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We discuss the motion of a binary system around a supermassive black hole. Using Fermi-Walker
transport, we construct a local inertial reference frame and set up a Newtonian binary system. Assuming a
circular geodesic observer around a Schwarzschild black hole, we write down the equations of motion of a
binary. Introducing a small acceleration of the observer, we remove the interaction terms between the center
of mass (CM) of a binary and its relative coordinates. The CM follows the observer’s orbit, but its motion
deviates from an exact circular geodesic. We first solve the relative motion of a binary system, and then find
the motion of the CM by the perturbation equations with the small acceleration. We show that von Zeipel-
Lidov-Kozai (vZLK) oscillations appear when a binary is compact and the initial inclination is larger than a
critical angle. In a hard binary system, vZLK oscillations are regular, whereas in a soft binary system,
oscillations are irregular both in period and in amplitude, although stable. We find an orbital flip when the
initial inclination is large. As for the motion of the CM, the radial deviations from a circular orbit become

stable oscillations with very small amplitude.
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I. INTRODUCTION

After the remarkable success of the LIGO-Virgo-
KAGRA Collaboration [1,2], the study of gravitational
wave (GW) emission has received a significant boost. The
analysis of data (obtained through the first three observa-
tional runs) produced over a hundred confident detections
[3,4] from binary black holes (BH), a binary neutron star
(NS), and BH-NS systems, with more to follow in the next
decade. The scientific insights emerging from the detec-
tions have significantly revolutionized our understanding of
the sources. For instance, some notable events revealed
heavier stellar-mass BHs [5], and their origin is still under
discussion. Using the electromagnetic counterpart, we
found that the speed of GWs is very close to the speed
of light as predicted by the general theory of relativity [6].
With the increase in detections, we can probe more
fundamental questions like testing theories of gravity in
strong field regimes, finding the redshift distribution of
BHs and their environment, and so on [7-11].

Unlocking the scientific potential of GWs depends on
our theoretical knowledge. In order to filter the GW signal
from the detector noise, it is necessary to model the
predicted waveform accurately. Current observations are
from isolated binary systems. It is possible, however, that
nature will provide us with more exotic sources. This paper
will examine a three-body system as one of the likely
sources. The environment near supermassive black holes
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(SMBHs) in galactic nuclei comprises many stars and
compact objects. A binary system could emerge in these
surroundings, which composes a natural hierarchical triple
system [12—17]. Recent LIGO events suggest the hierar-
chical systems as a possible dynamical formation channel
of the heavy merging binary BHs [18-20].

In a hierarchical triple, the distance between two bodies
(forming an “inner” binary) is much less than the distance
to the third body. In 1910, von Zeipel explored the
dynamics of restricted hierarchical triples, revealing a
remarkable phenomenon [21], and in 1962, Kozai and
Lidov independently rediscovered the same one [22,23]
(known as von Zeipel-Lidov-Kozai [vZLK] resonance)—
when the two orbits are inclined relative to each other, there
is a periodic exchange between orbital eccentricity and
relative inclination in secular timescale [24]. The orbital
eccentricity can reach extreme values leading to large
emissions of GWs [25-27].

There has been extensive work on dynamics of such
systems based on Newtonian or post-Newtonian approxi-
mation [28-35]. Recently we also find many works
focusing on gravitational waves from such systems
[25-27,36-44]. It has been shown that vZLK resonance
leaves an imprint on the waveform and lies in the
detectable range of future space-based detectors like
LISA and DECIGO. Indirect observation of GW from a
triple system is also studied by analyzing the cumulative
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shift of periastron time of a binary pulsar undergoing
vZLK oscillations [45,46]. The presence of a heavier
tertiary has been considered in previous studies [47,48]
using double-averaged equations of motion to investigate
relativistic effects such as de-Sitter and Lens-Thirring
precessions. In particular, de Sitter precession of the inner
orbital plane was modeled via analogy with spin effects.
However, such a term occurs naturally in the derivation
of our approach. An additional study also investigated
3-body PN (3BpN) secular effects in a hierarachical
system with heavy third body using a multiple scale
method [49]. Also, they pointed out that 3BpN effects
affected the evolution of these triples, resulting in a wider
range of eccentricity and inclination.

In this paper, when we discuss on a binary system near
SMBH, we follow another approach, i.e., a binary system is
treated as perturbations of SMBH spacetime. In the case of
a single object in SMBH spacetime, it can be treated as a
test particle. But in the case of a binary system, this is not
the case because the self-gravitational mutual interaction is
much stronger than the gravitational tidal force by SMBH.
In order to analyze such a hierarchical system, we first
prepare a local inertial frame and set up a binary in this
frame. When a binary is tightly bounded but the mutual
gravitational interaction is not so strong, the binary motion
in this frame can be discussed using Newtonian gravita-
tional dynamics.

Using the Fermi normal coordinate system or Fermi-
Walker transport, we can construct a local inertial frame
[50-52]. Using such a technique, there are several
discussions on a tidal force acting on stars near SMBH
[53-56], but only a few works on a binary system have
been discussed [57-59]. In this paper, we analyze such a
system in detail. Assuming an observer is moving along a
circular geodesic around a Schwarzschild SMBH, we
construct a local inertial frame, and set up a binary
system. We then discuss the motion of a binary, showing
the existence of the vZLK oscillations when a binary is
compact and the initial inclination angle is larger than a
critical value.

The paper is organized as follows: We review how to
construct a local inertial proper reference frame by use of
Fermi-Walker transport in Sec. ITA. In Sec. IIB, we
perform post-Newtonian expansion for a test particle motion
in this frame. In Sec. III, we set up a self-gravitating system
in the proper reference frame and derive the Lagrangian in
the Newtonian limit. In Sec. IV, assuming an observer
moving along a circular geodesic in Schwarzschild black
hole, we derive the equations of motion for a binary system.
We also discuss the interaction terms between the center of
mass (CM) of a binary and its relative coordinates.
Introducing small acceleration of an observer, we remove
the interaction terms, finding the equations of motion for the
CM, which gives small deviations from a circular geodesic.
We then analyze twelve models numerically and show the

properties of binary motions such as the vZLK oscillations,
chaotic features, and orbital flips in Sec. V. We also discuss
motions of the CM of a binary. Concluding remarks follow
in Sec. VL. In the Appendix A, we provide some numerical
and analytic solutions in the coplanar case. We also present
the Lagrange planetary equations of the model and write
down the equations for the orbital parameters of a binary
taking averages over inner and outer binary cycles in
Appendix B. We show that this simplified method recovers
numerical results obtained by direct integration of the
equations of motion in the case of a hard binary. It also
provides the vZLK oscillation timescale and the maximum
and minimum values of eccentricity.

Notation used: Greek letters range from 0 to 3, while
Roman letters run from 1 to 3; hatted indices denote tetrad
components in a proper reference frame rotating along an
observer; bars over symbols correspond to quantities in a
static tetrad frame.

II. PROPER REFERENCE FRAME

A. Proper reference frame of an arbitrary observer in a
curved spacetime
We first discuss how to set up a local inertial frame in
a curved spacetime [50,57,60]. The spacetime metric is
given by

ds? = g, dx"dx". (2.1)

We then consider an observer, whose orbit is given by a
world line y described by

B Z”(T),

where 7 is a proper time of the observer. The 4-velocity is
given by

_d!

w'(7) = o

We now set up an orthonormal tetrad system {e } along
the observer’s world line y, which is defined by the
conditions such that

eil'ep, =nap et =ul,
where 7, F is a Minkowski spacetime metric.
For a given 4-velocity u*, this tetrad system is deter-

mined up to three-dimensional rotations. The tetrad ¢/, is
transported along the observer’s world line y as

De
L = —Q"H/e': .
dT w

where
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O = a'u’ — ua” + uaa)ﬂeaﬁ“”.

Here,
=¥
T odr
and
1 1)
w, = Euaeaﬂpagp" = 2 € upef¥,

are the acceleration of the observer and the angular velocity

of a rotating spatial basis vector e’(’u), respectively. A

nonrotating tetrad frame for which @* = 0 is called the
Fermi-Walker transport. If the orbit is a geodesic (a* = 0

and of = 0), we find If;f =0, which is just a parallel
transport.

Next, we construct a local coordinate system (the
observer’s proper reference system) near the world line
y, which is described as

(") = (cz.x%),

where the spatial component x is measured from the point
at 7 on the world line y along the spatial hypersurface X(7)
perpendicular to y.

We find that the metric form of this proper reference
frame up to the second order of x? is given by

9ap :nﬁﬂ+5ﬂﬁ+0(|xi{|3), (2.2)
where
! - (o)’
50 = 2 |:211;<x + (CzR()f(()L; (/)kajf).xk ‘4 kcz ,
(2.3)
— k 2 2R k7 24
€5 7 | CO X +§C ()]}}ZXX R ( . )
11 .-
T2 [3 CRigjex's ] (2.5)

R

popé
a background spacetime and ;; = €;; s’ [50,57,60].

is the tetrad component of the Riemann curvature of

The acceleration and angular frequency in the proper
reference frame are defined by

gz P
L
o= L@IR? - Deyt
2 odr

For the Fermi-Walker transport, wt = 0. If it is the

geodesic (a} =0 and of = 0), we recover the Fermi
normal coordinates. The tetrad is parallelly transformed
along the world line.

B. Test particle motion in a proper reference frame

First, we consider the motion of a test particle in the
above proper reference frame. The action for a test particle
with mass m in a given spacetime is given by

S = —mc/ vV —ds?.

For a test particle in the proper reference frame, since the
world interval ds? is given by the metric 9up» We find the
action for a test particle to be

S—/dfﬁ,

where

dx* dx®
L= —mc\/—(ﬂpa + EﬁD)EE’

is Lagrangian of the test particle and ¢; ; is a small deviation
from the Minkowski spacetime since |e;;| < 1.

Assuming that the test particle moves slowly in the
proper reference frame, we perform the post-Newtonian
expansion in terms of v/ /¢ as follows: First, we expand the
square root term in the Lagrangian as

2 j j

y EX D v 1 v'o

=-mc* 1= =0 e = e
2c 2 e 2

1 [v? v vip/]?
—g ?—l—e@()—l—Zé‘@}?%—é‘;}? + e

Note that x0 = cz. Inserting Egs. (2.3), (2.4), and (2.5),

and expanding the above Lagrangian in terms of vl /c,
we obtain

L=Lo+Lip+Li,

where
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1 7 1 A T A
_ 2 _ vk _ i) vk ]
£0—2mv magx 2mwjka) PXXT = mw; pvlx
2 - vl
_ 2 k.7
Ly, =—7mc Rm{}gxx —,
3 c
kN2 (i
m(a;x 1 _ P Y
L :——< kz) —fmczR;;(«gxkxf—z
2 ¢ 6 J c

are Newtonian, 0.5 PN and 1PN Lagrangian, respectively.

In this expansion, we find the 0.5 PN term formally, but
it can be an apparent term which comes from a choice of
an observer’s coordinates. In fact, if we choose an
appropriate observer’s acceleration, which appears as a
0.5 PN term, we can remove the above L, ,. However, if
we have a multiparticle system as we will discuss later,
this adjustment can be used only for one particle or the
center of mass of the system (See Sec. III). Hence, we
keep the L;/, term and discuss “Newtonian” dynamics
including such a term.

III. SELF-GRAVITATING NEWTONIAN SYSTEM
IN A CURVED SPACETIME

A. Self-gravitating N-body system

Now we discuss self-gravitating N-body system in a
fixed curved background spacetime, which is given by the
metric in Eq. (2.1) [57]. We are interested in the case where
Newtonian dynamics is valid in the observer’s proper
reference frame. The necessary condition is that the typical
scale Zy.poay Of N-body system should satisfy

1 1
fN—body < min |:—A y TR Lﬁfz:| N
'] ||

where £ is the minimum curvature radius defined by

. = 17 -7 -
{7 =min [|Rﬁg,;;,| L Raspaal = Raspaapl 4]

In order to find the metric contributions from N-body
system, we first focus on the motion of the /th particle,
which is gravitating with the other (N — 1) particles. The
metric contribution from the those (N — 1) particles is
given by

T
Poo = "2

where ®; is the Newtonian potential produced by the
(N — 1) particles, which is given by

m ~ A A A PN _ ~
AT I R D SSRGS B SN S, P SN B » S
+8c2 [v 2apx" — 0@ X°X" = 2051 X7 0 cROkofxx} ,

1 _ o
2 > S
2mc Ryrorx x,

i 712

; o~ my
Q,(x') = -G

J#1 |x? - x?,| '

We assume that the other components of qoléﬁ vanish
because we are interested in Newtonian dynamics in the
proper reference frame.

We then obtain the metric of the observer’s proper
reference frame for the /th particle as

Gho = Mo + Mo (3.1)

where

I _ 1
hﬁa—g”ﬁ+§w (3-2)

pve

The equation of motion for the /th particle can be derived
by the variation of the action

81 _/dT[:],
where

; dxg dx;
Y dr dt

’CI = —myc\| —

By use of the metric form (3.1), we can expand the above
Lagrangian up to 0.5 PN order as

1 dxl 2 2
_ ok
L, =5mi| —my®(x;) — mpa;x;
k7 ok
5 M0} R, X]X] = M@ V1]

1 - P s 2 - Y
> SO SV R ¥ > JU S |
—5mic RirorX1x: 3 mic Roi;oxix .

The total action of N-body system and its Lagrangian are
given by summing up each Lagrangian £;. We finally
obtain

‘SN-body = / dT'CN-bodyv

where
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Zi Gm,mj
T J# 2|x1_x1|

oL ()

+£[1 +£(H +£7_?,’

N
] ~ 2 -
_ k2 ik
L, = ) g my [a)}.,;aﬂgx,xl —+ Zw},;v[xl},
1
1 N
Lr= —§§ e ROkOfoxI E myc? Rofc fxlxl
1

Note that £, comes from the inertial force of the
accelerated observer, and £, originates in the rotation of
the observer (the centrifugal force and the Coriolis force).
L5 describes the curvature effect of the third body (the
tidal force).

B. Binary system in a curved spacetime

Next, we discuss a binary system in a fixed curved
background. A binary consists of two point particles with
the masses m; and m,. The Lagrangian up to 0.5 PN order
is given by

Ebinary = EN + El/Zv (33)
where
£ 1 dxl 2+ dx2 2 + Gm1m2
=—|m|— my| — —_—
N7 T de 2\ dr e, — x5
+L,+ L, + Lx, (3.4)

2
1 _ o
o JUDW o 4
[’R__EE m R 02X X5,

(3.5)

Introducing the center of mass coordinates and the
relative coordinates by

. myx, + myX,
===
mg +m2

r=Xx, —Xy,

we find the Newtonian Lagrangian [Eq. (3.4)] in terms of R
and r as

EN = ECM(RvR> _‘_L"rel(rvi'>7 (3'6)
where
. 1 ) )
Lem(R.R) = 3 (my + my)R? + Loya(R, R)
+ Lovo(RR) + Loy g (R.R),
with
Lo =—(my +my)agxy,
S a1
‘CCM—w (ml +m2) )k?wkaRj_z( 2R2 (0) R)Z) ’
1 _ .
Lomp = _§<m1 +my)RorosRERY,
and
. 1 . Gmm . .
[rrel(r, r) = 5/”'2 + 1 + ['rel—w(r’ r) + [’rel-ﬁ(r’ r)’
with
PP |
‘Crel—w = —H €A12fa)frkrj - E(erZ - (0) I‘>2>
1 = i2
‘crel—’/_Z = _EMROIACO?F r.

Here, y = mym,/(m, + m,) is the reduced mass. When
we consider only Ly, we can separate the variables R and r.
In particular, when the observer follows the geodesic
(@ =0 and w = 0), the orbit of R =0 is a solution of
the equation for R. It means that the center of mass (CM)
follows the observer’s geodesic. We have only the equation
for the relative coordinate r. However, when we include the
0.5 PN term, it is not the case. The 0.5 PN Lagrangian £ )
is rewritten by use of R and r as

Lijy=LipemBR) + Ly (rF) + Ly oo (R R,
(3.7)

where
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. 2
Lijpem(R.R) = §(m‘ +my)Rpz5,R kRTRI,
. 2 (my—my) C s
Lijpaalri) =3 Rogizrr'i.
1/2—rel(r ") 3/4(m1 +m2) oo rr
. 2
£1/2-im(R,RJ',r) = —gﬂR@;(}g

x [AZ R+ (R + AR)i). (3.8)

Due to the interaction term L, /5.y, the orbit of R = 0 is
no longer a solution even if the acceleration vanishes. The
motion of the CM [R(z)] couples with the relative motion
(r(z)). As aresult, not only the orbit of a binary but also the
motion of the CM will become complicated even if the
observer’s orbit is a geodesic.

However, if we introduce an appropriate acceleration a in
0.5 PN order to cancel the interaction terms, R = 0 will
become a solution, i.e., the CM can follow the observer’s
motion as follows: Integrating by parts the interaction term,
we find

ﬁl/z_im(R,R,r,r) = SﬂRoklg{R rkp? + r/(erf + rka)}

1dR;
NZu[gijfjf k f—|—ROk fr r ]R/
(integration by part),

where the time derivative of the curvature is evaluated
along the observer’s orbit.
If we define the acceleration by

2/'4 ldROk]f k f
A = — R .~ A k If;
7 my + nmy |:3 dr + ijfr "

two terms L /5.in and Ly, cancel each other. As a result,
the Lagrangians for R and r are decoupled, and R =0
becomes an exact solution of the equation for R, which is
derived from the Lagrangian (Lcy + £/5.cm)- The CM
follows the observer’s orbit and therefore, we obtain the
decoupled equation for the relative coordinate r.

In order to obtain the proper observer’s orbit, which is
not a geodesic but close to the geodesicl, we have to solve
the equation of motion including small acceleration such
that

2u ldR@fc}‘?ricr? Roansphil |
3 dr ijf

(3.9)

m1+m2

Note that the second term in the acceleration corresponds
to the gravitomagnetic force given in [58].

'When initial deviation is small, this is confirmed by pertur-
bation analysis as shown later.

As a result, we first solve the equation for the relative
coordinate r, which is obtained only by the Lagrangian
Lyei(r) + L1 24a(r). Note that when m; = m,, we have
only Newtonian Lagrangian L because L, /5 = 0 van-
ishes. After obtaining the solution of r(z), we find the
motion for the CM (or the observer) in the background
spacetime by solving Eq. (3.9). Using the relative motion
r(z) with the solution of the CM motion [x{;(7)], we will
obtain a binary motion in a given curved background

spacetime [x/(7),x5(7)].

IV. A BINARY SYSTEM IN A SCHWARZSCHILD
SPACETIME

We consider a spherically symmetric supermassive
black hole. The background spacetime is given by the
Schwarzschild solution as

1
52 = —fdt2+?dr2+r2d92, (4.1)
where
f=1-2 (4.2)
T

The gravitational radius t, is given by

_2GM

r
9 CZ’

where M is a gravitational mass of the supermassive black
hole. In what follows, we set G = 1 and ¢ = 1 for brevity
unless specified otherwise.

A. Proper reference frame

We first discuss Newtonian dynamics for which
Lagrangian Ly is given by Eq. (3.4). In this case, the
CM of a binary system follows a geodesic observer. We
consider an observer, which moves along a circular geodesic
with the radius r = 1. The orbit is assumed to be on the
equatorial plane without loss of generality. We introduce a
rotating tetrad system along this geodesic such that

et = ut = <7V1—|_r(2)m23’0’0,m0),
f(xo)
ei* = (0,1/f(1),0,0),
o = < oo, 0.0, V1 +r(2)m(2)>’
f(xo) %o

where the angular frequency v, is defined by
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e

dr ro(rg/M —3)12" (43)

We then calculate the angular velocity @ of this rotating
tetrad system as

- YDR5]§,

where

Yo = (4.4)

’Jo(ro/M)l/2 7

is the angular frequency of the rotating tetrad frame (See
Fig. 1). Note that this angular frequency is different from
the observer’s angular frequency w,. The difference
between two angular frequencies w, and Yog, i.e.,

mds = mo - mR (45)
describes the rotation of a nonrotating inertial frame

moving along a circular orbit, which may cause de Sitter
precession [61]. In fact, when r( > r,, we find

which is the same as de Sitter frequency Qf’?l given in

[48] in the limit of M > m, m,.
Next, we calculate the Riemann curvature in the above
tetrad system. In the static tetrad system {e”,} with

W

FIG. 1. A local inertial tetrad system {e;,e;,e;} rotating with
angular frequency oy along a circular orbit.

y 699:1:0, e‘/’,/, =X,

f(ro), €=

[

the nontrivial components of the Riemann curvature of the
Schwarzschild spacetime are given by

D r.‘l B 7> r(]
Roror == Rosos = Ropop = 5,3
0 0

R . Repa=R i
0p0¢ r(3) ’ rOF0 THpTP 2?8 .

We then introduce the Descartes coordinates (X, 5,Z)
such that x-direction is the same as the r-direction, but the y
and Z-directions are ¢ and —6-directions, respectively, as
shown in Fig. 1. Since the tetrad system in this coordinate is
given by

ey¢:r0, €Z9:—r0,

_ T, _ - T,
Rozox = —3> R(‘)y()y = 0z0z — ,
T 2t
0 0
_ T — T
_ 9 _ _ g
Ryzyz R Risxy = Rizzz = — 53
T 21

The transformation matrix between the observer’s tetrad
and static tetrad (X, y, Z) is given by

Aoa - (\/ 1 + r%m%, O, romo,o) 5

A;*=(0,1,0,0),
A% = (romO,O, 1+ r3m3,0>,
As® = (0,0,0,1).

It is just the Lorentz boost with velocity

LOLLY

V1+ 13w}

D:

in 0-y plane.
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The components in the observer’s proper reference frame
are given by

- _ Ix
Rioos = — |
0309 ZXZX s
21
24202
7—?/\ N 7—2,AAAA 1+3r0m0 ﬁ
5 £
0202 xXyxy 2 r?)
_ _ 3 T
N - _= 2002 79
ROX\X —Rpzpr = €1r0m0 1+r0m0r3.
0

B. Equations of motion of a binary
Since the CM of a binary follows the observer’s
circular geodesic (R = 0), we have to solve only the
equations of motion for the relative coordinate r. Using
x=rl, y = rz= ré, the relative motion of a binary is
given by the Lagrangian

) 1. Gm;m ) .
'Crel(rvr) = E/H‘z + —12 + 'Crel-m(r’ r) + 'Crelj%(r’ r)7
(4.6)
with
0
Lyl = —H [mo(xy — yX) (x> + yz)] :
//t — - —_
Ligr = ) (R()x()xxz + Réy()yyz + R()z()zzz)
T
= —:-% {yz —2x2 4+ 724 3r3m3(—x2 + 22)} .
0

The first and second terms in rel-t describe the Coriolis
force and the centrifugal force, respectively. The first half
terms in L, 7 are the same as those in Newtonian
hierarchical triple system under quadrupole approximation,
while the last half terms are relativistic corrections. Note
that in the present approach (approximation up to the
second order of x%), we cannot go beyond quadrupole
approximation.

In order to analyze the relative motion of a binary, it may
be better to go to a nonrotating initial reference frame.
Since the angular frequency of a rotating tetrad frame is oy,
the position (x, y, z) in the rotating frame can be replaced
by the position (X,y,z) in a nonrotating Descartes’
coordinate system by use of the following transformation:

X = X €Os OR7T — Y sin g7,
Yy = X sin R7 + Y cos g7,

=2

The Lagrangian £, in a nonrotating proper reference
frame is given by

1 [dr\?
’Crelziﬂ(%) +

Gmlmz

+ Lreicas(tF) + Loz (r. 7).

(4.7)

where

. . . u

Lieras(F.F) = pmgs(Xy — yX) + Emﬁs X +y?).
r

Loar(r.r) = =52 [P +y2 +22 = 3(1 + ving)

0

(X cos g7 — Y sinog7)? + Sr%mézz} )
Since the momentum is defined by

=% X + pro
px_a)'(_” HWgsY,

oL .
py = i HY — HWgsX,
oL

=— = 2,
Pz o7 H

we obtain the Hamiltonian as

Hee = Ho + Hy, (4.8)
where
o 1 2 Gm1m2
Hy =Has + Hig,
with

Hias = Was(PyX — PxY)s
T

i =258 + 32 + 22 = 3(1 + efm})
0

(X cos YogT — Y sin wg7)? + 3r(2)m522} .
The term H;_y5 gives the so-called de Sitter precession as

follows. Let us consider the model with H' = Hy + H_gs.
The Hamilton equations are given as
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DYNAMICS OF A BINARY SYSTEM AROUND A SUPERMASSIVE ... PHYS. REV. D 107, 124039 (2023)

1 , d . . . .
X = ZH Py Ly =~ (YPz = 2Py) = YP; +YPz — 2Py — 2Py = —ogsLy,
Px H
' . d . . . .
y = ﬁ — & + WygX Ly = E(pr —XP;) = ZPy + ZPy — XPz — XP; = WgsLy,
Py H .4 . .. .
_d’]—[’_& Lz:%(Xpy_ypx>:Xpy"‘xpy_ypx_ypxzo-
op; H

From these equations, we find that the z-component of
the angular momentum is conserved, and (Ly, Ly) rotates
around the z-axis with the constant angular frequency g
which is just the de Sitter precession. The full equations are

and

07‘[/ - Gml myHX

Py = — = = EE— 045y given as
) oH' Gmm,y . O0H
Py =— oy =~ :3 : + WgsPx. Xzaz%—mdsy, (4.9)
X
) ()H/ Gmlmzz
=——— = .0
2 oz P2 y = IH _ Py + WygX, (4.10)
py u
We then calculate the time evolution of the angular
momentum L = (Ly,Ly,L,). Using the equations of 7 — IH - &’ (4.11)
motion, we find op, U
|
and
0 G 17 .
P, = _0_7; = —%X — W4sPy — gr; {x = 3(1 + r3w3) (X cos w7 — Y sin WR7) cos w7}, (4.12)
0
. oH G r . .
py = ~oy =" n;mg Yy + Wyspyx — % {y + 3(1 + r3w3) (X cos g7 — Y sin og 7) sin R}, (4.13)
0
. oH Gm;m ur
Pr=—" =~ r; 22—2—r§<1+3rgm5)z. (4.14)
0

C. Motion with 0.5 PN correction term

Now we consider 0.5 PN terms. As discussed in Sec. III, we can assume R = 0 by introduction of the acceleration given
by Eq. (3.9). We first solve the relative coordinates r, and then the motion of the observer (or the CM).

1. Equations of motion for relative coordinates

The equation of motion for relative coordinates r of a binary is now given by
Z’rel(rj‘) = ﬁrel(rj.) + El/Z—rel(r’i)’
where L, is given by Eq. (4.6), while

ﬁl/z-rel("v"'> =—H
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MAEDA, GUPTA, and OKAWA PHYS. REV. D 107, 124039 (2023)

In nonrotating Fermi-Walker coordinates, we find L, is given by Eq. (4.7), while

. r,m —m . . . .
L1 pa(rF) = p—2——Zxgmy( /1 + rgmg{cos YRT[X(XY — YX) + Z(yZ — 2y) + YpX (X2 + y2 — Z2)]
o my 4 my

— singz[y(Xy — yX) + z(zX — XZ) + wry(X> + y* — 22)]}.
The momentum is obtained from the Lagrangian erel(r, r) as

. r,m —m .
DPx = X + pwggy + ﬂ—él#romm/ 1 + r3m3(—Xy cos g7 + (y* — Z%) sin wR7),
romy + my

) T m —m .

Py = HY — p04sX +,u—g¥r0mm/ 1 + r3w3 (—xy sin g7 + (x*> — 22) cos Wwg1),
1;0 nmy +l’)12

m; —nmy

ny +m2

o4/ 1 + r3w3z(y cos wgt + X sin k7).

) T,
Pz=HZ+p—3
k0]

The Hamiltonian is given by
7:{rel(r’ p) = Hrd(r’ p) + 7-[1/2—rf:1(r7 p)’
where H,(r, p) is given by Eq. (4.8), while
1 r,\?2 (ml — m2)2 .
Hippra(BP) = —=p| =2 | ———-512m3(1 + t2m] [—X cos v 2 — 72) sinwg7)?
1201 (1, P) 2ﬂ<r3) (my + )2 0 o(1 4 x5mg) | (—xy R7 + (Y ) R7)
+ (=xysinwgz + (x> — 22) cos wr)? + Z>(Yy cos R T + X sin mRr)Q} .
This Hamiltonian is very complicated, but it should be ignored because it is beyond quadrupole approximation, although

momentum is modified. For an equal mass binary (m; = m,), the 0.5 PN correction term vanishes and the momentum is
also the same as the Newtonian one. As a result, the Newtonian solution is also a solution.

2. Motion of the CM of a binary and its stability

In order to study stability of the CM of a binary system, we analyze Eq. (3.9). Since R is measured by the circular
observer at r = t, we can split the 4-velocity u* as

where
dy’, 1 202
(0) 0 3\ _ + 15y
0= = (0,0, ufy) 7(t0) ,0,0,my |,
"
d¥)
M~ 4ar°
with
1 + 2w 7
wo_ 0'% n
o=\ Vg o™
g’(‘l)ze”gR?.
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The acceleration @ is given by the motion of a binary x*(z) in a rotating frame as

3 T ) 1+ 13w}
a = ——H mo\/1+r3m3—'§’[<5’é fol | s V1T ) x—22) = &/ f(xo)yx - 5—yz

my + my f(xo) Ty

=
(=}

Here we assume that the deviation from a circular orbit is small, i.e., ??1) and u’{l are small perturbations. Ignoring
nonlinear deviation terms in the equations of motion Lz;" = a", because the circular orbit g’(’o) (7) is a geodesic, we obtain a

linear differential equation as

du ort
(1) c po a o _
I + 2F”p(,(ro)u’(’0)u<1) +Tge" (ro)x(])ufo)u(o) = a*,

where a* acts as an external force. Describing the deviation as

35’('1) = (t(l),r(l)ﬁo),(ﬂ(l)),

d’t 1+ 2w’ dr 3u wir, |1+ r2w?

CPRSR N LA 1 . K k[ (4.15)
dr 5/ (ro) flry) dr m; +m, 1 f(xg)
Fray 3ny 2w (o) [ LR ) ) O
Y= 2f N ) de 2R/ ) g

1 _ 3/4 morg

we find

—a P Flxo)(1 + r3m3d)yx, (4.16)
0
20 3 o,
(1) 2 2 H oty 2
w50, = = 1 w2yz, 4.17
a2 ot = a ot my 1 + pgyz (4.17)
Py wydrg 3u  wyr
22V B =——0 I 4 v2w?) (kx — 22). 4.18
dr? ry dr a my+my 3 (1+ xgwp) (x — 22) (4.18)

Integrating Eqgs. (4.15) and (4.18), we obtain

dto) Ty 1+ rgmg 3 wir, 1+ 1’2"’(2)/ 2_ 2
- Ty~ (x* =2z%), (4.19)
dt — t3f(ro) | flxo) 2(my +my) 1 f(xo)
d(ﬂ(l) m() 3/4 mor
— 5 _ 9(1 + 2mw2) (a2 — 22). 4.20
dr To (1) 2(m1 + mz) r(3) ( +15 0)()6 < ) ( )

where we set the integration constants at zero. Plugging Egs. (4.19) and (4.20) into Eq. (4.16) with Eq. (4.3), we obtain the
perturbation equation for the radial coordinates r(;) as

d’t
?;UH@%) +A(x* = 2?) + Byx = 0, (4.21)

where

t,(ry — 31,)

eI IV
r3(2ry — 3x,)

(4.22)
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3u ti(rg—r,)

= 4.23
my + my t3(2xg — 3t,) (4.23)
3 2r] -
B—__H* #M_ (4.24)
my +my \ ry (2ry = 3r,)

We find that k> > 0 when 1, > 3v,, while A > 0 and
B <0 when ry>3t,/2. The condition for k* >0 is
consistent with the fact that the radius of the innermost
stable circular orbit (ISCO) is 3z,

If the binary orbit is bounded [x(7), y(z), and z(z) are
finite], the orbit of the center of mass is also bounded
because k?> > 0. We expect that when t, > 3r, (ISCO
radius), a binary system near SMBH is linearly stable
unless a binary is broken.

V. NUMERICAL ANALYSIS
A. Validity and stability

Before showing our numerical results, we discuss the
validity of the present approach. The minimum curvature
radius at the radius r, is evaluated as

IR A;ﬁ|—%}

’ nope;a

) r,\2 [t [r,\
~min| () () (%
L) Ty Iy

1/4
~r0<r—0> 23\4/§rg~8AU< M )

r, 108M

The equality is held at the ISCO radius ry = 3t,.
When we put a binary at v = 1, the binary size Zyjnary
should satisfy

I/ﬂbinary < ffz

As for stability of a binary, the mutual gravitational
interaction between a binary should be much larger than the
tidal force by a third body. The condition is given by

Gmym, _ pr,

2 3
T
0

r

which gives the constraint on a binary size £yinyry as

my 4+ my\ 3
1 2\’
Coinary <K <7> Ty

a6 x 100 (Ut m)\i (M NS (5.1)
' 20M, 108M,) O

When we are interested in the orbit near the ISCO radius
ro = 3r,, we find

g9’

+m)\s/ M \3
b 3% 102 AU .
binary <% 3 X ( 20M, 10%M,

We also have another criterion for stability. In order to
avoid a chaotic energy exchange instability, we may have to
impose the condition for the ratio of the circular radius t to
the binary size Zpip,ry such that

M p
2 Cehaotic m +m,

when M > m;, m,. Two parameters in this inequality are
evaluated by N-body simulations of two groups [62,63] as

Ty

14 binary

(S, 1l )

Cehaotic ~2.8 and p = (criterion 1 by [62])

1
Cototic ~3.2fF and p = 3 (criterion 2 by [63]).

Although f is a complicated function of inner eccen-
tricity and inclination, it takes the value in the range of O to
2.25, but mostly between 0.6 and 1.0.

We should note that the above stability condition is only
obtained for stellar masses triples. Therefore, direct N-body
integration is a reliable test of stability in such a setting.

Meanwhile, the relativistic effect in a binary becomes
important when

G(my +m
fbinarys%

~2x 107 AU (" T m)
20My )

Hence, for a binary with the size of

(my +my)
ZOMO < fbmary

s M \3
«3x 102 Au( it m) ,
20M, 10°M

2x 1077 AU(

we may apply the present Newtonian approach to the
ISCO radius.

B. Normalization and initial data

Here we show some numerical examples for an equal-
mass binary (m; = m,). Hence, we have to solve
Eqgs. (4.9)—(4.14). In order to solve these basic equations,
we shall introduce dimensionless variables as follows: The
length scale of a binary is normalized by an initial semi-
major axis ay, while the timescale is normalized by an
initial binary mean motion n,, which is defined by
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3

ny = (M) 1/2.

Note that the initial binary period is given by
P;, = 27/ng. Introducing

T = nyt,
~ X - - z ~ r
X:—’ y:l, Z:—’ r:—’
ag ao ao ap
-~ DPx - _ Py - _ Pz
Haopng Hapng Haopng

we find the dimensionless equations of motion as

dx T
— = —my 5.2
p sV, (5.2)
dy
% = Dy + Wy X (53)
dz
5, 5.4
di Pz ( )
and
dpx X - Yy a2yg 202
— 2 VousPy — =L % - 3(1 + 12w
T =5~ WasPy 2r0€{ (1 + x5mp)
X (X cos Wwr? — ¥ sin Yog7) cos Wwr}, (5.5)
dpy Vo~ - Y 2o
= L YousPy — - 3(1 + 2w?
7 r3+ dasPx 2r0€{y+ (1 + r5wp)
X (X cos WwrT — ¥ sin Yog7) sin g7}, (5.6)
dp, z r, ,
2= 921 4+ 312m2)Z 5.7
pr 3 21306( + 3rgg)Z, (5.7)
where
~ 4g ~ g
Wy =——, R =—,
as =7, R=
2t 1
202 0
23 = <—_3> ,
Ly
and

2o L <@>3 <r_0> <2—M) (5.8)
t3n3 ry) \r,/) \m +m,

This e corresponds to the initial semimajor axis a, as

2 (my A+ my\ 13 (rg\ 713
do= o\ o r,)
g

Using €, we find
- T 5 r, \?
e = 9y _ 29 ,
o=|(mw) -G
1
r, \:2
R = -
R €<2r0)

As we discuss in Sec. VA, the necessary conditions for a
stable “Newtonian” binary is given by the length scale of a
binary. If we set £y ~ ao, We find the condition for € as

my +m, (1 -1 o< 21, my + my\ Gr-1)/2
M \r, ~\c M '

Chaotlc

When a binary is located near the ISCO radius, this
condition is

0(10_7) <K € < €chaotics

where €a0iic 15 evaluated as € o ~ 0.11 for the criterion
1 by [62] when m; =m,=10My, M = 108M, or
€chaotic ~ 0.21f~1/2 with f ~0.6-1.0 for the criterion 2
by [63].

In order to solve Eqgs. (4.9)—(4.14), we first give masses
my, my, M the radius of the circular orbit rj, and €, which
corresponds to the initial semimajor axis of a binary a,. We
then provide the initial data of a binary, i.e., X(0), y(0), 2(0),
and By (0). By (0). B;(0).

Since the motion of a binary can be approximated by an
elliptic orbit, we shall fix the initial values by assuming an
elliptic orbit given by

_a(l-é?)
~l+ecosf’

where a is a semimajor axis, e is the eccentricity, and f is
true anomaly. Since the orbital plane is not, in general,
z =0, we have to introduce three angular variables: the
argument of periapsis o, the ascending node Q, and the
inclination angle /.

We have the relations between the position r = (X, Y, z)
of the component of a binary and the orbital parameters
(0,Q,a,e,1,f) as

cosQcos(w + f) — sinQsin(w + f) cos I
=r| sinQcos(w + f) + cos Qsin(w + f) cos [
sin(w + f) sin/

N < X

(5.9)

The initial position of a binary can be fixed by the orbital
parameters. As for the initial velocity, we have the relation
between the mean anomaly [ and the true anomaly f as
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dl = (1 = e2)3(1 + ecos f)2df. (5.10)
In Newtonian dynamics, I = n(z — 7y), where n is the
mean motion. Hence, in this approximation, the time
derivative (d/dr) is given by the derivative with respect
to the true anomaly (d/df).
Assuming f = 0 at 7 = 0, we find

X(0)

¥(0) = (1 — ep)[sin Qg cos g + cos Qq sin w cos Iy),

(1 — eg)[cos g cos wy — sin Qg sin wy cos 1),

Z(0) = (1 — eg) sinw sin I,

and

Z_);( 0) = - 11 i— jg[cos Qq sin w + sin Qg cos @y cos ],
Z_Z 0) =4/ i i—zz[— sin Qg sin wg + cos Qg cos w cos 1],
Z% (0) = i f: cos @ sin /.

Hence, when we prepare the initial orbital parameters
(eg, 1o, @g, Qg), we can provide the initial data for the
normalized evolution equations (4.9)—(4.14).

C. Binary motion near ISCO radius

In a hierarchical triple system, there are several important
features. One is the so-called von Zeipel-Lidov-Kozai
(vZLK) oscillations. If the system is inclined more than
some critical angle, there appears an oscillation between the
eccentricity and inclination angle. The second interesting
feature is an orbital flip, which may appear when the
inclination angle evolves into near 90°. The last one which
we show is a chaotic feature in the long-time evolution.

Here, we show our numerical results. In order to discuss
the properties of a binary orbit, it is more convenient to use
the orbital parameters assuming that the binary motion is
close to an elliptic orbit.

In order to extract the orbital parameters from the orbit
given by the Cartesian coordinates, one can use the
osculating orbit when the orbit is close to an ellipse.
However, one must be careful with the definitions of
orbital elements when using the osculating method. For
instance, the magnitude of the normalized Laplace-Runge-
Lenz vector, which is defined by

e=px(Fxp)—=z, (5.11)

=t ==

is commonly used for a measure of orbital eccentricity, but
it is not always appropriate. It may show an “apparent” rise

in eccentricity or unphysical rapid oscillations especially
when the eccentricity is very small [64]. We take caution
and extract the elements’ information from physical orbit.
In that case, it may be better to define the eccentricity by the
averaged one over one cycle as

_ rmax - r‘min
(e) =————
Mmax + Inin

’

where r,,, and r.;, correspond to orbital separation at
adjacent turning points of an eccentric orbit.

The inclination angle / is defined as mutual inclination
between angular momenta of the inner and outer binary. In
the present case, since the outer binary is just a circular
motion on the equatorial plane, the inclination is given by

L
I = cos™! (—Z>
L|

where L =r x p is the angular momentum of a binary.
The other two essential angles Q and @ governing the
orientation of the orbital plane and the orbit are also
computed in the postprocess. The line that marks the
intersection of the orbital plane with the reference plane
(the equatorial plane in the present case) is called the node
line, and the point on the node line where the orbit passes
above the reference plane from below is called the
ascending node. The angle between the reference axis
(say X-axis) and node line vector N is the longitude of
ascending node Q. First, node line is defined as

N =e, xh,

where e, is normal to the reference plane (the unit vector in
the z direction) and k = L/ is specific angular momentum
vector of a binary. Thus, Q is computed as

Q = cos™!(Ny/N).

The argument of periapsis  is the angle between node
line and periapsis measured in the direction of motion.

Therefore,
. <N . e>
w=cos | —|.
Ne

When the orbit can be approximated well by the
osculating one, e is given by the normalized Laplace-
Runge-Lenz vector (5.11). Otherwise, we define the
averaged eccentricity vector by

<e> — (rmin + rmax)

(rmin + rmax)

pointing towards the periapsis, where r ., and r.;, are
numerical data of position vector. We have used both
definitions and found that most results agree well.
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1. Firmness of a binary and stability

As we discuss in Sec. VA, a binary near SMBH may be
broken when the tidal force by SMBH is stronger than the
mutual gravitational attractive force of a binary. We
introduce a firmness parameter of a binary f defined by

. 2
gravitational force  Gmimy /.,

P= tidal force by SMBH  yt,fpinary /T3

B my + my Xy 3 - 1 Xy
n 2M 4 binary ~ €2 T, '
If the firmness parameter f is smaller than O(1), we
expect that the tidal force will break a binary. Hence, f > 1

is a necessary condition for stability of a binary. The
condition against chaotic instability is

M (3p-1)
= fchaolic-
my + my

f > Cghaotic
~o2

We find fuaonc ~ 240 for the criterion 1 with
my =my = 10Mg, M = 108My, or fuaoic ~ 69f for the
criterion 2. Hence we may expect a chaotic feature
for 1 < f5 fchaotic-

When we are interested in a binary motion near SMBH,
the tidal stability condition gives ¢ < O(1), while the
chaotic stability condition becomes ¢ < a few tenths. We
can confirm numerically that our present system is really
unstable when e > 0.5. In what follows, we numerically
analyze a binary system under the conditions of ¢ < 0.4.

2. von Zeipel-Lidov-Kozai oscillation

Here, we show some numerical examples, which show
the vZLK oscillations in the long-time evolution.

We expect the vZLK oscillations to occur when the
inclination angle is larger than the critical value. Under

the quadrupole approximation in a Newtonian hierarchical

system, the critical inclination angle is given by Igt) =

sin™! \/2/5~39.23°. In the present model, it can be
obtained by the double-averaging analysis of the
Lagrange planetary equations, which shows that the critical
value is slightly larger as the radius v, gets smaller, and it
increases to 41.6° near the ISCO radius (see Appendix B 2).
It seems hard to obtain the exact critical value by numerical
simulations, although we have found consistent results.
The typical timescale of the vZLK oscillations is given
by [24,45,65]
2
Pou : (5.12)
P in
where P;, and P, are the periods of an inner binary and of
an outer binary, respectively. For a hierarchical triple
system, since P;, < Py, Tyvz1x > Pou» Which means that
the vZLK oscillation is a secular effect.

TVZLK ~

€ I
1.0 F180°
08 -
06 |

L 90°
04 |

L 45°
02 |

5000 10000 15000  mgr

FIG. 2. This figure shows vZLK oscillation between orbital
eccentricity e (the red curve) and relative inclination / (the blue
curve). For this particular model (model Ic), we choose ry =
3.5r, and € =0.1. The initial data is ey = 0.01, I, = 60°,
@y = 600, and QO = 30°.

In the first model (model Ic), we choose ¥y = 3.5¢, and
€ = 0.1. It corresponds to a;, = 0.0023r, = 0.0045 AU for
m; = my, = 10Mg and M = 108M . Since G(m; + m,)/
¢? ~ 30 km < aj, the binary motion can be described by a
Newtonian orbit in a local inertial frame. We then adopt the
initial conditions as the eccentricity ey = 0.01 and incli-
nation Iy = 60°. The numerical results are given in
Figs. 2 and 3.

e =
N

FIG. 3. Typical orbits in the same model as Fig. 2. The red,
blue, and magenta curves denote a few cycles near nyz = 2120,
4150, and 6385 respectively. The inclination angles of red, blue,
and magenta curves are I~ 38.5° 61.1°, and 38.3°, while the
eccentricities of those curves are e ~ 0.80, 0.0017, and 0.80,
respectively.
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€ 1
101 - 180°
0.8 -
06

- 90°
0.4
- 45°

0.2

1 L 1 1
200 400 600 800 1000 noT

FIG. 4. Chaotic vZLK oscillation. The red and blue curves
denote the eccentricity and the inclination. For this model (model
Ilc), we choose ty = 3.5v;, and ¢ =0.4. The initial data is
ey = 001, 1() = 600, @y = 600, and Q() = 30°.

The vZLK oscillation period is obtained numerically
as ngTyzx ~4000. Since nyP;, ~2x and wyPyy ~ 27,
we can evaluate it by Eq. (5.12) as ngP2,/Pi~
2n(ng/wy)* ~ 2500, which is consistent with the above
numerical value.

3. Chaotic feature

One of the well-known features of three body system is a
chaotic behavior in a binary motion. The model given in the
previous subsection shows a stable vZLK oscillation. The
vZLK oscillation period is regular. The chaotic feature is
not seen. This is just because a binary is extremely compact
and very hard. The firmness parameter is f ~ 350.

However, if a binary is not so highly compact, we find
some chaotic features. In Fig. 4, we show one example
(model Ilc). The model parameters are given by ¢ = 0.4
and r( = 3.5r,, and the initial parameters are chosen as
eg = 0.01, I, = 60°, wy, = 60°, and €, = 30°. The larger
value of ¢ corresponds to a larger-scale binary, i.e., the
initial semimajor axis is ay = 0.0058r, ~ 0.0115 AU. We
can see clearly the vZLK oscillation, but the period is
not strictly regular. Since the firmness parameter is
f~22> O(1), the system is still stable, but shows some
irregular behaviors in the vZLK oscillations. The maxi-
mum values of the eccentricity is also random as shown
in Fig. 4.

4. Orbital flip

Another interesting feature is an orbital flip, i.e., an
inclination angle goes beyond 90°. It may occur when the
initial inclination angle is near 90°.

In Fig. 5, we find that the orbital flip accompanying
vZLK oscillations occurs periodically. The model

€ I
10 F - 180°
0.8 L1350
0.6
q - 90°
04
- 45°
0.2 r

100 200 300 400 500 noT

FIG. 5. Orbital flip in vZLK oscillation (model Ila). We choose
ry = 3.5t, and ¢ = 0.4. The initial data is ey = 0.01, I, = 85°,
wy = 60°, and Q; = 30°. The red and blue curves denote the
eccentricity and the inclination. The inclination angle evolves
beyond 90° several times.

parameters are given by ¢ = 0.4 and vy = 3.5t , and the
initial parameters are chosen as ey = 0.01, I, = 85°
wo = 60° and Q;, = 30° (model Ila). The inclination blue
curve in Fig. 5 evolves beyond 90° several times, but the
time period is irregular.

One interesting observation is there exists a strong
correlation between an orbital flip and large eccentricity.
When an orbital flip occurs, the eccentricity becomes very
close to unity.

1.0

FIG. 6. Time evolution of angular momentum. The parameters
and initial conditions are the same as those in Fig. 5. The red,
light red, orange, yellow, green, magenta, and blue curves denote
the angular momentum vectors in the periods ngr = 40-50,
50 — 60,60 — 70,70 — 80,80 — 90,90 — 100, and 100-110, re-
spectively. The z-components of Ly, L,, and L; become negative.

124039-16



DYNAMICS OF A BINARY SYSTEM AROUND A SUPERMASSIVE ...

PHYS. REV. D 107, 124039 (2023)

In Fig. 6, we show the time evolution of the angular
momentum vector, which is defined by L =r x p. The
z-component of the angular momentum becomes negative
near nyr = 60-62, 73 — 80, and 92-97. The corresponding
vectors are shown by the colored arrows L, L,, and L,
respectively.

5. Summary of various models

We summarize our numerical results in Table I. We have
simulated three types of models (I, II, and III). The
parameters of model I, model II, and model IIl are
(v =3.5r, €=0.1), (ry=35r, e=04), and
(xg = 7r,, € =0.1), respectively. For each model, we
choose the initial data as (a) ey =0.01,1, = 85°
(b) [ 0.9, IO = 850, (C) ey = 001, IO = 600, and
(d) eg =0.9,1, = 60°. The initial argument of periapsis
and ascending node are chosen as w, = 60° and €, = 30°
for all models. We also performed the simulation with
different values of those two parameters; the results do not
vary much.

In model I, since the binary is very compact (the firmness
parameter f ~ 350 > fpaoic)s it 1S very stable. As shown in
Fig. 2, we find the regular vZLK oscillation, although the
oscillation period T,z x is not strictly constant but slightly
disperse within 1-9%. When the initial eccentricity is large
(model Ib and Id), the oscillation period gets smaller and
minimum eccentricity becomes larger. Except for model Ic,
the vZLK oscillation type is the so-called libration, which
shows the oscillation of the argument of periapsis around
90°. In model Ic, the vZLK oscillation seems to be the
rotation type, which denotes the argument of periapsis
increases monotonically. However in the present model, it
does increase on average but not monotonically (sometimes
going back and forth).

For model II, the binary is slightly less compact
(the firmness parameter f ~ 22 < fua0ic)- 1t 18 still stable
but becomes irregular both in the oscillation period and
in the amplitude as shown in Fig. 4. There appears to be

ra)

Fo €
5x 1074 11.0
1x 1071 10.8
3x107F 10.6
2% 1074 10.4
1x107* 10.2

1000 2000 3000 4000 ngT

5x107*F PR NoA A pn7L0
4x1074F \ | i ny
3x1074F || A
2x 1074

1x 107 F] |

dispersion in the maximum and minimum values of the
eccentricity and inclination, whose values are shown in
the bracket (). When the initial inclination angle is large
(models Ila and IIb), we find irregular orbital flips. The
vZLK oscillation is either libration type (models IIb
and IId), in which the maximum and minimum angles
of the argument of the periapsis disperse as shown by
the brackets (), or irregular rotation type (models Ila
and Ilc), in which the inclination angle increases on
average but not monotonically (sometimes going back and
forth).

Model III is the case with a hard binary as model I, but its
location is a little far from SMBH (r;, = 7r,). Hence the
relativistic effect as well as the tidal force are smaller than
those in model I. As a result, the vZLK oscillation becomes
more regular and stable. The vZLK oscillation timescale is
larger than that in model I because the outer orbital period
P, is larger.

D. Motion of the CM of a binary

Next we show the motion of the CM of a binary. In order
to know how much the motion deviates from a circular
motion with the radius r,, we solve the radial perturbation
equation (4.21). Using the previous numerical solutions, we
integrate Eq. (4.21) with the initial conditions such that
t(1(0) = 0 and t(;)(0) = 0. Here, we discuss some typ-
ical cases.

1. Model Ia

In this case, we find stable and regular oscillations with
the period T, = 27/k ~ 2.65P,,, where k is defined by
Eq. (4.22) and P, = 27/, is the period of the circular
motion. The oscillation center is given by (r;) ~ 1.60 x
10~*x, with the amplitude Ar, =~ 1.71 x 10~*x,, but the
center increases to 2.18 x 10™*r, when the eccentricity
becomes close to unity, keeping the oscillation amplitude
Az, to be constant [see Fig. 7 (left)].

o €
10.8
\ 10.6
10.4

10.2

100 V200 300 400 500 noT

FIG.7. The radial deviation t(;) normalized by the radius of the circular orbit r are shown by blue curves for model Ia (left) and model
Ia (right). The deviation from a circular orbit in model Ia is regular oscillation around (r,), which is the mean of x(;). Note that (r,)
increases when the eccentricity increases (red curve). While in model I1a, it results in irregular oscillations without correlation with the

eccentricity (the red curve).
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TABLE L. The properties of the vZLK oscillations. The oscillations in models I and III are regular, although there are small amounts of
dispersion in the vZLK oscillation timescale. For model II, the oscillations are irregular and there appears to be dispersion in the
maximum and minimum values of the eccentricity and inclination, whose values are shown in the bracket (). L. and R denote libration
and rotation types, respectively. R* means that the argument of periapsis does increase on average but not monotonically, and sometimes
going back and forth.

Model 1, € ap e Iy wy Qp VZLK oscillation type  ngT,zx €min/ €max Lin/ T max Orbital flip
Ia 0.01 85° 60° 30° L[36°<w<144°  2396-2430 0.01/0.995 39.1°/85.5° No
Ib 0.9 85° 60° 30° L[55°<w <125 580-600 0.672/0.998 54.8°/87.5° No
Ic 3.5t, 0.1 0.0046r, 0.01 60° 60° 30° R* 3600-4300 0.003/0.8 38.5°/60.5° No
Id 0.9 60° 60° 30° L[56°<w <124 753-770 0.49/0.95 47.3°/74.3° No
Ila 0.01 85° 60° 30° R* 50-78 (0.15—-0.34)/  (33.6°—42.0°)/ Yes
(097 —1.00) (137.9°—143.9°) (irregular)
b 0.9 85 60° 30°  L[(50°—53°) < 39-44  (0.533-0.589)/ (50.2°—53.7%)/ Yes
o < (126°—131°)] (0.978 —0.999) (126.4°—128.6°) (irregular)
Ic 3.5t, 0.4 0.0116r, 0.01 60° 60° 30° R* 116-250 (0.04 —0.08)/  (36.5°—37.7°)/ No
(0.82 —0.90) (59° - 65°)
Id 0.9 60° 60° 30° L[(50°—56°) < 54-60 (0.41-0.49)/ (43°—46°)/ No
w < (124° - 130°)] (0.92-0.97) (69° —75°)
[la 0.01 85° 60° 30° L[38°<w <1429 6776-6928 0.009/0.997 39.1°/85.2° No
IIIb 0.9 85° 60° 30° L[56°<w<124°]  1585-1628 0.675/0.998 55.1°/87.2° No
IMlc 7r, 0.1 0.0073r, 0.01 60° 60° 30° [L[44°<w <136°] 9450-10600  0.004/0.792 38.3°/60.3° No
111d 0.9 60° 60° 30° L[56°<w<124°]  2045-2074 0.493/0.949 47.5/74.5 No

There exists a good correlation between the shift of the  deviation from the circular motion can be treated as stable
oscillation center and the eccentricity. Since the oscillation ~ perturbations.
amplitude is very small compared with the circular radius
1y, the deviations from the circular motion can be treated as
perturbations, which confirms our approach. 3. Other models

We summarize the results in Table II for the models

2. Model Ila given in Table I. We find that models I and III give stable

In this case, the vZLK oscillation is stable but irregular.  and regular oscillations of the CM. It is just because those

As a result, we find irregular oscillations of the CM as  binary motions also show stable and regular vZLK oscil-

shown by a blue curve in Fig 7 (right). There is no  lations. On the other hand, model II shows irregular

correlation with the eccentricity e. Although the oscillations  oscillations because of the irregular vZLK oscillations in
are irregular, the amplitude is very small and therefore the  those binary motions.

TABLEIL.  The oscillations of the CM, which are the radial deviations from a circular geodesic motion. (r;) denotes the center of the
oscillations, while Ar; gives the amplitude of the oscillations (or dispersion for the irregular oscillations [model II]). The typical
oscillation period is given by T = 2x/k, where k is defined by Eq. (4.22).

Model 1, (AU) aq (AU) ¢ f eo I [(r)) £ Ar]/xg T ocs/ Pout Oscillation property

Ia 0.01 85° [(1.60—2.18) +1.71] x 107* Regular (good correlation with ¢)
b 09 85° [0.18 +£3.51] x 1073 Regular

Ic 6.91 0.0091 0.1 350 0.01 60° [(7.01 =7.37)+7.04] x 107* 2.65 Regular (good correlation with ¢)
Id 0.9 60° [(4.09—4.40)+4.51] x 107* Regular (good correlation with ¢)
Ila 0.01 85° [(1.60—2.91) 4+ 1.88] x 107* Irregular (no correlation with ¢)

1Ib 0.9 85° [(2.89-3.18)+2.85] x 107* Regular (no correlation with e)

I 691  0.0229 04 219 001 60° [(4.30-5.77)+6.09] x 107+  2.65 Irregular (no correlation with e)

IId 0.9 60° [(4.05-4.31)+441]x10™ Irregular (no correlation with e)

IIa 0.01 85° [(1.23—1.56) + 1.28] x 1073 Regular (good correlation with e)
b 0.9 85 [(1.22-1.43) 4 1.35] x 1073 Regular (good correlation with e)
e 13.8 0.0144 0.1 700 0.01 60° [(5.78 —5.98) 4 5.83] x 107> 1.32 Regular (good correlation with e)
1d 0.9 60° [(3.14—3.33)+3.38] x 107> Regular (good correlation with e)
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The evolution of the eccentricity for models Ia (left), Ila (center), and Illa (right). The red curves denote the results by the

double-averaging (DA) approach, while the blue ones by the direct integration (DI) method. For models Ia and IIla, the two results agree

well, but for model Ila, they do not agree well.

E. Comparison with double-averaging approach

In Appendix B, we present one of the standard approaches
on a hierarchical triple system, which involves the Lagrange
planetary equations for the orbital parameters. Since we are
interested in the long-time behavior such as the vZLK
mechanism, taking averages of the Hamiltonian over two
periods of the inner and outer binaries, we can analyze the
simplified doubly-averaged planetary equations.

Here, we compare our numerical results with those
obtained in the double-averaging (DA) approach. We show
the evolution of the eccentricity for models Ia, Ila and IIla
in the left, center, and right panels of Fig. 8, respectively.

For model Ia, two results agree very well although the
oscillation period of the DA approach is slightly longer
than that of the direct integration (DI) method. For model
ITa, the DA approach gives regular periodic oscillations, but
the DI method shows irregular chaotic oscillations. The two
results do not agree well, although the maximum values of
the eccentricity are almost the same. For model IIla, two
results agree almost completely. For other models, we also
find the similar results.

We conclude that the DA approach for models I and IIT
may give good results although the period of oscillations
deviates slightly. On the other hand, for model II, which
shows chaotic features in the vZLK oscillations, the DA
approach does not give correct results.

VI. CONCLUDING REMARKS

In this paper, we discuss the motion of a binary system
near SMBH. Using Fermi-normal coordinates, we set up a
Newtonian self-gravitating system in the local proper
reference frame. Assuming a circular geodesic observer
around a Schwarzschild SMBH, we write down the
equations of motion of a binary. To remove the interaction
terms between the CM of a binary and its relative
coordinates, we introduce a small acceleration of the
observer. As a result, the CM follows the observer’s orbit,

but its motion deviates from an exact geodesic. Since the
relative motion is decoupled from the system, we first solve
it, and then find the motion of the CM by the perturbation
equations with the small acceleration, which is given by the
relative motion.

We show that there appear to be vZLK oscillations when
a binary is compact enough and the inclination angle is
larger than the critical value. If the firmness parameter f is
larger than a few hundred, the oscillations are regular.
However when f is around a few tens, although we find the
stable vZLK oscillations, the oscillations become irregular
both in the oscillation period and in the amplitude.
Especially if the initial inclination is large, we find an
orbital flip.

One of the most interesting and important subjects of a
binary system near SMBH is the gravitational waves.
When the vZLK oscillations are found in a binary motion,
we expect a large amount of GW emissions because the
eccentricity becomes large. The large eccentricity also
provides much higher frequencies than that from a circular
binary [25,27,42]. Another interesting point on the GWs
from the vZLK oscillations is that the large amount of the
GW emissions repeats periodically with the vZLK oscil-
lation timescale. It is a good advantage in the observations
because we have a certain preparation time for next
observations.

There are two GW sources in a hierarchical triple
system: One GW source is from an inner binary and the
other is from the outer binary. The timescale of the
emission of gravitational waves from a circular binary is
evaluated as [66]

5 R}
TGW = =0~
W 256G mPu’
where m = m; + m, and u = mym,/(m; + m,) and Ry is

the initial distance. Hence, the ratio of the timescale of an
outer binary to that of an inner binary is
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4
Touter o nmyny ( Ty >
= 5 .
Tinner M fbinary
In the present model, as we discuss in Sec. VA, we have

some constraints. From the stability condition of a binary
(5.1), we have

fbinary< m1+m2 173
Xy ~ 2M ’

while from the validity of Newtonian dynamics, we find

Z/ﬂbinary > n + my ﬁ
Xy ~ 2M Xy ’

If a binary exists near the ISCO radius (rj ~ 3r,), we
find

T,
2 x 1075 <2 < 8 % 1070,
Tinner

Hence, in most cases, gravitational waves from the outer
orbit are less effective compared with those from the inner
binary. However when the binary is close to instability
range, it is not the case. In fact, in our examples discussed
in this paper, if we assume a circular binary, we find

3x 107  (model I)
Touter -5
——~ ¢ 8x 107 (model II)
Tinner

8 x 1073 (model III)

The GWs from the outer binary become much larger than
those from the inner binary. However if there exists the
vZLK oscillation, the emission timescale is reduced by the
factor [67]

768
F(ep) ~—(1— eizn)7/2,
429

when e;, & 1. As a result, the GWs from the inner binary
may become larger that those from the outer binary.

In recent years, three-body systems and the emission
of GWs from them have received significant attention
[25-27,36-43]. Our future work will involve evaluating
the GWs from the present hierarchical triple setting using
the black hole perturbation approach, since near the ISCO
radius the quadrupole formula may not be valid [68].

In this paper, we assume that the CM of a binary moves
along a circular orbit, but an eccentric orbit is interesting to
be studied since the vZLK oscillation may be modulated on
a longer timescale [69-73]. However, for such a highly
eccentric orbit, the present proper reference frame expanded
up to the second order of the spatial coordinates x% may not
be sufficient. We may need higher-order terms in the metric,
where the derivatives of the Riemann curvature appear

[51,52]. Although the basic equations are very complicated,
such an extension is straightforward.

Another natural direction would be an extension to a
rotating SMBH that may allow us to study the precession of
the binary orbit around the Kerr black hole. Such systems
can reveal the impact of spin on GWs emitted from a nearby
binary. Recent research [59] considers the secular dynamics
of the binary system distorted by a much larger Kerr black
hole’s tidal forces. This is done by deriving the magnetic
and electric tidal moment at quadrupole orders.
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APPENDIX A: COPLANAR BINARY

In this Appendix, we analyze the motion of a coplanar
binary, that is z=0,p, = 0. It is an exact solution for
Eqgs. (4.11) and (4.14).

1. Coplanar motion: Numerical results

In the case of coplanar motion of a binary, the relative
inclination angle [ is always zero. We then have the
coupled equations (4.9), (4.10), (4.12), and (4.13) for X
and y. We first show numerical results for models I
(rg =3.5r,e=0.1) and II (rg=3.5r,e=04) in
Fig. 9. We choose the initial conditions as ey = 0.9 and
o = 60°. For model I, as shown in Fig. 9 (left), the orbit is
approximately elliptic, but the periapsis is rotating
because of relativistic effect and the shift is quite regular.
On the other hand, for model II, we find some irregular
behaviors in the orbit as shown in Fig. 9 (right). As
discussed in the text, this model is not tightly bounded
(the firmness parameter f ~ 22 < f.paoic) and the effects of
the tidal force by SMBH is not so small. As a result, the
system shows some chaotic features. In the present
coplanar case, the orbital shape is deformed from an
ellipse.

It is further confirmed by the time evolution of the
eccentricity, which is given in Fig. 10. For model I, the
eccentricity is almost constant (¢ ~ 0.9). On the other hand,
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FIG. 9. The coplanar orbits for model I (left) and for model II (right). We choose the initial eccentricity ey = 0.9. The orbits start from
the red point, and end at the blue point [(ny7z = 200 (model I) and nyz = 50 (model II)].

for model II, it oscillates irregularly between e ~0.7 and  where the radius p, is constant, we find two equations
0.9. Although the orbital shape is not well approximated by~ for @ as
an ellipse, we evaluate the eccentricity by the osculating

orbit. If we use the average eccentricity over one cycle, the 2 Gmy+my) x
-0 +—————— L (14 3t2md)
eccentricity oscillates between (e) ~ 0.75 and 0.87, which n 41} 00
is slightly different from the values in Fig. 10. 3
~ 50 4 2w 2(0 +2wgt)) =0 Al
4r3( + rgiog) cos(2(0 + 2mwRz)) =0, (Al)
2. Circular motion 0
There exists an exact circular motion of a binary as 9 —l—&(l + 122 sin(2(0 + 2wgr)) = 0. (A2)
follows: Assuming a circular solution as 4r(3) 070 R ’

. . ' _ Since the derivative of Eq. (A1) with respect to = gives
{=x+iy=poexp[if(r)]. with 6(r)=06(r) + W47,  Eq. (Al) unless & =0, we first solve Eq. (A2). Setting
17 =2(6 + 2wg7), we find

(&
1.0 3r i
i + =5 (1 + xjw}) sinn = 0,
2x;

0.9 . .

which can be integrated as

3% 202
08 " —— (1 + xgwg) cos 7 = constant.
¥

0.7 By use of this equation, we can eliminate the term with

cosy in Eq. (A1), resulting in # and @ to be constant. It
06 follows that cosn = cos(2(6 + 2wg7)) is constant. We

50 100 150 200 ngT then obtain a solution such that
! . . ~ n
FIG. 10. Time evolution of the eccentricity for model I (the blue 0+ dwpr = oz,

curve) and for model II (the red curve). The eccentricity for model
I is almost constant (e ~ 0.9), while for model II it oscillates
irregularly between e ~ 0.7 and 0.9. where 7 is an integer. Equation (A1) becomes
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G(m;+my) x
2 _ ! 2 g 2412
_4mR = — pg + 4_ra (1 + 3r0m0)
3r
g 24,2
+ e (1 + xgwp) (=1)".
Since g = 4/1,/ 2r3, we obtain two analytic solutions

as follows: When n is even,

(my + m,)

(+) = .
2M (1 + xgwg)

Po = Po

(A3)

0 =0 =0 4 wygr = (wys — 2wg)r +ma  (m € Z),

(Ad)
while when 7 is odd,
(o) _ 3] (my+my)
= = /—=5-1, A5
p() p M(l +r(2)m%)r0 ( )
0= 9(_) = é(_) + mdsT

— (wys — 2wg)7 + <m +%>ﬂ (mez). (A6)

Using these solutions, we can find the analytic solution
for the motion of the CM of a binary. The relative
coordinates (x,y,z) of a binary in the rotating proper
frame are given by

x = Xcos(Wwg7) — Yy sin(wg7)
= py” cos](wgs — )z + )
y = Xsin(wg7) + Yy cos(R7)
= p}” sin(wgs — )z + )
z=2=0,

where p8i>

mzn and g[)(()_) = (m +3)7x. We then find the perturbation
equation for x(;) as

are given by the previous solutions, and 4)(()“ =

dzr“)

o K+ Ceos? | (mgs —vog)7 + ] = 0. (A7)

where
(+) — _ (+)\2
C = [A —+ (mds mR>B] Po .

Since two independent solutions of the homogeneous
equation are sin kr and cos kz, introducing two unknown
functions u(z) and v(zr), we set

t(yy = u(z) sinkz 4 () cos k.

Inserting this into Eq. (A7), we find

ii sinkt + ¥ cos kz + 2k(it cos kt — ¥ sin kt)
+ € cos?((1wgs — wg )z + 4] = 0,
We assume one constraint equation such that
iusinkzr + v coskr = 0, (A8)
which yields

ii sin kt + ¥ cos kt + k(it cos kr — v sinkr) = 0.
We then find
k(it cos kz — irsin kt) 4+ C*) cos?[(1wys — g )7 + ] = 0.
(A9)
From Egs. (A8) and (A9), we obtain

cH)
i=— —cos kz cos?[(wgg — g )7 + (/)(()i)],

c®)
b= —sinke cos?[(wgs — g )7 + "]

We can integrate these equations as

COOTL L L (sinl(k o+ 2(mys —wg))7 + 2¢1”)] | sinf(k = 2(1wgs — o))z = 245"
U=uy——— |+ Tt ’
07 2k |k 2 k + 2(gg — YoR) k —2(wyg — Yog)
+ +
b — oy = C L o 4 L (08I0 20005 =)z +297] | cos[(k = 2(uwas =)z = 264° |
2k |k 2 k + 2(voy5 — oR) k —2(wgs — g )

where u, and v, are integration constants. As a result, we obtain the general solution as

cE) .
= ~+ ug sin kt + v cos kr —

c#)
cos [2(mwgs — g )7 + 245(<)i)]-

1}(1) - 2k2

2[k?* — 4(wys — wg)?]
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The initial conditions determine the integration constants
up and v,. For example, if we assume t(;)(0) =0 and

t()(0) = 0, we find

k k
X sin[(hads — og +5>T:| sin{(mds — g —§>T:|,

(A10)

where n = 2m or 2m + 1. As aresult, () oscillates around
zero. As for the other variables t(;), 0, ¢(), although
some of them may diverge as 7 — oo, no singularity
appears in the evolution equations. Hence, we conclude
that the coplanar circular orbit is linearly stable.

APPENDIX B: PLANETARY EQUATIONS FOR A
BINARY SYSTEM IN NEWTONIAN LIMIT

In order to understand our numerical results, it may be
better to introduce the Lagrange planetary equations, which
give time evolution of the orbital parameters such as the
semimajor axis, eccentricity, and inclination. To derive the
planetary equations, we treat the proper Hamiltonian with
unit mass y = 1, which is given by

7:[ == 7:(0 + 7:{1,
where
» 1, G(m +m,)
= — 2 —_
Ho 2P p )
Hy =Higs + Hi_z»
with

Higs = w45 (ByX — PxY).

— r
Hiz = ﬁ [x2 +y? + 22 = 3(1 4 t3w})
0

(X cos w7 — Y sinwg7)? + 3r6m322} )

The position r = (X, Y, z) of a binary should be described
in the nonrotating proper reference frame.

For the unperturbed Hamiltonian 7, it is just the same
as that of a binary in Newtonian dynamics. We find an
elliptic orbit, which is described by

a(l—e?
_ati=e) -
1+ ecosf
where t, a, e, and f are the radial distance from the center of
mass, the semimajor axis, the eccentricity, and the true
anomaly. This orbital plane is inclined with the inclination

angle I from the equatorial plane in the proper refer-
ence frame.

Hence, the relative position r = (X, Yy, z) of a binary is
given by the orbital parameters (w, Q, a, e, I, f) as Eq. (5.9)
with Eq. (B1). Introducing the Delaunay variables as

I:n(t—to) Q= \V4 G(Wl] —|—m2)a
g=w and § & =/G(m, +m,)a(l—e?) ,
h=Q 9=1+/G(m,+m,)a(1—e?)cosl
where
n= 2r B G(m1 + mz)

P a

is the mean motion, we find the new unperturbed
Hamiltonian to be

F G*(m, + m,)?
Ho=-—"a

Including the perturbations 7{;, we obtain the
Hamiltonian by the Delaunay variables as

7:—[:’;‘04“7:[1.

After some calculations, the Hamilton equations are
reduced to

, 2 oH,
== B2
a na ol (B2)
. V1—-e2oH, 1-é%0H,
e = s — , (B3)
na-e Oow na“e 0l
i 1 oH, cos/ L?t[l (B4)
nasinlvV1 —e? 02 na?sinIV1 — 2 0w’
2 0H, 1-¢*dH,
[ = - , B5
" +na oa na*e de (B3)
) V1—e?oH, cos oH,
w = S R + B (B6)
na‘e ode  pa?sinlV'1 —e? 0l
. 1 oH
Q= L0 (B7)

_na2 sinfv1—¢2 o~

The partial derivative d/0l can be replaced by that of the
true anomaly as
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0 , 0
3 = (1—-€)72(1 + ecos f) T
Hence, once we find the perturbation Hamiltoninan
in terms of the orbital parameters, we obtain the planetary
equations.
The proper Hamiltonian is described by the orbital
parameters by inserting the relation given in Eq. (5.9) with
Eq. (B1). We then find the perturbed Hamiltonian as

Hi = Higs + Hiz.
where
Hi_gs = Was(a, e,f){n cosI(1 —e?)™3/2(1 4 ecos f)?

— g (cosz(w + f) + sin®*(o +f)cos21> } (B8)

Fip = s Plase. {1 =301+ eimi) cos(@ + o)
x cos(w + f) — sin(Q + g 1) sin(w + f) cos I]?

+ 3r3m3sin’(w + f)sinzl}. (B9)

We then obtain the planetary equations for the present
hierarchical triple system from Eqs. (B2)-(B7).

1. Double-averaging approach

Here, instead of solving the Lagrange planetary equa-
tions themselves, which is equivalent to our numerical
methods in the text, we take the average of the perturbed
Hamiltonian over two periods, the inner and outer orbital
periods, and then analyze the simplified equations, because
we are interested in the long-time behavior of the present
system such as the vZLK mechanism.

The double-averaged Hamiltonian is defined by

_ 1 2ﬂdI 1 Zﬂd[_
Ay =g, [7 o5, [ o)

Since the outer orbit is circular, we find that [, =
Sfou = Woz. We also have

1 r?2
<_> d.
1—e*\a
Inserting Eqgs. (B8) and (B9) into the above integrals, we
find the doubly-averaged Hamiltonian as

dl =

T

2
(H,) = wygna’*V/'1 — ezcosl—%{@ + 3e?) {mﬁs(b’ + cos 21) + —% (1 + 3edwg) (1 + 3cos2l)}

3¢
+ 10e?sin?] cos 2 [mﬁs +—2(1+ 3r(2)m%)] }

3
8y

8xy

(B10)

Using the doubly-averaged Hamiltonian Eq. (B10), we obtain the Lagrange planetary equations as

5 1—¢2

3¢
¢=3 (mﬁs +F(1 + 3t 2m2))

2

. 3r e
I=-"{mwi +—2(1+43¢ m2>—sin215in 2w),
4( ds 8r(3)( 0 ) nm ( )

1 3
@ = ” (mgs + 8; (1+ 3t0m2)> [\/ 1 —e?[3+5co0s2l +5(1 — cos 2I) cos 2w] +
0

(1 —cos2l)sin(2w),

cos/ 3t
e (mgs +e 1+ 3r0m0)> [—(2 + 3¢2) + 5¢2 cos(2m)).
0

(B11)

(B12)

5¢2
Vi e

(14 cos2I)(1 —cos2w)

(B13)

(B14)

The semimajor axis a is constant in the present approximation. Also, we can easily check from Eqgs. (B11) and (B12) that

dr

i(\/ 1 —e’cosl) =0,
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which corresponds to conservation of the z-component of
the angular momentum.

2. vZLK oscillations

Introducing a “potential” by Vg = —(H,), we rewrite
the above planetary equations as

V=2 ovs

, — , BI5
¢ na’e ow ( )
. cos/ Vg
I=————=| B16
na®sinIv'1 — e 00 (BI6)
. V1=e?aVy cos/ oV
W= = . —, (B17)
nae ode  pg*sinIvV'1 —e* 0l
. 1 oV
Q S (B18)

CaatsinlVi—e ol

We obtain the closed form of a set of the differential
equations for e, I, and w by Egs. (B15), (B16), and (B17). It
gives several properties of vZLK oscillations such as the
oscillation amplitude of the eccentricity and the oscillation
timescale as analyzed in the Newtonian and 1PN hierar-
chical triple system [46].

The potential is written by use of 7 = V1 — ¢? and y; =
cos/ as

a’r (1 + 3rjm))

Vs=—(H,) = 32’33 UNUNTOR
where
vs(n,mr) = 2(=1+ 3 ) (1 + ags)
+ 12Cx1, + 4ags <2 - 3—n,u177> ;
Wys
with

f*) = (1+2a45)(1 = %) = Cky..

ags E—8m35r3 )

3t (1 + 3rjm))

_ 2 5 2\ ein2
Cxr = (1=n7) | (1 + 2ays) —5(1 + ags) (1 = py)sin“o | .

Note that when ays = 0, we find the same equations for
the Newtonian hierarchical triple system with quadrupole
approximation. The terms with aug give relativistic
corrections.

Introducing the normalized time 7, which is defined by

T

% ’
TyZLK

with the typical vZLK timescale

32n1} P2,
T = [~ ,
vZLK r, (1 + 3rfwj) P,

the above planetary equation is rewritten as

dn  dug
di ow’

Ldy,  1oug

w di now
do  Jvg pydvg
dz o o

From these equations, we can easily show that

dlum) _,  dvs _
di BT

07

which means there exist two conserved quantities 9 = p;n
and Ckq, just as the Newtonian and 1PN hierarchical triple
system under dipole approximation. Using these two
conserved quantities, we obtain a single equation for 5 as

‘ZZ = =24V2:/ (P g(n?),

with

9(?) = =51 + ags)9* + [5(1 + ags)9% + 3 + ags + 2Cxi 1> — (3 + ags)n*.

Setting & = 5%, we find

43
dz

where

—= = =24/2(1 + 2a45) (3 + ags)V/ (E— &) (E— &,)(E— &),
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& =1 _ﬁ,
1+20ds
1 5(1 +C¥ds> 2
=—1(1 9?
fi 2 ( + 3+(st

are the solutions of f(£) =0 and g(£) = 0, respectively.
We can find the relativistic corrections with a4g, which is
evaluated as

2
3rg

1
das = 3t 2S
rg<1+ 1—2—t-;> 3(1+%§>

The equality is found in the case of the ISCO
radius (rg = 3r,).

Analyzing the above equation, we find that there exists
vZLK oscillation in this system just the same as in
Newtonian hierarchical triple system, and we can classify
the vZLK solutions by the sign of Cg; into two cases:
(1) Ckr, > 0 (rotation) and (2) Cky, < O (libration).

5~ 0.114382.

a. Ckr, > 0 (rotation)

In this case, 0 <é_ <1 <&, and 0 < &, < 1. This is
possible if

0 < CKL < 1 +2ads.

Hence we find the maximum and minimum values of the
eccentricity as

€max — V 1 _é—’ €min = V/ 1 _§0~

The vZLK timescale is given by

Toix =t xEepks (B19)
where
oron) _ 1
A 120/2(1 + 2a45) (3 + ags)
« [%ae : (B20)

e VJE-&)E-E)E-E)

b. Cky, < 0 (libration)

Since 0 < £_ < &, < 1and &, < 0 in this case, we find

€max — V 1_5—7 €min = V/ 1_§+'

5(1 +(de) 2 )2 20(1 +ads)
+ C + 1+ 9+ C - 297,
3 + ags KL) \/( 3 + a4s 3 + ags KL 3 + ags

It occurs when

)
3t oo and 9 < V3 —v2Ck)
5(1 + ads)
The vZLK timescale is given by
lib
Tk = 2k ks (B21)
where
Tk = 1
' 121/2(1 + 2a45) (3 + ags)

£ 1
X d .
/5 OV TN

(B22)

The maximum and minimum values of the eccentricity in
the vZLK oscillations are determined by two conserved
parameters, 9 and C; . We present one example in Fig. 11.
We choose 9 = 0.5 and show the maximum value, e,
(the red curve), and the minimum value, e, (the blue
curve), in terms of Cy; . The solid curves denote the case of
ags = 0.0794 (model I), while the dotted curves is the case
of ayg = 0. For model Ic, we find Cyg; = —0.0000359,
which is consistent with our result in Table I. The
relativistic effect with ayg is small.

e
1.0
€max
0.8] .. oooes
€min
-0.2 02 04 06 08 1.0

CxkL

FIG. 11. The maximum and minimum values of the eccentricity
in VZLK oscillations. We choose 9 = 0.5. The red and blue
curves depict the maximum and minimum values, respectively.
The solid curves denote the case of ags = 0.0794 (model I). We
also show the case of ayg = 0 by the dotted curves.
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801
.emax—OQ

fa) “(b]
1 RS P S

40/ % Icrit

20

€max = ()7 :: é i

0 L o ‘_A,_J__‘__f-.-.l

0.0 0.2 0.4 0.6 0.8 1.0 €g

FIG. 12. The range of the initial conditions (e, and /) for the
large maximum values of the eccentricity. The light blue, light
red, and light green regions correspond to the regions of
09 <epax < 1.0, 0.8 <epax <0.9, and 0.7 < e < 0.8, re-
spectively. The red dots denote models a, b, ¢, and d. The critical
angle is also shown by the green star.

The maximum eccentricity in vVZLK oscillations is
important, especially when we discuss emission of GWs.
We plot the range of the initial conditions (e, and /,)) which
show the large maximum values of the eccentricity in
Fig. 12. The light blue, light red, and light green regions
correspond to 0.9 <e . <10, 0.8 <e . <09, and
0.7 < epmax < 0.8, respectively. The red dots denote models
a, b, c, and d. Note that this figure is valid for models I, II,
and III. Hence, when the initial inclination angle is large,
the maximum eccentricity may grow close to unity.

The timescale of the vZLK oscillations is important for
observation of the gravitational waves. From Egs. (B20)
and (B22), assuming the integrals do not so much depend
on the relativistic parameters, we may roughly evaluate the
relativistic effect (including de Sitter precession), which is
given by

TVZLK o 1 + 3r(2)h)(2)
T%])dK V(14 2a45)(1 + ags/3)

where TS%I)LK is the Newtonian value. This ratio changes

from 0.4427 to 1 as r; increases from the ISCO radius to
infinity. Hence, the vZLK timescale near the ISCO radius
may become smaller than one half of the Newtonian value.
We can also evaluate a critical inclination angle, beyond
which the vZLK oscillation occurs even when the initial
eccentricity is very small. It is given by the condition for a
bifurcation point with Cyx; = 0 with @ = 90°. Setting

5 .
(1+ 2ay4s) —5(1 + ags) sin® I = 0,
we obtain

I o Sin_l 2(1 +2(st)
crit 5(1 +(st) .

We find that the critical inclination angle changes from
41.6° to the Newtonian value 71%) = sin~! / 2/5~39.2°as

crit
1 increases from the ISCO radius to infinity.
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