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The polarization of the 21-cm radiation from the epoch of reionization arises from Thomson scattering of
21-cm photons from free electrons and provides information that complements that from the intensity
fluctuation. Previous work showed that a direct detection of this signal will be difficult, and hinted that the
signal might be enhanced via correlation with other tracers. Here, we discuss the cross-correlation between
the cosmic microwave background polarization and the 21-cm polarization. We treat reionization using an
analytical model with parameters calibrated by seminumerical simulations. We then derive the cross-
correlation angular power spectrum using the total-angular-momentum formalism. We also provide a noise
analysis to test against the null hypothesis of no 21-cm polarization. We find that, due to the smallness of
the signal, it will be difficult to reject this null hypothesis even with a synergy of ambitious next-generation
21-cm and cosmic microwave background missions.
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I. INTRODUCTION

The redshifted 21-cm line of the hydrogen hyperfine
transition provides both a spatially and temporally resolved
image of the baryons’ growth in inhomogeneity, collapse,
heating, and reionization [1–3]. A wide range of cosmo-
logical and astrophysical information can be derived from
it. Previous work focused primarily on the intensity signal,
showing its potential power in constraining fundamental
physics [4,5], star and galaxy formation [6], and interga-
lactic medium [7].
More can be learned from the polarization signal.

The dominant contribution to the 21-cm polarization arises
in the same way as the polarization of the cosmic micro-
wave background (CMB). In the reionized Universe, the
Thomson scattering between of a radiation quadrupole
from a free electron generates a linear polarization. This
effect has first been explored in Refs. [8,9]. Reference [8]
estimates the strength of this signal by assuming a relatively
simple model of reionization, and claims that it can be
detected by Square Kilometre Array (SKA) with a one-
month observation time. Reference [9], with refined reio-
nization modeling via 21CMFAST [10,11], concludes that
this signal is smaller than the SKA sensitivity. However,
Ref. [9] also points out that the signal may still be detected
by cross-correlation with other probes.

In this paper, we discuss the cross-correlation between
the 21-cm polarization and the CMB polarization. The
CMB polarization, produced also by the Thomson scatter-
ing, is generated in roughly two different epochs—one
right before recombination, the other after reionization. The
latter, as we will show, gains contribution from density
perturbations within a certain comoving-wavelength range
that also give rise to the 21-cm polarization. This generates
a cross-correlation. By correlating the well-established
CMB signal with a to-be-detected signal, we enhance
the sensitivity to the target signal.
To assess the prospects to detect this cross-correlation,

we evaluate the ability of future measurements to answer
two related but subtly different questions. In the first, we
determine the possibility to rule out the null hypothesis of
no reionization from this cross-correlation alone. In the
second, we assume that reionization has been well estab-
lished from the CMB-polarization measurement and ask
whether the cross-correlation can be detected under this
assumption. Of course, the null hypothesis of no reioiniza-
tion in the first calculation is inconsistent with observations
and so this calculation is of academic interest only. We
include it, though, to illustrate some of the nuance in the
final conclusion that the signal is not detectable. We
conclude that the amplitude of the cross-correlation is
large enough to distinguish it from the null hypothesis of no
reionization, but it cannot be detected under the null
hypothesis of a well established detection of the reioniza-
tion in the CMB polarization.
The rest of the paper is organized as follows. In

Sec. II, we present the theoretical calculation of the
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cross-correlation signal. In Sec. III, we analyze the detec-
tion prospect of this signal by next-generation CMB and
21-cm observations, while pointing out potential hurdles.
We end in Sec. IV with some concluding remarks.

II. THEORY

The physical picture is illustrated schematically in Fig. 1,
which shows the observable Universe in comoving coor-
dinates. As described in the figure caption, we start by
discussing the remote intensity anisotropy in Sec. II A; we
then move to compute the induced linear polarization in
Sec. II B. These steps are done for both the CMB
polarization and the 21-cm polarization. Next, we use
the results from these previous steps to calculate the
cross-correlation angular power spectrum in Sec. II C.
Finally, we proceed to describe the “bubble model” for
the 21-cm fluctuations in Sec. II D, and its correlation with
matter fluctuations. We also discuss how the bubble-model

parameters are calibrated to seminumerical simulations
using 21CMFAST.

A. Intensity quadrupole

We first discuss the 21-cm-intensity quadrupole. Here,
for simplicity, we take the postheating limit, where the spin
temperature TS is very large compared to the temperature
Tγ of the CMB photons, and neglect the effect of redshift-
space distortion. Under these assumptions, the differential
brightness temperature T21 of the redshifted 21-cm line is
then proportional to the neutral-hydrogen density nHI at the
hydrogen-photon interaction. Since the Thomson scattering
is achromatic, it suffices to only account for the fractional
perturbation δ21 ≡ T21=T̄21 − 1, where T̄21 is the spatial
average of T21.
Since the Thomson scattering is achromatic, the linear

polarization of a given frequency νo we observe is only due
to the scattering of those 21-cm photons emitted at redshift
ze ¼ νe=νo − 1, and is independent of the redshift of the
scattering. Here, νe ¼ 1420 MHz is the proper frequency
of the hydrogen line. Thus the relevant intensity-anisotropy
pattern (i.e. responsible for the observed polarization
at frequency νo) seen by an electron at ðx⃗; ηÞ from direction
û is

Θ21;νoðû; x⃗; ηÞ≡ δ21½x⃗þ ðη − ηeÞû; ηe�; ð1Þ

where ηe is the conformal time at redshift ze. We define the
quadrupole tensor

t21;νoab ðx⃗; ηÞ≡
Z

d2ûð3uaub − δabÞΘ21;νoðû; x⃗; ηÞ: ð2Þ

It will be useful later to express t21;νoab using δ21 in
the Fourier space. With detailed derivation given in
Appendix A, we write the result here,

t̃21;νoab ðk⃗; ηÞ ¼ −12πj2½kðη − ηeÞ�
�
k̂ak̂b −

δab
3

�
δ̃21ðk⃗; ηeÞ:

ð3Þ

Here, jnðxÞ is the spherical Bessel function; δab is the
Kronecker delta symbol; k≡ jk⃗j and k̂≡ k⃗=k are the
magnitude and direction of the wave vector k⃗.
Next, we discuss the CMB intensity quadrupole. The

polarization of CMB is generated both right before recom-
bination and after reionization. However, only the latter
contributes significantly to the cross-correlation with the
21-cm polarization. To see this, we note that, for a given
free electron, the intensity quadrupole—thus the resulting
polarization—is dominated by perturbations with a wave-
length roughly the size of the electron’s last-scattering-
surface radius. For those free electrons right before recom-
bination, this size is roughly the duration Δχ� ∼ 15 Mpc of

FIG. 1. A comoving-space sketch of the physics described in
Sec. II. The observer is located at the central black point. The blue
dashed ring represents the emission shell of the 21-cm photons
for the observer. The reionized Universe (gray disk) contains free
electrons. One electron (blue point) sees an intensity anisotropy,
resulting from the perturbations (gray plane-wave pattern) at the
electron’s emission shell of the 21-cm photons (solid blue ring).
This then produces a linear polarization seen by the observer
(along the blue dot-dashed line). Note that the electron’s emission
shell is different from, but tangent to, that of the observer’s. The
similar mechanism for the CMB polarization is depicted using the
corresponding red elements, while the dashed and the solid rings
should be interpreted as the last-scattering surfaces seen by the
observer and the electron, respectively. This sketch is drawn to
scale according to the labeled redshifts.
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recombination (assuming recombination at z� ¼ 1090 with
a duration ofΔz� ¼ 80). So, the recombination polarization
pattern will peak at multipole l ∼ χ�=Δχ� ∼ 103, where
χ� ∼ 1.4 × 104 Mpc is the comoving distance to the last-
scattering surface. At these high multipoles, the Limber
approximation [12] implies that the 21-cm polarization,
coming from a comoving distance different from χ�, will
have very limited correlation with the recombination CMB
polarization.
The relevant CMB intensity quadrupole, seen by the free

electrons in the reionized Universe, can then be approxi-
mated by the Sachs-Wolfe effect. Similar to the 21-cm case,
the intensity-anisotropy pattern,

ΘCMBðû; x⃗; ηÞ≡ −
1

3
Φ½x⃗þ ðη − η�Þû; η��; ð4Þ

determines the quadrupole tensor

tCMB
ab ðx⃗; ηÞ≡

Z
d2ûð3uaub − δabÞΘCMBðû; x⃗; ηÞ: ð5Þ

Here, Φ is the conformal-Newtonian-gauge gravitational
potential, and η� is the conformal time at recombination.
This relation can be written in Fourier space, following the
derivation in Appendix A, as

t̃CMB
ab ðk⃗; ηÞ ¼ 4πj2½kðη − η�Þ�

�
k̂ak̂b −

δab
3

�
Φ̃ðk⃗; η�Þ: ð6Þ

We can re-express this equation in terms of the matter-
density perturbation δ at conformal time ηe by realizing that

Φ̃ðk⃗; ηÞ ¼ 3H2
0Ωm

2k2aðηÞ δ̃ðk⃗; ηÞ ð7Þ

is constant deep in the matter-dominated era, giving [13]

t̃CMB
ab ðk⃗; ηÞ ¼ 6πH2

0Ωm

k2aðηeÞ
j2½kðη − η�Þ�

�
k̂ak̂b −

δab
3

�
δ̃ðk⃗; ηeÞ:

ð8Þ

Here,H0 is the current Hubble parameter;Ωm is the matter-
density parameter; aðηÞ is the scale factor at conformal time
η. We formally switch the time slice from η� to ηe, so that
we only need to refer to the equal-time correlation between
δ and δ21 at the conformal time ηe of the 21-cm emission.

B. Polarization

The linear polarization tensor, as a function of position n̂
on the sky, is

PABðn̂Þ≡ 1ffiffiffi
2

p
�

Qðn̂Þ Uðn̂Þ sin θ
Uðn̂Þ sin θ −Qðn̂Þ sin2 θ

�
; ð9Þ

where, Qðn̂Þ and Uðn̂Þ are the Stokes parameters measured
in the local coordinate frame fθ̂; ϕ̂g. The components of
PAB are given in the coordinate chart fθ;ϕg, indicated by
the capital subscripts AB. The sin θ-related factors follow
from the fact that the chart fθ;ϕg is orthogonal but not
orthonormal. Later, we will mainly use the Cartesian
components Pab of this polarization tensor, which can
be obtained by embedding the unit sphere into the three-
dimensional space and performing a general coordinate
transformation between fθ;ϕg and fx; y; zg. In both
representations, the polarization tensor is symmetric
(PAB ¼ PBA and Pab ¼ Pba) and trace free (gABPAB ¼ 0

and gabPab ¼ 0, with gAB ¼ diagf1; sin2 θg and
gab ¼ δab). The embedding also implies that Pab is trans-
verse (n̂aPab ¼ 0).
Both the CMB and the 21-cm polarization are produced

by Thomson scattering between free electrons and unpo-
larized incident radiation possessing a quadrupolar inten-
sity anisotropy. This indicates that, for the probe X ¼ CMB
or 21ðνoÞ, we have

PX
abðn̂Þ ¼

ffiffiffi
2

p

16π

Z
gðηÞdηΠab;ijðn̂ÞtXij½n̂ðη0 − ηÞ; η�; ð10Þ

where the integral starts from η� for X ¼ CMB and ηe for
X ¼ 21ðνoÞ, to the current conformal time η0, and will be
omitted from now on. Here, gðηÞ≡ e−τdτ=dη is the
photon-visibility function, where the Thomson-scattering
optical depth is defined as

τðηÞ≡
Z

η0

η

σTnbxeðη0Þ
aðη0Þ2 dη0: ð11Þ

Here, σT is the total cross section of Thomson scattering, nb
is the comoving number density of baryons (which is
equal to the current physical number density), and xeðηÞ is
the mean ionization fraction [see Eq. (34)]. Note
that σTnb ¼ 2.307 × 10−5ðΩbh2Þ Mpc−1 in terms of the
baryon-density parameter Ωb. The tensor projector is

Πab;ijðn̂Þ≡ Paiðn̂ÞPbjðn̂Þ −
1

2
Pijðn̂ÞPabðn̂Þ; ð12Þ

where Pijðn̂Þ≡ δij − n̂in̂j. Equation (10) must take this
form because the integrand is the only possible way to
project a three-dimensional quadrupole tensor tij to a
polarization tensor Pab that is simultaneously symmetric,
trace free, and transverse. The prefactor in Eq. (10) can be
determined by taking n̂ ¼ −ẑ and comparing to Eq. (2.10)
in Ref. [14].
We emphasize that here we compute the large-angle

polarization signal, and ignore the effect of patchy reioni-
zation on polarization generation through Thomson scat-
tering. Thus, in Eq. (10), the photon-visibility function gðηÞ
is taken to be independent of the direction. In Sec. II D,
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however, we do consider patchy reionization that gives rise
to the 21-cm-intensity anisotropy, since that is crucial in the
generation of 21-cm polarization.

C. Angular power spectrum

The statistical property of PX
abðn̂Þ is encoded in the

angular power spectrum CXY
J ≡ hðPX

JMÞ�PY
JMi, where the

E-mode spherical-harmonic expansion coefficients are
defined as

PX
JM ≡

Z
d2n̂½YTE

ðJMÞabðn̂Þ��PX
abðn̂Þ; ð13Þ

using the tensor spherical harmonics YTE
ðJMÞabðn̂Þ defined in

Ref. [15]. There exists another family of B-mode expansion
coefficients, obtained by projection onto YTB

ðJMÞabðn̂Þ
(defined also in Ref. [15]), that will be zero under our
assumption of no primordial gravitational waves.
The next step is to plug Eq. (10) into Eq. (13) and

calculate the angular power spectrum. This task is
immensely simplified by the use of total-angular-
momentum (TAM) waves defined in Ref. [15], whose
notation we shall now follow. Assuming only primordial
scalar perturbation, the symmetric and trace-free tensor tXab
can be expanded as

tXabðx⃗; ηÞ ¼
X
kJM

tXkJMðηÞ½4πiJΨk;L
ðJMÞabðx⃗Þ� ð14Þ

in terms of the L-mode tensor TAM waves. Here,
P

k is a
shorthand for

R
k2dk=ð2πÞ3. The projection in Eq. (10) is

then simplified by the property

Πab;ijðx̂ÞΨk;L
ðJMÞijðx⃗Þ ¼ RL;TE

J ðkxÞYTE
ðJMÞabðx̂Þ ð15Þ

of the TAM waves. Here the radial function RL;TE
J ðkxÞ can

be inferred from Eq. (38) of Ref. [16]. It will also be helpful
to expand the matter-density perturbation δ and the 21-cm-
temperature perturbation δ21 in terms of the scalar TAM
waves. To simplify the writing of parallel equations, we
formally rename

δCMBðx⃗; ηÞ ¼ δðx⃗; ηÞ and δ21;νoðx⃗; ηÞ ¼ δ21ðx⃗; ηÞ; ð16Þ

and exclusively refer to the symbols on the left-hand sides
when we abstractly express the probe using X and Y. Now,
the expansions can be compactly written as

δXðx⃗; ηÞ ¼
X
kJM

δXkJMðηÞ½4πiJΨk
ðJMÞðx⃗Þ�: ð17Þ

Similar to the Fourier-space relations, Eqs. (3) and (8), tXkJM
can also be related to δXkJM. With details given in
Appendix B, we list the result here,

tXkJMðηÞ ¼ T Xðk; η; ηeÞδXkJMðηeÞ: ð18Þ

Here the quadrupole transfer functions T X are defined as

T 21;νoðk; η; ηeÞ≡ 4π
ffiffiffi
6

p
j2½kðη − ηeÞ�; ð19Þ

T CMBðk; η; ηeÞ≡ −
2π

ffiffiffi
6

p
ΩmH2

0

k2aðηeÞ
j2½kðη − η�Þ�: ð20Þ

With this setup, we can plug Eq. (18) into Eq. (14), and
then the result into Eq. (10) with the aid of Eq. (15). Finally,
the orthonormality of YTE

ðJMÞabðn̂Þ implies that

PX
JM ¼

ffiffiffi
2

p

4
iJ
Z

k2dk
ð2πÞ3 I

X
J ðk; ηeÞδXkJMðηeÞ; ð21Þ

where the polarization transfer functions IX
J (not to be

confused with T X) are defined as

IX
J ðk; ηeÞ≡

Z
gðηÞdηRL;TE

J ½kðη0 − ηÞ�T Xðk; η; ηeÞ: ð22Þ

The angular power spectrum then evaluates to

CXY
J ¼ 1

8

Z
k2dk
ð2πÞ3 PXYðk; ηeÞIX

J ðk; ηeÞIY
J ðk; ηeÞ; ð23Þ

where the power spectrum is defined such that the products
of the TAM coefficients have the expectation values

h½δXkJMðηeÞ��δYk0J0M0 ðηeÞi ¼ δkk0δJJ0δMM0PXYðk; ηeÞ: ð24Þ

Here δkk0 is a shorthand for ð2πÞ3δðk − k0Þ=k2. Note that
this definition coincides with the canonical definition using
Fourier coefficients, as detailed in Ref. [15],

hδ̃�Xðk⃗; ηeÞδ̃Yðk⃗0; ηeÞi ¼ ð2πÞ3δðk⃗ − k⃗0ÞPXYðk; ηeÞ: ð25Þ

D. Reionization model

The question now reduces to obtaining PXY , the
cross- and auto-spectrum of the matter-density perturba-
tion δ and the 21-cm-temperature perturbation δ21. We
employ a simple but effective “bubble model” provided in
Ref. [17], with its parameters calibrated to seminumerical
simulations via 21CMFAST. We emphasize that here we
are, in a sense, only using the bubble model as a fitting
template of the simulation results, so we avoid interpreting
the fitted values of the model parameters in a physical
way. This approach is similar to that used in Ref. [9] (i.e.
assuming a specific bias scaling outside the k range of the
simulation).
Reference [17] models the ionization-fraction field via a

collection of (possibly overlapping) fully ionized bubbles.
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The bubbles are biased tracers of the underlying matter-
density field, and have a log-normal radius R distribution
PðRÞ,

PðRÞ ¼ 1

Rσln R

ffiffiffiffiffiffi
2π

p exp

�
−
ðln R − μln RÞ2

2σ2ln R

�
; ð26Þ

where μln R and σln R are the mean and the standard
deviation of lnR, respectively. Note that the mean bubble
radius is then hRi ¼ expðμln R þ σ2ln R=2Þ.
The 21-cm-temperature perturbation, in the limit detailed

in Sec. II A, becomes δ21 ≡ nHI=n̄HI − 1. The bubble model
then predicts1 its autospectrum

Pδ21;δ21 ¼ ½bhWRðkÞi lnð1 − xeÞ þ 1�2Pδδ

þ xe
1 − xe

½hVbihW2
RðkÞi þ P̃δδ�; ð27Þ

and its cross-spectrum with matter-density perturbation

Pδ21;δ ¼ ½bhWRðkÞi lnð1 − xeÞ þ 1�Pδδ: ð28Þ

In those equations, we define the mean bubble volume

hVbi≡
Z

PðRÞdRVbðRÞ; ð29Þ

where VbðRÞ≡ 4πR3=3 is the volume of single bubble with
radius R. We also define the volume-weighted window
function as

hWn
RðkÞi≡ 1

hVbin
Z

PðRÞdRVn
bðRÞWn

RðkÞðn¼1;2Þ; ð30Þ

where WRðkÞ ¼ 3½sinðkRÞ − kR cosðkRÞ�=ðkRÞ3 is the
spherical top hat window function in the Fourier space.
In addition, we define

P̃δδ ≡ PδδhVbihσ2Riffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
δδ þ hVbi2hσ2Ri2

p ; ð31Þ

where Pδδ is the matter power spectrum, and

hσ2Ri≡ 1

hVbi2
Z

PðRÞdRV2
bðRÞσ2R ð32Þ

is the volume-weighted average of

σ2R ≡
Z

dk
k
W2

RðkÞ
k3

2π2
PδδðkÞ; ð33Þ

which is the variance of the mean fluctuation in a spherical
region of radius R. Equations (27) and (28), plus the matter
power spectrum Pδδ can then be used to compute the
angular power spectrum via Eq. (23). We model the redshift
evolution of the mean ionization fraction xe with a hyper-
bolic tangent as

xeðzÞ ¼
1

2

�
1 − tanh

�
yðzÞ − yre

Δy

��
; ð34Þ

where Δy and yre are model parameters and
yðzÞ ¼ ð1þ zÞ3=2. We illustrate the results of our bub-
ble-model calculation—whose parameters are chosen to
match the seminumerical 21CMFAST simulations—in
Fig. 2, together with the results from simulations, for a
set of redshifts where the signal-to-noise ratio of the effect
is highest. In order to match the redshift evolution
of the mean ionization fraction, we have chosen yre ¼
25.6 and Δy ¼ 4.9, which match well to the simulations
at z < 7.2.

III. FORECAST

Here, we assess the detectability of the cross-correla-
tion signal between the 21-cm polarization and the CMB.
Upcoming 21-cm power-spectrum experiments, such as
HERA [18] and SKA1-low [19,20], will generate a wealth
of high-precision data in the following years. These
experiments are primarily designed as interferometers
and the bulk of the scientific effort in modeling the
involved systematics focuses on increasing the measure-
ment quality on scales relevant to the baryon-acoustic
oscillations, 0.1 h=Mpc < k < 1.0 h=Mpc. These radio
interferometers are limited on large scales, however, by
their minimum dish (or antenna) separation. This sets a
limit on the minimum l multipole that can be measured.
The anticipated designs of HERA and SKA experimental
configurations suggest that multipoles lower that ∼10 will
not be accessible when operated as interferometers.
Nevertheless, experiments like HERA can also be oper-
ated in a single-dish mode, allowing a solution to this
problem (see e.g. [21]).
Another cause for concern is the observational system-

atics, which includes the beam profile, the 1=f noise, and
the foreground wedge [22–24] of the 21-cm experiment at
hand. These have been primarily studied in the context of
interferometer experiments. Encouragingly, however,
phase-1 experiments like MeerKAT2 (an SKA precursor
on the planned site of SKA1-MID [25]) are already
taking data, albeit on low redshifts z < 3. Nevertheless,

1Note that Ref. [17] predicts spectra involving
δHI ≡ ðnHI − n̄HIÞ=n̄H, which is normalized differently from
δ21 ≡ nHI=n̄HI − 1 interested in here. The conversion is
δ21 ¼ δHI=ð1 − xeÞ. Here, Eqs. (27) and (28) have already been
adjusted with appropriate powers of ð1 − xeÞ. 2www.sarao.ac.za.

CROSS-CORRELATION OF THE POLARIZATIONS OF THE 21- … PHYS. REV. D 107, 123533 (2023)

123533-5

www.sarao.ac.za
www.sarao.ac.za
www.sarao.ac.za
www.sarao.ac.za


overcoming these systematic challenges should be equally
plausible for intensity mapping at higher redshifts. It is not
difficult to imagine that path-finder experiments like
MeerKAT will provide the road map for using HERA
(or similar precision) experiments in single-dish mode
when measuring the epoch of reionization.
Finally, it is possible for the 21-cm polarization mea-

surements to suffer unique (and major) challenges in
addition to intensity. These include calibration [26–28],
foregrounds from polarized synchrotron emission [29–31],
instrumental leakage of intensity into polarization [32],
Faraday rotation from various sources of magnetic
fields [33–35] and depolarization effects [36,37]. While
there is ongoing research concerning these systematics,
their effective mitigation may be challenging for the near-
future surveys. Nevertheless, since these effects are not
correlated with the CMB data, the cross-correlation signal
that we study in this work should be less susceptible to
systematics and may prove a promising direction forward.
In what follows we model the anticipated noise (per

multipole) from a single-dish 21-cm power-spectrum
measurement as [38–40]

NE21ðzÞ
l ¼ ΩpixT2

sys

BtoT̄2
b

exp flðlþ 1ÞðθB
ffiffiffiffiffiffiffiffiffiffiffi
8 ln 2

p
Þ2g; ð35Þ

where θB ¼ λ=Ddish is the beam full-width at half-maxi-
mum of a single dish with diameter Ddish at wavelength
λ ¼ λ21ð1þ zÞ, Ωpix ¼ 1.13θ2B for a Gaussian beam, Tsys is
the system temperature, BðzÞ is the frequency bandwidth
of observation, to is the total observation time and T̄bðzÞ
is the measured mean baryonic temperature at redshift z.
We ignore the so-called foreground wedge (see e.g. [41])
since, in principle, foregrounds do not lead to a loss
of information (a similar approach is taken in e.g.
Ref. [42]), and the wedge can potentially be removed
with better understanding of the instrument [43,44]. We

demonstrate the anticipated noise on the 21-cm polarization
in Fig. 3 along with the anticipated polarization signals
from the CMB and 21-cm and the CMB intensity noise for
Planck.
We define the detection signal-to-noise (SNR) of the

cross-correlation as

FIG. 3. CMB polarization spectrum, the anticipated polariza-
tion autocorrelation from reionization and the anticipated cross-
correlation between the CMB polarization and the 21 cm. Solid
dark blue line is the total CMB signal, including the reionization
bump, latter shown with light blue solid line. The dot-dashed gray
line is the autocorrelation of the 21-cm polarization. The red solid
line is the cross-correlation signal where the negative values are
shown with the red dashed line. The dotted orange line is the
anticipated 21-cm polarization noise for the fiducial experiment
we consider, as described in Sec. III. The green dotted line is the
Planck instrument noise. The 21-cm signal and noise were
calculated at redshift z ¼ 6.1 and for a redshift bin of size
Δz ¼ 1. We have taken ΔT ¼ 1 μK-arcmin for demonstration.
All spectra shown here are dimensionless (normalized to the sky-
average intensities of the corresponding probes, see Sec. II).

FIG. 2. The anticipated auto- and cross-correlation signals from neutral-hydrogen and density fluctuations. The light-red (purple) solid
(dashed) lines correspond to auto-correlation power-spectra of the neutral hydrogen fluctuations. The green (blue) dot-dashed (dotted)
lines correspond to cross-correlation of the hydrogen and the density perturbations. We extrapolate the results from the seminumerical
21CMFAST code to larger scales with the bubble model, introduced in Sec. II. We use the Planck 2019 cosmological parameters and the
Λ cold dark matter model for the matter power spectra and fit the bubble-model parameters to the simulations. Solid and dot-dashed lines
show our results from simulations while dashed and dotted lines are our results from the fits. We show the spectra at three redshift values,
z ∈ f5.0; 6.1; 6.8g, which dominate the signal-to-noise in our analysis in Sec. III.
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SNR2 ¼
X
nfll0

CECMBE21

l cov−1ðC̃ECMBE21

l ; C̃ECMBE21

l0 ÞCECMBE21

l0 ;

ð36Þ

where

cov
	
C̃ECMBE21

l ; C̃ECMBE21

l0




¼ δll0f−1sky
2lþ 1

	
C̃ECMBECMB
l C̃E21E21

l þ CECMBE21

l CECMBE21

l



:

ð37Þ

Here, nf varies over the multiple frequency bands for

the 21-cm observations,3 fsky is the sky fraction, C
ECMBE21

l is
the cross-correlation between the CMB polarization and the
21-cm polarization, CECMBECMB

l and CE21E21

l are the auto-
correlations of the CMB and 21-cm polarization, respec-
tively, and spectra denoted with tildes are observed values,
i.e. C̃l ¼ Cl þ Nl. In Eqs. (36) and (37) we omitted
showing the redshift (or frequency) dependence of the
signals explicitly for brevity. In this analysis we take six
frequency bands covering the range 4 < z < 16.
In what follows, we test two hypotheses. First, to access

the detectability of the polarization cross-correlation
signal between 21-cm and CMB, we take a null hypo-
thesis scenario in which there is no reionization bump
signal in the CMB autocorrelation in the covariance of
Eq. (36) and exclude the cosmic variance from the 21-cm
polarization autocorrelation. We also take the noise and
signal to be diagonal in redshift bins and no signal or noise
in the cross-correlation signal in the covariance of
Eq. (36). Second, we ask this: “knowing that there is
indeed a period of reionization, would we see the 21-cm-
CMB E mode correlation?” For the latter, we include the
reionization bump signal in the CMB autocorrelation
cosmic variance. We emphasize, however, that the first
hypothesis underestimates the variance of the cross-
correlation, thus overestimating the SNR, if the knowledge
of reionization is establiahed through other means. In our
Universe, we have this knowledge, and thus should quote
the SNR computed in the second hypothesis as the
forecast.
We consider a fiducial 21-cm experiment with

Tsys ¼ 40 K and satisfying θBðzÞ ¼ 20 arcmin at z ¼ 6.1.
We take five redshift bins in the range z ∈ ½4; 11� with
redshift depth Δz ¼ 1, and model the CMB noise as
NEE

l ¼ 2ðΔT=Tγ;0Þ2 expflðlþ 1Þθ2FWHM=8 ln 2g, where
θFWHM is the beam size of the CMB experiment, satisfying
θFWHM ≃ 5 arcmin for Planck, and Tγ;0 is the current CMB

temperature. For our first hypothesis, we find such an
experiment can reach detection SNR ¼ 2.1 with a dedi-
cated 2 years of observation over the full sky, if cross-
correlated with a CMB experiment with thermal noise
ΔT ¼ 1 μK-arcmin with the Planck-sized θFWHM ≃
5 arcmin beam. Note that this thermal noise for the
CMB experiment is lower than Planck. While upcoming
CMB experiments such as SO and CMB-S4 will lower the
thermal noise on small scales significantly, improving the
fidelity of large-scale measurements (l < 30) requires
satellite experiments that do not suffer the atmospheric
noise. A promising next-generation experiment was pro-
posed in Ref. [45], which may play a crucial role in
measuring the cross-correlation signal we study in this
paper. For the null hypothesis the SNR depends on survey
specifications as

SNR ≃ 2.1fsky

�
200

θ�B

�
2
�
1 μK0

ΔT

�
2
�
40 K
Tsys

�
2 t0
2 yrs

; ð38Þ

where θ�B is the beam at z� ¼ 6.1. Here, we have taken the
minimum multipole as lmin ¼ 2. For our second hypoth-
esis, we find the coefficient of Eq. (38) degrade by over an
order of magnitude to SNR ≃ 0.017 due to the large cosmic
variance of the reionization bump. For the first hypothesis,
we find that the SNR depends on the choice of lmin as
SNR ∝ expf−4lmin=5g, suggesting that the measurement
of the largest scales will be crucial for detection. We find
the decrease with increasing multipoles is less rapid for the
second hypothesis, where the SNR depends on choice of
lmin as SNR ∝ expf−0.3lming. Since reaching any of these
specifications remains challenging for the near-future
experiments, we conclude detecting the cross-correlation
signal will be difficult, but not impossible with dedicated
next-generation surveys.

IV. CONCLUSION

In this paper, we propose to enhance the detectability of
the 21-cm polarization by cross-correlation with the CMB
polarization. We present the theoretical procedure to
compute this cross-correlation from reionization physics,
which is then modeled by the bubble model with para-
meters calibrated to the simulation results of 21CMFAST.
We demonstrate the prospect of detection by performing a
basic noise analysis, and give the SNR as a function of
observational parameters.
In the noise analysis, we choose to test two

closely related, but subtly different, null hypotheses. In
the first scenario, we assume that there is no reionization,
and subsequently no 21-cm or reionization-era CMB
polarization. In the second scenario, we assume that there
is no 21-cm polarization, but the reionization-era CMB
polarization is present. In each scenario, we forecast how
strongly will the null hypotheses be disfavored by the
observation of 21-cm-CMB polarization correlation.

3Note the 21-cm cross power between different frequency
bands in practice affects the SNR on large scales if a finer binning
in frequencies compared to what we consider here is applied; in
which case it should be taken into account in the analysis.
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We find that, with very generous assumptions on the
21-cm observational systematics, the synergy of ambitious
next-generation 21-cm and CMB missions could make a
detection in the first scenario, while the second scenario
will still remain out of reach. In the first scenario, the
observation at large angular scales is crucial, as that is
where the correlation gains most of its contribution.
Future work could improve on the reionization modeling

with larger numerical simulations, include the effect of
redshift-space distortion, discuss the 21-cm-radiation field
before the saturation of heating, provide a more realistic
account for the 21-cm observational systematics, and
devise strategies to mitigate foregrounds unique to the
21-cm polarization measurement, especially the Faraday
rotation induced by the magnetic fields.
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APPENDIX A: DERIVATION OF THE
QUADRUPOLE TENSOR AND ITS TAM

COEFICIENTS

When the observed anisotropy at ðx⃗; ηÞ is determined by
the value of some field ϕ on the emission shell x⃗e ≡ x⃗þ
ðη − ηeÞû at conformal time ηe,

Θðû; x⃗; ηÞ ¼ ϕ½x⃗þ ðη − ηeÞû; ηe�; ðA1Þ

the associated quadrupole tensor is

tabðx⃗;ηÞ≡
Z

d2uð3uaub − δabÞϕ½x⃗þ ðη− ηeÞû;ηe�: ðA2Þ

In Fourier space, this relation takes the form

t̃abðk⃗;ηÞ ¼
Z

d2uð3uaub − δabÞ
Z

d3x expð−ik⃗ · x⃗Þ

×ϕ½x⃗þ ðη− ηeÞû;ηe�;

¼ ϕ̃ðk⃗;ηeÞ
Z

d2uð3uaub − δabÞ exp½ik⃗ · ûðη− ηeÞ�;

¼ −12πj2½kðη− ηeÞ�
�
k̂ak̂b −

δab
3

�
ϕ̃ðk⃗;ηeÞ:

ðA3Þ

Here, in the second equal sign, we have used the shift
formula of the Fourier transform. In the third equal sign, the
integral can be evaluate by taking k⃗ ¼ kẑ, and then be
restored to its general form via symmetry.

APPENDIX B: TRANSFER FUNCTIONS

Equations (8) and (104) of Ref. [15] can convert the
Fourier amplitudes to the TAM coefficients, giving

tkJMðηÞ ¼ 4π
ffiffiffi
6

p
j2½kðη − ηeÞ�ϕkJMðηeÞ: ðB1Þ

For the 21-cm signal and the CMB, let ϕ be δ21 and
−Φ=3, respectively. We have

t21;νokJM ðηÞ ¼ T 21;νoðk; η; ηeÞδ21kJMðηeÞ; ðB2Þ

tCMB
kJM ðηÞ ¼ T CMBðk; η; ηeÞδkJMðηeÞ; ðB3Þ

where

T 21;νoðk; η; ηeÞ ¼ 4π
ffiffiffi
6

p
j2½kðη − ηeÞ�; ðB4Þ

T CMBðk; η; ηeÞ ¼ −
2π

ffiffiffi
6

p
ΩmH2

0

k2aðηeÞ
j2½kðη − η�Þ�: ðB5Þ

In the second formula we used the relation Φ̃ðk⃗; ηÞ ¼
3ΩmH2

0δ̃ðk⃗; ηÞ=½2k2aðηÞ� and the fact that Φ̃ðk⃗; ηÞ is
approximately constant deep in the matter-dominated era.
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