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The shadows of black holes encode significant information about the properties of black holes and the
spacetime surrounding them. So far, the effects of dispersive media, such as plasma, and relativistic
aberration on the propagation of light around compact objects have been treated separately in the literature.
In this paper, we will employ the Konoplya, Stuchlik, and Zhidenko family of stationary, axially
symmetric, and asymptotically flat metrics to describe the spacetime around rotating black holes. We will
study how the parameters of the black hole, the chromatic effects resulting from the presence of a
nonmagnetized, pressureless plasma environment, and the effects of relativistic aberration of a moving

observer modify the morphology of the shadow.
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I. INTRODUCTION

For most observations in the field of general relativity,
the influence of optical media along the photon trajectory is
negligible. In fact, the theory of gravitational lensing is
generally applied to the propagation of light rays in
vacuum, where light follows geodesic curves and the
deflection angles and trajectories are independent of the
photon frequency, resulting in achromatic phenomena.
However, the effects of the medium are not negligible in
the radio frequency range. At all scales, we are motivated to
consider galaxies, galaxy clusters, black holes, or other
compact objects to be immersed in a dispersive plasma
medium or surrounded by dense plasma-rich magneto-
spheres that can form accretion disks [1-3].

In such optical media, photon propagation becomes
frequency dependent, giving rise to chromatic phenomena.
While these effects are negligible in the visible spectrum,
they generate strong modifications of the usual gravita-
tional lensing behavior at radio frequencies. Therefore, it is
worth investigating how plasma influences gravitational
lensing phenomena.

Moreover, there is a well-known correspondence
between the dynamics of photons in a homogeneous
plasma and massive test particles under the influence of
gravitational fields [4]. They follow the same geodesics,
making this topic of interest for studying the behavior of
massive neutrinos (see, for example, [5] where the influ-
ence of the bending of neutrino trajectories and the energy
shifts on the nucleosynthesis resulting from the interaction
of the emitted neutrinos and hot outflowing material ejected
from the disk is studied).

2470-0010/2023/107(12)/124004(24)

124004-1

The effect of plasma on light propagation has been
studied since the 1960s. In 1966, Muhleman and Johnston
studied the influence of the electronic plasma in the solar
corona on the time delay of radio frequencies under the
Sun’s gravitational field, using the gravitational and plasma
refractive indices to derive a weak-field approximation
[6]. In 1970, Muhleman, Ekers, and Fomalont measured
the deflection of the quasar 3C273 when it was occulted
by the Sun and obtained an estimate of the electron
density in the solar corona, calculating for the first
time the deflection of light in the presence of a plasma
in the weak-field approximation [7]. A variety of studies
focusing on the solar wind and the electron density profile
in its outer corona were also performed, using light
propagation analysis on different space missions such
as Viking, Mariner 6 and 7, and the Cassini mission. In
1980, Breuer and Ehlers performed a rigorous derivation
of a Hamiltonian for light rays including a magnetized
plasma and a curved spacetime [8]. Recently, plasma
lensing effects have been used to resolve the emission
regions of a pulsar [9]. For a recent (but incomplete) list of
works studying the influence of plasma on the propaga-
tion of light rays in different astrophysical situations, we
refer to [10-24].

In recent years, there has been increasing interest in
studying the shadows of different rotating black holes with
plasma environments, following the pioneering work of
Perlick and Tsupko [25], where light propagation in a Kerr
spacetime filled by a cold plasma was analytically studied.
In particular, in [26], general necessary and sufficient
conditions for a stationary and axially symmetric metric
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to achieve separability of the Hamilton-Jacobi (HJ) equa-
tion in nonmagnetized cold plasma media were obtained.

The first problem encountered when investigating black
hole shadows in plasma environments is that photons in
general do not follow null geodesics [13]. Additionally,
when considering lensing effects in strong gravitational
fields, we must treat both gravitational and plasma lensing
effects simultaneously since the deflection is too significant
to be linearized as is done in the weak gravitational field
regime. The magnitude of the plasma influence is deter-
mined by the ratio between the plasma frequency and the
photon frequency. Lower photon frequency (longer wave-
length) or higher plasma density leads to higher refractive
deflection [19]. When a photon travels through the plasma
atmosphere of a star or through the accretion disk around a
black hole, the influence of the plasma on the light
deflection can be significant due to its high concentration
[6,27]. If the plasma deflection is large enough, it can
compensate or completely overcome the gravitational
deflection. The shadow of a plasma-free black hole was
first calculated by Synge [28] for the Schwarzschild
spacetime and by Bardeen [29] for the Kerr spacetime.
Recently, Grenzebach et al. [30-32] generalized the cal-
culations for the shadow of a Kerr black hole in the
Plebanski-Demianski class limit, incorporating relativistic
aberration effects arising from a moving observer. Studying
the dependence of the shadow on the parameters of
alternative metrics to Kerr can aid in testing Einstein’s
general theory of relativity in the strong field regime.
Additionally, taking into account the presence of plasma
generally requires numerical methods to obtain a detailed
understanding of the shadow. However, there exists a large
family of metrics (which includes the Kerr metric as a
particular case) where these shadows can be obtained
analytically. This allows for an understanding of how
different metric parameters (and the plasma environment)
can influence the shape of the shadow.

So far, the effects of dispersive media, such as plasma,
and relativistic aberration on the propagation of light
around compact objects have been treated separately in
the literature. In this article, we consider these two effects
simultaneously to study the shadow of a family of alter-
native metrics that contain the Kerr black hole as a
particular case. Although there exists a plethora of sta-
tionary and axially symmetric metrics in the literature that
generalize the Kerr metric from alternative theories to
general relativity, we employ the family of metrics
described by Konoplya, Stuchlik, and Zhidenko (KSZ)
in [33] to represent the spacetime around rotating black
holes immersed in plasma environments. The peculiarity of
this metric family lies in its ability to disentangle variables
in the Klein-Gordon and Hamilton-Jacobi (HJ) equations.
However, it should be noted that this family is a subset of a
larger family described in [34] that includes the KSZ as a
specific instance. Nonetheless, the latter family does not

generally exhibit the desirable property of Hamilton-Jacobi
equation separability, which allows for the analytical study
of shadows. Consequently, in our study, we focus exclu-
sively on the KSZ metric family. We will follow the
approach seen in [25] to obtain the equations that para-
metrize the black hole shadow, and generalizing the
Grenzebach equations [31], we will present a model that
considers both the effects of the plasma environment and
the effects of relativistic aberration.

The organization of the paper is as follows. In Sec. II, we
will summarize the metrics described in [33] and present
the specific spacetime models on which we will work. In
Sec. III A, we will develop the general formulas needed to
parametrize the contour curve of the black hole shadow in
cold nonmagnetic plasma environments adapted to the KSZ
metric family, and in Sec. III B, we will set the values of
parameters used in the rest of this work. In Sec. IVA, we
start with general considerations of shadows in plasma-free
environments, and we follow in Sec. IV B, showing how
the shadows and photon regions are affected by the
different parameters of the black hole and plasma profiles.
In Sec. VA, we will modify the previously obtained
procedure to consider now the effects of relativistic
aberration. In Sec. VB, we show the modifications of
the shadows for some particular observers moving with
respect to the standard observers (as defined in Sec. VA).
We end with final remarks in Sec. VL.

II. GENERALIZED ROTATING BLACK HOLE
METRICS

A. The metrics of Konoplya, Stuchlik and Zhidenko

A family of stationary, axially symmetric and asymp-
totically flat metrics with an event horizon was presented in
[33] having the line element

N? — W2sin?9

ds*> = — e

dr* = 2Wrsin?9dtdg
BZ
+ K2r?sin?9dg?* + Zmd}’2 +Xr2d9?,  (2.1)

where N, W, K, X, and B are arbitrary functions of r
and 9. The main motivation in the work of Konoplya,
Stuchlik and Zhidenko was to find a general structure for
metrics allowing separability of the Klein-Gordon and HJ
equations. The form of the metric components found by
KSZ was

B(r.y) = Ry (7). (22)
112 2

=(r.y) = Rs(r) + 5. (2.3)

") =Sy 9
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TABLE I. Spacetime models. All metrics take Ry = 1.
Metric Ry (r) Ry (r) p2(r,9) Horizon
Kerr 2m 1 r? + a*cos? 9 rm=m+vVm?-d®
Kerr-Newman om—2 1 2+ a?cos? 9 ra=m+\m—a— Q2
Modified Kerr 2m+ % 1 2+ a%cos? 9 0=r2—2mr, — % + a2
Kerr-Sen 2m 1+% r2 4+ a?cos? 9 + 2br rhzm—b—i—«/(m—b)z—az
Braneworld om+ 22 1 2+ a?cos? 9 rn=m+\/m:—a + Q7
Dilaton o — T 1_"% r? +a*cos’ 9 — 13 rp=m+\/m*—a*—q
Ry(r) & where y = cos d. As the metric is asymptotically flat, the
N%(r,y) = Ry (r) — Mr +—, (2.5)  functions Rg(r), Rx(r) and Ry,(r) must satisfy
r
2 Ry (r
K2(r,y) = RA(r) +4 Re(r) | @’Ru(r) limRyz(r)=1, limRg(r)=1, lim ulr) o (2.7)
’ 2(1", y) z 72 72 r—oo r—oo rooo r
a2 2 . . .
+ _;} N3(r, y)} , (2.6) The covariant and contravariant metric components can
r be expressed as
_ ( _ FRJ) 0 O _ arRMsin219
s s
0 7R 0
(9] = A : (2.8)
0 0 p? 0
_ arR,zzsinZS 0 0 sin29 (rsz Ly aer/,;gsinzs)
B. Spacetime models
. 2Ry 4-a2)? 'R .
a?sin® 9 — a EA <) 0 0 _uTM In this subsection we will introduce some of the most
1 0 ;%2 0 0 common spacetime models that belong to the KSZ family
[9*] = ? 5 , of metrics. Table I expresses the metric components of the
0 0 0 main models mentioned here, as well as the location of the
—% 0 sle 5 “KZ event horizon. The latter is obtained from the condition
(2.9) g'" = 0, which occurs for the bigger root of A(r,) = 0.
' The Kerr black hole [37,38] is the simplest model of a
rotating black hole, considering only its mass m and spin
where we have introduced the auxiliary functions parameter a associated to the angular momentum J by
a =J/m. In order to avoid a naked singularity, the spin
2 5 5 2 5 value is constrained between O and m.
p(r.8) = r*¥(r. 8) = r'Ry(r) + a’cos™9, (2.10) The Kerr-Newman black hole [39] incorporates an
electric charge Q into the Kerr model. To avoid a naked
singularity, we must require a2 2 < m?, so that for a
A(r) = PN2(r) = PRy(r) = rRy(r) +a®. (2.11)  oewanty quire @+ QO < m

We remark that the KSZ metrics are not the most generic
ones allowing a separation in the HJ equation. An alter-
native method to obtain stationary and axially symmetric
spacetimes employs the Newman-Janis algorithm (see,
e.g., [35,36]).

fixed value of the mass m, both the angular momentum and
the charge of the black hole are constrained, with the
maximum value of one depending on the magnitude of
the other.

The modified Kerr model [40] takes the Kerr black hole
and introduces a small static deformation # that alters the
relation between the mass m and the radius r;, of the event
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horizon, preserving the asymptotic properties of Kerr
spacetime.

The Kerr-Sen model is a solution in heterotic string
theory [41] for a rotating black hole with electric charge Q,
which is qualitatively similar to the Kerr model. Here, the
parameter b = Q*/2m is introduced to facilitate the treat-
ment of the model. Again, by requiring the radius of the
event horizon to be a positive real number, we obtain the
conditions a® < (m —b)? and 0 < b < m, so that both
parameters are constrained.

The braneworld (BW) theory [42] considers a black hole
with (nonelectrical) tidal charge . This metric is identical
in appearance to the Kerr-Newman model with electric
charge Q when >0, after doing the identification
B = Q2. However, the tidal charge can take negative values,
allowing the angular momentum of the black hole to
considerably exceed the limit allowed in Kerr-Newman.
To distinguish from Kerr-Newman, we will only consider a
negative tidal charge in the braneworld scenario, taking
B = —Q*2. By calculating the radius of the event horizon,
the relation a®> — Q*> < m? must be satisfied. So while the

value of |a| is constrained between 0 and +/m? + Q*?,
there is not an upper bound constraint on the value of Q*. In
any case, Q" is expected to be small.

Finally, we will consider the modified dilaton black hole
[35]. This spacetime contemplates the existence of both
electric Qr and magnetic Q,, charges, being qualitatively
similar to the Kerr-Newman model. We introduce the
dilaton charge ry = (Q%, — Q%)/2m and the parameter
g= 0%+ 03 —r3. To avoid a naked singularity, the
condition a®> + g < m? must be satisfied. Thus, the abso-

lute value of a is constrained between 0 and +/m?

turn, g is upper bounded by m?>.

Note that all the aforementioned models turn out to be
identical to the Kerr spacetime if their respective character-
istic charge parameters become zero. For this reason, from
now on we will not consider the Kerr model as a metric
independent of the rest, but as a particular case of them.

—g.In

III. SHADOW OF A BLACK HOLE IN A
PLASMA ENVIRONMENT

A. The general framework

In the following, we present the conditions on the plasma
profile necessary to separate the Hamilton-Jacobi equations
associated with a cold nonmagnetic plasma in a KSZ
background. To do so, we will closely follow the pioneer-
ing work of [25], which was originally developed to
separate the HJ equation in the Kerr metric.

For an observer pointing a telescope in the direction of a
black hole, there will be a region in the sky that will remain
dark as long as there are no light sources in between. To
determine the shape of the limiting surface between bright-
ness and darkness, it is technically convenient to consider

light rays sent backward from the observer’s position in the
Boyer-Lindquist like coordinates (rp,90). The position
of the observer is arbitrary but fixed in the domain of
external communication. The time component of the four-
momentum p,, of the photon is set to be positive, so that a
photon’s path is traced backward from the observer into the
photon region, i.e. the region in spacetime where light rays
follow spherical orbits determined by r = const around the
black hole [25].

Assuming a continuous and uniform distribution of light
sources filling the Universe while excluding the region
between the observer and the black hole, we can distinguish
between two types of trajectories; on the one hand, those
trajectories where the radial coordinate increases to infinity
reaching a light source after being deflected by the black
hole. Here we assign brightness to the initial direction of
such trajectories; on the other hand, trajectories for along
which the radial coordinate decreases until reaching the
horizon at r = r;,. We will assign darkness to the initial
directions of these trajectories, which will determine the
shadow of the black hole. The shadow boundary corre-
sponds to the light rays between the two types. These decay
in a spiral asymptotically approaching unstable spherical
orbits in the photon region, where the essential information
for determining the shape of the black hole shadow is
found. Consequently, the shadow is an image of the photon
region and not of the event horizon.

The dynamics of a light ray traveling through a dis-
persive medium is given by the Hamilton-Jacobi equation
(see [43] and reference therein),

oS 1 oS d§
H(xﬂ > :E |:g;w(xa) + [n

" OxH O+ Ox¥

:0’

where V* is the four-velocity of the plasma medium and n
its refractive index.

As we are considering axially symmetric and stationary
spacetimes, we assume a solution of the HJ equation of
the form

S(x*) = pit + ppp + S.(r) + S9(8).  (32)

For a cold nonmagnetic and pressureless plasma, the

refractive index of the plasma take the general form

(3.3)

where x = {x*}, w(x) is the photon frequency and w,(x)
the plasma frequency of the medium, given by

4re?

a)p(x)— - N(x),

(3.4)
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where ¢ and m, are the electron charge and mass,
respectively, and N(x) is the plasma number density.
Since plasma is a dispersive medium, the propagation of

light will depend on the frequency of the light (x), which
in turn will depend on the four-velocity of the plasma
VH(x), resulting in

ha(x) = p,V*(x).

k(x) = p* + p, V¥ (x) V¥ (x), (3.5)

where k* is a spacelike vector representing the wave
number propagation vector. Its dispersion relation is
?w*(x) = k,(x)k*(x) + h*w?(x). (3.6)

As k' is spacelike, we have the following propagation
condition:
w*(x) = w3 (x). (3.7)

Using (3.3) and (3.5), the general HJ equation can be
rewritten as

H(x,%) _ % {g’“’(x) 95 95 | Weat (x)} —0. (38

ox* ox”

Using (2.8) and (2.9) in (3.8), we find

1 _[(rsz+a2)pt+ap,p]2+A 95\
22 or

A R?
1 2 [0S\?
ind P 21202 | =0
+<as1n pt—l-sin&p(,,) +<68> +p wp} ,

(3.9)

where we have introduced the constants of motion p, = %
and p, = 3—;, in correspondence with the conserved energy
and angular momentum of the photon, respectively. The HJ
equation, H = 0, will be separable in the variables r and 9

only if the plasma distribution has the form

W2 (r gy = L)+ F5(8)
p(r.9) pPA(r.9)

Hence, with (3.10), we can guarantee that the equations of

motion are completely integrable. We redefine the gener-

alized Carter constant,

Ko CROVH @it apy)”  A) (05\2 )
- A(r) R%(r) \or '

in9p, + — "y asz+f(19) (3.11)
= | asin — — , .
@IRIPT Ging P 09 o

with dS/dr = p, being a function only of r and 0S/09 =
Py being a function only of 9, as can be seen in Eq. (3.2).

(3.10)

We will assume that the plasma is a static, inhomo-
geneous medium such that V! = /—¢", V* = 0, resulting

in hiw = p,+/—g". Since the metric is asymptotically flat,
the frequency w, (the frequency of the photon observed by
a static observer at infinity) satisfies Ao, = p,. From now
on, we take 72 = 1. The photon impact parameter b is the
distance between the line of sight connecting the black hole
to the observer and the photon trajectory, measured at
infinity perpendicular to the line of sight. The asymptotic
group velocity ng is the velocity with which the overall
envelope shape of the wave’s amplitudes propagates
through space at infinity [13].

Using the recently incorporated constants, we can express
the components of the four-momentum of the photon as

Pr = W,
Ry (r) ((rRy(r) +a*)p. + ap,)®
2 — B -K ’ @ _
pr A(r) |: + A(r) fr(r) ’
2 : 1 :
py=K- (a sindp, +mp¢> —fa(9),
Py = Webng, (3.12)

where the choice of p, > 0 and p, < 0 is determined by the
consideration of light rays coming from the observer toward
the black hole (e.g. they are directed toward the observer’s
past). Moreover, the sign of py will be taken positive to
determine the upper edge of the shadow and negative for the
determination of the lower edge.

As the observer is located at finite position (rg,d,), the
observed frequency w,,, will not be equal to w,, but they
are related by

(FZRZ + az)woo + apy
pvVA ’

where the right-hand side is evaluated at (r¢, 9, ). Insertion
of (3.12) into the HJ equation (3.1) yields the following
first-order equations of motion for the photon:

o1 (r*Ry + a*)? arRy,
2 2 b3
t 7[(“(1_)’)_ A Pr= A Pyl

., 1 =KA+((PRg +a*)p, +ap,)* = Af,
=" 2 ’
P Rp

. 1 / 1 2
92 _E[K_ <a l—yzp,—}—\/ﬁpw) —f,g:|a

.1 1 a? arRy,
(p_pz 1_y2 A pqp A Pl

where we introduced the dot notation dx*/ds = x“ for the
directional tangent vectors along the curves x*(s)=
(1(s), r(s),9(s), ¢(s)) parametrized by s. To find the
photon region, we must solve 7 =0 and # = 0. These
conditions lead to the following pair of equations:

(3.13)

Wobs =

(3.14)
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0=—(K+f)A+((rPRs+a)p, +ap,),
0=—(K+f)A - fA
+ 2(2rRZ + rZRQZ)p,((rzRZ + az)pt + ap(p)? (3-15)

from which we can deduce the following expressions for
the constants of motion:

(2rRx +r*RY)p,\?
k=4 (#t

2
A/ 2f/
141 ————— =L —F,.., (3.16
- ¢ <<2rRz+r2Rg>pt> | e 310
A ((2rRs+1*R%) p,
Po=\" A
Al 2 £
x |1+ 1‘(#) s
(2rRs+r*R)p,) A
2R
- (r ; E—l—a)p,, (3.17)

where the choice of sign will depend on the distribution and
density of the plasma. For a wide variety of distributions,
including those to be discussed in this paper, these
equations have a solution only if the + sign is taken [25].

The boundary of the photon region can be deduced by
requiring 9 to be a real non-negative number in (3.14),
which gives

(1=y)(K = f3) = (p, + a(l —y*)p,)*.

To construct the shadow, we propose the following
orthogonal tetrad:

(3.18)

r2R2+612 I a P
€y — )
pVA T pVA!
1
61:_6197
P
1 P asind
e =— - ,
2 psind ¥ p !
VA
e3=——0,. (3.19)
pRp

This tetrad has the property of reducing to the tetrad used
by Perlick and Tsupko in [25] when considering the Kerr
spacetime (also known as the Carter tetrad [44]).
Specifically, in this spacetime, the vectors e, + e; reduce
to the principal null directions of the Kerr spacetime. An
observer O with associated tetrad (3.19) will be called a
standard observer. Another natural choice would be to
choose ZAMO observers (zero angular momentum observ-
ers). It is clear that these vectors must be evaluated at the
observer’s position (7, 9 ). Being A(r(s), 3(s), ¢(s), 1(s))
the photon trajectory, the corresponding tangent vector /1(s)
can be found at the observer’s position from

. d . .
h=—o =10, + 80y + o, + i, (3.20)
A

Moreover, the tangent vector can be written as

A= —aey+ f(sin®@cos Pe; + sinOsinDe, + cosOes),
(3.21)

where a and f are positive factors, O is the colatitude and @
is the azimuth angle in the observer’s sky. The direction
given by ® = 0 will then be the direction toward the black
hole, while ® = = will be the opposite direction.

From (3.1) we have g(A, 1) = —w?, implying

o’ — = wi(ro.90). (3.22)
There also is a = g(A, ¢;), so that
_ (PRy+a*)p, +ap,
pVA ’
2p 2 2
5 \/((r st @ptar) o
pA

where a and f should be evaluated using at the observer
coordinates (rq,9¢).

Comparing the tangent vectors in (3.20) and (3.21), we
can parametrize the shadow edge in the coordinates seen by
the observer as follows:

A(ro)(K(ry) = f9(80))

sin® = \/((onRz(’"O) + az)pt + (lp(p(rp))2

r,) + ap,sin®9
sind — __ Pelrp) +apsindo

sin9o/K(r,) = f5(90)

— A(ro)(f(ro) + f9(80))

(3.24)
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TABLE II.  Maximum values for the characteristic parameter Q,)max and the angular momentum a,,, according to the metric.
Metric Kerr-Newman Modified Kerr Kerr-Sen Braneworld Dilaton
O (p) max 1 0.2 1 1 0.5
— 1-0? 1 1 =0 J1+0, V1I=20,

(p)

where 7, is a parameter that will allow us to describe the
shadow contour curve. Its upper and lower bounds are the
solutions of (3.18) that are evaluated at 9.

Trajectories corresponding to the shadow boundary will
asymptotically approximate circular orbits of the photon
region. These trajectories are in fact in-falling spirals, for
which their constants of motion K and p, have the same
values as the trajectories inhabiting at the boundary spheres
in the photon region. If a =0, a metric with spherical
symmetry is obtained and there is no need to parametrize
the shadow. For a # 0 we can evaluate the constants K(r,)
and p,,(r,) according to (3.16) and (3.17) and employ them
in (3.24) to obtain the shadow boundary. The parameter r,,
ranges from a minimum value 7, ;;, to a maximum value
r» max> these being determined by the equation sin? ® = 1,
which corresponds to Eq. (3.18).

By taking the values of r, in the interval [r}, nin. 7 max)»
® and ® will describe with (3.24) the shape and angular
size of the black hole shadow for an observer with a four-
velocity e at (rp,dp). If the observer moves at a different
four-velocity, the image will be distorted by aberration.
Following [30], we will use stereographic projections
on a plane tangent to the celestial sphere at the pole ® = 0
while charting this plane with the dimensionless Cartesian
coordinates

X(r,) = —2tan [@(24,)] sin[®(r,)],

Y(r (3.25)

O(ry)
») = —2tan [Tp] cos[®(r,)].
These coordinates are directly related to angular measure-
ments in the observer’s sky.

B. Setting of the parameters of the metrics

In this subsection we present the notation for the
parameters characterizing the different metrics and the
observer, setting their values for the rest of this work.
The shadow is influenced by the spin parameter a, the
distance to the observer ry, the tilt angle between the
observer and the rotation axis d, and characteristic charges
{0,n,b, Q*, ry} associated to each one of the metrics. Note
that some of these charges do not have the same physical
origin nor the same units. However, for each of the
proposed metrics with a given mass m, we can associate
a single dimensionless “charge” parameter Q,), whose

value encodes their influence on the shape and size of the
shadow. These are related to the electrical charge Q in Kerr-
Newman metric, the deviation # in modified Kerr metric,
the ratio b in Kerr-Sen metric, the tidal charge Q" in
braneworld case and the ratio r( in the dilaton case. (In this
last metric, in order to have only one parameter, we will
take for simplicity the ¢ parameter as defined in Sec. II B as
g = —2mr,. Note also that for Q3, < Q%, ry < 0, more
precisely, for our choice we are taking Q3%, = pri 2)
From now on, we will refer to all of them just by Q,)
corresponding to the dimensionless parameters associated
to each of the metrics defined as follows:

%, for Kerr-Newman,
%, for modified Kerr,
0 = L for Kerr-Sen, (3.26)
£ for braneworld,
- % , for dilaton.

Here, we use different values of Q) for an exploration
of the metric models and their qualities.

In most cases there is a value Q) max Which is an upper
bound for the allowed values for Q(, in each metric. For
metrics with no such a bound (i.e. the modified Kerr and
braneworld case), as the associated Q( p) parameter 1s
expected to be relatively small, we propose an artificial
bound. Table IT shows the values for Q) max that we will use
for each metric. In turn, from the expression in Table I, we
can find the upper limit of the angular momentum for each
metric (for a given Q,)), also expressed in Table II. Again,
not all models impose an upper bound for the angular
momentum, hence for those cases the choice of a,,,, is free.
To standardize the results, the magnitudes Q) and a will be
expressed in terms of Q) max and dpgy, respectively.

IV. THE SHADOW IN PLASMA-FILLED
ENVIRONMENTS (WITHOUT
ABERRATION EFFECTS)

A. General considerations of shadows in
plasma free environments

As a warm-up, and only for completeness, we will
briefly review how different parameters of various metrics
affect the shape of the black hole’s shadow when plasma
effects are neglected.
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Kerr-Newman Modified Kerr

Kerr-Sen

Braneworld Dilaton
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FIG. 1.

Figures 1-3 show, respectively, how the spin parameter a
of the black hole, the distance r, between the observer and
the black hole and the angle 9, between the observer’s
position and axial symmetry axis of the black hole influence
the shape and size of the shadow. Moreover, the graphs are
repeated for different values of the Q) parameter, allowing
us to study their influence in the different spacetime models.

In each table, the top row takes Q(,)/Q(p)max = V0.25

while the bottom row takes Q(,)/Q(p)max = VO0.75.
Although a physically realistic observer is expected to be
far from the event horizon, we will generally take rp = 5m

Kerr-Newman Modified Kerr

Kerr-Sen

1 2 -1 [ 1 2 -1 0 1 2

Effect of the angular momentum on the shadows. In each curve a/a,,, is equal to 0.01 (brown), 0.25 (red), 0.50 (green), 0.75

(blue) and 0.999 (purple). rop =35, 99 = x/2, 0p Q(p)/Q(pymax = V0.25, bottom Q,)/O(pymax = V0.75.

in order to better relate our results with those presented
in [25], where ry = 5m is employed.

Figure 1 shows a comparison of the shadows
cast by black holes with different spin values a, from near
zero spin (a/ap,, = 0.01) to almost the maximum spin
(a/amax = 0.999). The angular momentum affects the
black hole shadow in three characteristic ways. The first
is the reduction in size. The larger the angular momentum,
the smaller the area the shadow occupies in the observer’s
sky, and the smaller its horizontal and vertical diameters.
The second modification affects the shape of the shadow.
While for black holes with low a the shadow is nearly

Braneworld Dilaton

©

@

-
-

o
=)

FIG. 2. Distance to the observer r. Brown, red, green, blue and purple curves correspond respectively to ro = 5Sm, 10m, 20m, 50m,

and 100m. a/ay,, = 0.999, 9, = n/2, top Q(p)/Q(p)max = +/0.25, bottom Q(p)/Q(p)max =

Vv0.75.
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Kerr-Newman Modified Kerr

Kerr-Sen

Braneworld Dilaton

-1 0 1 2 -1 0 1 2 -1

FIG. 3.

0

1 2 -1 0 1 2 -1 0 1 2

Shadows for different angular positions 9, of the observer. Brown, red, green, blue and purple curves correspond to

80 € {n/2,3n/8,7/4,7/8,7/100}. Here, a/ap, = 0.999, ro = 5m. In the top panel Q,)/Q ,)max = V0.25, while in the bottom

Q(I’)/Q(p) max — \/ﬁ

circular, it takes a D shape as a increases, being more
noticeable as we approach a,,,,. This phenomenon happens
in the same way in all metrics, with the flattening side being
parallel to the black hole rotation axis (i.e., vertical) and
coming, as expected, from photon orbits corotating with
the black hole (i.e. from the left). The third effect is the
displacement of the shadow position. The direction of
the displacement is opposite to the flattened side (i.e. to the
right). Again, this effect is practically negligible for small a
values and increases with this.

In Fig. 2 we see how the apparent size of the shadow
decreases with the distance between the black hole and the
observer. However, this distance does not seem to produce
noticeable differences in the shape of the shadow.

Figure 3 shows how the angle 9, between the observer’s
position and the black hole’s rotation axis changes the

Qp)/Qpymaz = V0.250  Qp)/Q(pymaz = V0.500

shape, size and position of the shadow. Observers near the
rotation axis (9, — 0) will see a smaller, rounder and
centered shadow. Observers near the equatorial plane
(®p — r/2) will see a displaced shadow with a larger
vertical diameter and D shaped.

Figure 4 compares the shadows observed in the different
metrics, using the same values for a, ry and 9, exploring
different values for the Q) parameter. Here we can see how
different spacetime models affect the shape of the shadow,
and what role Q,) plays in each of them. The different
metric models converge to Kerr spacetime as Q(,) — 0. As
Q/p) increases, however, the shadows evolve in completely
different ways, according to the different metric properties.

Metrics such as the Kerr-Newman, Kerr-Sen and dilaton
present nearly spherical shadows for Q(,) = Q(,)max- AS
can be seen in Table II, the angular momentum a vanishes

Qp)/Qpymaz = V0.750  Qp)/Q(pymaz = V0.999

1 1 1 1 1F
| | | DD N
-1 1 -1 1t
-1 0 i 2 -1 6 1 2 -1 0 i 2 -1 6 1 2

FIG. 4. Characteristic parameter Q(,). Brown, red, green, blue and purple curves correspond respectively to the Kerr-Newman,
modified Kerr, Kerr-Sen, dilaton and braneworld metrics. a/dn,, = 0.999, ro = 5m, and 9, = #/2. The characteristic parameter
reduces the D shape, the size and the displacement of the shadow in Kerr-Newman, Kerr-Sen and dilaton, and increases them in

modified Kerr and braneworld.

124004-9



BRIOZZO, GALLO, and MADLER

PHYS. REV. D 107, 124004 (2023)

as Q(,) increases, so that the spin effects becomes negli-
gible. In these metrics, the effects on the shadow associated
with angular momentum, such as the increase in size, the
shape of D and the horizontal displacement will be reduced
as the parameter Q,) approaches Q(,)ma. Something
particular occurs with the Kerr-Sen metric. As in the
Kerr-Newman and dilaton cases, the larger the Q(p> the
lower the allowed a. However, the reduction in size and
the loosing of the D shape as Q,,) increases is much more
noticeable in the Kerr-Sen spacetime. This is due to the
properties of the characteristic parameter and how it affects
the metrics. On the other hand, in metrics such as modified
Kerr and braneworld where the value of a is not so
constrained by Q,, the effects associated with the angular
momentum  still present even for high Q(, values.
Moreover, in the braneworld case such effects can even
be increased, since a larger Q) allows to increase the
maximum spin parameter d,,,, so the effects on the shadow
are even more evident. Thus, we see that in general the
parameter Q(,) exaggerates or attenuates the effects of
angular momentum.

B. Shadow in plasma media

In this subsection we will analyze different plasma
distributions and how they affect the formation of the
black hole shadow. To guarantee the separability of the HJ
equations, these distributions must satisfy Eq. (3.10), so our
work here will be to propose the functions f,(r) and f¢(9).
This will be done by mainly considering the plasma
distributions presented in [11,25], as well as proposing
some new ones.

The first example is a plasma distribution with f}.(r) = 0.
Since this leaves f,(r) constant, it can be absorbed by the
function f4(9), so we will take f,(r) = 0. Additionally,
since the electron density N, is a positive real number,

2 > 0,50 f9(9) > 0 must be satisfied. The chosen plasma
density is

fr,l(r):O f,91(19>—(l)c
w2m?(1 + 2sin%9)
r’Ry(r) + a*cos*9’

2(1 + 2sin%9),

a)f,’l(r, 9) = (4.1)

where @,. is a constant with dimension of frequency, making
it easier to relate the plasma frequency w,, to the photon
frequency w. The shadows obtained for this plasma density
are presented in Fig. 7.

Next, we consider an inhomogeneous plasma with a
density asymptotically proportional to r—>/2. Considering
the separability condition, the plasma distribution turns out
to be

m3

r, [92(8) =0
w2V mr

r’Rs(r) + a*cos?d’

fr2 _(U

wf,‘z(r, 9) = (4.2)

The shadows modeled with this plasma distribution are
shown in Fig. 8. This profile was already discussed for the
Kerr-Newman-dilaton and BW metric in [45] and also for
the Kerr-Sen metric in [46].

A typical example of academic interest is the case of a
homogeneous plasma, where

fr3( ) = wir*Rx(r), f93(9) = wZa’cos®d,

(r 9) = w2, (4.3)

which can also be used as a model to study massive test
particle trajectories. Black hole shadows formed in such
environments are shown in Fig. 9. The characteristic feature
of these profile, in comparison with the previous examples,
is the existence of stable spherical photon orbits [see
Fig. 6]. This implies that from some observation positions
there are light rays that are sent into the past and go neither
to infinity nor to the horizon, but remain within a spatially
compact region. Following [25], we will assign darkness
only to those light rays going to the horizon, and therefore
we assign brightness to the light rays approaching the stable
circular orbits.

In [11], Rogers studies a plasma profile a)f, x 7’ to
characterize light curves from a slowly rotating neutron
star. This work is extended to take into account other
metrics and analytical pulse profiles in [18,47]. The choice
of this plasma profile is based on [1], where a charged
pulsar magnetosphere is taken into account. While this is
not the environment we are considering, it is an interesting
profile to study the differences with other profiles in the
shape of the shadow. Nevertheless, while Rogers original
profile depended only on r, we have to satisfy Eq. (3.10),
resulting in

3

w2m?

fr,4(r) = P s

f94(8) =0,

w?m?

r(r’Ry(r) 4+ a*cos*9)’

C‘)%A(”’ 9) = (4.4)

which tends to Rogers’ profile when moving away from the
black hole. The shadows obtained for this plasma profile
are shown in Fig. 10.

Finally, we present a profile where the electronic density
decays exponentially. This decay is greater than what one
could achieve with a simple power law like the ones we
have presented above. The plasma density will then be
given by
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FIG. 5. Plasma frequency w3 (r,9) for profiles of type 1, 2, 4, and 5.

frs(r) = wzm? exp <r1r_;r> ) fos5(9) =0,

2t expl(r 1))
R T
@p5(r.9) Ry (r) + a*cos*d

(4.5)

where r( and r| are two arbitrary constants that characterize
the profile. For simplicity, we will take ry = r; = m. Some
examples of shadows obtained with this plasma density can
be seen in Fig. 11.

The shape of these profiles can be seen depicted in
Fig. 5, where the plasma frequency as a function of r and J
is shown for profiles of type 1, 2, 4 and 5. In addition, in
Fig. 6 we present some photon regions obtained for these
plasma profiles in the different metrics. The morphology
of the photon regions (whether it arises from the poles or
from the equator) depends exclusively on the plasma
profile. Metrics and other parameters can affect the shape
of these regions. In general, when the frequency ratio
7 = w2/w% < 1, there is no forbidden region and the

photon region resembles the top left figure of Fig. 6 for all
metrics and plasma profiles. As w?/w2, reaches a critical
value (dependent of the metric and plasma profile), a
forbidden region appears and becomes bigger as this ratio
increases.

For Figs. 7-9 we take a/dny., = 0.999, ro = Sm and
8¢ = /2. In each figure, the top row takes O ,)/ O (p)max =

1/0.25 while the bottom row takes Q(p)/Q(p)maX = +/0.75.

In Fig. 7 we see that for some plasma frequencies the
shadow is no longer visible, resulting in a fully bright sky.
Through the study of the photon region in Fig. 6 it can be
seen that there is a certain critical frequency ratio y.; =
w? /w2, above which a forbidden region emerges, where the
propagation condition [Eq. (3.7)] is no longer satisfied. A
forbidden region appears, for profile 1, around the equa-
torial plane and splits the photon region into two uncon-
nected regions. As the plasma frequency increases, the
forbidden region becomes larger, until it completely sur-
rounds the black hole. Low energy photons cannot
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Modified Kerr, profile 2, 522 =15
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FIG. 6. Photon regions. Event horizon in black, unstable photon region in yellow, stable photon region in green and forbidden region
inred. Q(,)/ 0 (pymax = V0.25. The morphology of the photon region (whether it arises from the poles or from the equator) depends
exclusively on the plasma profile. Metrics and other parameters can affect the shape of these regions. For the uniform plasma (profile 3),
the forbidden region emerges for y = 1 [as follows from Eq. (3.7)]. For this profile, when w?/@w2, < 1 the stable and unstable photon
regions are separated, and merge as w2/w32, reaches a critical value.

penetrate the forbidden region and are deflected. For this
reason, observers close to the equatorial plane (9o = n/2)
stop seeing the shadow first. The resulting sky will be
completely bright for observers beyond the forbidden
region and completely dark for observers between the
forbidden region and the black hole.

In Fig. 8 we notice that, similar to profile 1, there are
some plasma frequencies for which the black hole does
not produce a shadow. By studying the photon regions
(some of them are shown in Fig. 6) for different frequency
ratios y = w?/w?%, it can be checked that there exists a
threshold value of this ratio at which a forbidden region
emerges around the poles of the rotation axis. Thus,
observers near from the equatorial plane will still observe
a shadow, which will vanish as they approach the rotation
axis. As the ratio y increases, the forbidden region grows
until it completely surrounds the black hole when a critical
value y,; is reached. Then, the shadow disappears for all
observers, resulting in a fully illuminated sky. The study

of the photon region in Fig. 6 shows that the same is true
for plasma profiles 4 and 5, since these are similar to
profile 2.

In general, y.; depends on both the metric model and the
Q(p) parameter. As we increase Q(,) the value of y;
decreases in Kerr-Newman, Kerr-Sen and dilaton, while it
increases in modified Kerr and braneworld. In addition, as
the ratio y = w?/w?2, goes from 0 to y.; the shadow area
decreases until vanishing, loosing its characteristic D shape
while tending to a smaller and smaller circle. As the plasma
frequency grows, the plasma effects becomes more rel-
evant, producing an opposed effect to the gravitational one
[18]. This is because for overdensity plasma distributions
the plasma acts as a repulsive media instead as the attractive
one of the gravitational field. Therefore the shadow
becomes smaller for higher plasma frequencies. It is note-
worthy that, when shrinking, the shadow does not maintain
its relative position with respect to the center of coordi-
nates, but tends to be centered in the geometric center
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Kerr-Newman Modified Kerr Kerr-Sen Braneworld Dilaton
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FIG. 7. Plasma profile 1 with a/a,, = 0.999, ro = 5m and 8, = n/2. In each image w?/w?, is equal to 0.00 (brown), 2.25 (red),
4.50 (green), 6.75 (blue) and 8.90 (purple). In the top panel Q,)/Q(p)max = v/0.25; in the bottom Q(»)/ Q(pymax = V0.75. Note that,
with the exception of the modified Kerr and braneworld metrics, there is no associated shadow for certain frequency ratios. This is
because a forbidden region emerges in the equatorial plane for some particular frequency ratio w?/w2, (see Fig. 6). In this region, the
propagation condition (3.7) is not satisfied, and as a result, the shadow is no longer visible.

of the shadow corresponding to @, = 0. Moreover, in Contrary to what we observed for other profiles, the
Kerr-Newman, Kerr-Sen and dilaton the value of y.; is  presence of plasma in profile 3 leads to a magnification in
smaller the higher the plasma density gradient is, i.e., the  the observed size of the shadow. As the ratio y = w?/w?
faster w,, decays with r. At the same time, in modified Kerr  increases, the contour curve of the shadow becomes larger.

and braneworld the relationship is inverse. Beyond a certain threshold of this ratio, the right edge of the
In Fig. 9, we observe a peculiarity with profile 3. curve shifts to the left of the original shadow, resulting in a
Kerr-Newman Modified Kerr Kerr-Sen Braneworld Dilaton

o

Q

o

-1 0 1 2 -1 0 1 2 -1 0 1 2 -1 0 1 2 -1 0 1 2

FIG. 8. Plasma profile 2 with a/ay. = 0.999, ro = 5m and 9, = z/2. Brown, red, green, blue and purple curves correspond,
respectively, to the frequency ratios w?/w% = 0.00, 3.75, 7.50, 11.25 and 15.00. Top, O/ Q(pymax = V0.25; bottom,
Op)/ Q(pymax = V0.75. As shown in Fig. 7, some frequencies do not have an associated shadow. For this particular profile, the

shadow will vanish for some critical value y,; of the ratio y = w?/w2,, where the forbidden region completely surrounds the black hole
and closes in on the equatorial plane (see Fig. 6).
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Kerr-Newman Modified Kerr Kerr-Sen
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FIG.9. Plasma profile 3 with a/am, = 0.999, ro = 5m and 8, = /2. In each image w? /w2, is equal to 0.000 (brown), 0.800 (red),
1.085 (green), 1.200 (blue) and 1.345 (purple). Top, Q(,)/ Q) max = V0.25; bottom, O,/ Q()max = V0.75. The brown and red curves
always enclose the shadow, leaving outside the illuminated sky. The blue and purple curves always enclose the illuminated sky, leaving
outside the shadow. In the Kerr-Newman bottom shadow, the green curve consists of two circles touching at their right end. The inner
circle encloses the shadow while the outer circle encloses illuminated sky (except for the inner circle), leaving outside the shadow. For
the Kerr-Newman top shadow, the contact point between the green circles shifts, creating three new regions, a lenticular region on the
right edge and two triangular regions above and below it. The lenticular region encloses shadow while the triangular ones encloses light.
In the modified Kerr shadows, the right extreme of the green curves splits. Now the inner region of the rightmost circle and the outer
region of the leftmost circle are connected through the lenticular region, all containing shadow. Finally, for the Kerr-Sen shadows, the
green curves enclose the shadows. The nonplotted curves correspond to @2/ @2, > yi» such that the forbidden region surrounding the
black hole now contains the observer (Fig. 6) and, consequently, the shadow is not visible.

structure known as “fishtails” (described in [25]). The
contour curve now encloses the illuminated sky, which is
surrounded by the shadow. If the ratio y keeps increasing,
the fishtail shrinks, decreasing the bright fraction of the sky.
When y; is reached, the fishtail vanishes, and the shadow
extends over the entire sky. These curious effects are fully
explained for the Kerr metric in [25] through the analysis
of the associated photon regions, which have a similar
qualitative appearance for all the metrics considered here.
In Fig. 6, we observe the appearance of a stable photon
region in addition to the unstable photon region. Here,
photons from the observer can remain indefinitely without
ending up at either the event horizon or infinity.
Furthermore, the forbidden region now lies beyond the

photon region and extends to infinity. Therefore, the
shadow is visible only to observers located between the
forbidden region and the horizon. Any observer residing
inside the forbidden region will see a completely dark sky.

V. ABERRATION IN PLASMA ENVIRONMENTS
A. General setting

The expressions derived in the previous section are
valid for a standard observer O located at position
(ro,8¢) with four-velocity e,. However, as explained in
[31], if there exists a nonzero three-velocity between an
observer @ and O, we would have to deal with relativistic
aberration effects.
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Kerr-Newman Modified Kerr Kerr-Sen Braneworld Dilaton
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FIG. 10. Plasma profile 4 with a/a,, = 0.999, ro = 5m and 9, = x/2. In each image, brown, red, green, blue and purple curves
correspond, respectively, to the frequency ratios wZ/w2, = 0.0, 17.5, 35.0, 52.5, and 70.0. Top, Q(p)/Q(p)max = +/0.25; bottom
Qp)/ Q(pymax = V0.75. The nonplotted curves correspond to @2k, > yei as explained in Fig. 8.

The shape of the shadow depends on the observer’s
state of motion. Therefore, we will have to modify
the chosen tetrad if another observer located at (rq,9)
moves with three-velocity ¥ = (v, v,,v3), being
|v| < ¢ =1, relative to O. Here (v,v,,v3) are the
components of the three-vector in the basis of
the spatial vectors {e;,e,,e3} as defined in (3.19). The
four-velocity of the moving observer will give us an
associated tetrad, which is expressed in terms of the
standard tetrad as

~ () + V1€ + Vy€y + v3€3

[

V1—?

’

~ (1 —03)e; + vy(eg + vye;)

e =

€y =

V1=03/1=0v?—v

_€2+’1}2€0
27
V1-=v;

_ _ (1—vf—v3)es +w3(eq + vies + vye,)

2
2

(5.1)

€3 —

Vi—02/1-0? =13

Kerr-Newman Modified Kerr Kerr-Sen Braneworld Dilaton

1 1 1 1 1
0 0 @ 0 0 0

1 1 1 1 1

1 0 1 2 1 0 1 2 1 [ 1 2 1 0 1 2 -1 0 1 2
1 1 1 1 1
0 0 @ 0 O 0 > 0

Y
1 1 1 1 1
-1 0 1 2 -1 0 1 2 -1 0 1 2 -1 0 1 2 -1 0 1 2
FIG. 11. Plasma profile 5 with a/a,, = 0.999, ro = 5m, and 9, = x/2. Brown, red, green, blue and purple curves correspond,

respectively, to frequency ratios wZ/wZ = 0.00, 32.5, 650, 97.5 and 130.0. Top, O/ Q(pymax = V0.25;  bottom,
Q(p)/ Q(pymax = V0.75. The nonplotted curves correspond to @2/ 0% > Yei» as explained in Fig. 8.
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As before, the space vector &3 corresponds to the
incoming direction toward the black hole, while &,
and @, indicate the vertical and horizontal directions,
respectively, in the Cartesian plane.

As in Sec. II A, for any photon with trajectory
A(s) = (2(s), r(r),9(s),p(s)) the tangent vector at the
observer’s position can be written in two different ways,
either using the Boyer-Lindquist like coordinate basis or
the tetrad introduced above, resulting in
A =10, + 19, + 99, + @0,

@

A = —agy + p(sin © cos DZ; + sin O sin Dz, + cos OF;),

where ® and ® are the celestial coordinates of the
observer, and now, the factors o and f must now be
calculated taking into account the four-velocity of the
observer and the plasma presence,

a=g(A.g) = kyp, + kip, + kipg + ki p,.

B= 1\ (Kop, + Ksp, + Kpa + K p, ) — o,

(5.3)

[recall that both expressions must be evaluated at the
observer’s coordinates (rp,9p)] where the k% elements
come from the generic expression

(5.2) & = ko, (5.4)
and are shown in the following matrix:
eh+v,e) 3¢} vie! eg+uyel
Vi1-1? 1-2? 1-2? Vi-v?
vy (ef+v,eh) 0 l—vg 6‘8 v (ef+vse))
[1_12 /1_2_.2 21251 2 2_2
k«“ - 1=v34/1-v{—0; 1=vi—v; V 1=v3/1-v1—v; (5 5)
i vyef+el 0 0 vyef+el ’
£/ l—vg w/l—v%
v3(ef+v,eh) 1—vi=23 vyv el v3(ef+v,ey)
vV 1—1/‘2\/1—1)%—1% -7 73 1—@‘2\/1—1)%—1)5 V 1—112\/1—1)?—1/‘%

Comparing the expressions in (5.2), introducing into
these Eq. (5.4) and grouping the terms with common factor
9, (u=1,r,9,¢), we obtain the following set of coupled
equations:

t = —akly + Pk} sin © cos @ + Bk sin @ sin @ + fk cos O,
i = —ak{, + Pk cos ©,

9 = —ak + pki sin© cos ® + pkf cos ©,
@ = —aky + Pk? sin © cos @ + kY sin O sin @

+ pkY cos O, (5.6)

from which we can obtain the following expressions for the
celestial coordinates of the observer:

kr
cos® = r+0: 0,
Pk;
. q p K 154 F+ak! 1k¢ q
ek (a0 - )
sin® = L : !

’

rtak)\2
ﬂ 1- (rﬁZ_;O) k(g

(5.7)
where 7, 9 and ¢ must be substituted for their expressions

in the equations of motion [Eq. (3.14)]. In doing so, we
must evaluate all the functions shown in Eq. (3.14) at the

observer’s coordinates (rp,d ), except the explicit expres-
sions for K and p,, which must be evaluated at (r,.9¢). It

can be verified that, if ¥ = 0 is taken, the expressions in
Eq. (5.7) reduce to those found in Eq. (3.24). Finally, the
stereographic coordinates X (r,,) and Y(r,) will continue to
be expressed in the same way as in the previous sec-
tion [Eq. (3.25)].

In summary, in order to construct the shadow of a black
hole including aberration effects, one should use the
following step-by-step procedure:

(1) Choose a metric. Some examples are shown in Table I.

(2) Choose the spin parameter a and the rest of the
characteristic parameters of the metric, verifying
that they satisfy the corresponding constraints
[A(ry) =0, 1, € Roo].

Select the position of the standard observer (r¢, 9)
[with associated tetrad as given by Eq. (5.1)].
Select the three-velocity of the observer 7 with
respect to the standard observer.

Calculate the coefficients e’; from Eq. (5.1) evalu-
ated at the observer’s position (rg,39,).

Calculate from these the coefficients k% as expressed
in Eq. (5.5).

Select the functions f,(r) and fy(8), giving the
distribution of the plasma ®,(r,9) around the
black hole.

3
“
®
(6)
)
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(8) Choose the photon frequency at infinity w,, or at the
observer @, [related by Eq. (3.13)] and verify that
Eq. (3.7) is satisfied during the whole trajectory. In
the equations we will use, this motion counter will
be present only in the quotient @, (X) /@ /obs» SO We
recommend expressing both frequencies as a func-
tion of the same magnitude w.,.

(9) Write the equations of motion in terms of K and p,,
as shown in Eq. (3.14).

(10) Write the celestial coordinates sin® and sin®
as shown in Eq. (5.7), replacing the equations of
motion by the expressions obtained in the pre-
vious step.

(11) Substitute into the expressions for sin® and sin ®
the expressions K(r,) and p,(r,) according to
Egs. (3.16) and (3.17), evaluating at r = r,, which
belongs to the interval of radial coordinates for
which unstable spherical orbits exist. This gives
us sin® and sin® as functions of r,, so we have
parametrized the shadow contour in the observ-
er’s sky.

(12) Solve the equation sin*[®(r,)] = 1 for r,, obtaining
the boundary values r, i, and r,, ;.. Note that this
equation can have several real solutions, so you must
determine, depending on the characteristics of the
problem, which boundary is relevant for shadow
formation.

(13) Compute sin[@(r,)] and sin[®(r,,)] by evaluating r,,
on the interval [r, min: 7' max)-

(14) Calculate the dimensionless Cartesian coordinates
X(r,) and Y(r,) of the shadow boundary curve
according to Eq. (3.25).

B. Black hole shadows and relativistic aberrations

Here, we will only consider motion of observers O’ in
the equatorial plane (9, = z/2) with velocities in the
direction of the vector e, (i.e. in the ¢ direction) relative
to the standard observers. The parameters a/d ., = 0.999,
ro =Smand Q(,)/Q(p)max = V0.25 are chosen. Thus, the
three-velocity of the observer will be given by ¥ = ve,,
with v < 0 indicating that the displacement is in the sense
of rotation of the black hole and » > 0 indicating a motion
in the opposite direction relative to the standard observer.
The resulting shadows for different values of the observer’s
velocity v are shown in Figs. 12-16, considering the
different plasma profiles introduced above, and are visu-
alized via stereographic projection from the celestial sphere
to a plane. Each figure shows the resulting shadows for
different values of the frequency ratio y = w?/w%.

In the aforementioned figures we can see that the
shadows are shifted towards the apex, i.e. in the direction
of the observer’s motion, as is to be expected in an
aberration phenomenon. At the same time, the size and
shape of the shadow are affected. These effects increase the

higher the relative velocity, and can be explained if we
relate the direction of the observer’s motion to the spin of
the black hole and to the equatorial plane as the plane of
symmetry, as stated in [31]. For relatively low velocities
(Jv| £0.1), the aberration effects do not affect too drasti-
cally the shape or size of the observed shadow. The shift
towards the apex is small but becomes more noticeable for
larger ratios y. In general, for v = 40.1 the shadow is a
little larger than for » = —0.1. The shape of the shadow is
similarly affected. The asymmetry observed in the second
and third columns of Figs. 12, 13, 15, and 16 can be
explained as follows. If the black hole were not rotating,
the standard observers would be static, denoted as .
In such a scenario, an observer (' in relative motion to (0"
with velocity ¥ = ve, would perceive a reduced-
sized image. However, the size of the image would not
depend on the sense of motion (i.e., the sign of v), but
only on its magnitude (refer to Fig. 3 of [31]). However,
due to the presence of angular momentum, our standard
observers O are themselves rotating around the black hole.
Consequently, in relation to distant static observers O”
[with associated tetrad derived from Egs. (3.19) in the limit
of ro — oo], an observer (0 with a relative velocity 7 =
—|v|e, compared to O will experience a higher speed when
orbiting the black hole than an observer moving with
respect to the standard observer with ¥ = |v|e,. This
difference in motion leads to the observed asymmetry in
the aberration effects.

However, as shown in Fig. 14, for the case of uniform
plasma (profile 3), for an observer moving in the sense or
rotation of the black hole (v < 0), even a slight variation in
the observer’s velocity can significantly transform the
observed shadow, leading to a small shadow in an illumi-
nated sky to become a spot of light in a dark sky when
approaching a critical velocity v. < 0. To explain this
phenomenon, we need to bear in mind that we are
projecting the celestial sphere onto a plane using stereo-
graphic projection. By analyzing the shadows for increas-
ing values of |v| (not shown), it is evident that as v
approaches a critical value v, < 0, the left end of the
contour curve becomes increasingly larger. For |v| > |v,],
the curve passes behind the observer (on the celestial
sphere), and in the stereographic projection, it is plotted on
the right side. As a result, for low velocities of the observer,
the blue and violet curves enclose the illuminated sky,
whereas for a specific critical value, they enclose the
shadow.

Note also that for high velocities (Jv| ~ 0.9) the modi-
fication in the shape of the shadows is increased. For low
ratios y the shadow tends to be magnified while for high y
tends to be demagnified, but this effect is different depend-
ing on both the metric and the plasma profile. For » = 0.9
the left side of the shadow (which corresponds to the
straight side of the D) shrinks. Thus, for low y the shadow
becomes almost circular, with a slight indentation on the
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FIG. 12. Relativistic aberration in plasma profile 1 with a/a ., = 0.999, rp = 5m, and 9, = z/2. Brown, red, green, blue and purple
curves correspond, respectively, to the frequency ratios w?/w?%, = 0.00, 2.25, 4.50, 6.75, and 8.90. As explained in Fig. 7, for some
particular @2/ @2, = y., a forbidden region emerges and, consequently, the shadow is no longer visible. Note that for the plots shown in
the right column (associated with a relative velocity of v = —0.9), in order to facilitate the visualization of the different shadows, we have
modified the scale of the axes.
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curves correspond, respectively, to the frequency ratios w?/w%, = 0.00, 3.75, 7.50, 11.25, and 15.00. As explained in Fig. 8, for some
particular @2 /2, = y.;» the forbidden region reaches the equatorial plane and, consequently, the shadow is no longer visible. As in
Fig. 12 we have modified the scale of the axes in the plots of the last column.
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FIG. 14. Relativistic aberration in the plasma profile 3 with a/a;,,

=0.999, rp = 5m, and 9, = /2. The brown, red, green, blue,

and purple curves correspond, respectively, to the frequency ratios w? /w2, = 0.000, 0.800, 1.085, 1.200, and 1.345. For v = 0.9, 0.1,
and —0.1, the brown and red curves always enclose the shadow, leaving the illuminated sky outside. Meanwhile, the blue and purple
curves always enclose the illuminated sky, leaving the shadow outside. For v = —0.9, all curves enclose the shadow. The brightness and
shadow locations for the green curve for v = 0.9, 0.1, and —0.1 are similar to the ones explained in Fig. 9 (the leftmost circle and
triangular regions enclose light, while the rightmost circle and lenticular region enclose shadow). The Kerr-Newman v = 0.9 green
curve is an extreme variant of the modified Kerr v = 0.9 one, where the extremes of the triangular regions above and below touch each
other, such that the innermost region encloses light, the left and right regions enclose shadow, the triangular regions enclose light, and the
outside is shadow. For v = —0.9, all green curves enclose the shadow, except for the triangular regions that enclose light. The nonplotted
curves correspond to @?/@2%, > yi. such that the forbidden region surrounding the black hole now contains the observer (Fig. 6) and,
consequently, the shadow is not visible. Note that for the plots shown in each column (associated with different relative velocities), in
order to facilitate the visualization of the different shadows, we have modified the scale of the axes.

left side. As y increases, the shadow shrinks adopting a
lenticular shape. The apparent size of the shadows will
depend strongly on the spacetime model and the observed
frequency. For v = —0.9, the straight side of the D grows in
proportion, resulting in a more flattened shadow at lower y.
As y grows, contrary to the previous case, the shadow
becomes more circular in shape as it shrinks, losing the D
shape. In this case, the image is clearly demagnified,
regardless of the plasma profile from which it originates.
In all cases, the rings structure formed by the shadows
corresponding to different frequencies is crowded in the

direction of motion. In the case of uniform plasma, the
fishtail structure mentioned above is transformed, giving
rise to others somewhat more exotic. The analysis of these
structures is not the objective of this work, but we include
them as a curiosity.

VI. FINAL REMARKS

Using the KSZ metric family, we employed various
spacetime models to investigate the propagation of light in
a nonmagnetized, pressureless plasma—a dispersive
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medium with a frequency-dependent refractive index. The
Hamiltonian formalism was employed to describe the
photon dynamics within the plasma environment. This
class of black holes includes several well-known exact
analytic black hole solutions and many other black hole
metrics obtained by deformations of the Kerr metric or
stipulated by some cosmological or braneworld scenarios.
Moreover, as shown in [33], these can serve to effectively
approximate more complex metrics that do not allow
separation of variables.

It is important to clarify that the class of black holes
considered here (KSZ) is not the most general among those
that allow the separation of variables in the HJ equation. We
use them since our intention was to describe in a practical
way black holes with the same symmetries of the Kerr
model, in asymptotically flat and axially symmetric space-
times presenting a event horizon and admitting a general-
ized Carter constant. This allowed us a simple analytical
treatment by being able to completely separate the null
geodesic equations.

We derived general analytical formulas to find the
contour curve of the shadow cast by the black hole on
the observer’s sky in terms of angular celestial coordi-
nates, for a wide range of metrics. The obtained expres-
sions are valid for any photon frequency at infinity @,
any value of the spin parameter a, any position of the
observer within the external communication domain, any
plasma distribution satisfying the separability condition,
and any relative velocity between the observer and the
black hole. These formulas served as the zeroth-order
approximation to numerically study more realistic situa-
tions, and a step-by-step procedure for shadow construc-
tion with the inclusion of aberration effects was provided.
We also elaborated different configurations considering
specific plasma distributions in different alternatives to
Kerr geometries.

It was observed that different spacetime models affected
the shape and size of the shadow differently, and the
characteristic parameter Q) played a crucial role in each
of them. In the Kerr-Newman, Kerr-Sen, and dilaton
metrics, the effects arising from angular momentum were
reduced when considering high values of Q,), where a
became negligible. On the other hand, in modified Kerr and
braneworld, the effects associated with the angular momen-
tum were conserved even for values close t0 Q) max
increasing in braneworld.

Of course, if the plasma frequency is small compared to
the photon frequency, the shadow is not very different
from the pure gravity case. On the contrary, if the plasma
frequency is close to the photon frequency, the properties
of the shadow change drastically depending on the plasma
distribution. We note that there is a certain plasma
frequency ratio y.; above which the shadow is no longer
visible. This depends on both the metric model and the
Q(p) parameter. On the other hand, when considering a

uniform plasma the shadows adopt extremely exotic
shapes called fishtails. Here, different bright and dark
regions appear, generally enclosing an illuminated spot-
light in a shadowed sky. Consequently, the size and shape
of the shadow were modified in the presence of a plasma
environment around a black hole, depending heavily on
the ratio between the plasma frequency and the photon
frequency.

As one of the main results of this article, we have
investigated the influence of aberration on the size and
shape of the black hole shadow, which is shifted towards
the apex. The degree of shift increases for higher plasma
frequencies. The magnification or demagnification of the
shadow, as well as its deformation due to aberration,
depend strongly on the frequency ratio w2/ w2, the metric,
and the plasma distribution. These effects become more
pronounced at higher velocities. Notably, when the
observer’s direction of motion coincides with the rotation
direction of the black hole, the effects resulting from the
angular momentum, such as the D shape and the increase
in size, are diminished due to the coupling of the motions.
When a uniform plasma distribution is considered, we
observed that the fishtails, first observed in [25], are now
deformed into more complex shapes. Additionally, we
identified a critical velocity at which the contour curve
transitions from enclosing the illuminated sky to enclos-
ing the shadow.

The processes of absorption or scattering of photons, as
well as the gravitational field produced by the plasma
environment, were not taken into account. Hence, the
presence of the plasma manifested itself only through
perturbations in the photon trajectories which resulted in a
chromatic description of these phenomena, depending on
their frequency. Moving forward, the next step would be
to explore how the luminosity of the accretion disk itself,
in the radio-frequency regime, affects the final image of
rotating black holes. A model of magnetized plasma,
whose dynamics have previously been discussed by
Broderick and Blandford [48,49], should also be included
in this situation. In this scenario, analytical methods must
be eschewed in favor of numerical techniques, which can
perform ray tracing and implement radiative transfer
equations.

Finally, it is worth mentioning that Chang et al. have
recently introduced a new framework for computing the
shadows of black holes using astrometric measurements for
observers at different states of motion and located at finite
distances from the black hole [50]. Although their findings
on the shape of shadows are consistent with other defi-
nitions for observers situated far from the black hole, this
does not seem to apply to observers located at finite
distances. The cause of this difference is still an open
problem [51,52]. It would also be desirable to extend their
framework to include the study of shadows in plasma
environments and compare the results with those obtained
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using the Perlick-Tsupko-Grenzebach framework. Work in
this area is currently under way.
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