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Primordial black holes (PBHs) forming out of the collapse of enhanced cosmological perturbations
provide access to the early Universe through their associated observational signatures. In particular,
enhanced cosmological perturbations collapsing to form PBHs are responsible for the generation of a
stochastic gravitational-wave background (SGWB) induced by second-order gravitational interactions,
usually called scalar induced gravitational waves (SIGWs). This SGWB is sensitive to the underlying
gravitational theory; hence it can be used as a novel tool to test the standard paradigm of gravity and
constrain possible deviations from general relativity. In this work, we study the aforementioned GW signal
within modified teleparallel gravity theories, developing a formalism for the derivation of the GW spectral
abundance within any form of gravitational action. At the end, working within viable f (7, ¢) models
without matter-gravity couplings, and accounting for the effect of monoparametric f(7T') gravity at the level
of the source and the propagation of the tensor perturbations, we show that the respective GW signal is
indistinguishable from that within GR. Interestingly, we find that in order to break the degeneracy between
different f(T) theories through the portal of SIGWs one should necessarily consider nonminimal matter-

and Spyros Basilakos

1,5,6.8

gravity couplings at the level of the gravitational action.
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I. INTRODUCTION

Primordial black holes (PBHs), first introduced in the
early 1970s [1-3], have gained lot of attention within the
scientific community since they can naturally address a
number of fundamental issues of modern cosmology. In
particular, they can potentially account for a part or the
totality of dark matter [4,5] and explain the large-scale
structure formation through Poisson fluctuations [6,7]. At
the same time, depending on their mass they can give rise to
a very rich phenomenology from the early universe up to
late times [8].

Meanwhile, PBHs are connected with numerous
gravitational-wave (GW) signals [9,10]. Since the detection
of the first GW signal in 2015, there has been a lot of progress
in the literature connecting PBHs with the GWs. More
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specifically, there have been extensively studied GWs from
PBH merging events [11-15], GWs which are induced from
enhanced scalar perturbations collapsing to PBHs due to
second-order gravitational interactions [16—18] [See [19] for
a recent review] as well as GWs induced by Poisson PBH
energy density perturbations themselves [20-22].

In particular, the portal of scalar induced gravitational
waves (SIGWs) constitutes an active field of research since
they can give us access to the thermal history of the
Universe [23-26] and in particular on the conditions that
prevailed in the early Universe, namely during cosmic
inflation [16,17,27-30] and reheating [31] during which
all the known particles are considered to have been
produced. Interestingly enough, through the portal of
SIGWs one can have access to very small scales which
are poorly constrained and are otherwise inaccessible with
cosmic microwave background (CMB) and large scale
structure (LSS) probes [19] while very encouragingly, the
typical frequency of such primordial GWs lie well within
the frequency detection band of future GW detectors such
as the Einstein Telescope (ET) [32], the Laser Inferometer

© 2023 American Physical Society
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Space Antenna (LISA) [33,34] and the Square Kilometer
Arrays (SKA) [35].

Up to now, the majority of the works in the literature
investigated the aforementioned GW signal within the
context of general relativity (GR). However, there are
many theoretical as well as phenomenological reasons
which point toward a different gravity paradigm in order
to account indicatively for the renormalizability issues of
classical gravity [36,37] and explain the two phases of the
Universe’s accelerated expansion, namely the early-time,
inflationary one [38,39], and/or the late-time, dark-energy
one [40-42]. In view of these arguments, SIGWs are
promoted as a novel portal to test and constrain the
underlying gravity theory.

Recently, there has been an increased scientific activity
toward this direction through the study of primordial
SIGWs within curvature formulations of gravity [43-54].
In the present work, we study for the first time to the best of
our knowledge the primordial SIGW portal within the
context of a torsional formulation of gravity where the
gravitational Lagrangian is promoted to an integral of a
function of the torsion scalar 7 containing potentially
couplings between the gravity and the matter sectors of
the Universe [42,55-81]. In particular, by studying the
effect of modified teleparallel gravity theories at the level of
the source and the propagation of the SIGWs we examine
under which conditions one can detect a distinctive
deviation from the case of classical gravity.

The paper is structured as follows: In Sec. II we review
the fundamentals of the torsional formulation of gravity
studying its background and perturbation behavior and
specifying as well viable f(T,¢) gravity models within
which we study the SIGW signal. Then, in Sec. III we
present the basics of the SIGWs by studying at the same
time the effect of modified teleparallel gravity (MTG)
theories at the level of the source and the propagation of the
GWs. Furthermore, we deduce the necessary conditions so
as to see a distinctive SIGW signature within MTG theories
compared to classical gravity. Finally, Sec. IV is devoted to
conclusions.

II. GENERAL FRAMEWORK OF MODIFIED
TELEPARALLEL GRAVITY THEORIES

A. Teleparallel gravity

Teleparallel gravity (TG) is an alternative formulation of
gravity based on torsion [82-84]. The dynamical variable
of TG is the tetrad field, e 4 (x*) and it connects the spacetime
metric g, and the Minkowski tangent space metric
nap = diag(—1,1, 1, 1) through the following relation:

G = eA/teByrlABv (1)

where Greek and Latin indices run in coordinate and tangent
space respectively and e , are the tetrad components which

satisfy the orthonormality conditions e4 u€4 = 0, and
et el = &4, with ¢ being the inverse components.

Due to relation (1), the tetrad fields are only determined
up to transformations of the six-parameter Lorentz group.
To ensure the covariance of the theory one needs to
introduce a Lorentz or spin connection [85], which can

be written as
a)ABﬂ = AAD(x)ayABD(x)’ (2)

with A%, (x) being a local (point-dependent) Lorentz
transformation [86]. TG is characterized by the choice to
formulate gravity in a particular class of frames (called
proper frames) for which the spin connection is flat, i.e.
ot gy = 0. This choice is facilitated by the local Lorentz
invariance of TG. The corresponding spacetime-indexed
connection which is the so-called Weitzenbock connec-
tion [55] is the following:

Wi
Fﬁu = eAp(a/teAu + wABueBu) = FW = eﬁaﬂe?' (3)

The action functional of TG is defined by
M2
S = —Tpl/d“xeT, (4)

with e = det(e?,) = /=g and M}, = (87G)~" being the
reduced Planck mass. The torsion scalar 7 is defined by

T=S/m1",, (5)

with 77, being the components of the torsion tensor
defined by

— A
T/’W:eA/’[()e v

(] - abeAﬂ + wAB/AeBw _a)AByeB,u] (6)

and S,/ being the so-called superpotential which reads as

1
S =5 (K™, + 8, T% = 8, ). (7)

with K*, standing for the contortion tensor defined by

K™

1
p =5 (1", =T, ~T,"). (8)

The Weitzenbock connection of TG and the Levi-Civita
connection of GR, T?,,, are related as follows

pHo>
F/);w = l:WﬂZI + Kﬂ;w' (9)

Consequently, it can be shown that

T =-R—2¢7'9,(eT*,), (10)
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with R being the curvature scalar of the Levi-Civita
connection [87]. Therefore, TG and GR are equivalent
theories at the level of the field equations.

However, when one extends TG by introducing a non-
minimally coupled matter field, for instance a scalar
field [88-92], or by adding into the action nonlinear terms
in the torsion scalar T, as for example in f(7T) grav-
ity [57,58,93,94], one obtains new classes of modified
gravity theories with interesting phenomenology which are
not equivalent to their corresponding curvature based
counterparts [42].

In the following, we shall briefly present the generation
of primordial density fluctuations in the framework of
generalized teleparallel scalar-torsion gravity theories
following [95].

B. Generalized scalar-torsion gravity

1. Field equations

By extending the gravitational sector to an arbitrary
function of T and ¢, the corresponding action functional of
the generalized scalar-torsion gravity is given by [88-92]

5= / dxelf(T.4) + P($)X]. (11)

with X being the so-called canonical kinetic term defined
by X =-0,00"¢/2. Teleparallel gravity with a scalar
field potential V(¢) is recovered when f(T,¢)=
~MyT/2 = V().

The corresponding field equations are obtained by
varying this action with respect to the tetrad field ¢* . [96]:

1
f,TG/w + S;wpapf,T + Zg;w(f - Tf,T)

P
+5 (90X +0,00,4) =0, (12)
where a comma denotes partial differentiation, here with
respect to 7. These equations have been expressed in a
general coordinate basis with G, = e,*G*, being the
Einstein tensorand G4* =710, (ee,7S,") — e, T* ,, S, +
ep’ S Py, +1es T.

It is important to point out that the action (11) is not
locally Lorentz invariant [97,98]. One can easily see this by
performing an infinitesimal Lorentz transformation to the
tetrads as follows: €' = e?, + Epte® , with £48 = —£BA,
The effect of this transformation on the action is

o8 = /d4xedpfyTSﬁyeﬁe’§§AB. (13)

Now if one demands that this action is invariant, that is
58S = 0 for arbitrary &8, the following equation needs to be
satisfied

0, f 7Sy’ = 0. (14)

Thus, since Eq. (14) is not satisfied in general, the action
(11) is not Lorentz invariant locally. For the special case of
TG, f~T = 0d,f r = 0, therefore (14) is satisfied.

2. Cosmological framework

To apply this general formulation into a cosmological
setting, one needs to impose the standard flat, homo-
geneous and isotropic Friedmann-Lemaitre-Robertson-
Walker (FLRW) geometry

ds? = —dr* + a(t)zéijdxidx/, (15)
which corresponds to the following tetrads
e, = diag(1, a(1), a(t), a(r)), (16)

with a(t) being the scale factor. By substituting the tetrad
field (16)1 into the field equations (12) one obtains the
following background equations

f(T.$) = P($)X —2Tf 7 =0, (17)
f(T.$)+P(p)X —2Tf r —4Hf r —4Hf 7 =0,  (18)

—P4X —=3P(p)Hp — P(p)p+ f4=0.  (19)

where H = a/a is the Hubble parameter and a dot denotes
derivative with respect to 7. Additionally, from Eq. (5) one
obtains 7 = 6H>.

In order to describe slow-roll inflation, one needs to
introduce the following slow-roll parameters

__H __P)X fa
€:_F7 5PX:_2H2fT9 5

(20)

such as that from Eqs. (17) and (18) one can write € as
€:5px+5fj. (21)
Furthermore, it is useful to split the parameter &, as

O, = Opi + Opx, (22)

"It is worth noting that due to the violation of local Lorentz
invariance in general MTG theories [97], there is the following
complication: the gravitational field equations and their tetrad
solutions become dependent on the corresponding spin connec-
tion. Consequently, one needs a way to retrieve the corresponding
spin connection associated with each tetrad field in order to
properly solve the field equations. For our FLRW setting, it has
been shown that our chosen tetrad (16) is a proper tetrad, which
implies that its corresponding spin connection is the vanishing
spin connection leading to physically meaningful results [99].
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by defining
Lo

_ Sl
_ =L
T Hf

O,y = ,
M Hf ¢

(23)

Therefore, from expressions (20) and (21), one can obtain
the following relations

2
Spip = Tt (Opx + 0rx)s (24)
O, = T+ (65x — 2udpyx), (25)
1
‘=1vau (6px + Ofx)s (26)

where we have defined y = T'f 77/ f r in analogy with the
deviation parameter of the (curvature based) modified
gravity theories [100].

C. Scalar perturbations

In order to describe scalar perturbations, it is convenient
to employ the Arnowitt-Deser-Misner (ADM) decomposi-
tion of the tetrad field [101] where

e, = (N.0), et = (N h9)),
60# = (I/N7 _Ni/N)v eaﬂ = (0’ hai)7 (27)

with N being the lapse function and N' the shift vector,
which is defined by N' = h,'N¢ and h¢; being the induced
tetrad field satisfying the orthonormality condition,
ie. h';h,' = 6;

Choosing to work within the uniform field gauge, or
otherwise called comoving gauge, i.e., 6¢p = 0, a conven-
ient ansatz for the lapse function, the shift vector and the
induced tetrad fields is

N=1+A, Ni=a"'leRs" 0oy, h%=ae™5";8, (28)

which gives rise to the corresponding perturbed met-
ric [102]

ds? = —[(1 + A)? — a2 (oy)?]ds?
+ 20,y drdx’ + a?e*R 5, ;dxdxl. (29)

Now one needs to expand the action (11) up to second
order in the perturbation variables of the perturbed tetrad
(28). In order to accomplish this, one needs to address the
fact that the action is not Lorentz invariant locally. The
standard procedure for that essentially consists in adding
the additional six Lorentz degrees of freedom, which arise
because of the Lorentz violation, directly into the perturbed
tetrad field (28) [103,104]. Afterwards, once a particular

perturbed tetrad frame is chosen, these extra modes can be
absorbed into Goldstone modes of the Lorentz symmetry
breaking, by performing a Lorentz rotation of the tetrad
field [105,106]. After this procedure, a new massive term is
generated and the corresponding action is

§?) = %/ ded®x[(v")? = (ov)? — M?2?],  (30)

where we defined the usual Mukhanov-Sasaki (MS)
variable

and Q,= Px (31)

v=zR, with z?=24d%Q, =

where the prime denotes differentiation with respect to the
conformal time 7z defined by dr=dt/a. The M is an
effective mass parameter defined by

"

M? = a’*m? - Z—, (32)
Z

where m?> = 3H?ny and 75 is given by

" 3H? T [ " < " 5PX> 6f111:| G3)

The parameter m is a new explicit mass term, which arises
due to the effects of local Lorentz-symmetry breaking
mentioned earlier.

By varying the action (30) and using the Fourier
expansion of the MS variable

v(7,X) = /%vk(r)e"k"‘, (34)

one obtains the following field equation
v + (K + M?)y, =0, (35)

which is the corresponding Mukhanov-Sasaki equation
within the modified teleparallel gravity setup. Given now
that the MS variable v is related to the comoving curvature
perturbation R as v = zR where z is given by Eq. (31), one
can rewrite Eq. (35) in terms of the comoving curvature
perturbation R as follows™:

!
R4+ 2SR+ (2 4+ a®m>)Ry =0.  (36)
Z

’In our numerical implementation, we used the e-fold number
N defined as N =1Ina as our time variable.
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D. Tensor perturbations

To describe the tensor perturbations we shall adopt again
the uniform field gauge, 6¢p = 0, so from our earlier ADM
decomposition of the tetrad field from Eq. (27) we get
that [95,101]

1
N=1, N¢=0, h“i:a<5“,»+§y“,->. (37)

Then we can define the induced 3-metric

1
9ij = Wabh“ihbj =da’ {51',' + hi; + 4J’kiYk,} . (38)

where we defined the spatial tensor modes by

(rij +vii)»  (39)

N[ =

1
hij = Enab((saiybj +8 %) =

with y¢; = y"j6”,<. It is illustrating to decompose the
tensor y;; into its symmetric and antisymmetric part
Yij = Y(i,j) T 7}ij)- The symmetric part h;; = y(; ;) 1S gauge
invariant [107] and satisfies the transverse and traceless
conditions, i.e. d'h;; = hi =0, while the antisymmetric
part matches the gauge degrees of freedom in the local
Lorentz invariant theory. We now need to substitute the
tetrad fields (37) into the action (11) and expand to second
order in the tensor modes. For this purpose, one can neglect
the y? term since it contributes only in cubic calculations of
the Lagrangian [108].

Consequently, the respective second-order gravitational
action for the tensor perturbations can be recast as:

s = / ded3xa®Qr[(,)? — (0h,)?). (40)

with Qr being defined by Qr = —f7/2 and 1 = (+) or
(x) accounting for two polarization states of the tensor
modes. At the end, minimizing the aforementioned second-
order action for the tensor modes and Fourier transforming
h; one obtains the following equation of motion for /z}

he" 4+ 2H(1 = )by + K*hj =0, (41)
with
Ir
=-— . 42
T Tons, (42)

E. Specific f(T,¢) gravity models

For concreteness, we will work with specific f(7, ¢)
gravity models with canonical kinetic terms, namely with
P(¢) = 1, and without explicit nonminimal matter-gravity
couplings, i.e. with f 7, = 0. Therefore, we shall work

with models of the form f(7,¢) = f(T) + X — V(¢). In
the following we provide the monoparametric f(7) gravity
models that we will use.

1. Power-law model

The power-law model [57] (hereafter f; model), in
which

7(r) = =257 4. a1, 3
with
Q
a= (6H(2))1‘/’2ﬂ—i01, (44)

where Qrg =1 —-Q,,0 — Q,y. According to observational
constraints for # one has that —0.3 < # < 0.3 [109-111]
and the GR case is recovered for f — 0.

2. Exponential model
The exponential model (hereafter f,) [109]:

f(T) = =M3,/2[T + aT,(1 — e /VTo))], - (45)
with

Q
a=—""T__ (46)

1= (1+2)e

The f parameter is observationally constrained within the
range 0.02 < f < 0.2 [109-111] and GR is recovered
for f — 0.

The respective background and perturbation equations
for the f(T) models mentioned above are shown in
Appendices A and B.

F. Inflation realization

Regarding the choice of the inflationary potential we will
work with inflationary setups with inflection points giving
rise to an ultra slow-roll (USR) phase. In particular, during
this USR phase, the nonconstant mode of the curvature
perturbations, which would otherwise decay exponentially
in the slow-roll regime, in the USR phase will grow
enhancing in this way the curvature power spectrum at
specific scales which can potentially collapse forming
PBHs. For concreteness, we will work within a-attractor
inflationary models [112] naturally motivated by super-
gravity setups [113]. In particular, we will work with the
chaotic inflationary model which reads as
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TABLE L
a A¢ f¢ V() Co C Cy C3
1 0.130383 0.129576 2x 10710 0.16401 0.3 —1.426 2.20313

V(p) = Vo{tanh (\;;_a) + A, sin [tanh (\j;_() / fr/)] }2,
(47)

as well as with the polynomial inflationary superpotential
given by

V(g) =V, [Co + ¢, tanh (\;%) + cytanh? <\%_a>
+ c5tanh? (\;L;_(Z)] 2- (48)

Regarding the values of @, V, Ay, f4, co, €1, €2, €3 WE
used the fiducial values used in [112] giving rise to an
enhanced power spectrum at very small scales compared
to the ones probed by CMB measurements. These fidu-
cial values are given in the following Table I in units
of M Pl-

At the end, as it was checked numerically, our quanti-
tative results discussed in Sec. III C 1 turn to be indepen-
dent of the choices of the aforementioned inflationary
parameters.

ITI. SCALAR INDUCED GRAVITATIONAL
WAVES IN f(T.,¢) GRAVITY

In the previous section we have considered only the first-
order scalar and tensor perturbations. Here, we perturb
the tensor part of the metric up to second order in order to
extract the second order tensor perturbations induced by first
order scalar perturbations working in terms of metric
variables instead of the tetrad ﬁelds,3 which simplifies a
lot the derivation of the tensor power spectrum and the GW
signal.

A. The scalar induced tensor perturbations

Working therefore within the Newtonian gauge frame with
O="" the perturbed Friedmann-Lemaitre-Robertson-

tis important to note that all the equations for the evolution of
the scalar and tensor perturbations are independent of the choice of
the formulation of the gravity theory, namely either in terms of the
metric or in terms of the tetrad fields. Equivalently, we could have
chosen to use appropriate tetrad fields that correspond to the line
element (49) as for instance is done in [59,87].

'We can make this approximation since the anisotropic stress
IT is negligible for the time period we investigate; hence from
the field equations Eq. (12) [See also [42] for more details],
(14 F7)(¥ —®) =8zGpll = &~ ¥, where Fp = f(T) - T.

Walker metric [40,114—117], the perturbed metric can be
written as’

ds? = a2(7]){—(1 +20)dy?
+ [(1 —-2®)5;; + %] dxfdxf}, (49)

where @ is the first order scalar perturbation, usually called as
Bardeen potential, and h;; is the second-order tensor per-
turbation. Let us highlight here that we do not include in the
analysis the contribution from the first order tensor pertur-
bations since we focus on gravitational waves generated by
scalar perturbations at second order.

Working now in the Fourier space, the equation of
motion for the tensor perturbations hj can be recast in
the following form: [114-116]

ne" -+ 2H(1 = yp)hy + K2hj = 48}, (50)

where 4 = (+), (x) and the source term S} reads as:

d3
Si=/—qe*(k,q)F(q’ k= ql.m¢gi—q.  (51)

(27)3/2
with ¢t (k,q) = e} ’ (k)g;q; and the polarization tensors el(.;r)
(=)

and ¢;;’ being defined as

[ei(k)e;(k) —e;(k)e; (k)]  (52)

() :L e.(k)e: e (ke
ejj (k)—ﬁ[ i(k)e;(k) +e;(k)e;(k)],  (53)

where e;(k) and e;(k) are two three-dimensional vectors
which together with k/k form an orthonormal basis. In
Eq. (51), the Fourier component of the Bardeen potential
has been written as @ (17) = T (x)¢p, with x = kn, where
¢y 1s the value of @ at some reference initial time x(, here
considered as the horizon crossing time, and T(x) is a
transfer function, defined as the ratio of the dominant mode
of @ between the times x and x,. Regarding the time

>We need to stress here that the gauge dependence of the tensor
modes disappears in the case of scalar induced gravitational waves
generated during a radiation-dominated era, as the one we focus on
here, due to diffusion damping which exponentially suppresses the
curvature perturbations in the late-time limit [118-121].

124019-6



SCALAR INDUCED GRAVITATIONAL WAVES IN MODIFIED ...

PHYS. REV. D 107, 124019 (2023)

evolution of @ () this will be given from the time-time
perturbed field equation within the torsional formulation of
gravity, which in the absence of entropic perturbations
reads like in GR [122] as

6(1+w) 1
SUAW Ly 4 e, — 0. (54)

@//
(s 143w gy

Finally, the function F(q, |k — q|,n) is defined in terms of

the transfer function as

1) =2To(qn)To(|k—qln)

g I Tlan) + Tolan)

X [H7' |k —q|T4(Jk—qln) + To(lk—qln)].
(55)

F(q.k—q

Now, Eq. (50) can be solved by virtue of the Green’s
function formalism with &; being read as

W) = % / d” 47G} (n, Ma(@)Sii),  (56)

where the Green’s function Gj(,7) is the solution of the
homogeneous equation

G (n,71) = 2Hy Gy (n,7)

a//
+ <k2 -—+ 2H2yr) Gi(n.it) =& —n),  (57)

with the boundary conditions lim,_; G{(n.7) =0 and
lim,; Gy’ (n.77) = 1.

At the end, one can extract the tensor power spectrum
P, (k) defined as the equal time correlation function of the
tensor perturbations as follows:

ok 27’
(e, () (n) = ) (kg = ko) <5 P (. k). (58)
1

where 4 = (x) or (4). After a long but straightforward
calculation and accounting for the fact that on the super-
horizon regime ® = 2R /3 [123], where R is the comoving
curvature perturbation, P, (k) can be recast as [116,117]

© 14+v 4% — (1 2 2\272
Pﬁf)('?’k):‘*A dv/l |du{” (1+ 2% —u?)

4uv
x I*(u, v, x) P (kv)Pr (ku), (59)
with
(u, v,x) = / de%ka(x, Y)F(u,0,%). (60)

B. The gravitational wave spectral abundance

Finally, defining the effective energy density of the
gravitational waves in the subhorizon region where one
can use the flat spacetime approximation and where
Eq. (50) reduces to a free-wave equation, one can straight-
forwardly show (See [124,125] for more details) that the
GW spectral abundance Qgyw defined as the GW energy
density contribution per logarithmic comoving scale, will
read as

LdPGW('L k)
P dInk

3 (5e) PR, (o)

Qaw(n. k) =

with the bar standing for an averaging over the subhorizon
oscillations of the tensor field, which is done in order to
only extract the envelope of the GW spectrum at those
scales.

One then can account for the Universe expansion and
derive the GW energy density contribution today. In order
to achieve that, one writes

(0. %) _ pow (1., ) <a*)4pc(n*)

P
QGW(’?U» k) =W

pe(Mo) pe(m.)  \ao) pe(no)
4
0) P ,*a*
= QGW(U*,]‘)QE) : ) (62)
pr.OaO

where the index 0 denotes our present time and 7, is a
reference time usually taken as the horizon crossing time
when one considers that an enhanced energy perturbation
with a characteristic scale k collapses to form a PBH. For
the above expression, we accounted for the fact that
Qgw ~ a~*. Then, using the fact that the energy density

of radiation reads as p, = % Gsp T# and that the temperature

of the radiation bath, T,, scales as 7, g;SI/ 3a‘], one

acquires that

9« s [ OxS, 4/3
Qaw (10, k) = QgO)g /’0 <g 20> Gowlr k). (63)
%, %S, %

where g,, and g,s stand for the energy and entropy
relativistic degrees of freedom.

C. Teleparallel gravity modifications
of the gravitational wave signal

Having extracted before the SIGW signal within modi-
fied teleparallel theories of gravity we investigate here the
relevant modifications of f(7') theories at the level of the
source and the propagation of the GWs which can
potentially render the GW distinctive with respect to the
one within classical gravity.
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1. The effect at the level of the gravitational wave source

Regarding the effect of the underlying modified tele-
parallel gravity theory at the level of GW source, it will be
encapsulated in the curvature power spectrum, which
actually constitutes the source of the SIGWs as it can be
inferred from Egs. (59) and (61).

Working within the framework of the monoparametric
f(T) models introduced previously we solve numerically
the Mukhanov-Sasaki equation and extract the curvature
spectrum at the end of inflation on superhorizon scales,
which is actually what will induce the tensor power
spectrum seen in Eq. (59). For our numerical applications
we choose to work within the framework of a attractor
inflationary potentials introduced in Sec. Il E and which
present an inflection point behavior necessary for the
enhancement of the curvature perturbations on small scales.

In Fig. 1 we show the curvature power spectrum for the
case of the modulated chaotic inflationary potential (47)

F) =T +a(=T)", V(p) =Y, [tanh(p/V6) + Asin (tanh(¢/v6)/fs)]*

10-2] — B=03
— 5=-03
--- GR

107 A

1076 4
= 10
Y

10—10 o

10-12 4

10-14 4

T T T T T T T
10t 10* 107 1010 1013 106 10
k/kC)lB

f(T)=T+aTy[1— e T/EW] | V(¢) =V, [tanh(¢/V6) + Asin (tamh(q’)/\/g)/fd,)}2

1024 — B=02
— £=0.02
--- GR

10-10 4

10-12 4

10-14 4

T T — T — T T
10 10* 107 1010 10'3 106 10
k/kevs

FIG. 1. In the top panel we show the curvature power spectrum
Pr (k) for the power-law f(7) model for various values of the
parameter while in the bottom panel we show P (k) for the
exponential f(7) model. The black dashed line stands for P (k)
within GR. For all curves we work with the modulated chaotic
inflationary potential (47).

and the two power-law and the exponential f(7) models by
varying the modified gravity parameter £ within its
observationally allowed range. In Fig. 2 we show the
respective Pr (k) for the case of the polynomial super-
potential (48). As it can be observed for both figures, the
curvature power spectrum derived within modified tele-
parallel gravity theories is practically indistinguishable
from that of classical gravity with the relative difference
of Pr (k) with respect to the one of GR being of the order
1078, namely

PR (k) = PRR(K)
PR* (k)

~ 10718, (64)

At this point, we need to highlight that we derived the
curvature power spectrum within mono-parametric f(7')

D) =T+a(=-T)", V(¢)=Vo[co+ citanh(¢/V6) + c2 tanh?(¢/V/6) + c3 r,mr.}ﬁ(cé/\/é)]2

1024 — B=03
— 3=-03
--- GR

=
& 0
1071
10 12
10° 10° 10° 101 10 107
k/kC)lB
F(T)=T +aTy [1 - f””")] . V(9) = Vo [co+ 1 tanh(¢/v/6) + ez tanh?(¢/v/6) + s tanh® (¢/V6)]”
10-24 — B=02
— 5=002
--- GR
104
107
=
53
& 10°®
10710 4
1[]712 4
10 10° 108 100 104 107
k/kcas
FIG. 2. In the top panel we show the curvature power spectrum

Pr (k) for the power-law f(T) model for various values of the
parameter while in the bottom panel we show P (k) for the
exponential f(7) model. The black dashed line stands for Pr (k)
within GR. For all curves we work with the polynomial super-
potential (48).
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gravity theories without nonminimal matter-gravity cou-
plings. One in general would expect a different behavior in
the case where there is a nonminimal coupling between the
gravity and the matter sector, namely when f 7, # 0. This
intuitive physical condition can be analytically derived
from extracting Pr (k) within the slow-roll regime and
checking which are the necessary conditions for the
curvature power spectrum within teleparallel gravity to
be distinctive from that within GR.

For this reason, let us derive here the Py (k) at linear
order in the slow roll regime, namely when €, n < 1, within
the framework of f(T') gravity theories.® After appropriate
approximations (see [127] for more details), we can write

H k 37
|Rk|:—g<—>
2/ k’Q, \aH

o e Kk
T 2/0, [1 HRm(aH)]’ (%)

where H, and Q,; are the values of H and Q, evaluated at
horizon crossing time, namely when k = aH. Finally, the
curvature power spectrum can be recast as

K ,  H} k
PR(k):Z_”z|Rk(T)| 820, I+2npln{ - ) |- (66)

Given that n ~ O(¢), one finds that the local Lorentz
violation gives rise to a slight logarithmic time-dependence
of the curvature perturbation and its power spectrum on
superhorizon scales. Finally, the scale-dependence of the
curvature power spectrum is quantified in the scalar
spectral index ng defined by

ng—1= Tk = —-2¢—n+2nr, (67)

k=aH

from which we see the deviation from GR due to the
presence of the term 255, which carries the effects of the
local Lorentz violation.

Finally, one can show that np can be recast in the
following form:

1+ 2u Ofx — 2ue
1 +2u)e—56px  2u

} (68)

nr = (5fX _2/"6) 1 _<

6Stn’ctly speaking, Eqgs. (65) and (66) are partially valid within
the ultra slow-roll inflationary regime, since they are not valid at
all scales. In particular, during USR inflation curvature pertur-
bations do not freeze out at horizon exit time and therefore
Egs. (65) and (66) cannot be evaluated at horizon crossing time
but rather only after USR inflation ends. In our case, we derive
Pr (k) at the end of inflation, so to that end, Egs. (65) and (66)
extracted within the SR regime can be used as a first approxi-
mation for the curvature power spectrum. See [126] for a more
detailed discussion.

Interestingly, for 5,y =0, i.e. in the absence of matter-
gravity coupling, np = —4ue < 1, since ¢ < 1 and py =
Tf rr/f.r < 1forviable f(T) models [109] and Q; = €.
Thus, in the absence of matter-gravity coupling one obtains
that P];zm (k) ~ PSR(k) and consequently can claim
that there will be essentially no distinctive deviation
between f(T) and GR at the level of the curvature power
spectrum.

One therefore should introduce a matter-gravity coupling
at the level of the Lagrangian in order to detect a potential
deviation from GR at the level of Py (k) constituting the
source of the SIGWs.

2. The effect of the gravitational-wave propagation

We now study the effect of the underlying teleparallel
gravity theory at the level of the GW propagation. To do so,
one should essentially investigate the behavior of the
Green’s function, G (,7), which can be viewed as the
propagator of the tensor perturbations as it can be seen
from Eq. (56).

In particular, one must identify the dominant terms in the
evolution equation for the Green’s function Eq. (57), which
we write as follows

Gy (n.7) = 2Myr Gy (n.7)

a" _ _
+ <k2 -—+ 2H27r> Gy(n.it) = 8(n—17),  (69)

and take the ratios between the GR terms and the new f(7')
terms multiplied by the y; function.

At the end, following the same reasoning as in [122] and
accounting for the fact that the y; function in the case of no
nonminimal matter-gravity coupling is a negative decreas-
ing function of time, we derive the maximum deviation
from GR by extracting the ratios between the GR and f(7)
terms at a time during radiation domination when the y;
function acquires its maximum value. Being quite
conservative, we choose this time as the standard matter-
radiation equality time at redshift z., = 3387. Finally, we
find that independently of the value of the f(7T) gravity
parameter  one obtains that

1

~ > 1 d
ZH}’T an

‘ Gy (n.7)
2HyrGy(n. 1)
k2
2H2)/T

N=MNeq

> 1, (70)

k:kcvap SM=Teq

where k., i the comoving scale exiting the Hubble radius
at PBH evaporation time, thus being the largest scale
considered here.
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In summary, we can safely argue that the modifications
of any modified teleparallel gravity theory with no non-
minimal gravity-matter coupling at the level of the GW
propagation equation (69) are negligible. As a conse-
quence, one concludes that

GV (0. 7) =~ GSR(n,7), with frs=0. (71)

One then needs to introduce a coupling between gravity
and matter in order to see a distinctive deviation from GR.

IV. CONCLUSIONS

Primordial black holes are of great significance, since
they can naturally address many issues of modern cosmol-
ogy, among them the dark matter problem and the gen-
eration of large-scale structures. Interestingly, they are
associated with numerous GW signals from GWs from
PBH mergers up to primordial GWs of cosmological origin
related to their formation.

In particular, the enhanced cosmological perturbations
which collapse to form PBHs can induce a stochastic
gravitational-wave background due to second-order gravi-
tational interactions. This GW portal was mainly studied
within classical gravity while in some early works in this
research area it was shown that it can as well serve
as a novel probe to test and constrain alternative gravity
theories.

In this work, we studied the aforementioned GW signal
within the context of modified teleparallel gravity theories
where the gravitational Lagrangian is a function of the
torsion scalar 7. Interestingly enough, we showed that in
the absence of explicit nonminimal couplings between
gravity and matter sectors, the effect of the underlying
modified theory of gravity at the level of the source and the
propagation of the GWs is practically negligible, leading to
an indistinguishable SIGW signal compared to that within
GR. Additionally, we would like to mention here that a
similar indistinguishable GW signal compared to GR was
found as well regarding the GW portal associated to
PBH Poisson fluctuations within teleparallel theories of
gravity [122].

Finally, it is important to highlight that one needs to
introduce a nonminimal matter-gravity couplings in order to
observe a distinctive SIGW signal compared to GR.
Furthermore, it would be illuminating to extract the induced
GW signal within other modified gravity theories, namely
within f(R) and f(Q) gravity theories, in order to poten-
tially test and constrain the underlying theory of gravity.
These studies will be performed in upcoming projects.
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APPENDIX A: THE POWER-LAW f(T) MODEL

1. Background equations

For the power-law f(7) model (43), after assuming
homogeneity and isotropy of the scalar field (hence
X = ¢*/2) and working with the e-fold number defined
as the logarithm of the scale factor, i.e. N =Ina,
Egs. (17)—~(19) become

TM} | T'Mya(2p—1) H"
- -V=0, (Al
2 2 2 - (A1)
™, T’MZa(26-1) H?*¢?

—V —2eH’M?3

> > + > % € Pl
— 2eH>M}ap[TP~" + (B — V)HT/ 2T =0 (A2)
"+ (B -e) +V,/H> =0, (A3)

where ’ denotes derivative with respect to the e-fold
number, € = —H'/H, T = 6H? and T' = 12HH'.

2. Mukhanov-Sasaki equation

We need to solve these equations together with the
Mukhanov-Sasaki Eq. (36). Working again with the e-fold
number as time variable one obtains from Eq. (36) that

7 K m?
with
7 ¢/ (2M5))
—=1 "/, = L . (AS
I ey (MY
The expression for m? will read as
— 1)(6H?)/2

1+ ap(6H?)P!

APPENDIX B: THE EXPONENTIAL f(7) MODEL

1. Background equations

For exponential model (45), following the same pro-
cedure as before (hence X = ¢2 /2) and working with the
e-fold number as the time variable equations (17)-(19)
become
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_Hx 2002, =H2
3H2M]2>l _ 3H(2)M12>l(1<1 —e /fH%) + 6H /I}VIPlae/fH%
/2H2
_¢ s——V=0 (B1)
H2 2142 —H2
— 6H-M =
3H>M3, — 3H%M}2,1a<1 —e ”H5> + Tplae””ﬁ
212 —H2
CH oy e, <1 +%e’”’§>
= e H?
+ 4H2 M e =0 (B2)
I
I / V»¢
"+ 3B—-¢€)p —|—?:O (B3)

2. Mukhanov-Sasaki equation

Once again, regarding the MS equation one should
solve the following equation for the comoving curvature
perturbation R:

R + 1—e+2Z—l R + k—2+m—2 R=0, (B4
z H?a*> H?
with
2 2
Z—/:1+qf)”/<15’ €= 9"/ CM,,)
z ' 1+ ap(2p— 1)1
_H2
HZ/’?
m=—lopr— (BS)
P*Hj <1 +4 ef”%)
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