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We study the underlying structure of the vanishing of the Love numbers of both Schwarzschild and Kerr
black holes in terms of spacetime conformal symmetry in a unified manner for the static spin-s fields. The
perturbations can be reduced with the harmonic decomposition to a set of infinite static scalar fields
in a two-dimensional anti-de Sitter spacetime (AdS,). In the reduced system, each scalar field is paired
with another, implying that all multipole modes of the perturbation can be regarded as symmetric partners,
which can be understood from the property of the supersymmetry algebra. The generator of the
supersymmetric structure is constructed from a closed conformal Killing vector field of AdS,. The
associated conserved quantity allows one to show no static response, i.e., vanishing of the Love and
dissipation numbers. We also discuss the vanishing Love numbers of the Kerr black hole with the nonzero
dissipation numbers for the nonaxisymmetric perturbations in terms of a radial constant found in a parallel
manner as the axisymmetric field case even though the interpretation for the structure is controversial. The
symmetric structure corresponds to the “ladder” symmetry in [Hui et al., J. Cosmol. Astropart. Phys. 01
(2022) 032] although the geometrical origin is different. Our ladder operator includes the generators of

hidden symmetries in previous works.
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I. INTRODUCTION

The black hole is one of the most surprising predictions
of general relativity. Its only component is the concept
of spacetime. Black holes have remarkable properties in
general relativity, i.e., no hair [1,2] and uniqueness [3-5].
As a consequence, all the astrophysical black holes are
believed to be well described by the Kerr geometry, which
is characterized solely by the mass and spin parameters. On
the other hand, general relativity might need modification
in the vicinity of the event horizon. In modified theories of
gravity, black holes can possess a scalar hair [6,7], unlike
the Kerr black holes. The detection of the deviation from
the Kerr geometry by future gravitational-wave observa-
tions can be a smoking gun for such new physics.

Binary black hole systems are strong candidates for
gravitational-wave sources [8] and also work as astrophysi-
cal laboratories to test strong gravitational fields [9,10].
During the early inspiral phase of a compact binary,
the two bodies behave as point masses, as their internal
structure does not affect the orbital motion [11]. As
the orbital separation sufficiently decreases due to the
gravitational-wave emission, however, the tidal interaction
between the bodies becomes remarkable and higher-order
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post-Newtonian correction comes into effect. Its correction
appears at the SPN order in the gravitational waveform as a
function of a quantity called tidal deformability, which
characterizes how the bodies deform as a static response to
the perturbative tidal field generated by each other [12].
The tidal deformability is encoded in a set of the tidal Love
numbers, which are determined by the internal structure of
the body [13-16]. This means that a measurement of the
tidal Love numbers from a gravitational-wave signal
provides information about the internal structure of the
bodies as an inverse problem [17]. Indeed, the equation of
state of a neutron star has been constrained from
GW170817 [17-19]. In the same manner, it is expected
that a test of the strong-field gravity can be performed with
tidal Love numbers [20].

An intriguing result regarding the tidal Love numbers is
their vanishing for (four-dimensional) black holes in
vacuum in general relativity, i.e., Schwarzschild [14,21]
and Kerr black holes [22-25]. The Schwarzschild and Kerr
black holes either have the vanishing Love numbers for
spin-0 or spin-1 field perturbations [25,26]. On the other
hand, in some modified theories of gravity, black holes can
have nonzero tidal Love numbers [20,27]. One might then
think that an additional field can endow a black hole with

© 2023 American Physical Society
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nonzero Love numbers. In fact, the Love numbers of
black holes can be nonzero in cases with an anisotropic
fluid [28,29] or with a bosonic scalar-field condensate [30]
within general relativity. In addition, black holes have zero
Love numbers in some modified theories of gravity or in
the presence of some kind of “matter” field, e.g., the
Schwarzschild black hole in the Brans-Dicke theory and
the Reissner-Nordstrom black hole in the Einstein-Maxwell
theory [20,28]. Similarly, even in vacuum in General
Relativity, the Schwarzschild-Tangherlini spacetime has
nonzero Love numbers [26]. In other contexts, several
literatures [31-33] pointed out that from the viewpoint of
an effective field theory approach [34-36], the no tidal
response of the Schwarzschild black hole is puzzling and
seems to be a result of fine-tuning. These suggest that some
nontrivial underlying structure is prohibiting finite Love
numbers.

A linear response of compact objects is also character-
ized by other quantities which are imprinted in gravitational
waveforms coming from an inspiraling binary, i.e., dis-
sipation numbers that quantify the dissipation of an external
tidal field. For a time-varying external field, black holes
have nonzero dissipation numbers due to the presence of
the event horizon, while horizonless compact objects have
their vanishing. This property may allow for constraining
a quantum correction at the horizon scale with future
gravitational-wave observation [37,38]. For a static external
field, Schwarzschild black holes have vanishing Love and
dissipation numbers, meaning no static response. Kerr
black holes have nonzero dissipation numbers for non-
axisymmetric static fields because of a relative motion
arising from rotation, while both the Love and dissipation
numbers vanish for axisymmetric fields, i.e., no static
response.

Several authors independently argue that the vanishing
of Love numbers may be a result of “hidden” symmetries
governing linear perturbations.' Penna [32] suggested in
the context of the black-hole membrane paradigm that the
emergent local Carroll symmetry [39] in the near-horizon
region may have a role in explaining the no static response
of the Schwarzschild black hole. Charalambous, Dubovsky,
and Ivanov [40] argued that a long-wavelength spin-s field
perturbation in the Kerr spacetime has a hidden SL(2, R) x
U(1) symmetry dubbed Love symmetry and spin-s-field
Love numbers of the Kerr black hole vanish as a conse-
quence of this symmetry based on the SL(2, R) represen-
tation theory. Recently, Hui, Joyce, Penco, Santoni, and
Solomon [33] showed the vanishing of scalar-field Love
numbers from the perspective of two types of hidden
symmetries, one of which originates from the presence
of a Killing vector field in a three-dimensional Euclidian
anti—de Sitter space (see also Ref. [41]). More recently,

'Here, the terminology “hidden” symmetries means that they
do not correspond to isometries of a spacetime.

Charalambous, Dubovsky, and Ivanov [42] conducted a
detailed study on the vanishing of spin-s-field Love
numbers of Kerr-Newman black holes in terms of SL(2, R)
representations.

The recent arguments above on the connection between
the static response and a hidden symmetry are reminiscent
of the Laplace-Runge-Lenz vector, the conserved quantity
associated with a dynamical symmetry in the Kepler
problem [43]. The Laplace-Runge-Lenz vector explains
the absence of the periapsis shift in the inverse-square
central force. The Laplace-Runge-Lenz vector also appears
in the structure of the hydrogen atom and explains the
degeneracy of the energy levels with different orbital
angular momenta [44]. Some hidden symmetries may also
explain the vanishing of the Love numbers of black holes
based on the analogy of quantum mechanics and the black-
hole perturbation theory as in Refs. [45-52]. However, we
still have a fundamental question: why does such a hidden
symmetric structure exist?

It is natural to expect that a geometrical property such as
spacetime symmetry gives symmetry for perturbation
fields in a given spacetime. In addition, if some hidden
symmetric structure provides a useful way to understand
the vanishing of Love numbers as several authors argued,
the strategy should work for spin-s fields in a unified
manner because the vanishing Love number is a common
property of all the scalar, vector, and tensor-field perturba-
tions to Schwarzschild and Kerr black holes. In this paper,
for the above problems, we study the underlying symmetric
structure of the vanishing of the spin-s-field Love numbers
of the Schwarzschild and Kerr black holes in terms of
spacetime conformal symmetry in a unified manner. We
reduce a perturbation with the harmonic decomposition
into a set of infinite static scalar fields in the two-
dimensional anti-de Sitter spacetime (AdS,). We then
discuss a symmetric structure generated by a ladder
operator constructed from a closed conformal Killing
vector field of AdSz.2 The no static response of the
Schwarzschild black hole can be understood in terms of
the associated conserved quantity. This is also the case of
the Kerr black hole for axisymmetric perturbation fields.
We further discuss the vanishing Love numbers of the Kerr
black hole with the nonzero dissipation numbers for non-
axisymmetric perturbations in terms of a radial constant
which is found in a parallel manner as the axisymmetric

The hidden symmetric structure corresponds to the “ladder”
symmetry in Ref. [33] although the geometrical origin is differ-
ent. Hui ef al. [33] gave a generator, i.e., ladder operator, arising
from a Killing vector field of a Euclidean AdS; for a scalar field
case s = 0; they also found a ladder operator for vector (s = 1)
and tidal field (s = 2) cases but its construction seems to be
heuristic. Our viewpoint gives a ladder operator for spin-s fields
from a closed conformal Killing vector field in AdS, in a unified
manner. Our operator includes the ladder operators in Ref. [33];
the ladder operators in Ref. [41] and the mass ladder operator in
Refs. [49-51,53,54] for a scalar field case.
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field case even though the interpretation for the aforemen-
tioned structure is controversial [33,42,55]. To our knowl-
edge, this is the first attempt to explain no static response of
the Schwarzschild and Kerr black holes for spin-s fields in
a unified manner based on a symmetric approach from a
geometrical point of view.?

The organization of the rest is as follows. Section II
presents a brief review of a static response of the
Schwarzschild black hole to spin-s field perturbations. In
Sec. III, we reduce the problem of the static spin-s field
perturbation on the Schwarzschild black hole to that of
static scalar fields in AdS,, and further show a hidden
symmetric structure governing the perturbations from the
perspective of spacetime conformal symmetry of the
reduced geometry. We then explain in Sec. IV the no static
response of the Schwarzschild black hole in terms of the
symmetric structure. In Sec. V, we discuss the relation
between the vanishing Love numbers and a hidden sym-
metric structure. Section VI is devoted to the summary and
implication of this paper. Appendices give the supplemen-
tary materials; a slowly varying perturbation case, deriva-
tion of a ladder operator from spacetime conformal
symmetry and the application of the operator to perturba-
tions to the Schwarzschild-Tangherlini black hole [56].

II. STATIC RESPONSE OF SCHWARZSCHILD
BLACK HOLES

In this section, we briefly review a linear static response
of Schwarzschild black holes to external spin-s fields, i.e.,
scalar (s = 0), vector (s = 1), and gravitational (s = 2)
fields [14]. We assume that the amplitude of the field is
small, and its wavelength is much longer than the horizon
scale. The field is then described by a linear static
perturbation theory of the Schwarzschild black hole.

A. Linear perturbation theory of the Schwarzschild
black hole

We here review the linear perturbation theory to the
Schwarzschild black hole for the tidal field (s = 2) and its
generalization for the spin-s fields. The Schwarzschild
black hole spacetime is described by

A 72
o) dtdx = - d 4 2R (21)
where

*When the manuscript had almost completed, Ref. [42]
appeared. The generator in Ref. [42] corresponds to the covariant
Lie derivatives with respect to the tetrad transformations of the
Newman-Penrose approach. It appears to come that this and ours
are one of several aspects of the vanishing of Love numbers from
different perspectives. We mention here that for a scalar field
case, the generators of SL(2,R) symmetry in Refs. [40,42] are
Killing vector fields of AdS,.

A=z(z-1), (2.2)

and dQ? = d#* + sin’Adg? is the line element of a two-
dimensional unit sphere S?. In the current coordinate
system (,z,0,¢), the radial coordinate z is defined in
the range z € (1, o), where z = 1 and oo correspond to the
locations of the event horizon and spatial infinity,
respectively.

We first explain the linear theory of a tidal field
perturbation, i.e., s = 2. On the Schwarzschild background
(2.1), the linearly perturbed metric takes a form,

G = 9 + B, (2.3)

where h,, is a linear perturbation. Each independent
component of £, is classified as either scalar or vector

part on S, which can be expanded in terms of scalar
spherical harmonics or vector spherical harmonics, respec-
tively [57,58]. The scalar and vector parts correspond to
even and odd parts, respectively, under the parity trans-
formation (0, p) - (z — 60, + =). The former and latter
are also called the polar-type and axial-type perturbations,
respectively. Thus, we have

(axial)

h/,tIJ = hﬂ(};olar) + h/,w s (24)

where 22 and 12 denote the polar- and axial-type

perturbations, respectively.

In the Regge-Wheeler gauge [59], the linearized Einstein
equation for the axial- and polar-type perturbations is
reduced to two independent master equations. One for
the axial-type perturbation @7 is the so-called Regge-
Wheeler equation [59] in the static limit:

T2 T3

- =0,
< Z ‘

. (2.5)

Ad<éd®;> ZA[f(f+1) 3](1)

72 dz

where £ = 2,3, ... is the index of multipoles. Note that
the azimuthal number m does not appear because of the
spherical symmetry of the background spacetime. The
other for the polar-type perturbation is the so-called
Zerilli equation [60]. As shown in Appendix A, with
the Chandrasekhar transformation [61], the solutions of the
static Zerilli equation can be generated from that of the
static Regge-Wheeler equation (2.5).*

We next give a perturbation equation for the spin-s fields.
Static scalar field (s = 0), vector field (s = 1), and axial-
type tidal field (s =2) perturbations are uniformly
described by [58,63,64]

“The master variable of the static polar-type perturbation can
be defined well in the static limit as well [62].
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Ad (MDY Afe(+1) s2=1]
22 dz (z2 dz ) 72 { e 7 ]q)f =0. (26)
where ¢ > s. In this work, we regard Eq. (2.6) as a
fundamental equation governing static spin-s field pertur-
bations to the Schwarzschild black hole in a unified manner
because the polar-type tidal field perturbation can also be
described by the axial-type one with the Chandrasekhar
transformation [61] as stated above.

B. Spin-s-field Love and dissipation numbers

Here, we introduce the notion of the spin-s-field Love
and dissipation numbers. We consider asymptotic behav-
iors of solutions of Eq. (2.6) at the horizon and large
distances. On the one hand, at the horizon z = 1, we have
two linearly independent asymptotic solutions, i.e.,

o)

~const.,, In(l—1/z). (2.7)

z—1
Note that, at the horizon, the former and latter are regular
and logarithmically divergent, respectively. On the other
hand, at large distances z > 1, we have two linearly
independent asymptotic solutions, i.e.,

£+1 -

oY)~ 2 (2.8)

A generic expectation might be that in the distant region
z> 1, the regular solution at the horizon, i.e., <I>L(f)|
const would be written in the form of a linear combination

of two linearly independent solutions, i.e.,

z—1 ~

Y|y o 271+ O(1/z2) + 2k 77271 (1 + O(1/2))].
(2.9)

Physically, the first and second terms are interpreted as
the external perturbation field and the static response
of the black hole, respectively. The coefficient k;v) is
generically complex. The real part is called spin-s-field
Love numbers [20,30]. Dissipation numbers can be read off
from the imaginary part [23,25]. In the same manner, the
tidal Love and dissipation numbers for the polar-type
gravitational perturbation can also be defined [14,16].

C. Example: Lowest multipole (£ =s) case

As an example, we show no static response to the lowest
multipole mode of the physical solution. The analytic

()

expressions for @, are given, respectively, by

0) _

o =4+ cV%zm1-1/2). (210

for s = 0, and

o) =2+ V1 + 22422 (1-1/2)],  (2.11)
for s = 1, and
@éz) = C(12>Z3 + ng)z_l[?ﬁ +4z+ 622+ 1273

+ 1224 1In(1 = 1/2)], (2.12)

for s = 2, where C\" and C") are constants. Note here that

the term of Cgs) has a logarithmic contribution, which is

divergent in the horizon limit z — 1. To ensure the
regularity of the perturbations at the horizon, we have to

set Cgs) = 0. Therefore, the solution regular at the horizon
takes the form,

o) = Vs, (2.13)

Note that this solution has no decaying term of z at large

distances z > 1. Thus, the coefficient k_(f) is precisely zero
for the Schwarzschild black hole, meaning no static
response. One can show that the higher-multipolar spin-
s-field Love and dissipation numbers also vanish in the
same manner. The tidal Love and dissipation numbers for
the polar-type tidal field perturbation are also precisely zero
as shown in Appendix A.

II1. HIDDEN SUPERSYMMETRIC STRUCTURE
OF STATIC PERTURBATIONS

In this section, we show the existence of a ‘“super-
symmetric” structure governing static spin-s field pertur-
bations to the Schwarzschild black hole from a geometrical
point of view. We first demonstrate that the static spin-s
field perturbation to the Schwarzschild black hole can be
reduced to a set of infinite static scalar fields in the two-
dimensional anti—de Sitter spacetime (AdS,). We then
construct a ladder operator that is a generator of the
symmetric structure, from a particular spacetime conformal
symmetry of AdS,, and further derive the conserved
quantity associated with the symmetric structure. In
Appendix B, we show that the following discussion is
completely parallel also for a slowly varying perturbation.

A. Reduction to AdS,

The static spin-s field perturbation satisfies

Ad (Ad@) A [K(erl) s2—1
2dz z z z

=777 - — d, =0 3.1
z 22 dz 2 2 3]f - ()

which is the same as Eq. (2.6). Henceforth, we omit the
superscript s denoting the spin of the field. We rewrite
Eq. (3.1) into more convenient form for later discussion:
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%(A%) - <f(f+ 1) —s—;>¢f =0, (32)

where we have defined
(3.3)

In what follows, we shall see that Eq. (3.2) can be
identified as the equation of motion for a static scalar
field in AdS,. Consider a line element in the static
coordinates (7, z),

G952 dxadyb = —Adf* + %dzz, (3.4)
where a, b run t and z. The scalar curvature of this metric is
calculated as

R® =2 (3.5)
The spacetime described by Eq. (3.4) has a negative

constant curvature, i.e., AdS,. The d’Alembertian in
AdS, is given by

1
Oags, = ——07 + 9,(Ad,).

X (3.6)

It should be noted that the first term of the left-hand side of
Eq. (3.2) corresponds to the d’ Alembertian (3.6) for a static

field, i.e.,
d d
DAd52 - d_z <A d—z) .

This indicates that the variable ¢, in Eq. (3.2) can be
identified as a scalar field in AdS, of Eq. (3.4) satisfying an
equation of motion,

(3.7)

[DAd52 - (zf(f +1)- %ﬂ $,=0. (3.8

Thus, the static spin-s field perturbation to the
Schwarzschild black hole can be reduced to a set of infinite
static scalar fields in AdS, of Eq. (3.4). Note that this
reduction differs from the so-called near-horizon limit for
extremal black holes [65] because the emergence of the
AdS, geometry is not inherited from the enhancement of
the isometry of the background spacetime itself [66,67].
We comment that the reduction above corresponds to the
static limit of that of a slowly varying time-dependent
perturbation. As shown in Appendix B, a slowly varying
time-dependent spin-s field can be reduced to a time-
dependent scalar field in AdS,. The equation of motion for
that takes the same form as Eq. (3.8). The following

argument works even for the case of the time-dependent
field in an almost parallel manner.

B. Ladder operator from spacetime conformal
symmetry

We define a generator of a hidden symmetric structure,
i.e., ladder operator, based on the AdS, geometry,

kj: a 52
Dki = £é‘ - 7 VaC - E N (39)
where
k, =-¢—-1, k_=7¢. (3.10)

Here, L; is the Lie derivative with respect to a vector field

¢“ called a closed conformal Killing vector field in AdS, of
Eq. (3.4),

W _Aaz’ (3.11)
which satisfies a conformal Killing equation,
ﬁgguh = (VL) 9aps (3.12)
with the closed condition,
Vils = Vil (3.13)
The operator Dy, in Eq. (3.9) can be written as
Dki_Adiz_%<21_1_%>' (3.14)

We here point out that the ladder operator satisfies a
commutation relation,

2
|:DAdSZ + 7’ Dki:|

2
= =2k, Dy, + (VL) |:DAdSZ - <ki-(ki- +1) = SZ)]

(3.15)

Note that the construction of the ladder operator is
coordinate-independent as seen in Appendix C. We also
comment that the z-coordinate corresponds to a direction of
symmetry generated by the closed conformal Killing
vector field.

For the case of s = 0, the operator (3.9) corresponds to a
mass ladder operator which maps a solution of a massive
Klein-Gordon equation into another solution of that with
different mass squared [49-51,53,54]. The ladder operator
(3.9) corresponds to an extension of the mass ladder

124030-5
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operator to the case where the massive Klein-Gordon field
in AdS, has an additional potential term. In the current
case, the important point for the construction is not only
that the effective AdS, geometry emerges but also that
the potential form inherited from the original black hole
geometry belongs to a special class: as is seen in
Appendix C, for a scalar field with a generic potential
term in AdS,, the possible potential form which admits the
ladder operator is strongly restricted in the form which is
associated with the closed conformal Killing vector field
in AdS, [see Eq. (C24)], constraining the form of the
corresponding ladder operator at the same time [see
Eq. (C23)]. In other words, an arbitrary potential term is
prohibited by the closed conformal Killing vector field. In
this sense, the ladder operator has a geometrical origin. It
should then be emphasized that the potential term in
Eq. (3.8) admits the ladder operator and is inherited from
the property of the original Schwarzschild geometry. This
also implies that the linearized Einstein equation around
Schwarzschild black holes in the static limit belongs to a
special class admitting a ladder operator.

Surprisingly, the expression for the ladder operator
(3.14) with s =0 corresponds to that in Eq. (2.4) in
Ref. [33] and that in Eq. (2.20) in Ref. [41] although their
constructions are completely different. The expression
for the operator (3.14) with s =2 also corresponds to
Egs. (C.4) and (C.5) in Ref. [33], which are heuristically
constructed; we derive them and explain their origin in a
general context in terms of a detailed analysis based on the
geometrical perspective in AdS, in Appendix C.

C. Transformation of static scalar fields
by ladder operators

Now, we act the commutation relation (3.15) with k_ in
Eq. (3.10) on a smooth function ¢,(z), yielding

(Dy +V,89) |:DAdSZ - <f(f+ 1) - 2)]¢f

s
Z

- [DAdSZ - ((f— 1)5—5)}@@. (3.16)

When the function ¢, satisfies Eq. (3.8), the left-hand side
of the relation (3.16) vanishes; thus, obtaining

[DAdSZ - <(f —1)¢ - s;)] Dygpy = 0. (3.17)

This implies that the function D,¢, generated by a trans-
formation ¢, — D,¢p, is a solution of the equation of
motion for ¢, in Eq. (3.8) with £ — ¢ — 1. In other words,
the action of the ladder operator D, generates a solution
with the multipole index shifted as £ — £ — 1. In the same
manner, by acting the commutation relation (3.15) with k.

in Eq. (3.10) on ¢,, one can show that the ladder operator
generates a function D_,_;¢,, which satisfies

{DAdSZ - ((f+ 1)(¢ +2) —%)]D_f_lqsf =0. (3.18)

The function D_,_;¢, is a solution with the multipole
index shifted as £ — ¢ + 1.

Given the commutation relation (3.15), the multiple
action of the ladder operators further shifts the index ¢
of the solution as follows. When considering Nth order
multiple actions of the ladder operators on ¢, in Eq. (3.8),

$r = Deni1- D1 Dy, (3.19)
we obtain
§2
O~ (16 -mie-ns1)-2)]
XDy ni1+-DeyDegpp = 0. (3.20)

This multiple action generates a solution with a shifted
index as £ — ¢ — N. In particular, as will be seen later,
the (£ —s)th order action generates the lowest multi-
pole mode from the higher multipole mode indexed
with Z. In the same manner, Nth order multiple action
D_y_n-D_y_2D_p_q on ¢, generates a solution with the
index shifted as £ — £ + N.

D. Supersymmetric structure

The ladder operator relates a static solution with a given
¢ to other static solutions with a shifted multipole index.
That means that the transformation generated by the ladder
operator keeps the “shape” of the equation of motion. We
discuss here the underlying structure of the shape invari-
ance, i.e., hidden supersymmetric structure.

Let us consider the system that consists of a pair of fields
(s, prs1) governed by the action,

1 d 2 d 2
s=5 [ac|-(a g0 ) ver- (a5 0e)
- Vfi1¢§il:|, (3.21)

where the potentials are given by’

°In terms of ky in Eq. (3.10), the potentials take the forms,

N

2 S2
Vf:A[ki(ki+l)_Z:|* Vfil:A{(ki_l)ki_z}

(3.22)
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2

Vf:A[f(erl)—sz],

2

Voot = A[(fi D(£+1+1) -ﬂ (3.23)

The action (3.21) is invariant under the continuous trans-
formation,

Gr = Pr + €Dy Ppyr, Gri1 = Pri1 + €Dy Py,

(3.24)

where € is an infinitesimal parameter. We discuss the
corresponding conserved quantity in the next subsection.
One can inductively generalize the above symmetry of the
pair (¢z, sy ) to that of infinite pairs (¢, Ppry, Prin, ).
As will be seen below, the transformation (3.24) generates a
supersymmetric structure.

We now discuss the detailed property of the above
symmetry. By varying the action (3.21) with respect to
¢, and ¢, ,, we obtain the equations of motion for ¢, and
¢¢+1, which are consistent with Eq. (3.8),

Hedpy =0, Hfil¢fi—l =0, (3-25)
where we have defined the Hamiltonians,
d d
=—-A— | A— Vv
e dz < dz) e
d d
=—-A—(A— V. 3.26
Hes e < dz) + Ve ( )

Introducing a function,
(3.27)

ki s
Wi, ’=7 <2Z— 1 —E>7

the potentials V, and V4 in Eq. (3.23) can be written as

2 dei 2
V,= Wki + A iz +ﬁki,
dw,,
Vier = W%i -A a2 +ﬁ%i’ (3.28)
where we have defined
K2 —s?
= 3.29
P, T (3.29)

In terms of W, in Eq. (3.27), the ladder operator takes the
form of Dy, = A diz — Wy, . One can then show the follow-
ing relations:

Hf = D—kkai +/B%i’ Hfil = DkiD_ki +ﬁ%¢

Dy, Hypsr = Dy, (D_i . Dy, + ﬂ%ﬁd’t’ =Hp1Dy, s =0,

D_y, Hosi1¢pe1 = Doy, (D, Dy, + B i)(ﬁfil =H/D_i, pr+1 = 0.

It can be seen that given the solution ¢, of H,, the function
Dy, ¢ is that of Hy.y; given the solution ¢, of Hyy g, the
function D_ ¢, is that of H,.° In other words, ¢,
and ¢, are associated with each other through the
transformation generated by the ladder operator. In this
sense, ¢, and ¢,,; are a symmetric partner under the
transformation by the ladder operators. Note that for a
given ¢,, there exist infinite symmetric partners with
different multipoles generated by the multiple action of
the ladder operators. This feature corresponds to the
supersymmetric structure seen in supersymmetric quantum
mechanics [68].

The above symmetric structure can be understood from
the property of the following algebra. Defining matrices,

®This is the emergence of the vertical symmetry in Ref. [33].

(3.30)
This implies

(3.31)
|
H:(Hf—ﬂzi 0 ) Q:< 0 0>’

0 Hfil _ﬁ%t Dki 0

[0 D,
0= (0 . > (3.32)
then, we have
H.Q]=[H.Q]=0. {Q.Q}=H,
{Q.0} ={Q.0} =0, (3.33)
where O is the zero matrix; [,] and {,} denote the

commutator and the anticommutator, respectively. This is
known as the supersymmetry algebra, wher_e Dy, and D_y,
correspond to an intertwiner, and Q and Q correspond to
supercharges in supersymmetric quantum mechanics [68].
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E. Conserved quantity from the supersymmetric
structure

We derive the radially conserved quantity associated
with the supersymmetric structure. When performing the
transformation (3.24), the invariance of the action (3.21)
leads to a conserved quantity,7

dD_
Wy = (D—ki(ﬁfil) <A %) - <A M) Pe.
Z dz

(3.34)

One can show the radial conservation of WV, for the fields
that satisfy the equations of motion, H,¢, =0 and
Hyr1¢pp41 = 0. In other words, the quantity W, is con-
served in the direction generated by the closed conformal
Killing vector field.

We discuss the property of the conserved quantity in
the radial direction. Let us consider the pair of the lowest
multipole mode ¢, for a given spin weight s and an
originally “unphysical” mode ¢,_;. From the explicit forms
of the ladder operator, Dy; = z(z— 1)+ s(z— 1), it
follows that D_ ¢p;_;|._,; = 0 and Dy¢,|._,; = 0 for ¢p,_,
and ¢, with the regularity condition at z = 1, while this is
not the case for the logarithmically divergent solutions.
This is a unique property for the pair with ¢,_;, and is not
the case for pairs without it, e.g., (¢, ¢, ). The radial
conservation of W, then leads to

(Do) 5[ Dh] =0, (3.35)

This means that with the general solution of ¢,_; prepared,
the conservation of W, is equivalent to that of the following
quantity:

YS = ZS,DS¢S' (3'36)
From the observations above, the radially conserved
quantity Y, identically vanishes for ¢, with regularity at
z = 1, while that is nonzero for the logarithmically diver-
gent solution. This shows that D¢, itself identically
vanishes for ¢; with regularity. The quantity Y is propor-
tional to the induced multipole moment [14,15] as will be
seen in Sec. I'V. The vanishing of D¢, under the regularity
condition is similar to the phenomenon known as “unbro-
ken supersymmetry” in the context of supersymmetric
quantum mechanics [68].8

"There exists another Wey =
dDy ¢,

(Dr.de)(A %“’;‘) — (A—4—)¢sx1, which is equivalent to the
quantity (3.34) for the fields satisfying the equations of motion.

One can show from another conserved quantity W,_; that
D_,¢,_; also identically vanishes; this is also similar to unbroken
supersymmetry [68].

conserved  quantity,

One can obtain a radially conserved quantity for general
multipoles. The ladder operators map a given ¢, into the
lowest multipole mode, b, = Dsy1 - Dy_1Dygpy, thereby
yielding a conserved quantity in the radial direction,

Y, = 2*Dyghy. (3.37)

The quantity Y, is proportional to the induced multipole
moment [14,15].

IV.NO STATIC RESPONSE OF SCHWARZSCHILD
BLACK HOLE FROM HIDDEN
SYMMETRY

In this section, we discuss no static response of the
Schwarzschild black hole to the spin-s field perturbation in
terms of the supersymmetric structure. In Appendix D,
we show that for the case of the polar-type tidal field
perturbation.

A. Lowest multipole mode case

First, we show the vanishing of the Love and dissipation
numbers for the lowest multipole mode ¢, with a given spin
weight s, by exploiting the radial conservation of Y, in
Eq. (3.36). For the general solution of ¢, we have

Y, = ZS,Ds(bs

= 285 ().

p (4.1)

The radial conservation of Y includes horizontal symmetry
found by direct inspection of the Regge-Wheeler equation
in Ref. [33].

Without knowledge of the exact solutions of the pertur-
bations, we instead use the asymptotic solutions at the
horizon and large distances, i.e.,
In(1-1/z),

¢s|._; ~ const., (4.2)

and

¢S|z>>1 ~Z, L (4-3)

The translational conservation of Y of Eq. (4.1) tells us the
asymptotic behavior of the solution at large distances under
the requirement of the regularity at the horizon as follows.
The evaluation of Y in Eq. (4.1) for ¢|._,; ~ const yields
Y, = 0 at the horizon (A = 0), as we have already known,
for ¢g|,.s, ~ z* it also leads to Y = 0. On the other hand,
the values of Y are nonzero for ¢,|._,; ~In(1 —1/z) and
¢g|.»1 ~ 277! then, Y is included in the factor in front of
the decaying solution and is proportional to the induced
multipole moment [14,15]. Therefore, the solution regular
(logarithmically divergent) at the horizon must connect to a
purely growing (decaying, respectively) solution of z at
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large distances. This shows that for ¢,, the spin-s-field
Love and dissipation numbers of the Schwarzschild black
hole vanish.

B. General multipole case

Next, we extend the discussion above to the general
multipole case by using the ladder operators. As stated at
the end of Sec. III, the ladder operators map a given mode
¢, into the lowest multipole mode ¢, = D1 Dy 1Dygpy,
giving rise to a conserved quantity in the radial direction,

Yt’ = ZS,DS&S

d ~
— Z2sA_ (Z—s¢s) ,

p (4.4)

which is the same form as Y, in Eq. (4.1).
Asymptotic solutions of ¢, at the horizon and large

distances are, respectively,

In(1-1/z),

¢¢|._1 ~ const., (4.5)

and

¢f|z>>l ~Z, L (4.6)

Noting that the ladder operators have no logarithmic term,
the solution regular at the horizon, ¢,|,_,; ~ const, should
give rise to (f)s| .1 ~ const, showing the vanishing of the
conserved quantity Y, On the other hand, the solution
logarithmically divergent at the horizon, i.e., ¢,|._;~
In(1 - 1/z), leads to ¢,|,_.; ~In(1 — 1/z), giving the non-
zero Y.

From the asymptotic form of the ladder operators at large
distances,

D, =722(1 + O(I/Z))di_ £z(14+O(1/z)) for z>1,

z
(4.7)

it follows that the ladder operator D, cancels out the
leading term of ¢/ | ~ z¥. Hence, the leading behavior of
Dsps|.»1 comes from the subleading term of .|,
leading to Dy¢ps|.5, ~z°~!. In the same manner, one
can show D, Dss|.» ~2'7% This indicates that
(¢ — s)th order action of the ladder operators on ¢y ., ~
7% leads to ¢|,, ~ 2, giving the vanishing of Y. On the
other hand, the ladder operator on ¢,|.,; ~z7%~! leads to
Dyps|.»1 ~ 2. Hence, the (¢ — s)th order action leads to
byl 1 ~ 27*71, giving nonzero Y,, which is proportional
to the induced multipole moment [14,15].

To summarize the above analysis, the solution regular
at the horizon, ie., ¢, .1 ~const, and the solution
purely growing at large distances, i.e., /|, ~2°, give

the vanishing Y,, while the solution divergent at the
horizon, i.e., ¢s|,_,; ~In(1 —1/z), and the solution purely
decaying at large distances, i.e., ¢z, ~ 277!, lead to the
nonzero Y,. This shows that the solution regular at the
horizon connects to that purely growing at the distant
region, and does not contain the decaying term, i.e.,
the vanishing of spin-s-field Love and dissipation numbers
for all 7.

V. VANISHING LOVE OF KERR BLACK HOLES
FROM HIDDEN SYMMETRY

We here study the vanishing of Love numbers of the Kerr
black hole for static spin-s field perturbations in terms of a
hidden supersymmetric structure. We first reduce the static
perturbation into a set of infinite static scalar fields in AdS,.
It is then found that there exists the hidden supersymmetric
structure from spacetime conformal symmetry of the
reduced geometry in the parallel manner as in the
Schwarzschild black hole case. We show no static response
of the Kerr black hole in terms of the associated conserved
quantity. We also discuss the vanishing Love numbers of
the Kerr black hole with the nonzero dissipation numbers
for the nonaxisymmetric perturbations.

A. Spin-s-field Love numbers of Kerr black holes

Linear perturbations to the Kerr black hole are governed
by the Teukolsky equation [69]. The radial Teukolsky
equation for the spin-s field perturbation in the static limit is
given by

d d m?y? + imys(2z — 1)
A~ — AS+1 _(I)(f)
dZ ( dZ fm(z) + A

—f(f+1)+s(s+1)><1>;"}1(z)_0, (5.1)

where £ and m are integers such that £ > s and |m| < 7.
The dimensionless parameter y € [0, 1) denotes a spin of
the black hole and

A=z(z—1). (5.2)

The dimensionless radial coordinate z € (1, o0) is related to
the areal coordinate r as

z= —, (5.3)

where r, and r_ are the radii of the event and Cauchy
horizons, respectively. In this coordinate, the event
horizon and infinity are located at z =1 and z = oo,
respectively.

The static response of the Kerr black hole is charac-
terized by the asymptotic behavior of the field at large
distances under the requirement of the smoothness of a
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function A2®) at the horizon 7 = 1 [22,24]":

;)

o 2514+ 0(1/2) + 60211+ 0(1/2)].

(5.4)

>>1

Note that in general the coefficient K.'E,;Srzl is complex based on

the Newtonian analogy for rotating bodies. The real part of
K,(;,zl is called the (conservative) spin-s-field Love numbers.
The dissipation numbers can be read off from the imaginary
part [23,25]. For spin-s field perturbations, the Kerr black
hole has zero conservative Love numbers but has nonzero
dissipation numbers in general [23,25]. In the case of the
axisymmetric static perturbation m = 0, the dissipation
numbers also vanish [22,24].

B. Reduction to AdS,

We first reduce the static spin-s field perturbation into a
two-dimensional problem. Introducing a new variable,

¢%) (2) = A2 (5.5)

the static Teukolsky equation (5.1) can be rewritten as

d d Am?y? — s*
Bl _ [P
dz ( dz ¢fm> <f(f+ ) 4A

1-22\
+ imys Z) o) =o. (5.6)

A

This equation can be identified as an equation of motion for
a static scalar field in AdS,, whose line element is given by
Eq. (3.4). We thus reduce the static perturbation to the Kerr
black hole into a set of infinite static scalar fields in AdS,,
which satisfy

dm2y? — 52

4A

1-2 s
{DAdSZ_<f(f+1)_ +lm)(s A Z):|¢(fn)1:0’

(5.7)

where the d’ Alembertian [y, is given by Eq. (3.7). Note
that even in the nonrotating limit y — 0, Eq. (5.7) does not
reproduce Eq. (3.8) because the Teukolsky equation is not
smoothly reduced to the Regge-Wheeler equation.

The requirement above corresponds to eliminating of a
logarithmic contribution from the asymptotic solution near the
horizon. The presence of the logarithmic contribution gives

blowups of the second-order derivative of AZCD% at the horizon
[22,24]. The smoothness condition also corresponds to no out-
going-wave boundary condition for time-dependent fields in the
zero-frequency limit [22,24].

C. Supersymmetric structure and radially conserved
quantities

We here show the existence of a supersymmetric
structure and derive the associated conserved quantity in
the radial direction. As shown in Appendix C, in the current
system, we have a ladder operator arising from spacetime
conformal symmetry of AdS,,

d & 2
D, = ——£<2z—1—i m“), ky =—£—1,

(5.8)

which shifts # into £ £ 1 in Eq. (5.7). This arises from the
Kerr geometry for the same reason as the ladder operator
(3.9) for the Schwarzschild black hole does (see also
Appendix C). Note that the construction of the ladder
operator is coordinate-independent. The ladder operator
(5.8) corresponds to the operators in Egs. (3.7) and (D.2) in
Ref. [33], and the operator with @ = 0 in Eqgs. (19a) and
(19b) in Ref. [55].

To see that the operator (5.8) is a generator of a hidden
supersymmetric structure, let us consider a pair of the

fields, (%), #%), ), governed by the action,

1 d 2 d 2
S = 5/ dz [— <Ad_z¢fm> Vi — (Ad_zd)film)

- Vfilm(ﬁ;ilm] s (5'9)
where
Am2y? — §2 -2
Ve = A2 +1) =X 25 4 imys °l
4A
Am2y? — §2
Voen =A|(££1)(f£1+1) - X 75
4A
1-2
+imyrs — Z]. (5.10)

Henceforth, we omit the superscript s of the variables. The
equations of motion for ¢,,, and ¢,.1,, are given by

Hfm¢fm = O’ Hfﬂ:lmd)film = 0’ (511)
where the Hamiltonians are defined as
d d
Hep = —A—( A— Vims
‘ dz ( dz) Ve
d d
Hepim==BD— (A= |+ Virim, (5.12)
dz dz

which are consistent with Eq. (5.7). One can then show
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Hem = Dy, Di, + Pi,Pr.»

Hesim =Dy, Dy, + Pr. Pk, (5.13)
with
1
Bo. = (= +i25) (s + k). (5.14)
* 2 ki
Here, we have
Dkth’mqbfm = Hf:tlm’Dkiqsfm =0,
D—kin:tlm¢f:tlm = Hme—kiquilrn =0, (515)

which has the same structure as Eq. (3.31) does. Therefore,
¢sm and ¢y, are a symmetric partner under the trans-
formation generated by the ladder operator, which can be
understood from the property of the supersymmetry alge-
bra. Note that the supersymmetric structure can be gener-
alized to that of infinite pairs (P, Priim> Prsom " *)-

In the same manner as for the Schwarzschild black hole
(Sec. III), the pair of the lowest multipole and an originally
“unphysical” mode, i.e., (g, Ps_1m), gives rise to a
constant in the radial direction,

z—1 —imy
Psm = (T) AS/ZDsqbsm'

For general multipoles, one can also obtain radial
constants by mapping ¢, into a lowest multipole ¢,,, :=

Doy DeiDetprn:

z— 1 —imy ~
me = <T> AS/zDs¢sm'

(5.16)

(5.17)

The quantity Py, can be interpreted as the radially
conserved quantity associated with the supersymmetric
structure of the static scalar field in AdS,.

For the case of m # 0, ¢, of |m| > £ can be generated
by the ladder operator. In terms of the original perturbation
field to the Kerr black hole, the combination of the radial
function of |m| > ¢ with the corresponding angular func-
tion is singular with respect to the angular variables. This
means that the structure generated by the ladder operator
(5.8) with m # 0 and the constant P, are not prescribed
under the regularity condition to the angle for the original
perturbation field. Although the structure is nothing else
but a reflection of the mathematical property of the current
four-dimensional system, the interpretation is controversial
(see discussion in Refs. [33,42,55]). On the other hand,
for m = 0, no such solutions are generated. Therefore, the
structure generated by the ladder operator (5.8) with m = 0
and the radially conserved quantity P,, are prescribed
under the regularity condition to the angle for the original
perturbation field.

In the following, we show no static response, i.e.,
vanishing of both Love and dissipation numbers, of the
Kerr black hole for the axisymmetric field (m = 0) with
the radially conserved quantity P,y We also discuss the
vanishing Love numbers of the Kerr black hole with the
nonzero dissipation numbers for the nonaxisymmetric
fields (m # 0) in terms of the constant in the radial
direction, P,,,, even though that is not prescribed under
the regularity condition to the angle. We leave a further
discussion on the geometrical interpretation of the afore-
mentioned structure of the nonaxisymmetric perturbation
field in outlook.

D. No static response for axisymmetric fields (m =0)

We show the vanishing of the Love and dissipation
numbers of the Kerr black holes for the axisymmetric mode
(m = 0) from the radially conserved quantities Pg,,_ in
Eq. (5.16) and P,,,_ in Eq. (5.17). For a given spin weight
s, we have two linearly independent asymptotic solutions
of Eq. (5.7) at z =1 and z > 1, respectively:

qﬁgfozo)‘ |~ const., In(z - 1),
=

~(z— 1)s/2, (z -

1 —-s/2
z—1 ) ’

P | (5.18)

and

~7, 7L
>>1

beo (5.19)

The Love and dissipation numbers can be read off from the
asymptotic behaviors at large distances under the require-
ment of the smoothness of A?®,, at z = 1 [22,24]:

~(z—1)"2

~ const., (5.20)

s=0 s=1,2
oo | o |
- -

The other asymptotic solution, i.e., ¢I(;()=1.2) 1
—

(z — 1)7*/2, has a logarithmic contribution in the sublead-

ing term, leading to the blowups of the second-order

derivative of A2®"?) at the horizon.

We show the vanishing of the Love and dissipation
numbers by using the radially conserved quantities Py,,_
and Py, of Egs. (5.16) and (5.17), respectively, in the
same manner as in the Schwarzschild black hole case in
Sec. IV: for the axisymmetric scalar field (m = 0, s = 0),
the system (5.7) and the ladder operator (5.8) are the same
forms as those for the Schwarzschild black hole, i.e.,
Eqgs. (3.8) and (3.14) with s = 0, respectively, implying
that g{)(f%) satisfying the condition (5.20) is purely growing at
large distances z > 1. Thus, we immediately conclude that
the scalar-field Love and dissipation numbers vanish for all

the axisymmetric modes qb;%), ie., K%) =0.
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For the vector (s = 1) and tidal fields (s = 2), the
asymptotic behaviors of ¢, in Eq. (5.19) and the ladder
operator (5.8) at large distances z > 1 are the same forms
as those for the Schwarzschild black hole, i.e., Egs. (4.6)
and (4.7), implying that the radially conserved quantity
Psn,—o vanishes for the purely growing solution
$ 0|51 ~ 2, while does not for the purely decaying
solution ¢ygl.5; ~z7¢~!. Furthermore, for the lowest
multipole mode, the quantity Pg,,_, of Eq. (5.16) vanishes
for ¢, satisfying the condition (5.20) at z = 1, while P,
can have a nonzero value for the other asymptotic solution
at z = 1. These imply that ¢, satisfying the condition
(5.20) is purely growing at large distances; therefore, the
Love and dissipation numbers for ¢, vanish, i.e., k;y = O.
For general multipoles, one can also show that the radially
conserved quantity Pg,,_o of Eq. (5.17) vanishes for ¢y
with the condition (5.20) at z = 1, while does not for the
other asymptotic solution at z = 1, implying the vanishing
of the spin-s-field Love and dissipation numbers for all the

axisymmetric modes ¢y, i.e., K% =0.

E. Discussion: Nonaxisymmetric field case (m # 0)

We discuss the vanishing of the Love numbers for the
nonaxisymmetric modes (m # 0) in terms of the radial
constants, P,,, and P, in Egs. (5.16) and (5.17). Although
the structure generated by the ladder operator and the
constant P,, are not prescribed under the regularity
condition to the angle in terms of the perturbation field
to the Kerr background, we show the vanishing of the Love
numbers in the following.

We introduce a new variable,

Frn(z) = A <L> imx‘ﬁfm- (5.21)

z—1

The asymptotic behaviors of F,,, at z =1 and z> 1 are,
respectively, given by

~ const.,

z—1

Ffm

(Z _ 1)—21‘m;(+s7 (522)

and

with

The requirement of the smoothness of A’®,,, at z = 1 as in
Refs. [22,24] corresponds to

Fyp, " const., (5.24)

whose asymptotic behavior at large distances z > 1 deter-
mines the Love and dissipation numbers [23,25,33,55].

We first discuss the lowest multipole case ¢,,,. The
constant in the radial direction, P,,, of Eq. (5.16), can be
rewritten in terms of F,, as

d
Psm = Z(Z - 1>_Fsm + [2”’)’[){ - S(2Z - 1)]F9m

- (5.25)

It follows from the asymptotic behaviors of F,, given in
Eq. (5.22) that Py, is nonzero for F, satisfying the
condition (5.24) and vanishes identically for the other
solution in Eq. (5.22) from the constant in the radial
direction. Furthermore, both the asymptotic solutions at
large distances z > 1, i.e., those of Eq. (5.23), lead to
nonzero P,,, implying that F,, satisfying the condition
(5.24) behaves as

Fsm|z>>l & Zzs[l + O(‘I‘/Z) + KS”‘IZ_ZS_l(l + O(I/Z))]’
(5.26)

for a nonzero coefficient «,,. Note that P, corresponds to
an overall factor of F,, satisfying the condition (5.24) and
is proportional to the tidal moment [14,15].

The vanishing of the spin-s-field Love number can
be shown as follows. The nonzero P, implies that F,
is a 2sth order finite polynomial of z—1, ie., Fy, =

#oa;(z—=1)/, which satisfies the boundary condition

) .24).10 With the explicit forms of «;, one can show that
the polynomial is proportional to a hypergeometric series
that defines the Gaussian hypergeometric function [70]:
Fyn o, Fi(=2s,1;1 — s+ 2imy; 1 — z), (5.27)
where ,F;(,;;1 —z) is the Gaussian hypergeometric

function around z = 1. Performing the transformation for
,F, [70],

Substituting F,,, = Y Rpa;(z—1) into Eq. (5.25), one
obtains a recurrence relation (j+ 1 — s+ 2imy)a; . = —(j —
2s)a; with ag = Py, /(2imy — s), which implies a;<; # 0 and
Aj>as41 = 0 if Py, #0.
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and

o= —2s, p=1, y=1—s+2imy, (5.30)
one can see that the asymptotic behavior of F,, at large
distances takes the form of Eq. (5.26) because
2F1(351/2)| 51 = 1+ O(1/z). In particular, we further

rewrite Eq. (5.29) to [70]
- 1) +mp),
(5.31)

which gives an analytic expression for the dissipation
number [23,25,55], explicitly showing the vanishing of
the spin-s-field Love number for the lowest multipole, i.e.,
Re[;cﬁi),} =

We next discuss the higher multipole case. The ladder
operator D, in Eq. (5.8) keeps the asymptotic behavior of
¢z at z =1 unchanged. This implies that ¢,,, compatible
with the condition (5.24) can have nonzero P, of
Eq. (5.17), while the other solution has P,,, = 0. In addition,
the fact that the ladder operator D, maps the asymptotic
solutions of ¢,,, compatible with Eq. (5.23) at z > 1 into
those with £ — ¢ — 1 implies that P, is nonzero for them.
Therefore, F,,, with the condition (5.24) behaves as

Fon| _ 221+ 0(1/2) + k7 (14 0(1/2))]
(5.32)

for a nonzero coefficient k,,,. Note that P,, for F,,
satisfying the condition (5.24) is an overall factor and is
proportional to the tidal moment [14,15].

The constant Py, (5.17) implies that F,, can be
expressed as an (£ + s)th order finite polynomial of
z — 1. The explicit form is proportional to a hypergeometric
series that defines the Gaussian hypergeometric function
around z = 1 [70]:

Fop o Fi(=C—s,0+1—s;1—s42imy;1—z). (5.33)
Thus, the transformation for the Gaussian hypergeometric
function as in Eq. (5.28) implies that the asymptotic

behavior of F,, at large distances takes the form of
Eq. (5.32) [70]:

(=20 -10( +1 =50+ 1+ 2imy)

Ko =T N — ST (2f+ )T (—f+2im;()
. £+5s)!
iy = 2)(2(f 2f+1)v 1:[ —)+ml
(5.34)

which gives the analytic expression for the dissipation
numbers, showing the vanishing of the spin-s-field Love

numbers for all the multipoles [23,25,55], i.e., Re [Kf},ﬁ,] =0.

F. Remark: Another perspective from an alternative
equation

We remark here the vanishing of the Love numbers of the
Kerr black holes in terms of an alternative equation instead
of the Teukolsky equation (5.1). It is conjectured in
Ref. [71] that the radial Teukolsky equation is isospectral,
namely, having the same spectra as the following equation:

Ad <A W) + {(ZMCU)Z - V(ferL(Z)i|

2dz dz
x L) (z:0) =0, (5.35)
with
s A 4aw(m — aw
Vin2) =5 {4612@2 1 dao - )
Ap +5(s +1) —aw(2m — aw) s* -1
+ Z2 - ZS s
(5.36)

where M and a are mass and spin parameter of the Kerr
black hole, w is a frequency of the linear fields, (A, is a
separation constant of the spin-weighted spheroidal har-
monics, and A and z are given by Egs. (5.2) and (5.3),
respectively. In Ref. [71], it is suggested that the variable

<I>£fn)1 is generated from the Newman-Penrose scalar by a
highly nontrivial integral transformation [72].

Equation (5.35) can be reduced to the same form as the
static Regge-Wheeler equation (3.1) smoothly in the static
limit @ — 0O:

Ad(AdcpEj,},) A[f(f+1) 2 -1

2dz \Z* dz 22 22 2

o) = 0.
(5.37)

We can find the static limit leads to a surprising feature, i.e.,
the disappearance of m in the master equation. It should be
noted, however, that for the validity of taking the static
limit, the further investigation on the integral transforma-
tion in Ref. [72] is needed.

If the conjecture above holds even for @ — 0 and a
physical boundary condition at the horizon z =1 is

<I>L(fn)1 ~ const, the alternative equation (5.37) may pro-

=1
vide another symmetric perspective of the vanishing of
the spin-s-field Love numbers of the Kerr black hole
as follows: by introducing a new variable defined by

¢ (z) = @) /z as in Bq. (3.3), one can show the
existence of a hidden supersymmetric structure in a
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completely parallel manner as in the Schwarzschild black

5)

hole case and the variable d>(fm thus has no decaying terms

at large distances under the requirement of CI>(;,21\ ~ const.

z—1

VI. SUMMARY AND DISCUSSION

We have investigated the underlying symmetric structure
leading to the vanishing of spin-s-field Love numbers of the
Schwarzschild and Kerr black holes in terms of spacetime
symmetry in a unified manner for the static perturbations.
This is the first attempt to explain their no static response,
i.e., vanishing of both Love and dissipation numbers, in a
unified manner based on a symmetric approach from a
geometrical point of view. We have also discussed the
vanishing Love numbers of the Kerr black hole with the
nonzero dissipation numbers for the nonaxisymmetric
perturbations in terms of a radial constant found in a
parallel manner as the axisymmetric field case.

The key observation is that the static spin-s field
perturbation to both the Schwarzschild and Kerr black
holes can be reduced with the harmonic decomposition into
a set of infinite static scalar fields in AdS,. Here, the
emergence of the AdS, geometry is not derived from the
enhancement of the isometry of the background spacetime
itself. A slowly varying perturbation to the Schwarzschild
black hole can also be reduced into a set of infinite time-
dependent scalar fields in AdS, in a parallel manner.

The hidden supersymmetric structure exists for a static
spin-s field perturbation. In the reduced system of scalar
fields in AdS,, each scalar field is associated with its pair,
implying that all multipole modes of the perturbation can
be regarded as symmetric partners which can be understood
from the property of the supersymmetry algebra. The
generator of the supersymmetric structure is constructed
from a closed conformal Killing vector field of AdS,.
Consequently, a radially conserved quantity exists. In
particular, the no static response, i.e., the vanishing of
both the spin-s-field Love and dissipation numbers of the
Schwarzschild black hole, can be understood from this
conserved quantity in a unified manner. This is also the case
of the Kerr black hole for the axisymmetric perturbation.

In terms of the nonaxisymmetric perturbation field to the
Kerr black hole, the structure generated by the ladder
operator is not prescribed under the regularity condition to
the angular variables. Although its interpretation is con-
troversial [33,42,55], we have shown the vanishing of the
Love numbers with the nonzero dissipation numbers by
using the radial constant found in a parallel manner as the
axisymmetric field case. It should be emphasized that the
aforementioned structure is nothing else but a reflection of
the mathematical property of the current four-dimensional
system even though the singular solutions and regular ones
are connected by the ladder operator. We have left further
discussions on (1) the geometrical interpretation of the
structure in the nonaxisymmetric perturbation field on the

Kerr background; (2) whether or not the singular behavior
is indeed problematic; (3) the connection to Love symmetry
[42], in outlook.

The construction of the ladder operator is coordinate-
independent. We then stress that the analysis with the
ladder operator chose a specific coordinate but used a
geometrically meaningful one: the conserved quantities are
associated with the direction generated by the closed
conformal Killing vector field.

We comment on previous works that have independently
studied the relation between the vanishing of Love numbers
and hidden symmetries. While the generators of those
hidden symmetries appear to come from geometrical
[33,55] or algebraic properties [40—42], they would have
deeper connection with the hidden effective AdS, geom-
etry. We particularly mention that our ladder operator
includes (1) the generators of the ladder symmetry dis-
cussed in Ref. [33], which arise from an isometry of the
Euclidean AdS; at least for scalar fields and are heuristi-
cally constructed for spin-1,2 fields, (2) the generator in
given Ref. [41], which is constructed in terms of the
SL(2,R) symmetry. Our result supports the claim, “the
Love symmetry exactly reduces to the SL(2, R) isometry of
the AdS, near horizon black hole geometry” in Ref. [42].

Our work can have several future extensions. First, it is
interesting to analyze the vanishing of the Love numbers of
the Kerr black hole in terms of the alternative equa-
tion (5.35) in Sec. V. Next, we expect that the vanishing
of Love numbers of other kinds of black holes, e.g., the
Schwarzschild black hole in the Brans-Dicke theory, the
Reissner-Nordstrom black hole in the Einstein-Maxwell
theory [20,28] etc., can also be understood in terms of
another “hidden” symmetry. In our forthcoming paper, we
show more than a few black holes with zero Love numbers
exist either beyond general relativity or in nonvacuum from
hidden symmetries. For testing theories of gravity by future
gravitational-wave observations, we need deeper theoreti-
cal understanding on a system with or without nonzero
Love numbers in advance.
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APPENDIX A: POLAR-TYPE STATIC
TIDAL-FIELD PERTURBATION TO
SCHWARZSCHILD BLACK HOLES:
CONSTRUCTION AND TIDAL
LOVE NUMBERS

Here, we show no static response for the polar-type
perturbation with the aid of the Chandrasekhar transfor-
mation [61]. Static polar-type perturbations ®/(z) are
governed by the Zerilli equation in the static limit [60,62],

Ad (Add;
- — L) —Vi()®f =0, Al
2dz (22 dz ) f(Z) ¢ ( )
where
A (94947432222 + 22(A+2)2°
Vi = — , A2
¢ @) 22 ( 2(Az + 3)? > (A2)

with A = £% + £ — 2. Here, the index £ = 2, 3, ... is that of
multipole modes.

1. Construction of polar-type static tidal fields

We generate polar-type perturbations ®; from an axial-
type perturbation ®7(z) which satisfies the static Regge-
Wheeler equation,

S (B) -vieer -0y

2dz \Z? dz
|

2(=3 + 627 +42°)

Z(13 424z + 1222 = 1223 =33 - 622 —47°) In (1 — 1 /2))

with

_ A[ee+1) 3
Vi(z) = 2 (T_Z_%> (A4)
which is the same as Eq. (2.5). We perform the
Chandrasekhar transformation [61],

o; -» &) =D, D7, (A5)

where

A AA+2)

A
D = —
T2 (14 4z/3) %

d
z°dz

+ 5 (A6)
Z

Then, one can show that d)j; satisfies the following

equation,

Ad (AdD} -

S—|5—5 ) =-Vidl =0. A7
zzdz(z2 dz) e (A7)
This is nothing else but the static Zerilli equation (Al).
Thus, the function &D;f describes a polar-type static tidal-

field perturbation.

2. No static response: Quadrupole case £ =2

We show the vanishing of the quadrupole tidal Love and
dissipation numbers for the polar-type perturbation from
the axial-type one. The general solution of the axial-type
perturbation with # = 2 is given in Eq. (2.12), i.e.,

3+4z+622+1223 + 12z In(1 - 1/2)
12z ’
(A8)

®; =C2+C,

where Cy, C, are constants. Acting the operator D in
Eq. (A6), we obtain

(i)j:Cl 344z 2

This is indeed a solution of the static Zerilli equation (A1)
with £ = 2. Equation (A9) shows that the term of C, is
logarithmically divergent in the horizon limit z — 1; to
eliminate that term, we impose C, = 0, thereby obtaining

2(=3 + 622 +4z2%)

(ND;:CI 3—|—4Z

(A10)

It follows that the solution d~>§ in Eq. (A10) is regular at the
horizon z =1 and is purely growing at large distances

. A
9+ 12z (49)

z>1,1.e, <I>§r \ Y z3. Thus, the quadrupolar tidal Love
and dissipation numbers for the polar-type perturbation
vanish. One can show that this is also the case of higher
multipoles in the same manner.

APPENDIX B: REDUCTION OF A SLOWLY
VARYING PERTURBATION

We reduce a slowly varying spin-s field perturbation into
a time-dependent scalar field in AdS,, which satisfies the
equation of motion with the same form as Eq. (3.8).
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This implies that the time-dependent spin-s field also has
supersymmetric structure. Let us consider a time-dependent
spin-s field perturbation that satisfies the Regge-Wheeler
equation [59]:

A A
— 07 ®@,(1,2) + Z_zaz (z_2 0. D,(1, Z))

SZ—
%(K(ijl)— - 1>d)f(l‘,z)=0. (B1)

Now, we assume that the time dependence of the pertur-
bation is weak: the timescale of the change of the field is
much longer than the black hole radius, i.e., |0,®,|~! > 1.
We further focus on a “near zone” such that the time
dependence of the field is still weak at a distant region
from the black hole horizon, ie., 1 <z < [0,®,|~!. We
then have

4
1

LR, = LD + PR, + 2D, + G, + —oe,

(B2)

where ~ means an equality within the approximations z <«
|0,®,|! and |9,®,|~! > 1. This corresponds to the near-
zone approximation [66,67]. Using this property, we obtain
an equation for the slowly varying spin-s field perturbation
in the near zone 1 < z < |9,®,|~! from Eq. (B1):

1 A -1
—Kat2<1>f+zzaz (Z—Zazcbf> - (f(f+1)—s . >q>f_0.

(B3)
We redefine the variable ®, in Eq. (B3) as
o
¢f(t5 Z) = f . (B4)
One can then obtain
§2
Here, the d’Alembertian [,qg, is given by
L

Uags, = _Xa’ +0.(Ad,), (B6)

which is the same as Eq. (3.6), and is based on the line
element of AdS,,

1
Q8 axadnt = —Ade® + Kdzz, (B7)

which is the same as Eq. (3.4). Thus, the slowly varying
spin-s field perturbation can be reduced to a set of infinite
time-dependent scalar fields in AdS,. As can be seen from
the fact that Eq. (B5) is the same form as Eq. (3.8), one
can define the ladder operator (3.9) and can show a hidden
symmetric structure in a completely parallel manner as the
static-field case.

APPENDIX C: LADDER OPERATORS FROM
SPACETIME CONFORMAL SYMMETRY AND
APPLICATION TO PERTURBATIONS
TO SCHWARZSCHILD-TANGHERLINI
BLACK HOLES

We here derive a ladder operator from spacetime
conformal symmetry of AdS,. In particular, we show that
the systems (3.8) and (5.7) naturally appear under the
requirement of the existence of a ladder operator for a scalar
field in general systems. We further discuss the application
to a slowly varying scalar field perturbation to the
Schwarzschild-Tangherlini black holes [56].

1. Generic time-dependent scalar field in AdS,

We consider a time-dependent scalar field in AdS,,
which satisfies

[DAdSZ - (?(? 1)+ Pﬂ‘l‘? =0, (CI)

where Z is a non-negative real-valued constant. Note that 7
is not necessarily an integer. Here, we have defined the
d’Alembertian in AdS,, [lags,» which corresponds to

Eq. (3.6) in the (7,z) coordinates. For later convenience,
we introduce a new real-valued parameter k such that

k(k+1)=2(Z +1). (C2)
Solving this quadratic equation for k, we obtain
ky=-¢-1, k=2, (C3)

where we have assigned k, on the solutions so that
k. < k_. Note that k, is an integer if and only if # is
an integer. In terms of k., Eq. (C1) can be rewritten as

[DAd52 - (ki(ki F1)+ P)] ¥, =0. (C4)

2. Conditions for commutation relations holding

We first require a commutation relation:

[Daas, = P. D |

= =2k, Dy, +20 [DAdSZ — (kyp(ky +1) + P)} (Cs)
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where Dy, is a derivative operator, and Q is a function in
AdS,. Acting this commutation relation on a smooth
function ¥, leads to

[DAdS2 — (ks = Dky + P)]Dkiq?

= (Dy, +20) [DAds2 — (ky(ke +1) + P)]T2- (Co)

One can see that when ¥, is a solution of Eq. (C4), the
right-hand side vanishes, obtaining

[DAdSZ = (ke = 1)ky + P)} D, ¥, =0. (C7)

[DAdSz — P Dki] = 2(V*VP)V,V, + (DAdsz VP 4V, R 4 zvb/c)v,, + Oags, K + VOV, P,

Noting that (k; — 1)k, = (£ 41)(Z +2) and (k_ — 1)k_ =
(7 —1)Z, this is an equation of motion for a scalar field
Dy, ¥, with a shifted parameter ?— ¢+, implying that
the operator D, generates another scalar field D, ¥, with
Z—7+1 keeping the potential function P unchanged.
Now, we seek for ladder operators Dy, and potentials P

such that the commutation relation (C5) holds. We begin
with introducing a form of a first-order differential operator,
Dki - V“Va + IC, (Cg)

where V¢ and /C are a vector field and a function in AdS,,
respectively. Then, the left-hand side of the commutation
relation (C5) is calculated to

(C9)

where R, is the Ricci tensor of AdS,. Here, we have assumed that the commutation relation acts on a smooth function. The

right-hand side is calculated to

—2k. Dy, +20 [DAdSZ — (ko (ks + 1) + P)] = 200, — 2k VOV, + [—2kiIC — 200k (ks + 1) + P)] . (C10)

With these explicit forms, the commutation relation (C5) is
divided into the following three conditions:

vavb+vbva :2Q90b7 (Cll)

DAdSZVa + R"be + ZV“/C - —ZkiV“, (CIZ)

DAdSZIC + V"VaP — —ZkiK - 2Q[ki(ki + 1) + P}
(C13)

Let us investigate these conditions one by one. We focus
on the case Q # 0.1 Then, Eq. (C11) corresponds to a
conformal Killing equation. Taking the trace of Eq. (C11),
we obtain

1
0 ZEV“V”. (C14)
For the conformal Killing vector field V* in two dimen-
sions, we have

DAdSZVa + Rabe — 0 (CIS)

Therefore, Eq. (C12) is reduced to

"For the case Q =0, Eq. (CI1) corresponds to a Killing
equation. All the Killing vector fields are not compatible with
the conditions (C12) and (C13) for the time-independent
potential P(z).

ViK = —k, V. (C16)

Acting €“?V, with the Levi-Civita tensor €** from the left-
hand side leads to

€’V V,K = -k, eV ,V,,. (C17)
The left-hand side vanishes, thereby yielding a condition,

V.V, =V, V,. (C18)
This means that the conformal Killing vector fields V¢
are “closed.” In AdS,, there exist three independent closed

conformal Killing vector fields. Then, the conditions
(C11)—(C13) reduce to

1
vavb = E (vcvc)gabv (C19)

which is the closed conformal Killing equation, and
VK = =k, V4, (C20)
which is the same as Eq. (C16), and

DAdSZK + V“VHP - —2kj:IC - (VaV“)[ki(ki + 1) + P]
(C21)

Because V¢ = V“Q in AdS,, Eq. (C20) can be solved as
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C
K= —ke0 =7
+

(C22)

where ¢ is a constant. We thus obtain the general form of
the ladder operator,

ki Co
D, =Ly—— (2 — ], C23
N 1CA I
where the first term of the right-hand side is the Lie
derivative with respect to the closed conformal Killing
vector field. We also obtain the general form of P from
Eq. (C21),

_c@+¢
IRAZ

P , (C24)

where ¢, is a constant. Note that ¢, can depend on the
coordinate value which is perpendicular to the integral
curve of V4. Equation (C24) shows that the functional form
of the potential P is strongly restricted, i.e., P depends
on the closed conformal Killing vector field V* and two
parameters ¢, and c,,.

3. Ladder operators from spacetime conformal
symmetry

We here introduce the coordinate system (¢, z); then, the
line element of AdS, is described by

AdS

1
g, 2 dxtdxb = —Adr? —I—Kdzz, A=z(z—1), (C25)

which is the same as Eq. (3.4). Hereafter, we assume that P
is a function of z. From the conditions (C19)—(C21),
we derive ladder operators and possible potential forms.
Although there exist three independent closed conformal
Killing vector fields satisfying Eq. (C19), we use here
solely:

=z(z - 1)2.

< J
0z

xa

(C26)

Note that the assumption of the time independence of the
potential forces one to choose the closed conformal Killing
vector field (C26) only. The other closed conformal Killing
vector fields are not compatible with the conditions (C20)
and (C21); however, if we admit a time dependence of the
potential, a ladder operator can be constructed in the almost
parallel manner as in the present subsection.

In the current coordinate system, /C in Eq. (C22) takes
the form,

K:-%<2z—1+ﬁ), (C27)

kL

which leads to the operator,

k
Dy, = z(z—1)0, _Ti <2Z -1 +;—§). (C28)
s

Equation (C24) leads to

_ co(2z—=1) +2¢,
2z(z—1)

(C29)

Thus, the ladder operator (C28) exists in the system,

co(zzzzzzl_) ;L)ZCPH ®, — 0.

|:DAdSZ - (ki(ki +1) +
(C30)

If we assign ¢y = —c,, the effective potential is regu-
larized at z = 1, leading to

c
{DAdSZ - <ki(ki +1) —;)]CI)L; =0,
which admits the ladder operator,

Dy, =z2(z—

+

k
1o -5 <2z -1 —2—5) (C32)
+

In particular, if k. in Eq. (C3) is defined from £ =
(¢ =ss5+1,54+2---;5=0,1,2), and ¢, = s>, the
system (C31) and the operator (C32) correspond to
Egs. (3.8) and (3.14), respectively.

If we choose ¢y = —2imys, ¢, = —(4m%y — s?)/4, and
7= £ =s,s+1,5s+2,--), the system (C30) becomes
4y — §2

4z(z—1)

1-2z7
+ imys ——— ) |®, =0,
””%@—wﬂ ‘

which is the same as Eq. (5.7). We also have the ladder
operator,

[DAds2 - (ki(ki +1)

(C33)

d k 2
Dy —z(z—l)d—z—7i<2z—1—i%>, (C34)
+

which corresponds to Eq. (5.8).

4. Application: Perturbations to the Schwarzschild-
Tangherlini black hole

We discuss the application of the above ladder operators
to a problem of a slowly varying perturbation to the
Schwarzschild-Tangherlini black hole in (n + 2) dimen-
sions, which is described by [56]
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(C35)

ds* = — <1 - 2n1_1>dt2 +1 _1 C d2* + 22dQ;,
Fdn

where % is a dimensionless areal coordinate and d2 is the

line element of the unit sphere in n dimensions.

Let us first consider the four-dimensional case n = 2,
i.e., the Schwarzschild black hole case. As seen in
Appendix B (see also Sec. III), the slowly varying
spin-s field perturbation can be reduced to a set of infinite
time-dependent scalar fields satisfying an equation [see
Egs. (BS) and (3.8)], which take the form of Eq. (C31) with
cp= s2, z =2, and £ =¢. Then, the ladder operators
in Eq. (C32) with ¢, = s% shift the multipole index #
into £ £ 1.

Let us next consider the higher-dimensional case n > 3.
A slowly varying scalar field perturbation can be reduced
to a set of infinite time-dependent scalar fields satisfying
an equation that takes the form of Eq. (C31) with ¢, =0,

z=2"1 and 7= £/(n—1) (cf., discussion around
Eq. (4.48) in Ref. [42]). Then, the ladder operators (C32)
with ¢, = 0 shift the multipole index Z into # + 1. Thus, in
the higher dimensions, the ladder operator relates a mode
with a given ¢ with not all modes but with another
mode with £ «n —1 for the Schwarzschild-Tangherlini
black hole.

APPENDIX D: NO STATIC RESPONSE FOR
POLAR-TYPE PERTURBATIONS FROM THE
HIDDEN SUPERSYMMETRIC STRUCTURE

Here, we show no static response for the polar-type tidal
field perturbation in terms of the radially conserved
quantity associated with a symmetric structure. We map
the polar-type perturbation into the axial-type one with the
Chandrasekhar transformation [61] and then analyze the
problem by following the strategy in Sec. IV.

1. Construction of axial-type static tidal fields

In the parallel manner as in Appendix A, we generate
axial-type perturbations ®7 from a polar-type perturbation
dJ}' with the Chandrasekhar transformation [61],

o) - O, = D_D}, (D1)

where

Ad A 24 +2)
=S - . (D2
22dz (14 1z/3) 6 (D2)

D

with A = #? + £ — 2. One can then show that the function
<i>; satisfies the static Regge-Wheeler equation (A3).
Introducing a new variable,

. D

be(2) = (D3)
the static Regge-Wheeler equation for é; leads to
4\ -~
DAd52 - f(f"’ 1) _E ¢f - 0 (D4)

This is the same form as Eq. (3.8).

2. No static response from the hidden
supersymmetric structure

We construct a radially conserved quantity for ¢, in the
same manner as in Sec. IV:

Y} =22Ds Dy Dodhys. (D5)
which satisfies
d
—Y,=0. D6
dz ° (o)

In the same manner as in Sec. IV, one can show that the
regular solution at the horizon connects to the purely
growing solution at large distances in terms of the radially
conserved quantity Y/, showing the vanishing of the tidal
Love and dissipation numbers for the polar-type tidal field
perturbation for all 7.
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