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Nonlinear gravitational instability is a crucial way to comprehend the clustering of matter and the
formation of nonlinear structures in both the Universe and stellar systems. However, with the exception of a
few exact particular solutions for pressureless matter, there are only some approximations and numerical
and phenomenological approaches to study the nonlinear gravitational instability instead of mathematically
rigorous analysis. We construct a family of particular solutions of the Euler-Poisson system that exhibits the
nonlinear gravitational instability of matter with inhomogeneous pressure and entropy (i.e., the cold center
and hot rim) in the expanding Newtonian universe. Despite the density perturbations being homogeneous,
the pressure is not, resulting in significant nonlinear effects. By making use of our prior work on nonlinear
analysis of a class of differential equations, we estimate that the growth rate of the density contrast is
approximately ~ exp(t%), much faster than the growth rate anticipated by classical linear Jeans instability

(~5). Our main motivation for constructing this family of solutions is to provide a family of reference
solutions for conducting a fully nonlinear analysis of inhomogeneous perturbations of density contrast. We
will present the general results in a mathematical article separately. Additionally, we emphasize that our
model does not feature any shell-crossing singularities before mass accretion singularities since we are
specifically interested in analyzing the mathematical mechanics of a pure mass accretion model, which
poses limitations on the applicability of our model for understanding the realistic nonlinear structure

formation.
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I. INTRODUCTION

Gravitational instability characterizes the mass accre-
tions of self-gravitating systems, clustering of matter and
helps us understand the formations of stellar systems and
the nonlinear structures in the Universe. It traces back to
Jeans [1] for Newtonian gravity in 1902 (thus called “Jeans
instability”). However, it is worth noting Jeans’ work is
only in the linear regime since he linearized the Euler-
Poisson system. It was generalized to general relativity by
Lifshitz [2] and extended to the expanding universe by
Bonnor [3], and later the linearized Jeans instability is
widely applied (see Refs. [4,5]). However, the linear Jeans
instability has some inconveniences. The first inconven-
ience comes from the linearization of the Euler-Poisson
system. Due to the linearizations, the linear Jeans instability
can be only applied to the case with small perturbations of
the uniform density distribution [i.e., the density contrast

0= (p—p)/p < 1] and only for a time before the pertur-
bations growing large, since the larger perturbations will
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lead to larger deviations from the linearized scheme. With
the accretions of the mass, the derivations of the linear
Jeans instability will be completely spoiled since the
increasing density leads to significant derivations from
the linear regime. The second inconvenience is the growth
rate of the density contrast predicted by the classical
linearized version of the Jeans instability cannot yield
the observed large inhomogeneities of the universe nowa-
days and formations of galaxies, because this growth rate
(~t%, see Refs. [3-6]) is too slow and thus is much less
efficient (see also [4,5]). Therefore, it is urgent to study the
fully nonlinear Jeans instability and, as pointed out by
Rendall [7] in 2002, there are no results on Jeans instability
available for the fully nonlinear case, and it becomes a
long-standing open problem. The main goal of this paper is
to construct a family of gravitationally unstable solutions
with homogeneous density and inhomogeneous pressure
and entropy distributions, which serves as a family of
reference solutions for the fully nonlinear analysis of
solutions with slightly inhomogeneous density. We will
present this result separately for slightly inhomogeneous
density in a mathematical article [8].

© 2023 American Physical Society
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On the other hand, although it is worthy to understand
the fully nonlinear Jeans instability and the mathematical
mechanics of a pure mass accretion model, it is important to
acknowledge that the model presented in this article is
idealized and simplified, lacking shell crossings and other
singularities. In reality, things are not as simple as this.
Usually, the evolution of density perturbations is believed
to occur primarily in the linear regime because initial
perturbations are small and require considerable time to
grow. Then once the perturbation becomes of order unity,
comparing with our model, the most cases are that the non-
linear approach may be of interest for only a short period
due to shell-crossing causing violent relaxation and break-
ing down fluid approximations. In such cases, N-body
simulations have been applied in modern cosmology.

In fact, the model presented in this article can approxi-
mate some local portion of a giant gas cloud. Its density is
almost homogeneous in this portion and the center of it is
very cold but the rim of the cloud is extremely hot. In
addition, all the fluxes by the thermodynamics forces are
negligibly small. We further idealize this model by assum-
ing the cloud initially has homogeneous density; the initial
temperature distribution of this cloud is spherical symmet-
ric and proportional to the square of the radius of the
position (the accurate descriptions in §II). The key result of
this article is that, by using the mathematical tools
developed in our previous paper [9] and taking the full
nonlinear effects into account, the growth rates of the
density contrast are at least of order ~exp(t%) [see later
(3.8) for detailed expressions] or even blow up at the finite
time [see Eq. (3.9)]. This is much faster than that given by

the classical linearized Jeans instability (NI%, see Ref. [5],
§6.3). It may contribute to the explanations of the observed
large inhomogeneities of the Universe nowadays and the
formations of galaxies. As Peebles [[10], Chap. 1, §4.B]
pointed out, the exponential growth rates of the density
contrast “often has been cited as what is wanted.” Although
he also claim the exponential growth rates is not possible
for the Einstein—de Sitter model, in our current model, the
exponential growth does happen.

Some nonlinear strategies involving approximations
and numerical methods (e.g., the famous Zel’dovich
solutions) have been discussed in several references (see
Refs. [4,5,11,12]). Another famous exact solution describ-
ing the evolutions and collapses of the inhomogeneity is the
Tolman solution (see Ref. [5], §6.4.1 and [13]) which gives
an exact spherical symmetric dust solution, but it cannot be
generalized to include the nonvanishing pressure effects,
and the inconvenience of the parametric form of the
solution is too complex to visualize the actual behaviors
of it.

In addition, the most important thing, compared with the
Tolman solution, is that our method is robust. It can allow
the presence of the pressure and can be generalized to more
general cases by studying the corresponding dominant

equations [e.g., the ordinary differential equation (ODE)
(B1)] of the reference solutions first, then near every
reference solutions, we can perturb the density contrast
to obtain more general solution with inhomogeneous
density as we will present in [8]. This paper is an example
stating this idea and we will present this idea with other
unstable models in future. Additionally, we emphasize that
our model does not feature any shell-crossing singularities
(see §VI for the proof) before mass accretion singularities
since we are specifically interested in analyzing the
mathematical mechanics of a pure mass accretion model.
Therefore, it is important to recognize its limitations on
the applicability of our model for understanding realistic
nonlinear structure formation in the Universe, since most of
the outcomes of nonlinear evolutions, as demonstrated by
N-body simulations in modern cosmology, is the break-
down of the fluid approximation due to shell crossing,
which goes beyond the scope of the calculations presented
in this paper.

II. MODELS AND ASSUMPTIONS

We use the Newtonian universe as an approximation of a
local universe. Under the following assumptions, although
the universe has the homogeneous density, it is inhomo-
geneous for the distributions of the pressure and entropy. It
is of course an ideal model due to these perfect assump-
tions, but we want to develop a method for fully nonlinear
gravitational instability with effective pressure resisting the
gravity. We will prove, in either case, the growth rate [at
least ~ exp(£), see Eq. (3.8)] of the density contrast due to
the nonlinear Jeans instability is way faster than the one

predicted by the classical linear Jeans instability (~t§).
For the nonlinear version of the Jeans instability, we can
not use Fourier analysis to solve the nonlinear differential
equations derived from the Euler-Poisson system (see
Ref. [6] for alternative non-Fourier based proof of the
linear Jeans instability). In [9], we developed some prepar-
ing techniques for a class of the nonlinear ODEs and
hyperbolic equations for the nonlinear Jeans instability. We
intend to apply it to conclude the result of this article.

Let us now give the assumptions (and remarks for

detailed meanings) of the model. According to the non-
equilibrium thermodynamics (see, for example, [[14],
Egs. IL(5), 11.(19), and TI1.(19)] or [15], §69), we assume
the following:

(1) The fluids filled in the Newtonian universe are the
ideal fluids and there is no chemical reactions, thus
all the viscosity coefficients and chemical affinities
of reactions vanish; All the phenomenological co-
efficients L;; (see [14], Chap. IV for the definitions)
are relatively small and negligible during the con-
sidered process, i.e., we assume all the L;; = 0, then
all the fluxes in the entropy production vanish
simultaneously with the thermodynamic forces
(due to the facts that the entropy production satisfies
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6=>Ji X, and the linear phenomenological
law gives J; = >, Ly X;). Therefore, every comov-
ing parcel is adiabatic (isentropic).

(2) The initial entropy is distributed proportionally to
lx|?, while the adiabatic comoving parcel ensures
that the entropy remains proportional to the comov-
ing position |g|%.

In other words, these assumptions means the Newtonian
universe can be described by the following reduced
Euler-Poisson system (we use the Einstein summation
convention),

d,p + 0i(p') = 0, (2.1)
. .. dp .
o' + /0,0 +—+0d'¢p =0, (2.2)
p
0,8 +1'9,8 = 0, (2.3)
A¢p = 510,0;¢p = 4xGp, (2.4)

where p, v', p, ¢, and S are the density, velocities, pressure
of the fluids, gravitational potential and specific entropy,
respectively. The equation of state is presumed by

55, 4
p= Kef—vop}’ +9p, fory= 3 and K>0. (2.5)

where p € R is a constant. The initial data at t = ¢, are
given by

3

) l oj

to) = —— (g, xF) = —x 2.6
i) =g o) =gt (26)
© 2 y
¢(t0,x*) = 2 2Gp(ty)d;x'x’  and

3
S(to, %) = So + ¢y In(kty xkxyen(=") | (2.7)

. . . . 1
where k > 0 is a constant and sgn is a sign function,” and ¢
is a constant determined by

1

3

- 1 =~ 1
=1(K)=(=V1+18K+—=
1:=1(K) (2 + +2>

1 3.3

1 = 1\ _ K
_<\/1+18K—2>3e(0,1] and K="

2 zG "’

Before proceeding, about this model, let remark some

notable facts:
(1) Note K and : are dimensionless constants depending
on the molar mass of the fluids and the distributions

"The sign function implies sgn(a) = 1ifa > 0,and sgn(a) = 0
if a=0.

of the entropy or temperature (see Appendix A for
details).

(2) If K =0 (equivalently, : = 1), then this model
reduces to an isentropic case S(t,,x*) =S, with a
constant pressure p, thus the data and the solution
(2.16) and (2.17) given below reduce to the classical
Newtonian solutions for the homogeneous and
isotropic Newtonian universe given in, e.g., [5],
§1.2.3 or [4], §10.2. The results of this article reduce
to the case of Tolman solutions.

(3) If: # 1, then the data of the entropy (2.7) implies the
initial distribution of the temperature 7 « |x|? (see
Appendix A for detailed explanations).

(4) In the equation of state (2.5), the inclusion of the
term p does not alter the mathematical derivations;
rather, it is included to increase the generality of
the model.

(5) Note that ; satisfies an important identity (crucial in
later derivations),

7 1

K =
l3+9<g>3l—1:0,

and 1(K) is a decreasing function,” limg_, 1(K) = 1,
and limg_ o 1(K) = 0.

To simplify calculations, letting s = (S — S;)/cy and
along with the nondimensionalizations in Appendix A, we
proceed with the dimensionless and normalized Euler-
Poisson system:

(2.8)

a,p + 9;(pv') =0, (2.9)
ov' + vl + %p +d'¢p =0, (2.10)
d,s + v'd;s = 0, (2.11)
Ap = 50;0;¢p = 4mp. (2.12)
The equation of state becomes
p=Kepi+p, forK>0. (2.13)

The initial data at t = 1 is given by

“Since one can verify that its derivative

_ 3 1
/(K) = ~ =
V218K + 1 (\/18K+ 1+ 1)2/3

1
— < 0.

(\/18I~(+1— 1)2/3
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3 . 2 .
Pli=i :61—”7 V'], :gxl, and s|,_ :ln(fsklxkxl)sgn(l_ls)-

(2.14)

Let us try to find a homogeneous and expanding
Newtonian solution in the meaning of a homogeneous
density and the Hubble law dominated velocity field, we
then obtain
p(t.x)=p(r),  vi(t,x%) =0 (t,x*) = H()x'.  (2.15)
There is an exact solution to the Euler-Poisson system
(2.9)~(2.12) and the data (2.14) on (t, x*) € [ty, 00) x R,

3

o o 4 o - _4 k lo%‘
p) =5 p(1)=Ki6uxxp +p,
oj 2
v'(t,x%) = gx’, (2.16)
o t 2 o . 3 o
P(t,x*) = gﬂpéijx’x/ = W&,-jx’xf, and
s(t, x%) = In(r738xkxlysen(i=r) (2.17)

III. MAIN RESULTS AND IDEAS

This article intends to conclude the nonlinear behavior of
the homogeneous perturbations of the density contrast g :=

(p — p)/p by the following two steps and the main results
are given by the following estimates (3.8) and (3.9)
of the lower bounds of the growth rate of the density
contrast.

Step 1: Let us assume that f and y are two given positive
constants and that the initial data (at t = 1) of (2.9)—(2.12)
have an homogeneous initial perturbations and are char-
acterized by two positive parameters S and y in the
following ways:

I ; 2 ;
P|z=1:(1+ﬂ)a, v, = 37X and

slimy = In((1+ f)i8xkalren(=), (3.1)

Then we will prove the solution of the Euler-Poisson

system (2.9)—(2.12) becomes [we use notation
() = d()/di]
3
o) = (14 fyp(n = "L 3
iy iy 2 1) ;
U(I,X)—EX —mx, (33)
I x|?
#(1.6) = Sp(1 -+ p) e = N TR 4

s(t,xF) = In(r73(1 + f)igyxkalyse=r) - (3.5)

and the density contrast o(r) = f(t), where |x| = &, ;x'x/
and f(¢) is a solution of the following nonlinear ODE,

/ 2
P04 5,70 = 5 £+ F0) = 52 s =0,
(3.6)
f|t:to =/ and f/lt:to =3(1+p)r. (3.7)

Moreover, the pressure becomes p(t) = (61(%(1 + f)?
)3t
5k1xkxl.

Step 2: In Step 1, we have represented the perturbation
solution in terms of functions f(¢) and its derivative
fo(?) :== f'(¢). To understand the behaviors of the pertur-
bation solution, especially the growth rates of the density
contrast o, we have to know the detailed behaviors of the
functions f and f. In fact, the behaviors of f and f can be
acquired by solving the ODE (3.6) and (3.7) which has
been well studied in our companion article [9]. We list the
conclusions of the solutions to the ODE (3.6) and (3.7) in
Appendix B and using it, we conclude the density contrast
has the lower bound estimate, for ¢ € (1,1,,),

o(t) = f(1)
> exp<3<ln<1 +5) +3)8 +52<1n(1 +4) —%r)t“)
—1. (3.8)

In addition, by Theorem B.1, if further the initial data
satisfies y > 1/3, we have an improved lower bound
estimate on the growth rate of g, for ¢ € (1,1,,),

1+ p
> 1
(1 =3y + 3y17)?

-1. (39

The lower bound of o blows up at * = (1—5)7 >

to = 1. These lower bounds give an estimate of the growth
rates of the density contrast o.

In the rest of this article, we will only need to elaborate
Step 1, i.e., solving the Euler-Poisson system (2.9)—(2.12)
under the perturbed data (3.1) and further the perturbation
equations.

IV. EQUATIONS OF PERTURBATIONS

Let us first decompose the variables (p, v', p, @) to the
exact background solution (2.16) and (2.17) and the
perturbed parts, and define a density contrast p,
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p=p+p, V=040, p=¢+p s=5+3,
(4.1)

_ . _p
p=p+p, and p:=-. (4.2)

p

Next we introduce the Lagrangian coordinates g*
defined by x* = a(r)g* where’ a(1):=1, and the time
derivatives are obtained at ¢* (i.e., the material derivatives).
We also denote

D, =0/ =0/ +1'0, = 0| + Hxi9;, (4.3)

D; = a(1)a;. (4.4)
Note in the next, we will slightly abuse the notations and do
not distinguish the variables in terms of the Eulerian x and
Lagrangian coordinate ¢', that is, we abuse, e.g., ¥*(z, x')
and #(t,q") for the simplicity of the expressions and
readers should be clear according to the contexts.

Let us review how to reexpress the Euler-Poisson
system (2.9)—(2.12) in terms of the perturbation variables
(0.7, 5,¢) given by (4.1) and (4.2). First, let us consider
the conservation of mass. Substituting the decomposition
(4.1) and (4.2) into Eq. (2.9), using the Hubble laws (2.15)
and applying the Lagrangian coordinates (4.3)—(4.4), the
conservation of mass (2.9) becomes

D,p +3Hp + pa™'D;v’ + pa~'D;v' + v'a”'D,p = 0.

Using (4.2) and 0,/0) + 3H/O) =0, and after straightforward
calculations, we obtain
Do+ (1 +0)a 'D;#' + v'a"'D;o=0. (4.5

Second, by (4.2) and (4.4), the Poisson equation in terms
of the Lagrangian coordinate ¢’ becomes

3

.. ~ o 2
8'D;D;¢p = 4ma*po = 3—;% 0. (4.6)

In the end, we turn to the balance of momentum (2.10).
By subtracting the background (2.16) and (2.17) from
(2.10), and in terms of Lagrangian coordinates, using (4.3)
and (4.4), with the help of (4.2), the balance of momentum
(2.10) becomes

*In fact, a(r) = a(1)#f = £ provided a(1) = 1, since by the
Hubble law (2.15) and the Lagrangian coordinates x* = a(r)¢",
we obtain H(t) =20 Then by H =2 [see Egs. (2.15) and

T a(y

(2.16)], we can solve a(t).

: o - a'Di(p/p
D + Hi + va'D v + L1 (p/p)
l+o
2K o Lmich
—————¢q¢ +a D'¢=0. 4.7
(6z)iri 1 + 0! ¢ 4.7
Then we consider the conservation of the entropy. In
terms of Lagarangian coordinates, direct calculations that

imply (2.11) become

D3 +sgn(1-2)-

Gathering the above equations (4.5)—(4.8) together, the
Euler-Poisson system (2.9)—(2.12), in terms of the
Lagrangian coordinates, becomes

1 s
pot T psi B0 (4.9)

a a

_1 . o
Dt + Hil + vl D 1 L PIP)
' j
1+o

2Ki o0 L mi
_ R0 i a D=0, 4.10
(6rpil+o / (4.10)

25,40
D+ sen(1 =) 4T 4 igmips =0, (4.11)

asduq"q

. - 28
51]Din¢ = 5 0. (412)

AEEY:

V. PERTURBATION SOLUTIONS

In this section, let us focus on solving Egs. (4.9)-(4.12)
under the initial perturbation (3.1). In this assumption, we
have that the density contrast is independent of the spatial
variables and the velocity satisfies the Hubble’s law, thus
we assume the forms of ¢ and ¥’ by
and  (t,¢") = H(t)¢', (5.1
where the function H(¢) is to be determined variable. In this
case, by (4.12), direct calculations imply

o(t. %) = o(t)

- 2 o olgl?
¢ 3ﬂap9\q| of 20
L4 . 280 .
5”Di¢=§ﬂazﬂ96ﬂ= lfq’, (5.2)
91

where |g|* = 5;;4'¢’.

Now our task becomes solving o(t) and H(¢) from
Egs. (4.9) and (4.10). Taking the divergence of #' leads to
D;v" = 3H(t), noting (5.1) yields D;0 = 0, (4.9) implies

123534-5
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fi(1) = =5 (in(1 + (1))
i b r_ fo(t)
= ¥=-34In(l+o() = T3t (5.3)

By the data (2.14) and (3.1), we have the data
3|,-; = In(1 + p)»(01=")which is a homogeneous pertur-
bation of the entropy, thus we assume 5 is also independent
of x' and is homogeneous, then D;§ = 0. Using the velocity
(5.3), direct integrating (4.11) imply

5(1) = In[(1 + o(1) (=],

Next, we 1#1, then

od od
P =Kéuq"q'p’[(1+ 0)* = 1] = K6,4"q'p’o(0 +2), and
substituting (5.2)—(5.3) into (4.10), straightforward calcu-
lations imply

solve o(#). Noting, if

I:I’+EI:I+I:12a‘1 n 2Ki0 2%

=0.
3t (671)%1% 97

Then the crucial step is using the identity (2.8), i.e., 1* +

(69K) t1 = 1 in terms of the dimensionless K, which leads to
T)3

L2 2
B+ ZH+ Ba+22 =0

5.4
3t 9 ( )

Ifi=1, then K =0 and p = 0. We also arrive at (5.4).
Noting that (5.3) yields

t»% Q” l% ( 91)2

- 2[‘%’
i = ¢ -
3(1+0)

! — — — —
9140 3140

and substituting it and (5.3) into (5.4), we arrive at®

Y
/(1) - 32790)(1 +o(1) - %% -

o' (1) + % 0
(5.5)

By the data (3.1) and the definition of the perturbed
variables (4.1) and (4.2), we obtain the data of o|,_,,

Q‘z:l =p. (56)

Since (5.5) is a second order ODE, to solve this equation,

we have to know the initial data of ¢/|,_,. In order to find this

data and solve the Euler-Poisson system (4.9)—(4.12), we
note that (4.9) must hold at the initial time # = 1. Thus, with

the help of (3.1) and the data #|,_,=(v'=0')|,_, =—yq¢'

“Note the same equation has also been obtained in [16] for
spherical collapse model.

[by (2.14) and (3.1), and noting a(1) = 1], noting D0 = 0,
we have

l+o
Q/|t=1__< a Di”)

Using the ODE (5.5) and the data (5.6) and (5.7), with
the help of Theorem B.1 (see Appendix B), we obtain
o(t) = f(t), where f(¢) is given by Theorem B.1. Further,
we conclude the solutions (3.2)—(3.5). This completes Step
1. In summary, we obtain a family of solutions depending
on two parameters f and y.

=301+ ).

(5.7)

VI. CONCLUSIONS AND DISCUSSIONS

Let us firstly compare the nonlinear growth rates (3.8)—
(3.9) of the density contrast with that (~t%) predicted
by the classical linear version of the Jeans instability. By

using ' <7 for In(1+p) —-37 <0 and ' >0 for
In(1+p) =37 >0, (3.8) implies

o(t) > exp(Af) — 1 = Af + O(8), (6.1)

where A = min{In(1 + $).2 (In(1 + f) 4+ 3y)} is a con-
stant and O(t%) means the remainder terms are at least of

order 5. We note the growth rate (~t%) by the classical Jeans
instability is just the first order approximation of the lower

bound estimate (6.1) if expanding exp(A),‘%) with respect to

5. The nonlinear effects indeed significantly boost the
growth of the density contrast as ¢ grows larger. According
to the Taylor expansion (6.1), we see that, when ¢ is small
enough, it consists of the result of the classical linearized
Jeans instability. From these improved faster growth rates
due to the nonlinear effects, we can see that indeed the
classical linearized Jeans instability can only be applied to
the small initial perturbation of the density and only work
for a short time before the density grows large enough.
However, the nonlinear method proposed by this
article does not require the initial perturbations small
and it works for a long time before the Euler-Poisson
system breaks down.

The method of this article relies on the nonlinear analysis
of a type of nonlinear differential equations, which is
mathematically rigorous without approximations and
numerical calculations. This method is robust and system-
atic, and if we also use the ideas and method (the Cauchy
problem of the Fuchsian formulation of a second order
hyperbolic equation which allows certain pressure) from
our previous paper [9], §3, it is possible to study the general
cases of the nonlinear Jeans instability, at least for the case
with nonvanishing pressure and small inhomogeneous
perturbations.

123534-6



FULLY NONLINEAR GRAVITATIONAL INSTABILITIES FOR ...

PHYS. REV. D 107, 123534 (2023)

Although this model of the Universe in the present paper
is a simplified model, it can still capture some of the main
nonlinear effects on the local Newtonian universe. Thus
this result helps us have a better understanding of the
formation of the nonlinear structures in the universe and
stellar systems. The lower bound estimates (3.8) and (3.9)
of the growth rates of the density contrast are far more
efficient than the one predicted by the classical linear Jeans
instability. Therefore, it may be possible that these non-
linear results of the growth rates can contribute to the
explanations of the observed large inhomogeneities of the
Universe nowadays and the formations of galaxies. Due to
these much larger and more efficient growth rates of the
density contrast, we may not require substantial initial
perturbations of the density contrast at the early times of the
Universe and weaken the constraints on the initial spectrum
of perturbations.

In the end, we would like to note that there are no shell-
crossing singularities5 present in our model. This is evident
when observing the velocity field (3.3) in spherical coor-
dinates,

(2 f'(1)
o) = <3f 30 +f<r>>)”

where r := |x|. This velocity field implies

o 2_ T
3 3(14£(1)°

Using relations in the companion article [ [8], Egs. (3.18)
and (3.89)], i.e.,

we conclude

: .2 G\:
limo,v = 11m3— [1—#(14—@) ] = —oo and

t—t, t—=t, 3t

|0,v] < o0 forrel(l,1,),

since  lim\/f/t =00 by Theorem B.1.(3) and
lim,_,, ®(z) =0 (by [[8] Proposition B.4]). This result
implies the characteristic curves generated by the velocity
field do not intersect for ¢ € [1,¢,,) until # = 7,, (the mass
accretion singularities lie on the whole {z,,} x R?) and it
means there is no shell crossing singularities for t € [1,7,,,).

In summary, this model gives mathematically rigorous
and physically decent nonlinear estimates on the growth
rates [at least ~exp(t.%)] of the density contrast ¢ on the
local portion of the Universe characterized by the
Newtonian expanding universe. The mathematical tools
and methods have the potential for general cases of the
nonlinear version of the Jeans instability. Based on these
tools and methods developed by our prior article [9], the
fully nonlinear Jeans instabilities both for the Newtonian
universe and general relativity are in progress.
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UP _xf g 20, 80
(1+f)? B B B APPENDIX A: NONDIMENSIONALIZATIONS
2 ®\? AND PARAMETERS
= - - f 1 + . )
L+f 4B First note the dimensions of variables in this article are
M M
[x'] =L, [t] = T(Time), [7] = T(Temperature), [s] =1, [p] = 7 [p] = i
L3 L2 L L3
G = —, - —=, ! == —, K — .
[ ] MT2 [¢] T2 [U ] T [ T] TzM%
To introduce dimensionless variables, we define
pP = pTﬁ’ K = KTIA(, and T = TTIj—

where pr, K7, and 7 ; are the typical values for the density, the coefficient of the equation of state and the temperature.

Then let

5See, for instance, [17,18] for related cases.
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Then (K] = [p] =[] =[p] = [¥'] = [i] = [T] = [{] = 1.
Thus all our dynamical variables and coordinates are
dimensionless and the three constants py, Ky, and 77
can be used to fix the length, time, and temperature scales
by using units so that

1 G
KT:—,

== d Tr=1
G K o !

Pr =

where 1, is the initial time. In this case, we have 7 = t/1,
and £ = 1.

We claim K is dimensionless quantity and further so is 1,
since

K KKGE KR

k = = =
zG K3nG P

Recalling [ [19], Chap. II] if we assume the specific heat
cy (at constant volume) is a constant, for polytropic

changes, we have 7 = ®,p"~" and p=RTp (note
(R =
]/ =

spemﬁc gas constant and R = 8.314 J/(mol - K) is the
universal gas constant and M is the molar mass. We then

, i the polytropic temperature and
=% is the polytroplc exponent and R = R/ M is the

arrive at p = RT 0, plT_V/ p". In view of the expression of
the entropy,

o,
= G)y/:eL’vP}’J”
(A1)

S =Sy +cv[In®, + (¢ ~7)Inp)

S-5
where y = C—z =1+ ﬁ We reexpress p = K el‘_vopy where

K =RT T/’T TIM. If y =4/3, the nond1mens1onahzed

equation of state becomes p = Ke® p3,
§ = (S - SO)/CVs 1
K = RT+/(MKyp}). By (Al), we have

where denoting

W=

b

Thus, the initial condition of entropy (2.14) implies the initial
distribution of the temperature 7 o |x|°.

To simplify notation, we will drop the “hat” from the
hatted variables throughout main body of this article.

1

Gth’ éﬁ = ¢’

1
Krpy

APPENDIX B: MATHEMATICAL PREPARATION
OF A NONLINEAR ODE

The main mathematical tool is a type of ODEs developed
in our previous article [9], §2. For readers’ convenience, we
quote the results without proofs in this appendix and
readers can find detailed proof in [9], §2. We consider
the solutions f(#) to the following type ODE,

R T e(f'()?
£+ 70 = GO0+ £0) =T = 0. B1)
f(to) =p>0 and [f(19)=po>0. (B2
where f, f, > 0 are positive constants and
e >1, £>0, and 1<e¢<3/2. (B3)

From now on, to simplify the notations, we denote

A=yf(l-a) +46>-&,  a=1-a<0,

c=1—-¢<0
and introduce constants A, B, C, D, and E depending on

the initial data § and f to (B1)—(B2) and parameters <, &,
and ¢,

A::toz ( o a+A P >
A \(1+p)? 2 1+8)

i (50 ) <0
=2+;+A< n{t+p)+ @;Alhfoﬂ> "
=%<ln(l lt(’ﬁ‘)

g oi-a
:%w.

We define the following two critical times 7, and r*.

(1) LetR = {¢t, > t0|Atr + Bt, + 1 = 0} and define
t, == min R.
() If tf >E"', we define r*:=(f—-81)"e€

(0, 0), i.e., t = 1* solves 1 — Etf + Er* =

123534-8
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We are now in a position to state the main theorem on
ODE (B1) and (B2) and the proof can be found in [9], §2.
Theorem B.1. Suppose constants «, #, and ¢ are
defined by (B3), ¢, and t* are defined above and the
initial data g, fy > 0, then
(1) 1, €0, 00) exists and t, > t,.
(2) There is a constant #,, € [f,, 0], such that there is a
unique solution f € C?([ty, t,,)) to the equation (B1)
and (B2), and

limf() = 400 and limfy(7) = +oo.

=1, t—1,,

(3) f satisfies upper and lower bound estimates,

1+ f(1) > exp(Cr=" +Dr")  for t € (9. 1,,).
+1)7!

a+A
2

1+ f(1) < (ar 7" + B for t € (ty, 1,).

Furthermore, if the initial data satisfies Sy > @ (1 + )/
(¢tp), then
(4) t, and r* exist and finite, and 7, < f, < * < oo.
(5) There is a finite time ¢,, € [t,, *), such that there is
a solution f € C?([ty,1,)) to Eq. (B1) with the
initial data (B2), and

limf(7) = 4o and

=1y,

lim o) = +oo.

(6) The solution f has improved lower bound estimates,
for t € (1, 1,,),

(1+p) (1 —Etf +E)V/? <1+ f(1).
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