(JLA) of Supernova Type IA (SNIa) from the Supernova
Legacy Survey (SNLS) and SDSS [65]. We refer to the
combined analysis of Planck18, BAO, RSD and SNIa data
as “PBRS”.
The latest data set we consider includes galaxy clustering

(GC) and weak gravitational lensing (WL) measurements
from the Dark Energy Survey Year-One (DES-1Y) data
[66]. In details these are measurements of the angular

two-point correlation functions of GC, cosmic shear and
galaxy-galaxy lensing. We note that for the present analysis
we adopt a standard DES cutoff (by setting Δχ2 ¼ 5) of the
nonlinear regime following [59,67,68] because for fðQÞ
gravity a model of nonlinearities is not yet available. We
name the joint analysis of DES data with the previous data
sets as “PBRSD”.
Additional details about the analysis include a flat prior

on the model’s parameter α ∈ ½−3; 3� and we vary the base
cosmological parameters such as the physical densities of
baryons (Ωbh2 ∈ ½0.005; 0.1�, where h ¼ H0=100) and
cold dark matter (Ωch2 ∈ ½0.001; 0.99�), the primordial
amplitude (lnð1010AsÞ ∈ ½1.61; 3.91�), the reionization
optical depth (τ ∈ ½0.01; 0.8�), the angular size of the sound
horizon at recombination (θMC ∈ ½0.5; 10�) and spectral
index of scalar perturbations (ns ∈ ½0.8; 1.2�). Depending
on which of the two cases we are considering we also vary
either Σmν ∈ ½0.01; 0.9� or Neff ∈ ½1.0; 5.0�. We will show
the results in terms of σ08 (which is a derived parameter) in
place of As.

IV. PHENOMENOLOGY: DEGENERACY
WITH THE NEUTRINO SECTOR

In this section wewill investigate the degeneracy between
theMG parameter, α, and, alternately, with Σmν andNeff . To
this purpose we will show the effects of these parameters on
some cosmological observables such as theCMBTT, lensing
and matter power spectra. We will use the following
values for the cosmological parameters: Ωch2 ¼ 0.12011,
Ωbh2 ¼ 0.02238, H0 ¼ 67.32 km=s=Mpc, As ¼ 3.0448 ×
10−9 andns ¼ 0.966. For theMGparameterwe consider two
cases: α ¼ 0.5 and α ¼ −0.5. Finally when studying the
impact of the total mass of neutrinos we have Ωνh2 ¼
0.008602 with Σmν ¼ 0.8 eV and Ωνh2 ¼ 0.000645 with
Σmν ¼ 0.06 eV and we fix Neff ¼ 3.046. When investigat-
ing the degeneracy with Neff we select Neff ¼ 3.046 and
Neff ¼ 3.8 and massive neutrinos is set to zero. Let us stress
that these values are purely illustrative.

(i) The neutrino mass
In Fig. 1 we show the impact on the cosmological

observables of varying the total mass of neutrinos
and the modified gravity parameter. These have been
already discussed in the Introduction and Sec. II,
respectively. Let us now focus on their degeneracy.

The specific modification of gravity we are con-
sidering impacts the CMBTTpower spectrum at low-
l (top panels) as an increase of the sum of neutrino
mass does. In particular we can notice that a weaker
gravitational interaction (α > 0) has the opposite
effect of a larger Σmν; while the former enhances
the CMB ISW tail, the latter suppresses it, implying
that the values of these two parameters can be fine-
tuned to cancel their effects. Thus showing the
existence of a degeneracy between them. When the
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gravitational interaction is stronger (α < 0) the ISW
tail is suppressed by modified gravity and the in-
clusion of massive neutrinos will further suppress the
power spectrum at low-l. This means that though the
two effects cannot cancel each other, they can be fine-
tuned to obtain a given CMB TT power spectrum at
low-l. What can make a difference to break the
degeneracy in the CMB TT power spectrum between
these two parameter is the impact α and Σmν have on
the CMB TT power spectrum at high-l. The former
does not change its shape because the background is
the same ofΛCDM, while the higher is the total mass
of the neutrinos the larger is the shift of the acoustic
peaks to highermultipoles. This is an important aspect
because data sets which are able to constrain the
background evolution can be used to strongly con-
strain Σmν, thus mitigating its degeneracy with α.
In the two middle panels of Fig. 1, we show the

effects of varying Σmν and α on the lensing potential
auto-correlation power spectrum andwe also show the
relative percentage difference with respect to the
ΛCDM model with Σmν ¼ 0.06 eV. An increase of
the neutrinomass reduces the lensing effect as it iswell
known [37,38], similarly to the effect a positive α has.
On the contrary a negative value of α increases it. Let
us note that differently of what happens in the ISW tail
of the CMB spectrum, here the direction of the
degeneracies goes in the opposite direction, i.e. while
in the ISW tail of CMB spectrum an effect due to a
positive α can be compensated by increasing Σmν, in
the lensingpower spectrum theywill both contribute in
suppressing its power. This is another clear pattern that
can contribute in breaking the degeneracy between
these two parameters.
Finally we discuss the degeneracy that appears in the

matter power spectrum (bottom panels). Increasing the
total mass of neutrinos damps the matter power spec-
trum on large k, same effect generated by a weak
gravitational interaction. Instead a stronger gravitational
interaction enhances the matter power spectrum. We
note that a compensation of theMGeffect and that of an
increasing Σmν might be hard to obtain due to the scale
dependence introduced by the massive neutrinos. A
scale dependence that is not present in our fðQÞ gravity.
Let us note that while here we focus on massive
neutrinos andα degeneracy, other degeneracies between
α=Σmν and other cosmological parameters might exist.
In summary we have identified and discussed degen-

eracy effects between α and Σmν but we have also
highlighted those patterns that can allow us to break
their degeneracies.

(ii) The neutrino effective number
In Fig. 2 we show the effects of varyingNeff along

with α on some cosmological observables.

FIG. 1. CMB TT power spectrum [DTT
l ¼ lðlþ 1ÞCTT

l =ð2πÞ,
upper panel], lensing potential autocorrelation power spectra
[Dϕϕ

l ¼ lðlþ 1ÞCϕϕ
l =ð2πÞ, middle panel] and matter power

spectra PðkÞ (bottom panel) for fðQÞ gravity and ΛCDM when
two values for Σmν are chosen. For each of them we provide the
percentage relative difference (Δ) with respect to the ΛCDM
model with Σmν ¼ 0.06 eV.
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In the top two panels we can notice that modified
gravity and an increasing Neff have completely
different effects on the CMB spectrum: while the
former affects the amplitude of the ISW-tail at low-l
due to a late-time ISW effect, the latter impacts the
shape and positions of the acoustic peaks at high-l
due to a combined effect of the early ISW effect and
background cosmology.
In the two middle panels we show the effects on

the lensing power spectrum. A higher value of Neff
suppresses the lensing spectrum and, as we already
saw before, this is a similar effect produced by a
weaker gravitational interaction, contrary to what
happen when the gravitational interaction is
stronger. While here some degeneracy might exist
we need to consider that the dependence of Neff and
MG from the angular scale is different as it is evident
in the plot of the percentage relative difference.
Finally in the bottom two panels we show the

matter power spectrum and the percentage relative
difference. Here we find the same situation dis-
cussed for the case of massive neutrinos: a degen-
eracy exists but the scale dependence and the
damping of the acoustic scale introduced by a larger
value of Neff make the difference.
In summary the degeneracy between MG and Neff

appears to be less relevant than the one identified for
the case of Σmν.

V. COSMOLOGICAL CONSTRAINTS

In this section we present the cosmological constraints
on the model parameter and cosmological parameters for
the cases of varying the total mass of neutrinos and the
neutrino effective number. They can be found respectively
in Tables I and II which also include the constraints for the
respective cases in the ΛCDM scenario for comparison.

(i) The neutrino mass
We now discuss the cosmological constraints for

the fðQÞ þ Σmν case. From Fig. 3 we can notice that
the stronger upper bound on Σmν is found for the
PBRS data (Σmν < 0.277 eV at 95% C.L.) which is
driven by the power in constraining background data
have on Ω0

m. Regardless of the combination of data
we note that for MG the upper bounds are weaker
than the corresponding cases inΛCDM. In particular
we note that for the full combination of data the
bound degrades a bit because DES data prefer a
weaker gravitational interaction, while CMB data
for the fðQÞ model support a stronger gravitational
interaction. Though the value of α is higher for this
data combination with respect to the one for Plk18, it
is not sufficient to obtain a weaker gravitational

FIG. 2. CMB TT power spectrum (DTT
l ¼ lðlþ 1ÞCTT

l =ð2πÞ,
upper panel), lensing potential autocorrelation power spectra
[Dϕϕ

l ¼ lðlþ 1ÞCϕϕ
l =ð2πÞ, middle panel] and matter power

spectra PðkÞ (bottom panel) for fðQÞ gravity and ΛCDM when
two values for Neff are chosen. For each of them we provide the
percentage relative difference (Δ) with respect to the ΛCDM
model with Neff ¼ 3.046.
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interaction which is then supplied by a large total
mass of neutrinos. Looking at the constraints on the
cosmological parameters we note they are compat-
ible within the error with those of the standard
scenario. The constraints on the α parameter are in
line with what is found in Ref. [18]. In detail a larger
negative mean value of α is preferred by the Plk18
because it allows for a better fit of the low-l tail of
TT power spectrum. On the contrary a higher value
is preferred by DES data. In Fig. 4 top panel we
compare our results with those obtained for the same
model but fixed Σmν ¼ 0.06 eV [18]. We note that

they are compatible within the errors but the fðQÞ þ
Σmν case in general prefers smaller mean values for
α, this is because the effects of α are then compen-
sated by a larger Σmν. We also notice that the mean
values of σ08 andH0 are slightly lower for the varying
massive neutrinos case.

(ii) The neutrino effective number
In Fig. 5 we show the cosmological constraints for

the fðQÞ þ Neff case. The bounds onNeff are always
compatible within the errors with the prediction of
the standard neutrino decoupling model. We note
that regardless of the combination of data the

TABLE I. Marginalized constraints on cosmological and model parameters at 95% C.L. for the ΛCDM and fðQÞ models when the
total mass of the neutrinos is considered as free parameter.

Varying massive neutrinos

Model α lnð1010AsÞ ns H0 Ω0
m σ08 Σmν

ΛCDM (Plk18) � � � 3.17þ0.10
−0.12 0.97� 0.01 66.6þ2.9

−4.1 0.325þ0.054
−0.038 0.823þ0.064

−0.080 <0.622

ΛCDM (PBRS) � � � 3.14þ0.09
−0.10 0.970� 0.008 67.97þ0.87

−0.91 0.306� 0.011 0.839� 0.035 <0.219

ΛCDM (PBRSD) � � � 3.13þ0.10
−0.10 0.973þ0.010

−0.0093 68.08þ0.93
−1.0 0.304þ0.012

−0.011 0.822þ0.035
−0.034 <0.277

fðQÞ (Plk18) −0.70þ0.65
−0.60 3.09� 0.13 0.970� 0.010 66.0þ3.4

−4.2 0.332þ0.057
−0.044 0.806þ0.070

−0.084 <0.731

fðQÞ (PBRS) −0.66þ0.66
−0.60 3.06þ0.12

−0.11 0.972� 0.009 67.92þ0.93
−1.0 0.307þ0.012

−0.011 0.830þ0.036
−0.037 <0.277

fðQÞ (PBRSD) −0.09þ0.36
−0.36 3.12þ0.11

−0.11 0.9731þ0.0098
−0.0089 68.04þ0.95

−1.0 0.305þ0.012
−0.011 0.819þ0.036

−0.037 <0.293

TABLE II. Marginalized constraints on cosmological and model parameters at 95% C.L. for the ΛCDM and fðQÞmodel when Neff is
considered as free parameter.

Varying the neutrino effective number

Model α lnð1010AsÞ ns H0 Ω0
m σ08 Neff

ΛCDM (Plk18) � � � 3.14þ0.11
−0.11 0.971þ0.022

−0.020 68.7þ3.6
−3.3 0.300þ0.024

−0.025 0.862þ0.052
−0.048 3.07þ0.43

−0.40

ΛCDM (PBRS) � � � 3.106þ0.082
−0.084 0.966þ0.013

−0.013 67.9þ2.0
−2.0 0.304þ0.011

−0.011 0.846þ0.039
−0.037 2.98þ0.32

−0.33

ΛCDM (PBRSD) � � � 3.072þ0.080
−0.080 0.964þ0.012

−0.013 67.8þ1.9
−2.1 0.302þ0.011

−0.011 0.828þ0.035
−0.034 2.91þ0.29

−0.34

fðQÞ (Plk18) −0.62þ0.59
−0.59 3.06þ0.13

−0.11 0.970þ0.021
−0.019 68.8þ3.5

−3.2 0.297þ0.023
−0.023 0.860þ0.047

−0.044 3.03þ0.42
−0.39

fðQÞ (PBRS) −0.50þ0.59
−0.54 3.03þ0.10

−0.091 0.964þ0.013
−0.013 67.7þ2.0

−2.1 0.304þ0.011
−0.011 0.841þ0.036

−0.032 2.93þ0.31
−0.34

fðQÞ (PBRSD) −0.06þ0.36
−0.37 3.061þ0.099

−0.099 0.964þ0.012
−0.013 67.8þ2.0

−2.0 0.302þ0.011
−0.011 0.827þ0.036

−0.034 2.91þ0.31
−0.33

FIG. 3. Marginalized constraints at 68% (darker) and 95% (lighter) C.L. on the model parameter α and five cosmological parameters
Σmν, ns, H0, Ω0

m and σ08 obtained with the CMB data from Planck 2018 (PLK18, red), its combination with BAO, RSD and SNIa data
(PBRS, green) and with DES data (PBRSD, blue).
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fðQÞ þ Neff case has slightly lower mean values for
Neff compared to the ones for the ΛCDMþ Neff
case. The constraints on the other cosmological
parameters are very similar to those of the standard
scenario. When varying Neff we notice that the mean
values of α are higher compared to those we obtain
for fðQÞ þ Σmν or those discussed in Ref. [18] for
fixed Neff and Σmν (see Fig. 4 bottom panel for
comparison) because higher values of α are neces-
sary to compensate the lower value of Neff .

VI. MODEL SELECTION ANALYSIS

We provide a model selection analysis based on the χ2-
statistics and the deviance information criterion (DIC) [69].
While the former allows us to measure how a model

compares to actual observed data, the latter will allow us to
quantify the preference of one model over the other and it is
particulary useful when the posterior distributions of the
models have been obtained by MCMC simulation. In
particular in both cases we will compute the difference
of the fðQÞ model with respect to ΛCDM; Δχ2 ¼ χ2fðQÞ −
χ2ΛCDM and ΔDIC ¼ DICfðQÞ − DICΛCDM. Before moving
to the actual discussion of results, let us introduce the
definition we use to compute the DIC, which is

DIC ≔ χ2eff þ 2pD; ð14Þ

where χ2eff is the value of the effective χ
2 corresponding to

the maximum likelihood and pD ¼ χ̄2eff − χ2eff , with the
bar being the average of the posterior distribution.

FIG. 4. Top panel: marginalized cosmological parameters in the case of fðQÞ gravity with varying massive neutrinos (solid lines,
results in this paper) and the case with fixed total mass of neutrinos Σmν ¼ 0.06 eV in Ref. [42] (dashed lines). Bottom panel:
marginalized cosmological parameters in the case of fðQÞ gravity with varying Neff (solid lines, results in this paper) and the case of
fixed Neff ¼ 3.046 in Ref. [42] (dashed lines).

FIG. 5. Marginalized constraints at 68% (darker) and 95% (lighter) C.L. on the model parameter α and five cosmological parameters
Neff , ns, H0, Ω0

m and σ08 obtained with the CMB data from Planck 2018 (PLK18, red), its combination with BAO, RSD and SNIa data
(PBRS, green) and with DES data (PBRSD, blue).
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This definition allows us to take into account both the
goodness of fit and the Bayesian complexity of the model,
according to which more complex models are disfavored.
Therefore models with smaller DIC are preferred to models
with larger DIC [17,28,40,70–73]. The values for both the
Δχ2 andΔDIC for the case of varying the mass of neutrinos
are shown in Table III and for the case of varying the
effective number are Table IV.
In the case of fðQÞ þ Σmν we find that, regardless of the

combination of data, the model can fit the data better than
ΛCDMþ Σmν according to the χ2-statistics. This is mostly
driven by a better fit to CMB data. Additionally according
to the DIC the model is also statistically preferred by data
specifically for the Plk18 and PBRS data sets, while no
evidence is found when GC and WL data are included.
However let us note that the ΔDIC between fðQÞ þ Σmν

and ΛCDMþ Σmν, when computed for the full combina-
tion, gets better if compared to the one found between fðQÞ
and ΛCDM for a fixed Σmν, ΔDIC ¼ 4.8203 [18]. In the
case under consideration a large mass of the neutrinos can
suppress the matter power spectrum and compensate the
enhancement due to the stronger gravitational interaction
which is preferred by CMB data.
In the case of fðQÞ þ Neff , the χ2-statistics tells us that

the model fits better the data with respect to ΛCDMþ Neff
for all combinations. The ΔDIC supports the model over
the standard scenario when considering CMB, BAO, RSD
and SNIa, however this is not the case when we include
DES data. That is because, though the value of Neff is
lowered, it cannot compensate the higher value of α
preferred by DES data which degrades the CMB fit.
In summary the model selection analysis we performed

shows a support for the fðQÞ model over ΛCDM for the

CMB, BAO, RSD and SNIa data. When DES data are
included we do not find a definite conclusion when we
consider fðQÞ þ Σmν which needs to be further explored,
possibly including nonlinear scales, and a moderate evi-
dence against fðQÞ þ Neff (ΔDIC > 5 according to
Jeffrey’s scale [74]).

VII. CONCLUSIONS

We studied the degeneracy in the cosmological observ-
ables between either the total mass of neutrinos or the
effective number of neutrino species with the modification
of gravity introduced by an fðQÞ model which is charac-
terized by a background evolution identical to the ΛCDM
one. In this way we limited the degeneracy at the linear
perturbation level only. We found that degeneracy exists
and that the one between MG and Σmν is more relevant
than the one present with Neff . In particular we noticed that
such degeneracies can be mitigated by a combination with
background data which will strongly constrain either Neff
and Σmν since the MG effects enter only at linear
perturbation level given the choice we made for the form
of the fðQÞ function.
We also put observational constraints on the model

parameter α and the other cosmological parameters, sep-
arately considering the case of varying Σmν and Neff by
adopting MCMC simulation with CMB, BAO, RSD, SNIa,
GC and WL measurements. The strongest upper bound on
Σmν is obtained with the combination of CMB, BAO, RSD,
SNIa with the constraining power coming from BAO, RSD,
SNIa. Neff is always found to be compatible with the
standard value of Neff ¼ 3.046 but with lower mean values.
The best-fit values of the fðQÞ model gave for all
combinations of data a better effective χ2-statistic than
the standard cosmological scenario. When we considered
the DIC statistic we noted that the combinations of Plk18
alone and the one with BAO, RSD, SNIa were those for
which we noted a statistical support by data. When the
combination includes DES data we did not find an evidence
in support or against fðQÞ in the case of varying Σmν but
we found a moderate evidence against fðQÞ þ Neff . Thus
the fðQÞ þ Σmν model can be a compelling and viable
candidate for explaining the late-time acceleration.
In the future wewill perform further investigations which

will consider a background for fðQÞ which is not exactly
ΛCDM. Of interest will be also the inclusion of nonlinear
scales in modeling the GC and WL so that we can fully
consider DES data.
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[4] J. Beltrán Jiménez, L. Heisenberg, and T. S. Koivisto,
Universe 5, 173 (2019).
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