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We examine the quantum gravitational entanglement of two test masses in the context of linearized
general relativity with specific nonlocal interaction with matter. To accomplish this, we consider an
energy-momentum tensor describing two test particles of equal mass with each possessing some nonzero
momentum. After discussing the quantization of the linearized theory, we compute the gravitational energy
shift, which is operator valued in this case. As compared to the local gravitational interaction, we find that
the change in the gravitational energy due to the self-interaction terms is finite. We then move on to study
the quantum-gravity-induced entanglement of masses for two different scenarios. The first scenario
involves treating the two test masses as harmonic oscillators with an interaction Hamiltonian given by the
aforesaid gravitational energy shift. In the second scenario, each of the test masses is placed in a quantum
spatial superposition of two locations, based on their respective spin states, and their entanglement being
induced by the gravitational interaction and the shift in the vacuum energy. For these two scenarios,
we compute both the concurrence and the von Neumann entropy, showing that an increase in the

nonlocality of the gravitational interaction results in a decrease in both of these quantities.
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I. INTRODUCTION

Einstein’s general relativity (GR) is successful when its
predictions are compared with experiments at large dis-
tances, such as the observations from Solar System tests or
the detection of gravitational waves [1,2], among others.
However, this classical theory fails at very short distances
and early cosmological times, predicting, for instance,
cosmological and black-hole singularities where the notion
of spacetime breaks down [3]. It is believed that some
quantum gravity paradigm would resolve some of these
questions [4]. However, there is no laboratory proof yet of
gravity being a quantum-compatible entity. In fact, we are
not even aware whether gravity obeys the rules of quantum
mechanics or not.

Recently, a proposal to test the quantum nature of
gravity by witnessing the spin entanglement between the
two quantum superposed test masses, known as quantum-
gravity-induced entanglement of masses (QGEM), has
been made [5,6], see also [7]. Also, alternative proposals
aim to test the spin-two nature of the gravitational inter-
action by witnessing the entanglement between a quantum
system and a photon [8]. For all these experimental
protocols, the heart of the argument is based on the
so-called local operation and classical communication
(LOCC) theorem, which states that one cannot entangle
two quantum systems if they were not entangled to begin
with [9,10]. This would mean that two test masses would
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entangle in the presence of gravitational interaction
provided gravity obeys the rules of quantum mechanics
[11,12], see also [13-16]. As a natural consequence,
a classical gravitational interaction with matter will not
yield any entanglement whatsoever as shown in [11,12].

In this context, we are testing a quantum feature of
gravity at the lowest order, which provides Newton’s
gravitational potential, in a similar spirit to a Bell-
inequality test on quantum systems [17], where the corre-
lation does not vanish even if one takes 7 — 0, as was first
shown in the context of two entangled large spins [18,19].

An interesting twist to this above discussion arises when
we wish to introduce nonlocal interaction between matter
and gravity, see [11]. Indeed, this immediately forces us to
put into question one of the key assumptions behind
LOCC, which reflects a local operation. By local, herein
we mean a local unitary transformation. The question we
can ask is how introducing nonlocal quantum gravitational
interaction with matter would affect the entanglement
features between two test masses.

Nonlocal interactions can be described by nonlocal field
theories (see, for example, [20,21]), where there exists a
new nonlocal scale, see in the context of gravity [22]. In
fact, there also exist nonlocal versions of gravity [23-30]. A
very particular form of nonlocality arises in string field
theory [25,31] and p-adic strings [32,33]. In fact, in [34] it
was suggested that nonlocal field theories may even arise
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naturally by discarding the higher modes of a first-quan-
tized string theory, in a particle approximation, which
promotes nonlocality to the status of a fundamental scale.

A nonlocal gravitational action can be recast in terms of a
quadratic action of gravity, which modifies the ultraviolet
(UV) behavior of gravity. The gravitational action contains
infinitely many derivatives and, in order to avoid intro-
ducing ghost degrees of freedom, one takes specific
analytic entire functions, which recovers the local limit
of GR smoothly [22,27]. These theories can resolve the
cosmological singularity, as first shown in [26,35,36] and
the anisotropic Kasner singularity [37]. Such theories also
do not permit pointlike singularities [26,27,38—44], and
there are hints that they can even resolve astrophysical
black-hole singularities [45-49]. Exact solutions in the
context of infinite-derivative gravity have been considered
in [50-53] and the Hamiltonian formulation for nonlocal
theories has been studied in [54-59]. It is also believed that
nonlocal field theories may ameliorate renormalizable
properties of gravity [20,24,28,60-64]. All these effects
are due to the fact that the gravitational interaction with
matter weakens the UV, and this makes such theories
interesting to study. In the following, we shall explore the
consequence of a nonlocal gravitational interaction in the
QGEM experiment, a similar vein as testing the quantum
version of the equivalence principle [65] and probing the
anti—de Sitter spacetime in the context of a warped extra
dimension [66].

The aim of this investigation will be to study the
entanglement provided a nonlocal gravitational interaction
with matter is present. In particular, we shall study how the
entanglement builds up in a momentum basis, a technique
that has never been studied before in this context.
Furthermore, we shall also show that the change in the
gravitational energy is always finite as compared to the
local gravitational interaction with matter. Consequently,
the entanglement never blows up in this class of theories,
which is a novel result. To examine the entanglement, we
shall focus on the concurrence as well as the von Neumann
entropy, which are simple tools for estimating how the two
bipartite states are entangled.

This work is organized as follows. In Sec. II we briefly
discuss a ghost-free infinite-derivative modification of the
quadratic Einstein-Hilbert (EH) action. Subsequently, we
perform a redefinition of fields so that the resulting action
has both local kinetic terms and a nonlocal interaction.
Then in Sec. IIl we review the quantization procedure
presented in [67]. In Sec. IV we consider the energy-
momentum tensor for a specific nonlocal interaction and
calculate the shift in the gravitational energy. Details
regarding the derivation of the gravitational energy shift
are given in Appendix B. In Sec. V we compute both the
concurrence and von Neumann entropy for the entangle-
ment of two test masses in the context of two different
scenarios: in Sec. VA we consider the first scenario, which

involves treating the two test masses as harmonic oscil-
lators and we extend the results of [12] for the case of GR;
then in Sec. V B, the second scenario involving the spatial
splitting of two test masses based on their spin [5] is
considered in a parallel setup [68]. In both scenarios, the
entanglement is induced via the gravitational energy shift
derived in Sec. IV. The conclusions of this work are stated
in Sec. VL

II. INFINITE-DERIVATIVE MODIFICATION

In the present work, we are interested in studying
linearized gravity around a Minkowski background 7, =
diag(—1,1,1,1) with u,v € {0,1,2,3}. To this end, we
shall study the perturbed metric £, which is related to the
full metric g,, by

1

h;w = ; (g;w - 77;41/)’ (21)

where k == V167G = ,/16x/M5 and M, is the Planck

mass. For the moment, we make use of natural units, i.e.,
¢ = h = 1; however, we will reintroduce appropriate units
in the last steps when calculating the entanglement of two
test masses. Let us now consider the total quadratic action
of interest, which, in general, includes three contributions,

S == SG + Sm + SGF’ (22)
where Sg, S,, and Sgp are the gravitational, matter,
and gauge-fixing actions, respectively. For the quadratic
gravitational action, we take a special class of the most
general infinite-derivative gravity theories considered in
four dimensions [27], namely,l

S = % / d*x[h F (O)3hy, — hF(O)Oh

+2n* F(O)o,0,h — 20, F()0,0,h*],  (2.3)
where the F([J) may contain infinitely many derivatives
and the d’ Alembertian operator is given by L1 = 0“d,. The
relative sign difference between the terms in (2.3) above is
due to the fact that such an action has to satisfy the Bianchi
identities and should also recover the usual quadratic EH
action around the Minkowski background in the limits
[0 — 0 and F(OJ) — 1. In general, the higher-derivative
action of gravity will be plagued by ghosts, whose degrees

"The quadratic action for the most general ghost-free infinite-
derivative gravity theory in four dimensions, as considered
in [27], admits two analytic and nonzero nonlocal operators.
In the following, however, we shall limit our consideration to the
case where we have only one such operator F ([J). Nevertheless,
the choice used here where only one nonzero and analytic
operator is considered ensures that the infrared behavior of the
theory coincides with that of GR [27].
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of freedom must be canceled. As noted in [26,27], for
any JF([), the conservation of 6Sg/8h*" is preserved.
However, in order for the theory to not admit any additional
degrees of freedom compared to GR, we must require
that the operator F (L) be analytic with no zeros, which
will certainly constrain the form of F([J). Thus, in the
following, we shall assume the nonlocal operator F(J) to
be of the form

F(O)=e?0, (2.4)
where 7 > 0 is referred to as the “length scale of non-
locality” [26,27]. By sending ¢ — 0, or [ — 0, we fully
recover GR, i.e., F(O) — 1.

For the matter action, we use

K
Sm=-73 / d*xhT,,, (2.5)

where T, is the energy-momentum tensor.
Finally, to fix the gauge, we introduce the gauge-fixing
action

1 4 1 1
I no_ | av _ _
SGr 2/d x<0ﬂh v 20,,11).7—"( )<0{,h 20 h>,
(2.6)
which specifies the so-called Harmonic or de Donder gauge

condition. Substituting Egs. (2.3), (2.5), and (2.6) into the
total action (2.2) gives

S= %/d“x [h””f(D)D <hﬂy - %hn,,,,) - 21<h/”’Tﬂ,,] .
(2.7)
By introducing the redefined field
o= PO (b= 3ha ). @Y

which coincides with the redefined field used in [67,69] in
the local case F = 1, we can write the total action (2.7) as

1 1
S = —4/ d*x [00,}/””6”]/”,, — Edﬂyaﬂy
1
+ 2k (y”” - Er]“”y) }'_1/2(D)Tw} . (2.9)

The action (2.9) now contains local kinetic terms while
possessing a nonlocal interaction term. In the following

2While there are contributions arising from total derivatives,
we shall ignore them in our analysis.

section, we shall review Gupta’s quantization procedure for
such a theory.

III. QUANTIZATION OF THE LINEARIZED
GRAVITY

Following [67], let us consider the action defined as
in (2.9) but with y,, and y being treated as independent
fields. In addition, we consider the case of a vanishing
energy-momentum tensor, i.e., we set 7, = 0, and perform
the quantization procedure as in [67]. Accordingly, 7, and
y collectively contain now 11 components. Furthermore,
Y and y each have a canonical conjugate momentum as
well as their own set of commutation relations. Thus, by
introducing the canonical momenta and imposing the usual
commutation relations, one can show that [67]

V10(X) Vap(X)] = i(Muattup + Muptta) D(x = x'),  (3.1)

[r(x).7(x)] = =4iD(x — '), (3.2)

having followed Schwinger’s notation [70]. Let us now
expand the y,, and y fields in terms of Fourier modes,
yielding

1 &’k ikx i —ikx
y[ll/ = (271_)3/2 2a)k [aﬂl/<k)e + a}ll/(k)e ]’ (3'3)
and
2 3k . )
=——— [ ——=[b(k)e™ + bT(k)e™™], (3.4
1= | g O B e, (34

respectively, and where we have used k= wy = |K|.
At this point we note that y,, — 7,, and, similarly, y — 7;
i.e., these fields are now treated as quantum operators.
Analogously, &, — fz,w and T, — TW. However, to avoid
any cluttering of the upcoming formulas, we will not
explicitly write ~on top of the operators, but it is assumed
everywhere from now onward that positions, momenta, and
gravitational degrees of freedom are all quantum operators.

By making use of the commutation relations (3.1)
and (3.2), one can obtain the following commutation
relations for the Fourier modes:

[y (), alp (k)] = (Muattup + Muptua)8® (k= K'),  (3.5)

[b(k),b" (k)] = =6 (k — k). (3.6)

Finally, in terms of the Fourier modes, the Hamiltonian of
the vacuum system is given by [67]

Hy = / dkay, Ba;y(k)aﬂv(k)—bf(k)b(k) . (37

124036-3



ULRICH K. BECKERING VINCKERS et al.

PHYS. REV. D 107, 124036 (2023)

We note that there is a negative sign appearing on the
right-hand sides of the commutation relations (3.5) and
(3.6) for ay;(k) and b(k), respectively, where i € {1,2,3}.
It follows that the operators [ d*kayal;(k)ag;(k) and
J &*kayb" (k)b(k) have nonpositive eigenvalues [67,71].
Therefore, when acting the Hamiltonian on some
state, the terms containing ag;(k) and b(k) operators
contribute non-negative values to the energy since their
coefficients are negative in the expression (3.7). It follows
that the energy values associated with the Hamiltonian
(3.7) acting on some general state are non-negative.
Nevertheless, there is still the issue of whether these
states will have negative probabilities. It is possible
to impose some supplementary conditions [67,71] that
result in physical states having only two polarizations and
positive probabilities; thus ensuring that the Hamiltonian
is bounded from below. These supplementary conditions
are discussed explicitly in Appendix A and we show,
following [67,71], that these lead to the Hamiltonian
being bounded from below.

IV. SHIFT IN THE GRAVITATIONAL ENERGY

Having assumed a vanishing energy-momentum tensor,
the system in Sec. III was described by the Hamiltonian
(3.7). In order to study the QGEM, we shall now consider
an energy-momentum tensor of the form

PuPy

T =P[5 (r—ry) + 60 =ry)]. (41)
where p —E.p) and E = \/p? + m? [12]. The energy-
= gy

momentum tensor (4.1) describes two test masses, denoted
by A and B, with some momentum. Here, we shall confine
the motion of the two test masses A and B to the z axis, so
ry = (0,0,x,) andrg = (0,0, xz). We note that here T,, is
treated as an operator according to the Weyl quantization
procedure [72]; i.e., all products of position and momentum
operators on the right-hand side of (4.1) represent their
symmetrization. The total Hamiltonian can be computed
as follows:

H=Hy+«V, (4.2)

where, from Eq. (2.9), the interaction Hamiltonian V is

1 1
V=1 / d3r<y”” —EWO FAAONT,,. (43)

We denote the ground state of the vacuum system as |0)
and define the following one-particle relativistically nor-
malized states:

k), =/ 20nfafu (k) = b (K)][0). (4.4

We can now make use of well-known perturbation theory
(see, for example, [73]) to calculate the gravitational energy
shift AH to second order in «,

K> ” (O|VIk),, ' n ””ap<k|V\0>
_ 4,
5 / d’k 2 (4.5)

As noted in [12], the first-order O(k) correction is zero
since it will involve inner products of the ground state with
the first excited state only.

By substituting Egs. (2.4) and (4.1) into (4.3), Eq. (4.5)
becomes

AH =

Too T} (k)T 33(k)
AH = |: 33 k2
d3k|: OO(k 733 TZ’&(k)TOO(k):|
k2
K 7] k (k)703 (k)
+5 / e 5 , (4.6)
where we define
EA 0 O Pa
- (k) _e—f2k2/2—ik-rA 0O 0 0 0
T (2r)32 0 00 0
pa 0 0 Pi/EA
+ (A < B), (4.7)

as the Fourier transform of e/"/2T . We also note that p,
and pp denote the z components of p, and pp, respectively.
As mentioned above, r4, rz, p4, and pp are being treated as
operators with all products of position and momentum
operators representing, implicitly, the symmetrization
{rs,pa}/2 and similar. The bottom line is that if gravity
is quantum in nature, so will be the change in the
gravitational energy; consequently, the change in the
gravitational energy would not be a C number, but an
operator-valued quantity.

As remarked in [12], the computation of the gravitational
energy shift includes both a contribution from the self-
energy of the individual particles and a contribution from
the interaction. To this end, let us write

AH = AHgs + AHp, (4.8)

where AHgg is the self-energy contribution and AHp is
simply defined through the AH — AHgg difference. By
substituting the components (4.7) into (4.6) and evaluating
the integral, we find the following expression for the self-
energy:

1

AHse= C20MA /7

<E2+pA 2pA>+(A<—>B). (4.9)
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It is evident from (4.9) that the self-energy is finite for
¢ > 0. We also note that the self-energy above is operator
valued; i.e., it depends on the operators p, and pp. In the
static case, the self-energy reduces to

2

. m
lim AHSE:—fTZ\/E,
p

(4.10)
Pa-Pp—0
which is a constant. This result is in stark contrast with the
local scenario, since when £ — 0, the self-energy contri-
bution blows away at order O(x?).
Turning our attention to finding the quantity AH, that
describes the interaction, we find

1 2.2 E 2 E 2
AHp = —— [EAEB+PAPB+( ApB+ BPA)
Mper_rB| ELEp Eg E,
Iry —rg|
—4 f [ —— |. 4.11
PAPB]C ( 27 ( )

For a derivation of Egs. (4.9) and (4.11), we direct the
interested reader to Appendix B. As was done in [12],
we expand our result up to fourth order in the momentum
operators, yielding

AHp ~ — [mz i 3pi —8paps +3p%

M%|rA—rB| 2
4 2 .2 4 _
_SpA 18pApB+5pB erf |rA rBl . (412)
8m? 2¢

We also note that taking the static limit of the last
expression (4.12) gives us

m? <|rA—"B|)
- erf . (4.13)
Mf,|rA—rB| 2 (

Equation (4.13) provides us with the operator-valued
version of the potential derived in [27].

lim AHp =
Pa-pp—0

V. CONCURRENCE AND ENTROPY
FOR THE ENTANGLEMENT

A. Two harmonic oscillators

Let us now treat the two test masses as harmonic
oscillators; both with frequency w,,. Let us denote the
annihilation (creation) operators for the test masses A and B
as a and b (a' and b"), respectively. For the position
operators x, and xp, we write

XB:_+6XB, (51)

_ —-— 5 s
XA 2+ XA 3

hence the two harmonic oscillators are placed a distance d
apart and are subject to small fluctuations described,
respectively, by x4 and Jxp. By performing a Taylor

expansion of the first term on the right-hand side of
Eq. (4.12) up to order (éx, — 6x5)%, we can extract the
lowest-order matter-matter interaction energy,

o2 /42

H 2m? [1 f d
_ — —e —_— p— —
AT ML laT\2s N AN
4 2.2
N ( PaPs _ 9p;p§ )erf<i>'
Mid  AM2m*d 2

In terms of the creation and annihilation operators, the
position operators take the usual form [74]

JPe—F /4

:|5XA(SXB

(5.2)

1 1
0xp = M, xg=———=(b+b"), (5.3
XA \/m(a+a ) XB m( + ) ( )
whereas for the momentum operators, we have
pa=i\[T5Ma —a),  py=iy[TSMbI=b). (54)

In terms of the creation and annihilation operators at,a, bt

and b, the Hamiltonian for the system is of second order in

x and fourth order in the momentum expansion,

Hyo = hlo,(a’a + b'h) + G (ab + a'b + ab™ + a'b")
+Gy(ab —a'b — ab’ + a'bT)

+Gs(a" = a)*(b" = b)?, (5.5)
where the functions
—d?/4¢? 3 —d? 4¢?
gl = —’:lG CI'f i —de _d e3 ) (56)
d’w,, 2¢ £\/m 40°\/r
2mGw,, d
g2 = —Werf (g), (57)
902, Gh d
== erf| — 5.8
9= " octq © (2/) (58)

have been defined. It is at this point that dimensionality of 7
and c is reinstated.

Let us denote |0), and |0); as the ground states
associated with Hyo when there is no interaction, i.e.,
for G, = G, = G; = 0. If instead these functions are non-
zero, we denote the eigenket obtained through first-order
perturbation theory as |y). Using the standard perturbation
theory of quantum mechanics (see [74] for details), we have

1
e VI+[(G +G)?>+ G/ (4o, {O>A ®0)5
_%IU/«@I%—%I%@I%} (5.9)
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The density matrix associated with the test mass denoted by
A can be computed as follows [10]:

pa =Y _plnly)wln)p. (5.10)

That is, one first computes |w) (| and then traces over the
B eigenstates. Using the density matrix above, one can
compute the concurrence C through [75]

C? =2[1 —w(p3)]. (5.11)

It follows that the concurrence is given by

L (Gt G + @)/ (160,
C‘\/z{l [1+<<91+g2>2+g§>/<4wa>12}' 5.12)

Let us now examine the effect of nonlocality on the
concurrence. For our specific choice of parameters, we take
the harmonic oscillator frequency to be w,, = 27Hz and let
A and B be two mesoscopic masses with m = 10714 kg.
Motivated by [5], the minimum separation3 that we shall
consider is d ~ 200 pm. For the length scale of nonlocality,
we consider values of £ consistent with [22]. For such a
choice of parameters, we have G,/(2w,,) ~ 1.06 x 10715,
G/ (2w,,)~=3.71x10738, and G;/(2w,,) ~—7.69 x 10~
in the local (¢ = 0) case. The concurrence (5.12) may now
be approximated as

(5.13)

In Fig. 1 we plot the concurrence for various values of Z
using the approximation (5.13). It is clear from this figure
that the concurrence approaches that of the local case as the
length scale of nonlocality decreases. In addition, we note
that all curves start to coincide as the separation d increases.
We also note that for smaller values of d the concurrence
decreases for increasing #. Finally, for small /7, i.e., deep
in the UV or, alternatively, at scales where the nonlocal
interaction is to be proved, the concurrence starts to saturate
the quantum entanglement between the two harmonic
oscillators.

We note that the concurrence is on the order 10, i.e.,
beyond any reach of detectability through an experiment
and not even via tomography techniques discussed in [78].
Alternatively, an examination of the von Neumann entropy
defined as [79]

Sp = —tr(pslogs pa), (5.14)

As pointed out in [5], the Casimir-Polder interaction [76,77]
is a tenth of that of the Newtonian gravitational interaction at that
distance.

1x 1015

2.00

1.75

1.50

1.254

1.00

concurrence

0.75 1

0.50 1

0.25

200 225 250 275 300 325 350 375 400
d (um)
FIG. 1. Plots of the concurrence (5.12) using the approximation
(5.13). To produce each of the profiles, we have set m = 10~'* kg
and w,, = 2zHz. The solid blue curve corresponds to the local
(Z = 0) case, while the dashed orange, dotted green, and dash-

dotted red curves correspond to the cases where £ = 50, 55, and
60 pm, respectively.

will also give small values. For instance, for a separation
of d =200 pm, we have S, ~ 1.11 x 10728 for the local
(¢ = 0) case, while S4 ~0.69 x 10728 for # = 50 pm.

In the following subsection, we shall consider a non-
Gaussian scenario for which a difference in the entangle-
ment between local and nonlocal gravitational interactions
may be realized experimentally in the future.

B. Spatial superposition

Here, we shall consider the parallel setup first presented
in [68] and further studied in [78,80,81], although herein
generalized for the case where the gravitational interaction
with matter is nonlocal. Thus, we assume that the two test
masses A and B are each endowed with two spin states:
M) 4> [4)4 and [1) g, |1 )5, respectively, and separated by a
spatial superposition of Ax. In addition, we take the two
masses to be separated by a distance D. According to the
experimental protocol outlined in [5], two Stern-Gerlacht
interferometers are used to perform a spatial splitting of the
two test masses based on their spin states. Let us discuss
this protocol and calculate the entanglement for the parallel
setup of [68]. We start off with the state [5]

lwi) = %|C>A|C>B(|T>A +DMs +)p).  (5.15)

where the test masses A and B are initially localized
according to the states |C), and |C)g, respectively, and
separated by a distance D. By performing a spatial splitting
of the two test masses A and B through [C, 1); — [L, 1);
and [C, |); = [R, ), for j € {A, B}, we have at t = 0 [5],

124036-6
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< N

L) A VIR)p )

I//L R
D \\‘ >B ,'

’

SN -

FIG. 2. Spatial splitting of the two test masses A and B in the
parallel QGEM setup presented in [68]. The states |L), and |R) g,
as well as |R), and |L),, are separated by a distance D. In
addition, Ax denotes the separation between |L), and |R),, as
well as between |L); and |R)p.

lwi) = %(IL, Na+IR AL Mg + IR L)) (5.16)

The spatial splitting is carried out in such a way that |L),
and |R)g, as well as |R), and |L)g, are separated by a
distance D. In Fig. 2, we show the spatial splitting of the
two test masses and the separation between each of the
states.

The spatially split state on the right-hand side of (5.16)
is allowed to evolve for a time z, being the evolution
described by the operator e “AHo7/% where AHp, is the
gravitational energy shift, which in the nonrelativistic case
is given by the right-hand side of (4.13). Thus, one obtains
the final evolution of the state at time t = 7 [5],

) = 5 1CAIC)INA )5 + @] 1),)

+1Dalll)s +e @D )p)l, (5.17)

where the final state is an entangled state and the entan-
glement phase is given by

Gm? VD? + Ax?
b= — 2T erf( + x), (5.18)
AV D? + Ax? 2¢

Gm? D
0 := mTerf( >

D 27 (5.19)

In the expression (5.17), we have ignored an overall phase
factor of e’? without any loss of generality. Since the test
masses are now once again localized in position, we can
fully characterize the entanglement using the spin states,
see [5] for further details. Thus, we can ignore the |C),
and |C)y states in (5.17) and compute the density matrix
associated with A as

1 1 cos (0 — ¢)
Pa == ( ) (5.20)
2\ cos (60— ¢) 1
Having obtained the density matrix, we can compute the
concurrence

C = |sin (60— ¢)|. (5.21)

as well as the von Neumann entropy

50 L (108

- %cos (60— ¢)log, <m> . (5.22)

for the entanglement. For the parameter specifications
7=1s,Ax = 100 pm, and D = 200 pm, we have plotted
the concurrence in Fig. 3 for different values of #. This
figure shows how the concurrence grows slowly with
decreasing D/¢, a similar behavior as noted in Sec. VA
for the case of two harmonic oscillators. For instance,
at D =200 pm, the concurrence in the GR case is
C ~3.34 x 1072, while for the # = 50 pm case, the con-
currence is C =~ 3.23 x 1072. In addition, for the same
parameter specifications, we note that the von Neumann
entropy for the GR case is S, ~ 3.69 x 1073, while for the
¢ = 50 pm case, we have S, =~ 3.49 x 1073,

The noticeable observation is that the concurrence is
now much bigger than when calculated resorting to the
Gaussian harmonic oscillator case, see Figs. 1 and 3.

0.175

0.150 1

0.125 4

0.100

0.075 1

concurrence

0.050 -

0.025 A

0.000 -

100 150 200 250 300 350
D (um)

FIG. 3. Plots of the concurrence (5.21) for the parallel setup
presented in [68] for the case of nonlocal gravitational inter-
action: describing two mesoscopic test masses, separated by a
distance D, and spatially split based on their intrinsic spins.
To produce each of the profiles, we have set m = 10~'* kg. The
solid blue curve corresponds to the local (£ = 0) case, while the
dashed orange, dotted green, and dash-dotted red curves corre-
spond to the cases where £ = 40, 50, and 60 pm, respectively.
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Moreover, if nature is kind enough, such that the modifi-
cation of GR at short distances may occur in the micrometer
range, then we might be able to discern the quantum
entanglement of a gravitational system via the QGEM
protocol [82].

Furthermore, we note that, when D, Ax < ¢, both
0,¢ — Gm>z/(2h¢), leading to a vanishing concurrence.
In such a case entanglement entropy does not make any
sense since the density matrix (5.20) would be noninver-
tible. This simple toy model illustrates that nonlocal
gravitational interaction is able to suppress any gravita-
tional-induced entanglement in the deep ultraviolet limit
provided all the distance scales, such as the superposition
size and the interseparation distance, lie well below the
nonlocal length scale 7.

Of course, realizing a QGEM experiment is a daunting
task. Nevertheless, our analysis provides us with a pos-
sibility of studying physics beyond the Standard Model in a
tabletop experiment. There are many experimental chal-
lenges, ranging from creating macroscopic superposition
for such heavy masses and such a large spatial super-
position [5,83-87] to reading out the witness [80,81],
as well as protecting the experiment from jitters and
gravity-gradient noise [88-90], and various sources of
decoherence [5,81,91-93]. Such limitations will not be
discussed here since they lie beyond the scope of this
investigation.

VI. CONCLUSIONS

In this work, we studied the QGEM in the context of
perturbative quantum gravity endowed with a nonlocal
interaction with matter. We briefly reviewed the quantization
of such a theory following [67], and we calculated the shift
in the gravitational energy when the energy-momentum
tensor describes two test particles of equal mass, each one
possessing some momentum. We showed that the self-
energy contribution is finite for # > 0 and diverges in the
local limit £ — 0. The fact that, at the lowest order, the
vacuum energy is always finite is a property of nonlocal field
theory. In the static limit, the gravitational energy shift is the
operator-valued version of the potential derived in [27].

In order to study the entanglement induced by gravity,
we followed [11,12] and extracted the lowest-order matter-
matter interaction from the derived operator-valued gravi-
tational energy shift and used this to describe the interaction
between two harmonic traps of equal frequency. We
computed the concurrence as well as the von Neumann
entropy for the entanglement and compared our results with
the £ = 0 case. We found that these two quantities decrease
when increasing the length scale of nonlocality for smaller
values of the separation between the two harmonic traps.
As expected, for larger values of the aforesaid separation,
the concurrence corresponding to different values of ¢
coincided. However, the concurrence and von Neumann
entropy for the entanglement of the two mesoscopic test

masses turned out to be small when compared with the
present experimental sensitivity and, therefore, not able to
be detected experimentally.

We then turned our attention to examining the setup
involving two test masses undergoing parallel spatial split-
ting based on their spins [68] with the entanglement being
induced by the derived gravitational energy shift. For such a
scenario, it was also found that increasing the length scale of
nonlocality resulted in a decrease in the concurrence and von
Neumann entropy. In addition, given the magnitude of these
measures for the entanglement for this scenario, it is possible
that a value for the length scale of nonlocality may be found
experimentally using this parallel setup, provided nature is
kind and the nonlocal scale is on the order of micrometers,
roughly the scale at which the current experiments have
probed any modification of GR in a laboratory [82].

As a final comment, we emphasize that the gravitational
theory considered here, which contains an infinite-derivative
interaction, is motivated by a special class of infinite-
derivative gravity theories containing one analytic and
nonzero nonlocal operator. There are, however, infinite-
derivative gravity theories admitting two analytic and non-
zero nonlocal operators. Thus, a possible extension of the
present work would be to include a second of such operators
and study the resulting entanglement in such a context.
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APPENDIX A: SUPPLEMENTARY CONDITIONS

Here we wish to show that, by imposing the specific
supplementary conditions suggested in [67,71], one is left
with 2 degrees of freedom for physical states associated
with the Hamiltonian (3.7) for linearized gravity and that
these do not possess negative probabilities. For the case of
linearized gravity, the number of degrees of freedom
before imposing any supplementary conditions is 11.
For the sake of the ease of notation, in Appendix A 1
below we shall consider a simpler scenario, which arises
in the context of quantum electrodynamics. For such a
case, there are 4 degrees of freedom, as well as negative
norm states, when no supplementary conditions are
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imposed. Following [71], we discuss how the supple-
mentary conditions suggested therein result in there being
no physical states with negative norms and that the
number of polarizations for such states is reduced to 2.

Then, in Appendix A2 we shall apply the arguments
of A 1 to the case of linearized gravity following [67]. To
this end, it is shown following the aforesaid reference that,
by imposing similar supplementary conditions, physical
states for the case of linearized gravity do not admit
negative probabilities and that the number of polarizations
reduces from 11 to 2. Furthermore, since the energies
associated with (3.7) are non-negative, it is concluded then
that the Hamiltonian for linearized gravity is indeed
bounded from below.

1. Electromagnetic field
Let us consider the free Maxwell field described by the
four-vector potential A*. In terms of the creation and
annihilation operators, cj;(k) and c,(k), respectively, the
four-vector potential may be written as [71]

A, {ci (ke * + ¢, (k)e””‘} ,

1 1
= dk €’
(271)3/2/ /—2|k| H

(A1)

where €"” contains the four polarization vectors as its
columns, i.e., for each v € {0, 1,2, 3}. It is also noted that
e%e,t = . We let the e*! and " be transverse to the
momentum k* while taking € to be longitudinal. In what
follows, we take k to be aligned along the z axis, which
gives et = o',

Imposing the usual commutation relations on A* and its
conjugate momentum Yyields the following commutation
relations for the creation and annihilation operators:

[ci(k),

i) = 6,69 (k= k), (A2)

[co(k). ey (k)] = =60 (k — k'), (A3)
where i,j € {1,2,3}, while the Hamiltonian for the
system is [71]

[ [Z cH)eilk) - ko). ()
i=1

As a result of the minus sign in the commutation

relation (A3), the operator — [ d*k[k|c{(k)co(k) has non-
negative eigenvalues. As a result, the c¢q(k)c)(k) term
in (A4) yields a non-negative contribution to the energy.
Nevertheless, the fact that co(k) satisfies a negative
commutation relation may result in negative probabilities.

Therefore, it is necessary to impose some supplementary

conditions to ensure that such negative probabilities do
not occur.

In what follows, we use |pi), |qi), |r1), and |s;) to
denote the first excited ¢ (k), ¢, (k), c3(k), and ¢y (k) states,
respectively. Let us start by considering the general state
written as a sum over n, excited c,(k) states,

"
|(ﬂ> = E E ]Vi1 ..... f"o pi], ,ano>, (AS)
115,13, 1ssing
J1seedngy
Kook
1y,

where the summation is carried out with the conditions:
im]+1 > imla jm2+1 > jm27 km3+1 > km37 and meJrl > fmo'
At this point, let us impose the following supplementary
condition [71]:

4 = 0= [esk) ~co®)]lg) =0, (A6)
where A,(,Jr) refers to only the e** part in Eq. (A1) and the
second equality is obtained by using the fact that we have

aligned k along the z axis. Applying this condition to the
state (AS) and integrating over k yields

(A7)

The positive sign in front of the second term is a result
of the negative commutation relation (A3). It can be
noted immediately that the state for which ny = n3; =0
satisfies (A7). In the case where n, = n; = 1, the following
state satisfies (A7):

Z Nil ,,,,, j,,z(‘pil’ s 0,51) = \Pil’ o 11,0)). (A8)

iy iny

However, the result obtained when acting the Hamiltonian
(A4) on this state (A8) is zero. Therefore, the state (AS)
does not result in any observable effect. In fact, this is true
for all ng, ny > 0 [71]. It follows that we may set ny =
n3 = 0 and, therefore, have no c( (k) or c3 (k) excited states.
That is, we have only c¢;(k) and c,(k) excitations for
physical states associated with the Hamiltonian (A4) for the
electromagnetic field; leaving us with only the two trans-
verse polarizations. Finally, we note that, since only c((k)
satisfies a negative commutation relation and we have
no = 0, there will be no negative norm states and, thus, the
Hamiltonian (A4) is bounded from below.

2. Linearized gravity

Let us now return our attention to the system described
by the Hamiltonian (3.7). We define the general state |y) as
the sum over n,, a,, (k) excitations and n b(k) excitations.
As discussed in Sec. 111, the action of the Hamiltonian (3.7)
on such a state yields non-negative energy values.
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However, in order for the Hamiltonian to be bounded from
below, it is necessary to introduce some supplementary
conditions to ensure that there are no negative norm states.
As suggested in [67], we impose the supplementary
condition

7l lw) =0, (A9)

where y,(,ﬁ refers to only the e/** part in (3.3). By aligning k
along the z axis, the supplementary condition (A9) yields
the following constraints:

[aoo (k) = aos (k)] |w) = 0, (A10)
[ag1 (k) = ay3(k)][y) = 0, (A11)
[a02 () — a3 (k)] |w) = 0, (A12)
[ag3 (k) — a3 (k)][y) = 0. (A13)

Let us start by considering the condition (A10). From
Eq. (3.5), it can be noted that agy(k) satisfies a positive
commutation relation, while a3 (k) satisfies a negative one.
It follows that this condition is of the same form as (A6).
We therefore conclude that any state satisfying (A10) and
involving agy(k) or ags(k) excitations will be redundant;
i.e., the action of the Hamiltonian (3.7) on such a state is
zero. Therefore, we may set nyy = ngs = 0, reducing the
number of polarizations from 11 to 9. We now turn our
attention to the condition (A11). From (3.5) it follows that
ag; (k) satisfies a negative commutation relation, while
a,3(k) satisfies a positive one. Therefore, this condition is
also of the same form as (A6) and we set ng; = n;3 =0
since any ag; (k) or a3(k) excitations would lead to
redundant contributions. The condition (A11) thus reduces
the number of polarizations from 9 to 7. The same argu-
ment may be applied to (A12) which yields nyp = ny3 =0

and the number of polarizations is reduced from 7 to 5.
Applying the same argument to (Al3) results in
ngs = n33 = 0. However, we already have ngp; =0 as a
result of (A10). Therefore, the condition (A13) reduces the
number of polarizations from 5 to 4.

The second supplementary condition imposed is [67]

e =y By =0, (Al14)

where y(*) refers to only the e/** part in (3.4). By defining

\/Ea/ll = dyp — dy, \/561122 =dy + anr, (AIS)
and making use of the fact that there are no agy (k) or asz (k)
excited states, which follows from the first supplementary
condition (A9), the second supplementary condition (A14)
yields

[V/2ah, (k) = b(k)]ly) = 0. (A16)
The operator db,(k) satisfies a positive commutation
relation, while b(k) satisfies a negative one. Therefore, it
follows from the discussion given in Appendix A 1 that
there are no ab,(k) or b(k) excited states. The number
of polarizations for the physical state |y) is now reduced
from 4 to 2, described by a),(k) and a;,(k) excitations.
Moreover, since there are no ag;(k) or b(k) excitations,
which carry negative commutation relations, there are no
physical states with negative norms. It therefore follows
that the Hamiltonian (3.7) is bounded from below provided
that the supplementary conditions (A9) and (Al4) are
imposed.

APPENDIX B: DERIVATION
OF EQS. (4.9) AND (4.11)

In order to evaluate the right-hand side of Eq. (4.6),
we require the integrals

/ P kTgo(k)TOO(k) _ 1 / P k(Eg + Ep)e K

K? (2r)3

2E.E ik-(ry—rg)—"k>
2 - 3B / d3k z 2
k (27) k

_ (Ex +Ep) ELEp of Iry —rg| (B1)
43¢ 2nmlry —rg| 20 )
/ d3kTg3 (k)T(B (k) _ 1 / S (pf1 + p%)e_ﬂﬂ . sz Da / d3keik-(rA—rB)—f2k2
k2 (27)? i (27)} 2
_ (pi+ p3) PP ¢ Ira —rpl (B2)
Ar3l¢ 2zlry —rg| 27 ’
T55(k)T 33 (k) 1 (p, pi Pipr; Iry —rgl
dPr=3 = Pa P APB ¢ , B3
/ k2 47[3/2f E124+E% +2ﬂ'EAEB|rA —rB‘er 20 ( )
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/d3 Lok T (k) _ /d3 T Too (k)

K’ K

(pi + P3)

T4l

n EAP%;+EBP/21 orf ra — 13 ‘
47r|rA—rB| EB EA 27

(B4)

By substituting Eqs. (B1)—(B4) into (4.6) one can obtain the gravitational energy shift AH. We note that the self-energy
(4.9) is made up of the first terms on the right-hand sides of Eqs. (B1)—(B4), while the second terms give the interaction

energy (4.11).
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