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Motivated by a version of the “dipolar dark matter” model that aims at a relativistic completion of the
phenomenology of MOND, we investigate the gravitational polarization mechanism in the canonical
bimetric theory with an effective matter coupling. We explicitly show the fundamental obstacle why such
theories cannot achieve a consistent gravitational polarization, and thus fail to recover the MONDian
phenomenology at low energies.

DOI: 10.1103/PhysRevD.107.124021

I. INTRODUCTION

Despite passing all current tests with flying colors
(the last in date being the discovery of gravitational
waves [1,2]), our theory of general relativity (GR) suffers
from some “darkness,” i.e., yet ambiguous gravitational
phenomena that can be explained either by invoking
nongravitational ingredients, or by “beyond-GR” com-
pletions [3]. The paramount instance is that stars orbiting
in periphery of galaxies do not move accordingly to
GR predictions [4,5], but instead behave as if the visible
mass of the galaxy was only a small fraction of the total
mass. The usual way to address this “missing mass”
problem is to postulate the existence of some unknown
nonrelativistic form of matter, insensitive to electromag-
netic forces (otherwise it would have already been seen),
coined “cold dark matter” [6]. If this paradigm is a
cornerstone of current physics, there is still no evidence
of this new particle, despite decades of experimental
efforts [7–9].
Another way to explain the missing mass problem could

be to consider that in some regime, the laws of gravity
deviate from GR. This path has been initiated by the
40-year old seminal work of Milgrom [10], setting a very
simple modification of Newton’s law that accounts for the
motion of stars in galaxies and provides a natural explan-
ation for the Tully-Fischer relation. Nevertheless, the
modified Newtonian dynamics (MOND) approach is yet

only phenomenological, despite great efforts to embed
it within a viable fundamental theory (see, e.g., [11–13]
and [14] for a comprehensive review on the MONDian
approach). An alternative possibility to build such a
relativistic completion is to exploit the dielectric analogy
of MOND [15], which has led to several dipolar dark matter
(DDM) models [16–21]. In the present work, we focus
on a subclass of such models [19–21] that are based on a
bimetric extension of GR in which the two metrics are
supposed to host opposite “gravitational charges” (see
also [22] for a different type of MONDian bimetric theory).
Thus the DDM phenomenology relies on a mechanism

of gravitational polarization associated with opposite
gravitational charges. It was indeed claimed in [20], that
in the nonrelativistic limit, using the canonical bimetric
theory, the matter present in each sector feels forces with
opposite signs, leading to the desired polarization.
Nevertheless, as shown in the present work, due to a
missing term in [20], unfortunately such polarization
mechanism cannot happen in this bimetric framework,
which ruins this DDM model. However previously pro-
posed DDM models [16,17] in standard GR are still viable.
The plan of this paper is as follows. TheDDMmodel used,

which is an extension of the one studied in [20,21], is
presented in Sec. II. The proof of the impossibility of a
gravitational polarization mechanism in this general setup is
then exposed in Sec. III. Concluding remarks are presented
in Sec. IV.

II. MODEL

This work investigates an attempt for a DDM model,
generalizing the one used in previous works (see, e.g., [21]).
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Starting from the two dynamical metrics fgμν; fμνg,1 our
action reads

S ¼
Z

d4xLgrav þ
Z

d4xLmat þ
Z

d4xLbar; ð2:1Þ

whereLmat describes the darkmatter, coupled to both gμν and
fμν, and where Lbar is the usual baryonic matter, coupled to
the metric gμν. The gravitational sector is given by

Lgrav ¼
M2

g

2

ffiffiffiffiffiffi
−g

p
R½g� þM2

f

2

ffiffiffiffiffiffi
−f

p
R½f� þM2

effm
2V½g; f�;

ð2:2Þ

where R denotes the usual Ricci scalar, Mg and Mf are the
Planck scales associated with each metric and M2

effm
2 is an

unspecified scale. As for the interaction term V½g; f�, wewill
naturally use the ghost-free potential function of de Rham,
Gabadadze, and Tolley [23,24], parametrized by five arbi-
trary constants fαng as

V½g; f� ¼ ffiffiffiffiffiffi
−g

p X4
n¼0

αnenðXÞ; ð2:3Þ

where the square-root matrix Xμ
ν is defined as Xμ

ρXρ
ν ¼

gμρfρν, together with its inverse Yμ
ν, such that Yμ

ρYρ
ν ¼

fμρgρν, and enðXÞ represent the elementary symmetric
polynomials

e0ðXÞ ¼ 1;

e1ðXÞ ¼ ½X�;

e2ðXÞ ¼
1

2
ð½X�2 − ½X2�Þ;

e3ðXÞ ¼
1

6
ð½X�3 − 3½X�½X2� þ 2½X3�Þ;

e4ðXÞ ¼
1

24
ð½X�4 − 6½X�2½X2� þ 3½X2�2 þ 8½X�½X3�− 6½X4�Þ;

ð2:4Þ

where thebrackets denote the trace operation. The interaction
term (2.3) is a generalization of the one taken in previous
works, corresponding to the choice αn ¼ α4−nβn, where α
and β enter the effective metric (2.6), see, e.g., Eq. (2.8)
of [20]. The Lagrangian (2.2) with (2.3) is nothing but
the gravitational sector of the canonical ghost-free bimetric
theory of Hassan and Rosen [25,26], where α0 (α4) plays
the role of a bare cosmological constant for the metric gμν

(fμν). This gravitational sector is symmetric under the
exchange of the metrics gμν ↔ fμν together with the relab-
eling fMg; αng ↔ fMf;α4−ng.
As for the matter sector of our model, in addition to the

baryonic matter Lbar coupled to gμν in the usual way, we
will consider the following Lagrangian:

Lmat ¼ Lg
mat½Jμg ; gμν� þ Lf

mat½Jμf; fμν� þ Leff
mat½Aμ; geffμν �

þ Lint
mat½Jμ�g; Jμ�f; Aμ�; ð2:5Þ

which describes three matter fields: (i) particles coupled to
gμν and described by a conserved2 current Jμg (such that
∇g

μJ
μ
g ¼ 0); (ii) particles coupled to fμν and described

by a conserved current Jμf (such that ∇f
μJ

μ
f ¼ 0); (iii) an

Abelian Uð1Þ vector field Aμ coupled to the effective
metric [27]

geffμν ¼ α2gμν þ 2αβgμρXρ
ν þ β2fμν; ð2:6Þ

where α and β are arbitrary constants. The last term
entering the matter sector (2.5) is an interaction between
the particles and the Uð1Þ field

Lint
mat ¼ ðJμ�g − Jμ�fÞAμ; ð2:7Þ

where Jμ�g ≡ ffiffiffiffiffiffi−gp
Jμg and Jμ�g ≡ ffiffiffiffiffiffi

−f
p

Jμf are metric inde-
pendent matter currents.
Note that the interaction term (2.7) induces a supple-

mentary, although indirect, coupling between the two
metrics, and can thus reintroduce the ghost that was
suppressed by the interaction term (2.3) [27,28].
Restricting the interaction term to the case αn ¼ α4−nβn

as was done previously, it has been shown that the ghost is
not excited for energies beyond the decoupling limit of
the theory [21]. In our more general framework (2.3), it
could be that the theory is plagued by a ghost at energies
well below the decoupling limit. Nevertheless, as our aim is
to prove that those theories are not well suited for a
MONDian phenomenology, and as such a ghost would
definitively not play a role in this low-energy analysis, we
will consider the larger class of theories with (2.7) and
arbitrary coefficients fαng.

III. PROOF OF THE ABSENCE
OF THE POLARIZATION MECHANISM

Let us now turn to the study of the weak-field (non-
relativistic) limit of the theory (2.1), investigated along the

1Through this work, we use a mostly positive signature for
both metrics, denote space-time indices with Greek letters
and, once a proper 3þ 1 decomposition achieved, purely spatial
indices with latin letters. For simplicity, we set G ¼ c ¼ ℏ ¼ 1,
unless otherwise specified.

2With the conserved current we can describe particles without
interaction or a perfect fluid with zero temperature. Adding a
dependence of the specific entropy we could also describe
the case with finite temperature, which we will not consider in
this work.

BLANCHET, HEISENBERG, and LARROUTUROU PHYS. REV. D 107, 124021 (2023)

124021-2



lines of [20]. In order to reach a consistent weak-field
limit, we assume that the Universe is empty in average,
i.e., that the matter only enters at perturbative order in
the action. Moreover, seeking for a viable gravitational
polarization mechanism requires to perturb both metrics
around a common background metric, say ḡμν. Note that,
as we will see later on, an empty background is not
necessarily a flat one, as the interaction term will play
the role of an effective cosmological constant. Thus ḡμν

is not the Minkowskian metric, but rather a de Sitter (or
anti-de Sitter) one. We then perturb each metric as

gμν ¼ ðḡμν þ hμνÞ2 ≡ ðḡμρ þ hμρÞḡρλðḡλν þ hλνÞ;
fμν ¼ ðḡμν þ lμνÞ2 ≡ ðḡμρ þ lμρÞḡρλðḡλν þ lλνÞ: ð3:1Þ

Up to quadratic order in the metric perturbations, the
Lagrangian becomes3

Lð2Þ ¼ ffiffiffiffiffiffi
−ḡ

p �
−ðM2

ghμν þM2
fl

μνÞḠμν − ðM2
gΛghμν þM2

fΛflμνÞḡμν

−M2
ghμνĒ

ρλ
μνhρλ −M2

fl
μνĒρλ

μνlρλ þ hμνðTμν
bar þ Tμν

g Þ þ lμνT
μν
f

þM2
effm

2

2
½Γ0hμνhρλ þ 2Γ1hμνlρλ þ Γ2lμνlρλ�ðḡμνḡλρ − ḡμρḡλνÞ

�
; ð3:2Þ

where Ḡμν is the Einstein tensor associated to ḡμν, and Ē
ρσ
μν is

the Lichnerowicz operator

−2Ēρλ
μνhρλ ¼ □̄ðhμν− ḡμνhÞþ ∇̄μ∇̄νh−2∇̄ðμHνÞ þ ḡμν∇̄ρHρ

−2C̄μρλνhρλ−
2

3
R̄

�
hμν−

1

4
ḡμνh

�
− Ḡρðμh

ρ
νÞ:

ð3:3Þ

Here C̄μνρλ is the Weyl tensor, we denoted the trace as h≡
hρσ ḡρσ and posed Hρ ≡ ∇̄σhρσ. The stress-energy tensors
are defined as usual by

Tμν
bar ¼

2ffiffiffiffiffiffi−gp δLbar

δgμν
; Tμν

g ¼ 2ffiffiffiffiffiffi−gp δLmat

δgμν
;

Tμν
f ¼ 2ffiffiffiffiffiffi

−f
p δLmat

δfμν
: ð3:4Þ

They are first-order quantities (as we required an empty
Universe) that obey conservation laws with respect to the
background metric at leading order, namely,

∇̄νðTμν
bar þ Tμν

g Þ ¼ Oð2Þ; ∇̄νT
μν
f ¼ Oð2Þ: ð3:5Þ

Here we neglect the stress-energy tensor associated with the
internal vector field Aμ, which is coupled to the effective
metric (2.6) and is second order Oð2Þ in perturbation, see
(3.5) in [20]. Finally, we have introduced the effective
cosmological constants

Λg ¼ −
M2

effm
2

M2
g

ðα0 þ 3α1 þ 3α2 þ α3Þ;

Λf ¼ −
M2

effm
2

M2
f

ðα1 þ 3α2 þ 3α3 þ α4Þ; ð3:6Þ

as well as the combinations

Γ0 ≡ α0 þ 2α1 þ α2; Γ1 ≡ α1 þ 2α2 þ α3;

Γ2 ≡ α2 þ 2α3 þ α4: ð3:7Þ

The Lichnerowicz operator considered in Ref. [20] had a
missing term: Eq. (3.10) there missed the last term in (3.3),
i.e., −Ḡρðμh

ρ
νÞ, proportional to the Einstein tensor of the

background. This term plays a major role when establishing
the relation (3.11) below, and in turn the Eq. (3.13), instead
of the relation (3.13) found in [20]. Unfortunately, this
invalidates the model [20] for the proposed application to
MONDian phenomenology.
At the linear level, the variation of the perturbed

Lagrangian (3.2) gives the field equations

Ḡμν ¼ −Λgḡμν ¼ −Λfḡμν; ð3:8Þ

which can be fulfilled only for a common cosmological
constant in the background, Λg ¼ Λf. This equality is
nothing but the condition that the background metric ḡμν is
indeed the same for both sectors. When translated in terms
of the notation (3.7), this condition gives a generalization of
Eq. (3.8) of [20]:

Γ0 þ Γ1

M2
g

¼ Γ1 þ Γ2

M2
f

: ð3:9Þ
Turning now to the quadratic level, the Einstein field

equations for the two metric perturbations hμν and lμν read

3We do not write here the zeroth order in perturbation,
naturally irrelevant for our study. From now on, the barred
quantities are associated with the background metric ḡμν, with
which the indices are operated.
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2M2
gĒ

μν
ρλh

ρλ þM2
effm

2½Γ0ðhμν − hḡμνÞ þ Γ1ðlμν − lḡμνÞ� ¼ Tμν
bar þ Tμν

g ;

2M2
fĒ

μν
ρλl

ρλ þM2
effm

2½Γ1ðhμν − hḡμνÞ þ Γ2ðlμν − lḡμνÞ� ¼ Tμν
f : ð3:10Þ

As usual in bigravity, we observe that the mass eigenstates
are different from the kinetic ones. Using the expression
(3.3) as well as the background condition (3.8) which says
that Λ≡ Λg ¼ Λf, the divergence of the Lichnerowicz
operator reads

2∇̄νðĒμν
ρλh

ρλÞ ¼ 2Ḡρλ∇̄½μhρ�λ þ ∇̄ρðḠλ½μhρ�λ Þ
¼ Λ∇̄ρ½hρμ − hḡρμ�; ð3:11Þ

together with the mirror relation obtained by replacing
hρσ → lρσ. Therefore, using the conservation laws (3.5) of
the stress-energy tensors, we find that the divergence of
both field equations (3.10) boil down to the same con-
straint, independent of the background relation (3.9),

Γ1∇̄ρ½hρμ − lρμ − hḡρμ þ lḡρμ� ¼ 0: ð3:12Þ

Imposing Γ1 ¼ 0, the two sectors would decorrelate at first
order, as clear from Eq. (3.10), and thus no gravitational
polarization mechanism could be possible, by definition.
Therefore, we are forced to impose

∇̄ρ½hρμ − lρμ� ¼ ∇̄μ½h − l�: ð3:13Þ

We now investigate the phenomenological consequences
of this constraint in the nonrelativistic limit c → ∞. In this
regime, we consider Newtonian-like systems, with sizes
significantly smaller that the effects of a reasonable
cosmological constant. We can thus discard the effect
of the effective cosmological constant Λ, and take a
Minkowskian ansatz for ḡμν, which allows a proper
3þ 1 decomposition of the components. On this flat
background, we parametrize the metric perturbations by
single Newtonian potentials Ug and Uf and two “PPN”
constants γg and γf as

h00 ¼ Ug

c2
þO

�
1

c4

�
; h0i ¼ O

�
1

c3

�
;

hij ¼ γg
Ug

c2
δij þO

�
1

c4

�
; l00 ¼ Uf

c2
þO

�
1

c4

�
;

l0i ¼ O
�
1

c3

�
; lij ¼ γf

Uf

c2
δij þO

�
1

c4

�
: ð3:14Þ

The ij components of the field equations (3.10) set γg ¼
γf ¼ 1, and the constraint equation (3.13) then gives

∂i½Ug − Uf� ¼ 0: ð3:15Þ

However, the gravitational polarization mechanism dis-
cussed in [20] required that the gradients ofUg andUf have
opposite signs: as the particles described by Jμg and Jμf feel
the force respectively due to the potentials Ug and Uf, they
will be displaced in the opposite direction. The Uð1Þ field
Aμ coupling both sectors would then create an effective
polarization of the spacetime medium, reproducing the
main feature of the model [15]. It is thus clear that the
constraint (3.15) is incompatible with such a mechanism.

IV. CONCLUSION

This study has proven that, contrarily to what was
claimed in the work [20], the framework based on
canonical bimetric theory is unable to produce a consistent
gravitational polarization mechanism. This shortage
unfortunately spoils its capacity to account for an effective
MONDian phenomenology, and thus, to be a proper
relativistic completion of the MOND paradigm. Note that
another DDM model, based on standard GR [16,17],
is still viable in this respect; this model has recently
been simulated numerically on galactic scales [29].
Nevertheless, there is still hope that a viable mechanism
could be achieved in a ghost-free bigravity framework, as
DDM was based on the Hassan-Rosen model, but other
bimetric theories exist; for instance, the newly proposed
minimal bigravity [30], which has the advantage of having
stable cosmological solutions as well as escaping the
Higuchi ghost present in usual bigravity scenarios.
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