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We study the Dirac equation minimally coupled to general relativity using quantum field theory and the
semiclassical gravity approximation. Previous studies of the Einstein-Dirac system did not quantize the
Dirac field and required multiple independent Dirac fields to preserve spherical symmetry. We canonically
quantize a single Dirac field in a static spherically symmetric curved spacetime background. Using the
semiclassical gravity approximation, in which the Einstein field equations are sourced by the expectation
value of the stress-energy-momentum tensor, we derive a system of equations whose solutions describe
static spherically symmetric self-gravitating configurations of identical quantum spin-1/2 particles. We
self-consistently solve these equations and present example configurations. Although limiting cases of our
semiclassical system of equations reproduce the multifield system of equations found in the literature, our
system of equations is derived from the excitations of a single quantum field.
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I. INTRODUCTION

In the Einstein-Dirac system, the Dirac equation is
minimally coupled to general relativity. Solutions describe
self-gravitating configurations of spin-1/2 particles. This
system was first studied in static spherically symmetric
spacetimes by Finster et al. [1]. Additional studies of this
system, including generalizations that couple the Dirac
field to the electromagnetic field or to an SU(2) gauge
field, were undertaken in [2-24]. Static and stationary
axisymmetric spacetimes were considered in [25-27] and
dynamical solutions in time-dependent spherically sym-
metric spacetimes were found in [28-30]. Static spherically
symmetric wormhole solutions in the FEinstein-Dirac-
Maxwell system were considered in [31-33].

In all of these studies, an independent Dirac field is
introduced in the Lagrangian for each particle that is in a
distinct state. Each field is then described by a classical
solution to the equations of motion. In some cases,
motivated by the Pauli exclusion principle, the classical
solutions are normalized, which implements a one-particle
restriction for the respective field. In this case, the classical
solutions can be interpreted as first quantized wave
functions. In spherical symmetry, multiple Dirac fields
are always introduced. This is explained as being necessary
to preserve spherical symmetry, in that only with multiple
fields can the total angular momentum of the system be
made to vanish.

In this paper, we introduce a single Dirac field. We
canonically quantize the Dirac field using the formalism of
quantum field theory in a curved spacetime background
[34-36]. We preserve spherical symmetry by focusing
on excitations of the vacuum with zero total angular
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momentum. Using the semiclassical gravity approximation,
in which the Einstein field equations are sourced by the
expectation value of the stress-energy-momentum tensor
[34-37], we construct static spherically symmetric self-
gravitating configurations of spin-1/2 particles in quantum
field theory. Our configurations are therefore populated by
identical quantum particles.

The use of semiclassical gravity to describe self-
gravitating spherically symmetric systems was recently
undertaken by Alcubierre et al. in a study of a single real
scalar field [38]. They found that excitations of the
quantized real scalar field can be reduced to the classical
Einstein-Klein-Gordon system. In particular, the single
quantum real scalar field can describe boson stars [39-41]
as well as their relatives, such as Z-boson stars [42] and
configurations not previously considered in the literature.
Reference [38] was the inspiration for our study of the
quantum Dirac field and, similar to [38], we find that
excitations of the quantized Dirac field can describe the
configurations presented in [1], as well as configurations
not previously considered in the literature.

This paper is organized as follows. In Sec. II, we review
the Dirac equation minimally coupled to general relativity.
In Sec. III, we canonically quantize the Dirac field in a
classical curved spacetime background and decompose the
Dirac field operator in terms of mode functions, which are
solutions to the classical equations of motion. In Sec. IV,
we solve for the mode functions and show that they can be
classified as being positive or negative frequency solutions.
This allows us to identify a preferred vacuum state and to
construct spherically symmetric excitations of the vacuum
state, which we do in Sec. V. In Sec. VI, we briefly review
the semiclassical gravity approximation. We also present
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equations for determining the metric fields, which follow
from the Einstein field equations, and compute the expect-
ation value of the stress-energy-momentum tensor. The
complete system of equations, whose solutions describe
static spherically symmetric semiclassical configurations of
the Einstein-Dirac system, must be solved numerically. In
Sec. VII, we describe our numerical methods and present
example solutions. We conclude in Sec. VIII. Throughout,
we use units such that c =72 = 1.

I1. EINSTEIN-DIRAC SYSTEM

We study the static spherically symmetric Einstein-Dirac
system. For the static spherically symmetric spacetime, we
parametrize the metric as

ds®> = =a(r)de® + a*(r)dr* + r*(d6* + sin® 0d¢?). (1)

This metric describes a spacetime that is foliated by time-
independent, and hence identical, spatial hypersurfaces X.
The induced spatial metric y;; on £ and the future directed
normal vector n# to X are given by [43]

vij = diag(a?, %, r* sin® ), = (a7',0,0,0). (2)
In the matter sector, we have a single four-component

Dirac spinor y minimally coupled to gravity and described
by the Lagrangian

L = \/—det(g,)@y"V,w—m,py), (3)

where det(g,,) is the determinant of the metric, y is the
adjoint spinor, y* is a curved space y matrix, m, is the
mass parameter, and V, is a metric compatible covariant
derivative.

We couple the Dirac spinor to curved space using the
vierbein formalism [44,45], where the vierbein e/ * is
defined by

— a —
g/u/ - eaﬂe vy Nab = eaﬂeby’ (4)

where 7,, = diag(—1, 1,1, 1) is the flat space Minkowski

metric. Curved space y matrices y* are related to flat space y
matrices 7“ through the vierbein,

= e7 (5)

where curved and flat space y matrices are defined by

{rr}=20" {77} =", (6)

where {x,y} = xy + yx is the anticommutator. From the
vierbein, one can construct the spin connection,

1 1
W;mh = Eeaa(ayeba - aaehﬂ) + E eh/}(aﬁeaﬂ - a,uea/})

1
- 5 ecﬂeaaebﬁ<aaecﬁ - aﬂeca)’ (7)

and then the spinor connection,

1
F/,t = _Zyaybwﬂab' (8)
With the spinor connection, we can define the covariant
derivative of spinors,
Vu =ow-T,y, Var=ow+yl,. (9)
In our framework, we include a single Dirac field in the
matter sector. This is notably different from previous
studies of the spherically symmetric Einstein-Dirac system,
in which at least two Dirac fields are included. The
inclusion of two fields is explained as being necessary
for preserving spherical symmetry. More generally, 2j + 1
fields are included when the total angular momentum of
the system is given by j. We stress that, in these previous
studies, these fields were never quantized. In our frame-
work, we quantize a single field and construct spherically
symmetric configurations through excitations of the
vacuum.
From the Lagrangian in (3), we can derive the classical
stress-energy-momentum tensor,

17 _ _ _
Tw=-7 [wmvyw +r, Vo = (Vap)rw — (Vyw)y,,w} ,
(10)
and the classical equations of motion,
0= y*V,p — m,y
:7”(au_rﬂ>l//—my/‘//, (11)

which is the Dirac equation.
Given a Dirac spinor y, the charge conjugated spinor is
given by

we=Cy', (12)

where C is the charge conjugation operator defined by
CT = —Cand C7°TC~! = —7“. It is straightforward to show
that if y satisfies the Dirac equation, y¢ does as well. If we
were to couple the Dirac field to the electromagnetic field,
one can show that if y satisfies the charged Dirac equation,
then w* also satisfies the charged Dirac equation, but with
an opposite sign for its charge. In flat space, this indicates
that if y describes a particle, y¢ describes the antiparticle.
This interpretation continues to hold in curved space for the
static metric in (1).
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When performing calculations, we will use the Dirac
representation for the flat space y matrices,

1o (0 o
S0 _ ’ Sio ' ’ 13
! ’(0 —1> ! l(—af 0) 13)

where j = 1, 2, 3 and where the ¢/ are the Pauli matrices,

01:(0 1> 62:(0 —i) 03:<1 0>'
1 0/ i 0) 0 -1

(14)
Our convention for the adjoint spinor is
7 =w'(=i7"). (15)
The charge conjugated spinor is then given by
we =7yt (16)

where C = i#'7>.

We will also make a choice for the vierbein. There are
two standard choices available. The two choices lead to
identical radial equations of motion, but to different,
although of course equivalent, descriptions for the angular
part of the Dirac field. One choice is

AR R
, r:—7 :—’ == B N 17
4 a v r 4 rsin@ (17)

which gives the vierbein through (5), where

=7
7 = 7'sin@cos ¢ + 7> sin@sin ¢ + 7> cos 0,

<

# = 7' cos@cos ¢ + 7> cos @sin ¢ — 7 sin 0,
7 = —7'sin¢g + 72 cos ¢. (18)

For this vierbein, the spinor connection works out to

Ffafa~t~r
t—2a77’
r.,=0,
1 1
I.=—(1-= ~9~r’
0 2< a)?’)’
r ! 1 1 in 07%7" (19)
=—(1—-—]sin
¢ =5 P smoyty,
from which
a oJa 1
M = — | — = 22— 2 )97, 20
7T, < B r>7 (20)

which is needed for the Dirac equation in (11). A benefit
of using this vierbein is that it leads to solutions to the
equations of motion that are similar to the standard
solutions for the flat space Dirac equation in spherical
coordinates [46,47]. Further, angular momentum is
described through the familiar functions of spherical
harmonics and two-component spinors.

The other choice for the vierbein is

=3 =2 ~1
SR S e 21
¥ a’ ! 7 7 rsin@’ (21)

Note that this vierbein is not diagonal. By associating the
off-diagonal Pauli matrices ¢! and ¢> with the angular y
matrices 7’ and y?, it becomes straightforward to introduce
the raising and lowering operators for spin weighted
spherical harmonics.

We find that solving the equations of motion is simpler
using the vierbein in (21). However, intuition for quantum
angular momentum is typically based on the properties of
spherical harmonics and two-component spinors, not on
spin weighted spherical harmonics. For this reason, we use
the vierbein in (17). For completeness, we also solve the
Dirac equation using the alternative choice in (21) in
Appendix C.

III. QUANTUM DIRAC SPINORS IN CURVED
SPACETIME

In this section, we canonically quantize the Dirac field
in a static spherically symmetric curved spacetime back-
ground. Quantum theories live in Hilbert space, i.e., a
complex vector space with an inner product. We therefore
begin by identifying an inner product. First, we note that
the current

J =gy, (22)

can be shown to be divergence-free, V,j* = 0, with the
help of the equations of motion in (11). We can then define
an inner product on the space of solutions to the Dirac

equation,
(W1y2) = /2 Py [det(y;)n, " (23)

We shall assume that y; and y, decay sufficiently quickly
at spatial infinity. As a consequence, this inner product is
independent of the hypersurface X, over which the integral
is evaluated. Moving to the static spherically symmetric
metric in (1) and to the vierbein in (17), the inner product
can be written as

(w1op) = / o fdetrwivs. (24)
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where det(y;;) = a®r* sin? @ and d°x = drdfd¢. The inner
product is linear in both arguments and obeys the identities

(ll/h’l/z)* = (Wzﬂ/fl),
Wi, ws) = (w2, y1),
W1, ws) = (w2, yf). (25)

The momentum conjugate to y is given by

oL
= — Non.vH = Niw' 2
"= 36w \/det(yi)pn,r* =y /det(y;;)iw',  (26)

where in the final equality we used the metric in (1) and the
vierbein in (17). We now promote y and 7 to operators yr
and 7 and impose the equal time anticommutation relations,

where a, b label the Dirac spinor components.
Let f; be a set of classical solutions to the equations of
motion,

(yﬂvu - ml//)fl =0, (28)

where the subscript I represents some set of quantum
numbers. Since the static metric in (1) is time independent,
it possesses the hyperspace-orthogonal timelike Killing
vector & = (1,0, 0, 0). The existence of this vector allows
for a coordinate invariant definition of positive frequency
solutions [34,45],

f”ayfl = 0f1 = —io;fy, (29)
and negative frequency solutions,
§'0,f1 = 0.f 1 = +iwfy, (30)

for real positive w;. Labeling the positive frequency
solutions with a + and the negative frequency solutions
with a —, we assume that the f,i are orthonormal in the
sense that

(fFf7)
(f7-f7)

= (f7.f7) = du.
= (f7.f7)=0. (31)

The f7 can then be used as mode functions in the
expansion of v,

(%) =Y bt R + difi (D] (32)

1

which defines creation and annihilation operators. The
fact that we can classify mode functions as having posi-
tive or negative frequency allows for a natural definition
of particles and antiparticles and we can interpret the
corresponding creation and annihilation operators in the
field decomposition in (32) as being able to create and
annihilate particles and antiparticles. We may solve for the
creation and annihilation operators using the inner product.
Specifically,

~ S

by =G fi). b= (ff.v) (33)

are creation and annihilation operators for particles and

=(f79).  dr =0 f7) (34)

are creation and annihilation operators for antiparticles.

Using Eqs. (33) and (34), the definition of z in (26), and
the canonical anticommutation relations in (27), we can
derive

{by,b)} = (f1.f7)
{d}.d;} = (f7.17)
{Blvgll} = (f1.f7)

{d}.b}} = (f7. 1)) (35)

’

s

with all other anticommutators vanishing. Since we
are assuming our mode functions satisfy the orthonor-
mality relations in (31), then the anticommutation rela-
tions in (35) reduce down to standard anticommutation
relations for creation and annihilation operators for a
Dirac field.

IV. SOLUTIONS TO THE CLASSICAL
EQUATIONS OF MOTION

Our goal in this section is to solve the classical equations
of motion, i.e., the Dirac equation,

(0 =) = my ) f1 = (36)

using the vierbein in (17), for the mode functions f; and to
show that the mode functions satisfy the orthonormality
conditions in (31) and the positive and negative frequency
conditions in (29) and (30). Over the course of doing this,
we will determine the precise quantum numbers that are
included in the subscript /. For completeness, we also solve
the equations of motion using the alternative choice for the
vierbein in (21) in Appendix C.

To write the equations of motion in a convenient form,
we recall the standard quantum operators for orbital angular
momentum [46,47],
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L, = —i(—sin¢dy — cot @ cos ¢d,y).
2 = —i(+cos ¢pdy — cotOsin ¢ay),

~

We introduce the spin operator for a four-component Dirac
spinot,

S=-%, (38)

N =

where

i_(al 0> ﬁ_<0'2 0> 2_<0'3 0>

"o o o & T No B/
(39)

Using the Dirac representation for y matrices in (13), & j can
be written as

S =-ip'7'7r. (40)
With L and £, we define the operator
K=-7"(1+L-%), (41)

where L - £ = f,lﬁll + iziz + i3f}3. The quantum oper-
ator for total angular momentum is given as usual by

J=0+8, (42)

and K can also be written as
£ ol 72 1
K=-i"{J" =L —1—4—1 . (43)

Returning to the equations of motion in (36), we allow f
to have arbitrary dependencies,

f=r(t.r.0.9). (44)

and, for the moment, suppress the subscripted /. Using the
vierbein in (17) and Eqs. (20) and (41), the equations of
motion can be written,

Hf = io,f, (45)
where
N 1 0 1 N
f="%55 <a, + 2%y —) ~ %9k — iam, 7. (46)
a 200 r r

One can show that the operators id,, H, J?, }3, and K
commute with one another. This is somewhat tedious to do,

but the calculations are aided by first showing that 7"

commutes with K and J. Since all five operators commute
with one another, we can assume f is a simultaneous
eigenfunction of them.

For id,, we have the eigenvalue equation

i0,f = wf. (47)

It is not difficult to show that id, is Hermitian with respect
to the inner product in Eq. (24),

(f-i0.f) = (i0,f, f), (48)

as long as f decays sufficiently quickly at spatial infinity,
and hence w is real. We now assume that the time
dependence of f is separable, so that f can be written as

f(t,7r,.0,¢) = e u(r,0,¢). (49)

The equations of motion can now be written,

A

Hu = wu. (50)
We have also
Ku = ku, (51)

where « are the eigenvalues of K.
The next step in our solution is to write u as

x(r.0.9) > ’

u(r.0.¢) = <n(r,e,¢>

(52)

where y and 7 are two-component objects. Plugging this
into Eq. (51) and using the definition of K in (41), we find
the two equations

>

(1
(1

+L o)y =—xn, (53)

=

where L -6 = L6' + L,6% + L;6°. The eigenfunctions
and eigenvalues of 1 + L - G are well known [46,47],

A

(1+L- E)y;n:él/z =F({+ 1/2)y;n:é1/2’ (54)

where the y’;f are the spin-angle functions
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meJEmy omip (1 J=mj m+1/2(0
Vilip = 2—ij—!1/2 (0 + 2j Y.l 1)
m ;j—l—l—mj m—1/2 1
yjil/2__ 2]+2 Yj411/2 0
j+1+m/ m;+1/2 0
+,/—2j+2 via () (55)

where the Y are spherical harmonics. We can see that
yﬁ'_’l /o 1s the linear combination of products of spherical
harmonics with orbital angular momentum ¢ = j —1/2
and two-component spinors with spin angular momentum
s = 1/2 with the appropriate Clebsch-Gordon coefficients
such that the total angular momentum is j and the total
angular momentum three component is m;. An identical
statement can be made about yﬁl J2s except £ = j+ 1 /2.
Since total angular momentum is the sum of # and s = 1/2,
Jj=1/2,3/2,5/2,... and m;=—j,—j+1,....,j—1,j.
Comparing Egs. (53) and (54), we have found the eigen-
values of K,

k= (j+1/2). (56)

We now assume that the radial () and angular (6, ¢)
dependence separates. Again comparing Eqgs. (53) and (54),
we can see that the eigenfunctions to Eq. (51) are

(1) Y
R (r)Yiz1)2(0, 45))7 57

ui(r’ 9’ ¢) = ( 2) .
Ry (r)yjijl/z(e’ ¢)

where R(il) and Rf) are four arbitrary one-component
functions and where the upper/lower signs are consistent
with those for the eigenvalues in (56).

It is not difficult to show that u__ are eigenfunctions of J>
and j3,

Juy = j(j+ Dug, Jyuy = miiy. (58)
That they are eigenfunctions of J; is easy to see using
Jy=1Ls+ 3'3 and the standard formulas for L, and 3’3
acting on their respective eigenfunctions. That they are
eigenfunctions of J? can be shown by writing J? in terms of
L? and the operator in Eq. (54). We have now established
that u. in (57) are simultaneous eigenfunctions of H, K, J?,
and 33.

Before turning to the radial equations of motion, we
outline the derivation of a useful result. We previously
mentioned that 7 commutes with K. This means that 7" u.,
are eigenfunctions of K since

+(j+1/2)7uy =7 Ku, = Kj'u,. (59)

Using this, and that 7" can be written as

N /0 o
=il o) (60)

6" =c'sinfcos ¢ + o?sinfsing + o> cos,  (61)

where

one can show that

m

jijl/z = yj:él/Z’ (62)

Gr

and thus that
(1) ,m; 2)
. . R Vit [ REYVik
e I e I B
Ry yjil/Z -R; jE1/2
We now plug the results derived so far into the equations

of motion in (50). We find that the angular dependence
cancels out, leaving us with the radial equations of motion

2 i (),a 1 1 2
wRY = - (a, +o +;)R§E) —am, R
ia . 1 (1)
+— ~ IR
r <.] + 2) 4+ >

ia d,a
wRY = - (a, +

ia . 1 (2)
— — |RY". 64
=2 (j4g )R (64)

1
+ ;) Rf) + amv,RgEl)

We have found that solutions are distinguished by the
quantum numbers j, m;, and &, where j=1/2,3/2,5/2,...,
m; = —j,—j+1,....,j—1,j, and £ is the sign of the
eigenvalue k. In Sec. VII, we will find that the outer
boundary conditions we impose when solving the radial
equations of motion lead to an additional quantum number,
n=20,1,2,..., which equals the numbers of nodes in the
solution to the radial equations of motion. For our solutions
to the classical equations of motion f;, we have
I ={n,j,m; %}. The radial equations in (64) are inde-
pendent of m; and we can therefore take their solutions to
also be independent of m;: Rf,lj)i Rf])i and @, 4.

At this point, we recall that if f; is a solution to the
equations of motion, then the charge conjugated f¥ is also a

solution to the equations of motion. From (16) and (49),
f§ = et (65)

where u§ = 7*uj. Plugging this into (45), we have
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Hu§ = —ous. (66)
We can also derive this by multiplying Eq. (50) by 7> from
the left and noting that (7*7°)* = #°#2, (7*7")* = 7'#%, and
(7*K)* = —K7*. Comparing (66) to (50), we find that if u,
solves the equations of motion with eigenvalue w,, then u
solves the equations of motion with eigenvalue —w);.

We expect the general form for our solution in Eq. (57) to
accommodate both u; and uf. The charge conjugation of
Eq. (57) works out to

n/iy_:irznljﬂ) (67)

u;jm/-i = J~,2u:fljm‘/_jE — (_l)mqtl/z < L
n]iy F1/2
Dropping the irrelevant global phase and comparing f, =

with f7 j—m, > WE can identify

~w,5 R, = R (68)

Wpjr =
It is straightforward to show that Eq. (68) is a symmetry of
the radial equations of motion in (64).
We are nearly ready to write down the final form for our
solutions to the classical equations of motion. The radial
equations of motion simplify when written in terms of

n/+ r)=rya Rn/+
P, _(r)=irya(r an+ r). (69)

We include the factor of i in the definition of P,;_ because
it leads to the cancellation of all i’s in the radial equations of
motion. The final form for our solutions is then

Frima(t.r.0.¢) = et (P""i(r)y;n%/z(a P) )
njm; , I, 0, = )

ry/a(r) iPyx( )y;nil/z(e’ﬁb)
(70)

We no longer include the = in the subscript of @, ; and take
w,; to be positive. It is easily seen that the mode functions
in (70) satisfy the positive and negative frequency con-
ditions in (29) and (30), with the positive and negative
frequency solutions being labeled by +. We have not
included a normalization constant because the method we
use to normalize the mode functions, which we present
in Sec. VII A, does not require one. Finally, we note that
Frjms = i(=1)"*Y2f, j -, —» and hence that f , and

fa Jommj differ by an irrelevant global phase.

njm;

In terms of P,;., the radial equations of motion in (64)
become

Noy=(f1rfr) = [) " dr

a o1
arPnji =+ a (wnj :I:amy/)Pn]$ (] +2> n/i:| (71)

As promised, all factors of i have disappeared. This
suggests that the P,;, are real. We will show in Sec. VI
that the P, ;, being real leads to a diagonal stress-energy-
momentum tensor and hence to a spherically symmetric
and static spacetime.

Having found the solutions to the equations of motion,
it remains to show that they satisfy the orthonormality
conditions in (31). The spin-angle functions in (55) satisfy

/ d9d¢ sin 9( jil/Z) y /ill/z 6j,j’5mj,m;5i,i/’ (72)

which can be shown using the standard orthonormality
formulas for spherical harmonics and two-component
spinors. Plugging Eq. (70) into the inner product in (24)
and using (72), we have

+i(w,j—w, )t
(fnjmj:tvfn’j’m’:t ) - éj,j/6m~,m’.6:i:.:|:’e (@nj=n;)

x /O dre (PP + PusPiss)

(73)

We find that orthogonality of the mode functions comes
down to orthogonality with respect to the quantum number
n. We proceed as follows. The mode functions may be
written as f; = e~ *'y;. The u, are eigenfunctions of H
with eigenvalue wy, Hu; = wyu;, where H is given in (46).
The inner product in (24) becomes

(f1.f7) = €@ (uy, uy). (74)

In Appendix A, we show that A is Hermitian with respect
to (ul s Uy ) >

(ur, Huy) = (Huy, uy). (75)
As a consequence, mode functions are orthogonal with
respect to the quantum number n as long as they have
distinct eigenvalues w,,;. Finally, it follows from (73) that
our normalization requirement for a mode function is

a
S UPni P+ [Py ) = 1. (76)

Since the integrand is positive definite, it is possible to scale
the P,;., and hence scale the f, to satisfy this normali-
zation condition. We explain the way in which we impose
this normalization requirement in Sec. VII A. We have now
shown that our mode functions in (70) satisfy the ortho-
normality conditions in (31).
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V. SPHERICALLY SYMMETRIC STATES

In Sec. III, we canonically quantized the Dirac field.
We found creation and annihilation operators that obey
the anticommutation relations in (35). Since our mode
functions obey the orthonormality conditions in (31), our
anticommutation relations are the standard ones for a Dirac
field. The creation and annihilation operators may therefore
be used to define a basis for the Hilbert space in the usual
way. Introducing the vacuum state |0), which is normalized
and defined by

b;|0) = d,[0) =0 (77)
basis states are constructed from repeated application of
creation operators,

IN7 N7, ..l
A Nd A~ Nd
- (d,) e (d) )™

N§ . NG, ...)

(B (B )R 0),  (78)

where N% and N¢ are occupation numbers. These states are
normalized, orthogonal, and are eigenstates of the number
operators,

NPING NG L)
NYINY NG L)

=NJIN} ... N ....).
= NYIN7 . ....NS . ...), (79)

where the number operators are given by

N? = bjb,, = dd,. (80)
Since the creation operators satisfy anticommutation rela-
tions, these states are totally antisymmetric in the nonzero
occupation numbers and the occupation numbers can only
equal N%, N4 = 0, or 1. A general state in the Hilbert space
is an arbitrary linear combination of basis states,

1
E b b
CN?,N§|N117N127 ceey
Nb N4=0

N .Nj....). (81)

such that the complex numbers

Z[lv?’jvc;:() |CN;’,Nﬁ’|2 =1

Since we are restricting spacetime to be spherically
symmetric, we must also restrict the basis states to be
spherically symmetric. Spherically symmetric states have
zero total angular momentum [4,42,48]. For convenience,
we focus on b-type excitations (which correspond to
positive frequency mode functions). Analogous results
apply to d-type excitations. An example of a spherically
symmetric state is

Co e satisfy

J

H n]mj (82)

That is, for fixed quantum numbers n and j, all possible m;
are excited. We shall show that this state has zero total
angular momentum, even though its individual excitations
have nonzero angular momentum. One can also excite
multiple values of n and j as long as all possible m; are
excited for each excited ;.

Consider first the single-excitation state

|n’j7 mj’+> = bj;/m | > (83)

Since this state has definite quantum number m, it must be
an eigenstate of the J; operator,

L mj,+>. (84)

. J mj,—|—>:mj

This implies that J; = m; N®. . from which

njm;»
j3,t0t = Zj% = ijN?7 (85)
1 1

where I = n, j,m;. Applying this to the spherically sym-
metric state in (82),

J

‘73.t01|n9j7 +) = < Z

mj> |n,j,+) =0, (86)
mj=—j
and the three component of total angular momentum is
zero. It remains to show that the one and two components
are also zero.

Next consider the ladder operators J.. = J; & iJ,, which
change m; to m; & 1. Applied to the single-excitation state
in Eq. (83),

m; £ V|n, jm;+1,4)

Jj°

m + ]) n.j,m; :t1|0>

(87)

This implies that
Ji - \/.] J + m :]: l)bn]m ilbnjmj1 (88)
from which
N 1 A A A 1 A N
JltotZEZ(J++J—)a JZtot—z_Z(J+_J—>’
7 L
(89)
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where I = n, j, m;. We now apply these to the spherically
symmetric state in (82). Since every value of m; is
excited in the spherically symmetric state, an additional
excitation must give zero by the Pauli exclusion principle
and thus

jl.t0t|nvj’ +> = *72,tot

n,j,+) = 0. (90)

Since all components of J are zero for |n, j, +), this state
has zero total angular momentum and is a spherically
symmetric state.

VI. SEMICLASSICAL GRAVITY

In the semiclassical gravity approximation, the Einstein
field equations are sourced by the expectation value of the
stress-energy-momentum tensor [34-37],

G,, = 8zG(T,,). (91)

where G,, is the Einstein tensor, G is the gravitational

w) = (w|T,lw) for some state |y).
Gravity, as described by the left-hand side of Eq. (91),
is treated classically, while a quantum description of matter
is used in the right-hand side.

The classical stress-energy-momentum tensor for a
Dirac spinor field was given in (10). Promoting this to
an operator gives

constant, and (7

A 1 2~ A 2 A 2 A S A~
Ty=—- [lmvyv/ +yr, V= (Vaw)rp — (Vyw)mf} .

4
(92)

Inserting the field decomposition for i in (32), we find

T = Y Tulf7 £7)B1bs + T (7 70513

LJ

+ T (f7 fDAbs + T )4 (93)

where

Tuv(fhf]) = _Z [flyyvny +J_Clyuvuf.l

1
(vyfI)yny - (V,,f,)yﬂf,} . (94)

Since the stress-energy-momentum tensor contains prod-
ucts of the field operator, products of the creation and
annihilation operators are found in Eq. (93). This leads to
the expectation value of the stress-energy-momentum
tensor being divergent, which must be handled through a

regularization and renormalization procedure [34-36].
Following [38], in this initial work on the Einstein-Dirac
system in semiclassical gravity, we normal order the
stress-energy-momentum tensor. The Einstein field equa-
tions we make use of are then

G,, =81G(:T,: ), (95)

which leads to sensible finite results. While it may be
beneficial to make use of a more sophisticated renormal-
ization scheme, we find it useful to compare the system of
equations derived from quantization and normal ordering
with the multifield system of equations derived in the
literature.

The only term in Eq. (93) that changes upon normal

ordering is :21’,21}: = —cAl}cAi, and

(CTt) = Yo [Tl fF ) B10s) + Tulf7 £7) 61
1.J
T 7 1) ibs) = T 7 1703

(96)

The Einstein field equations in (95) lead to the following
two equations for determining the metric functions a(r)
and a(r) [43]:

a(a®* 1)

o, = + >+ 4xGraa*(S",),
2
-1
d,a = —% + 42Gra®(p), (97)
r
where
1 . s . r 1 . s .
a a

are the expectation values of the energy density and spatial
stress. The two equations in (97), in combination with the
radial equations of motion in (71) and the normalization
requirement in (76), constitute the full system of equations
to be solved for the static spherically symmetric semi-
classical FEinstein-Dirac system. In the next section, we
describe our methods for solving them numerically and
present example solutions. In the remainder of this section,
we compute the expectation value <:7'W:), present the
spherically symmetric equations for T,,(f7.f7), and
construct (p) and (S",).

We compute expectation values using the basis states
constructed in Sec. V. Physically, the basis states are states
for a definite number of particles. We do not consider the
more general possibility of expectation values with states
made from linear combinations of the basis states, as given
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in Eq. (81), though it would be interesting to do so. Using
an arbitrary basis state from Eq. (78), the expectation values
needed in Eq. (96) are

Plugging these into (96), we have

ZN”J Z T fnjmj+’fnjmj

where the mode functions f, jm,+ are given in (70) and where N Z ;

and equals 0 otherwise and similarly for

= INVTW (T ) = NI, (f7. 7)) (100)
I

Since our spacetime is spherically symmetric, we must
only make use of spherically symmetric basis states. As
explained in Sec. V, spherically symmetric states have all
possible values of m; excited for each excited j. We
have then

(101)

ZN Z T fnjmj—’fnjmj )

. = 1 for particles with excited quantum numbers 7 and j

N4, for antiparticles.

The final thing we need are the components of 7, (f =, f7) summed over m ;- For the static spherically symmetric metric
in (1), the stress-energy-momentum tensor must be diagonal and the nonvanishing components work out to

Z Ttt fl vf[ ]47rr2 (anj+|2 + |Pnj—|2)’
! a?(2j + 1)

> L UF ) =2

mj=—j

Z Too(f7.f7T) = R S Re(P,j P,j-),

mj:—j

(2j+1)

- Re(P,;, P,;-)sin’6.

J
M Tuff i) =+

my=—j

We explain how to derive these formulas in Appendix B.
For completeness, we also present the off-diagonal com-
ponent

mj==j

Sz Im(P, P, (103)

It is clear that this component will vanish, as required, if
P,;, and P,;_ are both purely real, which we will assume
from this point forward. We anticipated in Sec. [V that P, ;.
would be purely real when we were able to write the radial
equations of motion in Eq. (71) such that all i’s canceled
out. We see now that P,;. being purely real leads to a
spherically symmetric and static spacetime.

In the next section, we present example solutions. For
simplicity, we will consider b-type excitations only so
that N¢ = 0. Combining Egs. (101) and (102), the energy
density and spatial stress in (98) are given by

5 [(@n = amy ) Py P+ (@ + am,) Py P =

MRe( PP )} ,

(102)
[
2j+1
<10>: ﬁjmw (Pﬁj++P5]—)’
n,j
; 2j+1
<S r> A fum [(wnj - amw)P%jJr
n,j
a2j+1
+ (@, + amy, P2, — %Pnﬁpw_]
(104)

VII. EINSTEIN-DIRAC SYSTEM IN
SEMICLASSICAL GRAVITY

Configurations of the semiclassical Einstein-Dirac sys-
tem are described by self-consistent solutions to the
equations of motion and the Einstein field equations. In
general, self-consistently solving this system of equations
is highly nontrivial [38,49]. However, for the static space-
time we are considering, it is possible to classify solutions
to the equations of motion as positive and negative
frequency, as we saw in Sec. IV. This allows for the

124001-10



EINSTEIN-DIRAC SYSTEM IN SEMICLASSICAL GRAVITY

PHYS. REV. D 107, 124001 (2023)

identification of a preferred vacuum state. By using the
basis states to the Hilbert space that are formed from
excitations of the vacuum state, we were able to compute
the expectation value of the stress-energy-momentum
tensor before actually having solved for the stress-
energy-momentum tensor, as shown in Eq. (100). These
facts allow us to self-consistently solve the system of
equations. In Sec. VII A, we write our system of equations
in a form that is better suited for solving numerically and
discuss our numerical methods. In Sec. VII B, we present
example solutions.

A. Numerical methods

Our system of equations comprises the radial equations
of motion in (71), the metric field equations in (97),
the expectation values of the energy density and spatial
stress in (104), and the normalization requirement in (76).
Since the metric in Eq. (1) is written in terms of the
Schwarzschild radial coordinate, we have also the mass
function

m(r) = é [1 —a%(r)] (105)

which gives the Arnowitt-Deser-Misner mass M in the
large r limit, m(r — o) = M.

These equations have scaling symmetries. We can use
these scaling symmetries to write the equations in terms of
dimensionless variables, which is convenient to do when
solving equations numerically. We define the dimension-
less variables

- wnj
rv a)nj )
n,

r=m,

P,ii(r)=+/Gm,P,i.(r), m(r)=Gm,m(r), (106)
where we note that a, a, and N are already dimensionless.
When our system of equations is written in terms of these
variables, all factors of m,, and G cancel out and they do not
have to be specified.

Although N is dimensionless, it is modified when
written in terms of the dimensionless variables, becoming
N,j= (mpl/m,,,)zﬂfnj, where mp = 1/1/G is the Planck
mass and

_ © g /- _
N,”EA drs (P + P2 ). (107)

From the normalization requirement in Eq. (76), N/,,; = 1
and the normalization requirement becomes

(108)

In particular, all N j must equal the same value. This can
be a nontrivial constraint on solutions. We explain below
how we impose this constraint.

Since the system of equations is independent of m,, after
moving to the dimensionless variables, one might expect
solutions to be valid for arbitrary values of m,,, but this is
not true. Each solution is only valid for a single value of m,,
as given by (108), since only for this specific value are the
mode functions normalized. Since m,, is used to define the
dimensionless variables, Eq. (108) leads to the additional
results

- M M
Nn'wnj’ T T =

109
mp) Nnj (109)

Ipw,; =

where fp = /G is the Planck time and M = (7 — ).
The radial equations of motion in (71) and the metric
field equations in (97) are first order ordinary differential
equations. They may be solved by numerically integrating
them outward from r = 0. This requires inner boundary
values for @, a, and P, j+ and specification of the @,;.
For a, we use that the system of equations has an
additional scaling symmetry, allowing us to define

~ o _a(r) d)-zﬂ 5 ?:Pnj:t(?)
W0 a0 0=
(110)

When the system of equations are written in terms of these
quantities, a(0) cancels out and we have the inner boundary
condition @(0) = 1. We assume the spacetime is asymp-
totically Schwarzschild. As a consequence, in the large r
limit a(r) = 1/a(r). After a solution is found, a(0) can be
determined from

1
, 111
a(r - o)a(r - o) (111)
which can then be used to give a(7) = a(0)a(7),

@,; = a(0)@,;, and P,;,(F) = \/a(O)Pnji(F).

For the remaining fields, inner boundary values can be
determined by plugging Taylor series expansions of &(7),
a(7), and P,;.(F) into the system of equations and then
solving them for small 7. One finds

l + O(?zjm'm""l)’
a(¥) = 1 + O(F%mnt1),
Py (F) = p, 12 4+ O(F5/2),
- 0, —1 . )
Pnj_(?) = pnjz("./—71+3/2 + 0(71+7/2)’

sy (112)
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where j, is the smallest value of j that is excited and
where the p,; are undetermined constants.

To solve the equations, we still need values for the @,;
and the p, ;. We choose to specify one of the p,,; ourselves
and to solve for the remaining p,; and for all of the @,;
using the shooting method. That is, we begin with trial
values for the remaining p,,; and for all of the @, ;. We then
vary these values until the normalization condition in (108)
and the outer boundary conditions are satisfied. The
normalization condition in (108) requires that all N nj
equal one another and the outer boundary conditions are
that the expectation value of the energy density (p)
asymptotically heads to zero. This is achieved by requiring

P,,ji(?e o) = 0. (113)

The complete set of scaled equations that we solve

numerically are

0P =F g (@0 = @)Pys % (+1/2)Pys].
050 = +5:(a;—1) +dnraa*(S",),
0za = —a(azz;l)—l—4ﬂ?a3<[)>, (114)
where
(p) = ‘ ﬁj%‘bw@%ﬁ + 133”-_),
n.j
3 = SNy (@ - 0P, + (@ + P,
n,j
B &(2j_+ 1) pnﬁpnj_} ’ (115)
along with
K= [Tars B+ P,
m:§<l—%>. (116)

Solutions to these equations are distinguished by the
quantum numbers n and j and the value of one of the p,;.
If Nf;j # 0 for a single value of n and for j = 1/2, the
equations above are equivalent to those in [1]. If NZ ; #0
for a single value of n and a single value of j, the equations
are consistent with those in [4], which studied the Einstein-
Dirac-Maxwell system for arbitrary j. Our framework
therefore reproduces the results in the literature.
However, all previous studies of the spherically symmetric
Einstein-Dirac system, including Refs. [1,4], postulated

2j + 1 independent Dirac fields. This was explained as
being necessary to preserve spherical symmetry, where a
different Dirac field was needed for each value of m;. In our
framework, we have a single quantum Dirac field. We
preserve spherical symmetry by exciting all values of m;,
so that our system is a self-gravitating configuration of
2j + 1 identical quantum particles. Further, our framework
can straightforwardly accommodate multiple values of n
and j, which has not previously been considered.

B. Example solutions

In this subsection, we present some static spherically
symmetric semiclassical Einstein-Dirac configurations. At
the end of Sec. VI, we explained that we are focusing on
b-type excitations only and are therefore not including
antiparticles. Configurations are labeled by the quantum
numbers n and j, where j =1/2,3/2,5/2,..., and the
value of one of the p,;.

We begin with configurations that have a single n and a
single j excited. In this case, the system of equations is
relatively easy to solve because there is only a single
shooting parameter, @,;. In Fig. 1, we display various
solutions. The left column is for j = 1/2, the middle
column is for j=3/2, and the right column is for
j =5/2. In each plot, there is a curve for n =0, 1, and
2. One thing to take note of is that we can see that the
quantum number 7 is equal to the number of nodes in P, it
and can therefore be interpreted as a radial quantum
number. The values of various quantities for these solutions
are listed in Table I.

We now present multi-r and multi-j solutions, which has
not previously been considered in the literature.
Specifically, we show solutions with two (n,j) pairs
excited. Since each pair has associated with it a p,,;, one
of which we specify, and an @, j» we have three shooting
parameters. In Fig. 2, we show in the left column a multi-n
solution, in the middle column a multi-; solution, and in the
right column a multi-n multi-j solution. The values of
various quantities for these solutions are listed in Table I.

One question we might ask about these solutions is
whether or not they are stable. The nonlinear stability of the
n =0, j=1/2 solutions was studied in [30] for classical
gravity. In that work, the normalization requirement in (76)
was not used. However, for single-n, single-; solutions, the
normalization requirement is trivially satisfied for a par-
ticular value of the mass parameter, as given by (108). It
was shown in [30] that a large class of n =10,/ =1/2
solutions are nonlinearly stable and that the unstable
solutions migrate to stable solutions. The nonlinear stability
of higher n and higher j solutions has not been studied.
Unfortunately, it is unclear how to perform a nonlinear
stability analysis in quantum field theory with the semi-
classical gravity approximation, since in this case the
metric is no longer static.

124001-12



EINSTEIN-DIRAC SYSTEM IN SEMICLASSICAL GRAVITY

PHYS. REV. D 107, 124001 (2023)

ji=1/2

j=5/2

FIG. 1.

Example semiclassical configurations with a single value of n and a single value of j excited. (a)-(c) j = 1/2; (d)—(f) j = 3/2;

(2)—(i) j = 5/2. In each plot, the solid green curve is for n = 0, the dashed blue curve is for n = 1, and the dot-dashed maroon curve is

for n = 2.

We end this section with a brief comparison of the
solutions presented here for spin-1/2 fermions and those
presented in [38] for spin-0 bosons. At first glance, our
Fig. 2 and Fig. 1 in [38] suggest a similar structure for
radial functions and metric fields. Unsurprisingly, there
exists a significant difference between the systems because
fermions obey the Pauli exclusion principle, which is
implemented through the normalization requirement in
(76). The analogous expression in [38] gives the number

of bosons in each state and is not required to be equal to 1.
In practice, this makes the fermionic system more chal-
lenging to solve for multi-n, multi-j solutions, since in this
case the normalization requirement is a nontrivial constraint
on solutions. For single-n, single-j solutions, the fermionic
system is only valid for a single value of the mass
parameter, as given by (108), while the bosonic system
in [38] is valid for arbitrary values of the analogous mass
parameter.

TABLE 1. Values of various quantities for all example configurations shown in Figs. 1 and 2.

n, .] Pnj (bnj (1(0) Nnj tlenj ml///mPl M/mPl
0,1/2 0.5 1.8754 0.3933 0.2931 0.3993 0.5414 1.0976
0,3/2 0.5 2.8789 0.2729 0.1231 0.2756 0.3508 1.8786
0,5/2 0.5 3.8272 0.2501 0.0693 0.2520 0.2633 2.6760
1,1/2 0.5 2.1492 0.3815 0.5636 0.6155 0.7507 1.5210
1,3/2 0.5 2.9843 0.2750 0.2630 0.4208 0.5128 2.3168
1,5/2 0.5 3.8289 0.2525 0.0842 0.2805 0.2902 2.7308
2,1/2 0.5 2.2644 0.3726 0.8869 0.7946 0.9418 1.8901
2,3/2 0.5 3.0415 0.2776 0.4036 0.5365 0.6353 2.7368
2,5/2 0.5 3.8628 0.2329 0.2566 0.4558 0.5066 3.5119
0,3/2 0.1 1.6404 0.4267 0.1613 0.2811 0.4017 3.2694
1,3/2 0.1184 1.8978 0.1613 0.3252

0,1/2 0.1 1.1314 0.7176 0.1846 0.3488 0.4296 2.4796
0,3/2 0.0206 1.2127 0.1846 0.3738

0,1/2 0.1 1.1123 0.7692 0.2688 0.4436 0.5185 3.0401
2,3/2 0.0116 1.2346 0.2688 0.4923
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(n,j) = g073/2)7 (1a3/?)

(n7j) = §07 1/2)7 (07 3/?)

('n’]) ': (07 1'/2)7 (273/2)

s 1
S 0.5ﬁ_—‘ L

0 1 1 1 1 1 1
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FIG. 2. Example semiclassical configurations with two pairs of (n,j) excited, as indicated above each column. (a),(b) Multi-n
configuration; (c),(d) multi-j configuration; (e),(f) multi-n multi-j configuration.

VIII. CONCLUSION

We constructed static spherically symmetric self-
gravitating configurations of quantum spin-1/2 particles
in quantum field theory using the semiclassical gravity
approximation. We began with a single Dirac field min-
imally coupled to general relativity. We canonically quan-
tized the Dirac field in a static spherically symmetric
curved spacetime background. By considering a static
spacetime, we were able to identify a preferred vacuum
state, from which we constructed spherically symmetric
basis states to the Hilbert space through repeated applica-
tion of creation operators. Using these states, we were able
to compute the expectation value of the stress-energy-
momentum tensor. This allowed us to derive a system of
equations whose solutions describe static spherically sym-
metric semiclassical Einstein-Dirac configurations. We
self-consistently solved these equations and presented
example configurations.

Limiting cases of the semiclassical system of equations
that we derived agree with the multifield system of
equations derived in the literature. As a consequence, the
multifield configurations given in, say, Ref. [1] are equiv-
alent to the analogous semiclassical configurations, at least
for the normal ordering renormalization scheme used in this
work. Although equivalent, the semiclassical equations are
derived from the excitations of a single quantum Dirac
field, while the multifield equations require introducing
multiple independent Dirac fields. The semiclassical sys-
tem of equations are also more general, since they can
naturally accommodate multi-n and multi-j configurations,
examples of which we presented, as well as configurations
with both particles and antiparticles.

APPENDIX A: HERMITICITY OF H

In this appendix, we show that the operator A in (46) is
Hermitian with respect to the inner product

(o)) = / Py Jdet(ry)ufu,
>

- / drd@dpar® sin Oulu,, (A1)
z

that is, we show that

(MI,HMJ):(I:IM],M]). (Az)

We begin with some convenient results. From (13), we
have (7°)" = =79, (i7°)" = i#°, and (#)" = #/. It follows
from (18) that (7")" = 7". From (40), we can see that 7°
commutes with £ ;- It is obvious that 70 commutes with L,
and hence 7° commutes with J and J?. Since 7° commutes
with all terms in K in (43), 7° commutes with K. Since 7°
also commutes with all terms inside the parentheses in (43),
we have K™ = K, where we used the well-known identities
J¥ =7J%and L* = L[>

Having established these results, we turn to H in (46),

da 1 A
A —) ~ 25k — iam, 7. (A3)
r

200 r

We have previously mentioned that 7" commutes with K
and thus, for each of these terms,
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@7 ==’ K =7k (i) =i (A4)
Inserting A into the inner product gives
(ug, Huy) = Uy + Uy + Us, (AS)
where
0 1
U, = / drd@ddar® sin Ou] [—“7 yr <a, + ’a+—> u,],
a 20 r
U, = / drd0dpar? sin eu,( Ly f(u,),
b r
Us = / drd0dgar® sin Ou (—iam,,7u;). (A6)
b
Using (A4), we immediately have
. a_ o \t
U, = / drdfdpar® s1n9(—7}7’Ku,) uy,
b a
Us; = / drd@dgar? sin 0(—iam, 7 u;) u,, (A7)
b

and these terms in 4 are Hermitian.
U, requires a little more work because of the r derivative.
We have first, using (A4),

0 1
U, = / drdfdgpar? sin O(—i7’7 u;)’ (ar + r + _) uy.
z 20 r

(A8)

Some of the terms can be rewritten using

o, 1 1 1
<6 +2—a+ ) 256,(ar2u,)—|—§ar20,uj. (A9)

Performing an integration by parts and assuming the
solutions decay sufficiently quickly at spatial infinity so
that the boundary terms can be dropped, we have

U, = / drd0dg sin 0
z
1 T
x3 {arzar(i)70)7’u1) + a,[arz(i7°7’uz)]} u

5 . da 1\ .. |7
= drd9d¢ar sin@| | 9, +2—+ 77 ur| uy

J,a 1 T
/drdeqbar smﬁ[ 77 ’<6 +— 2 +>u1] uy,
r

(A10)

where in the second equality we again used (A9). We have

now shown that A satisfies the Hermiticity condition
in Eq. (A2).

APPENDIX B: Y, _ T, (f f7)

In this appendix, we explain how the formulas in
Eq. (102) are derived. These formulas give the diagonal
components of the spherically symmetric

J
Z T;w(fnjm_,ivfnjmji)’ (Bl)
mj=—j

where T, (f7. f7) is defined in Eq. (94) and is evaluated
with the same mode function in both slots and where the
mode functions are given in Eq. (70).

It is possible to rewrite T,,(f7,f7) into the more
convenient form

1 - -
—SRe(f77,0.fT + Fi7.0.T)

T 17) ==

+ %]_Cli({ywru} +{r.. LT (B2)

where I, is the spinor connection in (19). Notice that the y
matrices have lowered indices. Since y, = g, 7", it follows
from the metric in (1) and the vierbein in (17) that

Yy = rsindy?.
(B3)

v=-ay', y,=ay,  yg=r17"

The only nonvanishing {y,.T,} + {7,.T’,} can be shown
to be {ytvre} + {}/97Ft} and {yt7r¢} + {yqﬁvrt}’ which
contribute to the off-diagonal components of T, (f7. fT)
and will not be considered.

In the course of deriving the formulas in Eq. (102), we
make heavy use of the sum formula

J m; 2j+1
Z Ji1/2 Ji1/2 =4z

(B4)

where the y 1) are the spin-angle functions in (55). This
formula can be derived by changing the summation variable
to m, and then using the standard sum formula for spherical
harmonics, >0 _ ,[Y}/|* = (26 + 1) /4x.

The #t component in Eq. (102) is obtained by straight-
forward calculations after plugging the mode functions in
Eg. (70) into (B2) and then summing over m;. For the rr
component, one must also use Eq. (63), but rewritten for the
mode functions in the form in (70). The result contains r
derivatives of P,;,, which can be removed using the radial
equations of motion in (71).
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The 60 and ¢p¢p components in Eq. (102) can be derived
as follows. For a spherically symmetric spacetime, it must
be that Ty, = Tyy sin” . We can therefore write

Ty (fT.17)

Too(fT-S7) :% [Tee(ffvﬁc) + <in20 ] (BS)

Using Eq. (B2) for Ty and T y,, inside the square brackets,
this can be written as

sin 0

- 1
Too(fT-17) = —gRe [f/i (7659 +—7¢a¢>f1i]

- —gRe[ﬁyr(l +i7°K) f1], (B6)

where the operator K, first defined in (41), can be written

. 1
K==-i#1-=3%%,———5"75%0, |. B7
lr( 7700 = GT7 ¢> (B7)

Since KfF = +(j + 1/2)f7, it is straightforward to evalu-
ate (B6). After summing over m;, the 60 and ¢¢ compo-
nents in Eq. (102) can be obtained.

APPENDIX C: SOLUTIONS TO THE CLASSICAL
EQUATIONS OF MOTION USING THE
ALTERNATIVE CHOICE FOR VIERBEIN

In Sec. IV, we solved the classical equations of motion,
i.e., the Dirac equation,

[}/ﬂ(aﬂ - Fﬂ) - my/]fl =0, (Cl)

using the vierbein in (17). In this appendix, we instead
solve the Dirac equation using the alternative choice for the
vierbein in (21). This alternative choice leads to the angular
dependence of the Dirac field being described by spin
weighted spherical harmonics [50,51], instead of by stan-
dard spherical harmonics and two-component spinors (for a
pedagogical review of spin weighted spherical harmonics,
see Appendix D of [43]). We find the derivation presented
in this appendix to be simpler than that presented in Sec. I'V.
However, a typical understanding of quantum angular
momentum is based on spherical harmonics and two-
component spinors and not on spin weighted spherical
harmonics. For this reason, we focused on the solutions
derived in Sec. I'V.

For the vierbein in (21), the spinor connection works out
to be

J,a
_ 50539
t=7v7 2a’
Ir.,=0,
1
T :~3~2_’
0 772a
sin @ cos @
r _ ~3~1 ~2~1 , C2
P 5, TP (C2)
from which one can derive
1/0,a cotd
MO = =3 — [ =4 1) =72 , C3
7w 7/a<20(+>}/2r (C3)

which is needed in (C1).

Just as in Sec. IV, we drop the subscripted I on f; and
allow f to have arbitrary dependencies, f = f(t,r, 6, ®).
Using the vierbein in (21) and Eq. (C3), the equations of
motion can be written

Hf = io,f, (C4)
where
N da 1 .
= (ar + 22 —) 77 — iam, P + 273,
a 20 r r
a=if0,+2%) 77 + - 0,777 (Cs)
2 sing ?

It is not difficult to show that the operators id,, H, and Q
commute with one another. We can therefore assume f is a
simultaneous eigenfunction of all three operators.

For io, we have the eigenvalue equation id,f = @wf. One
can show that id, is Hermitian with respect to the inner
product in Eq. (24), (f,i0,f) = (id,f, f), and hence w is
real. We now assume that the time dependence of f is
separable, so that f can be written

f(t,r,0,¢) = e u(r,0,¢). (C6)
The remaining eigenvalue equations are then
Hu = wu, (C7)
which is our equation of motion, and
Qu = u, (C8)

where 1 are the eigenvalues of Q.
The next step in our solution is to assume that the radial
(r) and angular (0, ¢») dependence separates,
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Ry(1)0,(6.)
| res.0)

0=\ g e |
R4(F)®4(9,¢)

We will find that Eq. (C7) leads to the radial equations of
motion and Eq. (C8) determines the angular dependence.

We focus first on the angular equations that follow from
(C8). Separating (C8) into four equations, we find

IR,©, = +iR,0""®,,
/1R2®2 = +l.R16(_+1/2)®1,
IR0, = —iR46(+_1/2>®4,

AR,0, = —iR;01t1/2)@,, (C10)

where

(s) i
0. = —0dyxscotd F —9, Cl1

+ p = s coty F sing % ( )
are the raising and lowering operators for spin weighted
spherical harmonics. The effect these operators have on
spin weighted spherical harmonics (Y jm; is

agf)(syjmj) = i\/(] Fs)Es+ 1>(SilY/mj)’ (C12)

where s is the spin weight. It follows from (C12) that
spin weighted spherical harmonics satisfy the eigenvalue
equations

6(_s+1)6$)syjmj = =[G+ 1) =s(s + D] Y,

6$_1>69)stm,- = _[](] + 1) - S(S - 1)]5ijj' (C13)

By applying the appropriate raising or lowering operator to
each equation in (C10) we can derive

6(_+1/2)6(+—1/2)®2 _ —)«282,
o Patr2e, = -e,,
6(_+1/2)6(+_1/2)®4 _ _/12@4’
(-
+

3 Pa+1/2@, = —20,, (C14)

where the radial parts cancel out and we obtain eigenvalue
equations for spin weighted spherical harmonics. As a
consequence, ©®; and ®; are spin weighted spherical

harmonics with s = +1/2 and ©, and ©, are spin weighted
spherical harmonics with s = —1/2. ©,; and ®; must then

be proportional to one another and similarly for ®, and @,.
Proportionality constants can be absorbed into the radial
part and we use the same convention used in [30],

@1 - @3 - ijj,

(+12) 12" o,

Plugging these into (C14) and comparing to (C13), we find
the eigenvalues

A=F (j+1/2). (C16)

Plugging Eqgs. (C15) and (C16) into Eq. (C10), the angular
terms cancel and we find

R2 - :l:l.Rl, R4 - :l:iR3, (C17)

where the upper/lower signs in this equation are associated
with those for the eigenvalues in (C16). The eigenspinors
associated with the eigenvalues in (C16) are then

R1i<r)(+]/2)ij/-(6’ ¢)
j:iRli<r)(_]/2)anzj (9, ¢)
R3i(")(+1/2)ijj(9v ®) '

+ iR3i(’")(_1/2)Y 0.¢)

uy(r,0,¢) = (C18)

jmj

where R and Rs. are four arbitrary functions and where
Qu, =F (j+1/2)uy.

We now plug the results derived so far into the equations
of motion in (C7). All angular dependence cancels out,
leaving behind radial equations of motion. u, and u_ each
lead to four equations, one equation for each component.
In both cases, only two of the equations are independent.
Putting everything together, the radial equations of motion
are

i dJdra 1
COR3i = —; 6, + 2o + - Rli - amU,Rﬁ
ia . 1
t—(Jj+5 )R
r 2
i dJdra 1
OR L = — 9, + o +— |R3x +amy R

(C19)

Comparing these equations to those in (64), we find that
they are identical.
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