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We use instant preheating as a mechanism to reheat the Universe when its evolution is modeled by a
nonoscillating background. Once we obtain the reheating temperature, we calculate the number of e-folds
using two different methods, which allows us to establish a relationship between the reheating temperature
and the spectral index of scalar perturbations. We explore this connection to constrain the spectral index for

different quintessential inflation models.
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I. INTRODUCTION

The reheating temperature and the spectral index of
scalar perturbations are closely linked in inflationary
cosmologies. Therefore, by establishing the relationship
between them and determining the range of viable reheat-
ing temperatures, we can calculate the possible values of
the spectral index and compare them with the observational
data provided by Planck’s team.

With this idea in mind, we calculated the number of
e-folds for nonoscillating inflationary models in two differ-
ent ways. First, we used observational data from the present
to the end of inflation, which allowed us to determine the
number of e-folds as a function of the reheating temper-
ature and the spectral index. Second, we used the infla-
tionary potential, which states that the number of e-folds
depends solely on the spectral index. So, by equating both
expressions, we established the relationship between the
reheating temperature and the spectral index.

The next step is to investigate the relationship between
the reheating temperature and the spectral index when the
reheating mechanism is the well-known “instant preheat-
ing” [1,2]. We apply our results to various quintessential
inflation (QI) scenarios, such as the Peebles-Vilenkin
model [3], exponential a attractors [4], and double expo-
nential models [5]. One of our main findings concerning
instant preheating is that the coupling constant, denoted
by g, between the inflaton field and the quantum field
responsible for particle production is highly constrained.
We found that its value must lie between 107% and 1073.
The lower limit is necessary to prevent vacuum polarization
effects during the last e-folds of inflation from affecting
the evolution of the inflaton field. The upper limit is due to
the requirement that the reheating temperature is below
10° GeV to avoid interference with the success of big
bang nucleosynthesis (BBN) [6], caused by the late decay of
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gravitationally interacting particles, such as the gravitino or
the moduli fields. For a coupling value around § & 5 x 1076,
shortly after the start of kination, the created particles become
nonrelativistic, and during the kination phase, they decay into
lighter particles, which reheats the Universe to a temperature
restricted to the range of 107'2M ; to 107'1°M ;, where M is
the reduced Planck mass.

After obtaining the maximum and minimum values of
the reheating temperature, we use the link between the
reheating temperature and the spectral index of the scalar
perturbations for a given QI model to constrain it. This
results in a narrow range of viable values, which falls
within the 20 confidence level of the observable values
obtained by the Planck team.

Finally, we also investigate the implications of this
relationship when reheating occurs via gravitational par-
ticle production. Specifically, we consider an exponential
a-attractor model and show the interconnection between
the spectral index and the mass of the produced particles.
We find that, for a spectral index close to n; = 0.97, there
are heavy as well as light masses that can give rise to viable
reheating temperatures ranging from 1 MeV to 10”7 GeV.

The present work is organized as follows: In Sec. II, we
investigate the instant preheating mechanism and obtain
the range of viable reheating temperatures. In Sec. III, we
present the two different methods used for calculating the
number of last e-folds and the relationship between the
spectral index and the reheating temperature. In Sec. IV, we
apply this relationship to different QI models. In Sec. V,
we consider reheating via gravitational particle production
and apply it to a attractors to compute feasible reheating
temperatures. Finally, in the concluding section, we sum-
marize our findings and present our conclusions.

pb

II. INSTANT PREHEATING

In this section, we will review one of the most commonly
used reheating mechanisms for nonoscillating models,

© 2023 American Physical Society
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known as instant preheating, which was introduced by
Felder et al. in [1,2]. The basic concept is that the inflaton
field, denoted as ¢, is coupled to a scalar quantum field ¢,
and this coupling is responsible for particle production.

The Lagrangian density of the quantum field ¢ is
given by

ﬂg‘ (90,09, — (M + (@ — Pin)> )P — ERP?).

(1)

where m is the bare mass of the field, R is the Ricci scalar,
@i 18 the value of the inflaton at the beginning of kination,
and g is the dimensionless coupling constant between the
inflation field and the quantum field. Considering con-
formally coupled particles, i.e., choosing & = 1/6, the
frequency of the modes will be given by

@i (n) = Kk + m (n)a(n), (2)

where meg () = /m* + 7 (¢ (1)
mass of the produced particles.

The analytic computation of the Bogoliubov coefficients
is based on the linear approximation @(17) — @y, =
@rin (1 — Miin) and the assumption that the Universe is static
with a() = ay,. Then, the frequency becomes

— @yin)? s the effective

w%(’?) =i+ (m2 + gz((/’fcin)z(ﬂ - nkin)z)aiin (3)

and, thus, the analytic value of the f-Bogoliubov coef-
ficients is given by [2]

|:Bk|2 ~ exp <_ ﬂ(kz + mzaﬁin>>
JxinPiin
~ exp (_ n(k* + m*a},) ) )
V6gat, HnM,

This last formula was tested numerically in [7] for the
original Peebles-Vilenkin model [3] and also in [8] for the
nonoscillating background,

(1) :% [(1 - tanh(r]/Aﬂ))ﬁ

+ (1 + tanh(n/An))(3 + 2Hiyn) |, (5)

where the scale of inflation, denoted by H,, is typically of
the order 10‘6Mp1 in the majority of inflationary models.
The timescale of the phase transition from the end of
inflation to the beginning of kination is represented by Ax.

Note that the production of particles is exponentially
suppressed for large values of the bare mass, due to the
form of the f-Bogoliubov coefficient. Therefore, we will

set m = 0, which yields mq; = §(¢ — @yin). Additionally,
the modes that contribute to the particle production are
those satisfying

k2

—— < §H\inMp, (6)
kin

then, in order to have nonrelativistic particles during

kination, which wy(n) = a(n)me(n), we need to demand

~ ~ H in
gHi, M, < P (o(n) — gxin)* = 92M2 In’ (Hé;?)) (7)

where we have used that, during kination, the inflaton field
evolves according to

1) = Pxin + \/%Mpl In (%) (8)

Therefore, if we consider H(n) < Hy,/3, then the
quantity In( (k“)) is greater than 1. Additionally, in the

majority of inflationary models, we have H,;, = 10‘7Mp1.
So, by imposing the following condition:

GHyinMy < M2 = § > Hyg/My 2107, (9)

pl =
we can ensure that the particles become nonrelativistic
shortly after the start of kination.

After the beginning of kination, when the nonrelativistic
particles have already been created, the inflaton field
evolves according to

b+ 3Hop = =G{§*ymegr, (10)
where (¢?) is the renormalized vacuum average of the
quantum operator ¢°. To prevent an undesirable second
inflationary period, we need to demand that the right-hand
side of Eq. (10) is subdominant before the decay of these
nonrelativistic particles. Therefore, before the decay, we
need to impose the following condition:

Hp > §<4A§2>meff- (11)

Effectively, if the right-hand side of Eq. (10) ceases to be
negligible, the inflaton field would be under the action of
the quadratic potential given by

Vip) = "S5 = 5P 0 - o @). (12)

2
As a result, the field will roll down to ¢y;,, which could
potentially initiate a new inflationary phase that we do not
desire.
Therefore, taking into account that for nonrelativistic
particles the evolution of ¢ is approximately that of a
harmonic oscillator,
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(a)" + a*(n)mey(n)(ag) = 0. (13)

Because the term A(ag) is negligible for nonrelativistic
particles, we have that its evolution is like

ap o e =5 (ag) ~ aln)me(n)(ad),  (14)

meaning that the renormalized vacuum energy density,
which is the effective mass multiplied by the number
density of produced particles, is like that of a harmonic
oscillator, i.e.,

2e(m) (@ (n), (15)

leading to [2] (see also the Appendix of this work, where a
more rigorous demonstration was done)

(16)

and recalling that during kination H ~ ¢/M,;, the condition

(11) becomes

pl»

@ (1) > gMu (N (1)) = pp(t) > gMu(N (1)), (17)

where pg(t) = @ is the energy density of the background
in the kination phase.

Shortly after the beginning of kination, as we have
already shown, the effective mass of the produced particles
becomes greater than gM,;, meaning that, if they decay into
lighter ones to reheat the Universe before the end of
kination, i.e., if pg(f) > (p(1)) = me(t)(N(t)) before
their decay, the bound (11) will be automatically satisfied.
Then, to ensure that the inflaton field rolls toward infinity,
as in all QI models, we will assume that the decay of the
produced particles into lighter ones occurs before the end of
kination.

Now, we calculate the energy densities at the time of
decay, which occurs when H ~ I', where I is the decay rate.

The corresponding energy densities are

PB.dec = 3F2M[2)l and <l[)dCC> = Miee 77— <Nkin>v (18)

where mge. = megr(t4e.) and we have used that during

kination the Hubble rate scales as a~>, which implies
(Gin)d = T
Agec Hkin'

After the decay, the energy densities evolve as

a(r)

D) = mae g — ) (22)', (19)

and since the reheating occurs at the end of kination, i.e.,
when pg(t) ~ (p(1)), we have

<adec)2
Areh
and thus, using the Stefan-Boltzmann law, the reheating
temperature is given by

30 1/4 R
Tren = < ) </)reh> 14

2
7" Greh

10 1/4 Mgec <Nkin> 34
= 2 8/3 My,
37 Gren '3 H g, MY

P

53 \ /4 Myoe 174 3/4
— ( \/_ ) <§3/2 d pB,kln) Mpl, (21)

7! Greh ram?

6
pp(t) = 30°M?, (adec> and

_ Mgec <Nkin>
3FHkinM12)1 ’

(20)

where g, = 106.75 is the effective number of degrees of
freedom for the Standard Model, and we have taken into
account that

N 1 o0 1 /. 3/2
(Niin) = W% K* || *dk = ) (9 zpB,kin) .
m
(22)
After some algebra, one has
/H,. 3/4 H..
Top =2 x 1072515/8 <mk]“/6> In3/4 (f:“) My,
r3my
(23)
which for Hy;, = 107'M,; becomes
M\ /4 M
T &3 x 1073515/8 <F"l> In3/4 (Fpl) My, (24)

where we have introduced the notation I' = 107T".
On the other hand, the condition that the decay occurs
during kination leads to the constraint

() 9

r) m

IA

_ M,
I'<M,/3<3x10772n (TP')

IA

<3 (25)

W =

r
M,
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where the condition T < M,/3 comes from the fact that,
by imposing it, we have mg.. > gM,,;. For g > 1077, as we
have already shown, this ensures that the decaying particles
are nonrelativistic.

Noticing that a viable reheating temperature should be
above 1 MeV, as this is the temperature at which BBN
occurs, we have

r
5x1072My < Tyy < /Myl = 2107
pl

M
= In <FP1> <102, (26)

where we have used the fact that the decay occurs before
reheating. This last restriction implies that the reheating
temperature is bounded by

. M ) 1/4
Treh < 10_1915/8 <?P> Mpl’ (27)

which, in order to ensure that the reheating temperature is
bellow 5 x 107'°M; = 10° GeV, leads to

r
— >2x 10352, (28)
pl

Consequently, by choosing 1077 < 5<3x 107, we
ensure that mg.. < My, avoiding problems during BBN.
If the effective mass becomes greater than the Planck mass,
each particle would become a Planck-sized black hole,
which would immediately evaporate and produce graviti-
nos or moduli fields. Thus, a late decay could potentially
jeopardize the success of BBN. With this condition
satisfied, the constraint (25) becomes

r
2 x 1033915/2 < M— < 1/3 (29)
pl

Finally, it is also important to ensure that the vacuum
fluctuations do not disturb the evolution of the inflaton
during the last stages of inflation, which is accomplished by
imposing that m.g(¢) > H(t). Noticing that during the last
stage of inflation the effective mass is of the order gM,
and assuming, as in most inflationary models, that the scale
of inflation is of the order 10‘6Mp1, one has to impose
g > 107°, We can show this in the case of a quadratic
potential V(¢p) = MTZ (¢ — @yin)* with mass M, where the
power spectrum of scalar perturbations

H2

po— 1
¢ 82 Me.,

~2x 107, (30)

(the asterisk means that the quantities are evaluated at the
horizon crossing), together with the slow-roll parameters €,

and 7, and the well-known relation 1 — n; = 6¢, — 21,
where 7, is the spectral index, tells us that the value of the
mass is M ~ 167/0.3(1 — n,)107*M;. Then, the condi-
tion meg (1) > H(t) becomes

3 M i
F@=0in)2V(p) =—— (90— )’ =7
6M?,
3 -4 -6
> 2 (1=n)107 = 107, (31)

where we have taken the conservative value 1 — n, & 1072,

Thus, a successful reheating of the Universe is achieved
through the instant preheating mechanism when the value
of the coupling constant satisfies 107 < <3 x 107,
which improves the result 107 < § < 1 obtained in [2].
For example, taking § = 6 x 107°, we obtain

(M '/* M,
T 25x 100 <FP) 1n3/4<rp M,

r
with 106 < — < 1/3, (32)
My,

which leads to the following maximum and minimum
reheating temperatures:

T =~ 107'°M, and Tmr =7 x1075M,.  (33)

In summary, choosing § = 6 x 10™° guarantees that the
vacuum polarization effects do not disturb the evolution
of the inflaton field during the last stages of inflation.
Additionally, the particles become nonrelativistic and
have masses less than M, soon after the start of kination,
and their decay occurs during this phase. In this situation,
a viable reheating temperature below 5 x 101°Mp1 is
obtained, ensuring the success of BBN.

III. NUMBER OF e-FOLDS

Let N be the number of e-folds from horizon crossing to
the end of inflation. Then, we have

a, = e Nagyp, (34)

where “END” denotes the end of inflation, and once again,
the asterisk means that the quantities are evaluated at the
horizon crossing. Since the pivot scale &, is defined as k, =
a,H, (at horizon crossing), we have

k* — N iaEND Axin dend a_m
agHy Hy ayin Gena am ao
—1/12 _1/4
H, agnp p, Pm
=N ="red P 7 (35)

176
Hy ain  pl/S  ag
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where the subindex m denotes the matter-radiation equality,
END is the end of kination, O is the present time, and we
have used the relations

6 4
Ay Aend
Pend = pkin( m) > Pm = pend( = ) . (36)
Qend Ay,

In dealing with instant preheating, we have already
shown that the decay of nonrelativistic particles must occur
prior to the end of kination. Therefore, we will have

grehﬂ:2 T4
30 reh*

Pend = Preh = (37)

Next, as a physical scale, we use kypyso = k./ag =2 x
102 Mpc™! [9], and for the current Hubble scale,
Hy=2x107* Mpc™' =6 x 107°'M ;. In addition, since
the evolution is adiabatic after the matter-radiation equality,
i.e., entropy is conserved, we have a,,T,, = agT, as well

as the relation p,, :gg—ng‘)n, where ¢, = 3.36 is the
effective number of degrees of freedom at the matter-

radiation equality. Hence,

N=—46+1In <i> +ln <“END) LS <p fe“)
Hy Ain 6 Pxin
1 9Im TO
+-In ( ) + In < ) . 38
4 YGreh Treh ( )

Now, considering the formula for the power spectrum
of scalar perturbations (30), we can infer that H, =
4 x 10_4\/6_*Mp1. By using the present values of the
Hubble rate and temperature 7T,=~2.73 K= 2x
1071 GeV ~ 8 x 107°*M;, we can calculate the number
of e-folds as a function of the reheating temperature
and ¢,,

N(Top,€,) = 5447 +~Ine, +21 My (39)
~ 54. —Ine, +=In{ ——— |,
reh € 2 ‘ 3 TrehH END

where we have neglected the model-dependent term
ln(“;%) since it is close to zero, and we have assumed

that there is no significant drop in energy during the phase
transition from the end of inflation to the beginning of
kination.

It is important to note that, for a given potential V, one
can calculate

M2, (VN2 v
€, :Tpl(v_> and  Hip, = —o2  (40)

On the other hand, the number of e-folds can also be
calculated from the formula

IR

dp. (41)

V((p)' L feew 1

N 1 /(/’END
My Sy, V(o) V2e

As we will see, the number of e-folds is a function of ¢,,
which is also related with the spectral index n,. By equating
both expressions, we obtain a relationship between the
reheating temperature and the spectral index, given by
N(Tyen, €,(ng)) = N(ng). We will explore this relationship
in the next section.

pl J ¢,

IV. REHEATING CONSTRAINTS

In this section, we will use the results obtained in the
previous section to analyze the feasibility of three important
quintessential inflation models. Specifically, we will study
the relationship between the reheating temperature and the
spectral index for each of these models. By analyzing these
relationships, we can determine if these models are con-
sistent with observational data and if they are viable
candidates for explaining the evolution of the Universe.

A. The Peebles-Vilenkin model

The first quintessential inflation scenario was proposed by
Peebles and Vilenkin in their seminal paper [3] at the end of
the 20th century, shortly after the discovery of cosmic
acceleration. The corresponding potential is given by

) {i((04+M4) for 9 <0 @)
Vip) = e 42
ﬂm for 7 > 0.

Here, A ~ 107'* is a dimensionless parameter and M is a
very small mass compared to the Planck mass M. It is
important to note that the quartic potential is responsible for
inflation, while the inverse power law leads to dark energy
(in this case, quintessence) at laterztimes.

8M.
. . _ 1 —
Since for this model e = Tz", we have @pnp =

—2\/§Mp1, and taking into account that, for a quartic

potential 3¢, = 1 — n,, we get ¢, = — \;IJ__%MPI. So, the

number of e-folds will be

1 6

N=—5(¢*—@lp) = — 2. 43
4M§1 (92 — ®Enp) 1—n, (43)

On the other hand, using that inflation ends when
egnp = 1, i€, when wg = —1/3, one has @i =
V($END)’ and thus,

3V(penp)

pEND = 2 = 96}.M31 = HEND = 4\/27Mp]. (44)

Then, from Egs. (39) and (43) we get

6 1. [1-n 1 M,
——1In ') ~56.47 +=1In 71’) 45
l-n, 2 ( 3 ) 3 <4\/2/1Treh (45)
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which for 4 2 10~ leads to

18
1 —ny

Tren = (1 —ny)3 % exp <182 - )Mp,. (46)

Finally, expressing the reheating temperature 7', as a
function of the spectral index n,, we can use observational
data to constrain the parameter space. According to Planck
2018 data, the spectral index is measured to be n, =
0.9649 + 0.0042 [9]. At the 20 confidence level, the
minimum value of n; that leads to the maximum reheating
temperature is n, = 0.9565. However, for this value of ny,
the reheating temperature is found to be abnormally small,

Treh ~ 10_26_234Mp1. (47)

This demonstrates that the Peebles-Vilenkin model is not
viable, as it predicts an unreasonably low reheating temper-
ature for the observed spectral index.

Equivalently, the nonfeasibility of the Peebles-Vilenkin
model can also be seen by calculating the number of e-folds
using Eq. (43). At the 20 confidence level, this leads to the
bound 136 < N <223, which is in contradiction with the
number of e-folds calculated from Eq. (39). Using Eq. (39)
and requiring a reheating temperature above 1 MeV and
below 10° GeV, the number of e-folds is constrained to
satisfy 63 < N <74. Therefore, the Peebles-Vilenkin
model is not viable because it predicts a number of
e-folds that is outside of the observational constraints.

A final remark is in order: The latest observational data
constrain the tensor-to-scalar ratio of scalar perturbations r to
be less than 0.1. For the Peebles-Vilenkin model, one has
r =18(1 — ny), and taking into account that n, = 0.9649 +
0.0042 at 26 CL, one has the constraint 0.1424 < r < 0.232,
which is incompatible with the observational bound r < 0.1.
This provides another way to show that this model is not
viable. The difference with our methodology is that we do not
need a precise bound on the tensor-to-scalar ratio to disregard
this model.

B. Exponential a attractor

We consider a quintessential inflation a-attractor model,
whose potential is given by [10]

—ntanh (| =2—
V((p) :,{M;le “ (\/fr_aMpl>, (48)

where A, a, and n are some dimensionless parameters. The
value of the slow-roll parameter € is

n? 1
Ee=————, (49)
12a 4 ¢
cos (77)

and the other slow-roll parameter is given by

t h( g )
n—nlan Vouy) 12

3a 2 4 ] (50)
a ¢ i
P s e ey

Both slow-roll parameters must be evaluated at the
horizon crossing, which occurs for large values of

cosh ( \/6—Z’Mp]>, obtaining

2
1
€, = %47 and
a ?.
cosh <@Mp]>
n 1
(R Y A (1)
COSh (m)

with ¢, < 0. Therefore, the number of e-folds is

6a Q 3a
N~ —cosh?| —— | ~ ) 32
n <\/ 6aMp1> 46* ( )

which is related with the spectral index of the scalar
perturbations via the relation

4\/€. 2
n,—1~—6¢, +2n, 22, = ——— ——, 53
‘ 1 1 V3a N (53)
obtaining
N(n,) = and e, )~3—“(1 2. (54)
ng) = 1= n, €.\ng) = 16 ng)”.

From Eq. (54), we can also calculate the relationship

between the parameters of the model. Specifically, since
M2 .

V, & /lMgle”, we have HZ = = ¢". Thus, using the for-

mula for the power spectrum of scalar perturbations, we

obtain the constraint

A
o g e"=9x 107, (55)

We also need to calculate Hgyp, which can be done

by noting that egnp =1 and wusing arccosh(x) =

In(x — vx?> = 1), to obtain
Vn n
@YEND — V 6aln ((12a>1/4 - 12a_ 1 Mgl (56)

Inserting it in (48) and using the constraint (55), one has

T 1
V(fﬂEND):ngle" = EiMﬁle (1=

= 97%a(l — n,)*e V3*107°M,, (57)

123511-6
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and thus,

_ 3V (@enp)
PEND — f

~ 3\/5(1 — ny)e V321074 M. (58)

= Hgnp

Therefore, equaling both expressions of the number of
e-folds, we get the reheating temperature as a function of
the spectral index.

Therefore, by equating both expressions for the number
of e-folds, we obtain an expression for the reheating
temperature as a function of the spectral index,

V3 6
Teen = (1 — ny)? exp <169 +Ta— 7 )Mpl. (59)
—n,

To be more precise, we will choose o = 1072, obtaining

NE
~ (] = 2 YT
Tren = (1 —ng)*exp <169+ 20 T-n,

) 102M,;.  (60)

We can check that the allowed values of the spectral
index, which lead to a reheating temperature compatible
with the one obtained in Eq. (33) using instant preheating,
are in the range of (0.9667, 0.9673). Thus, the value of the
spectral index is approximately n, = 0.9670. Additionally,
the ratio of tensor-to-scalar perturbations is given by
r=16¢, = 3a(l —n,)?, and we can conclude that its
value is r = 3 x 107>,

1. Comparison with other works

In [4], the authors study an exponential a attractor with a
cosmological constant given by

V((p) = )“Mgl (e—ntanh(@Mpl) _ €_n> ’ (61)

which at early times coincides with our potential (48), but
at late times, it will become

V(p) = 2nle‘”Méle_\/%‘”/MP'. (62)

This constrains the value of the parameter o to match
with the current Planck data of the effective equation of
state (EOS) parameter for dark energy. As shown in the
Appendix of [4], the parameter a must satisfy a > 3/2
(although it has been shown in [11] that the correct bound
to match the observational data is 0.5 <a <3.3).
Fortunately, this is not a problem for our model, as
demonstrated in [10,11], where the authors found that o
only has to satisfy the upper bound a < 3.5. For the value
chosen in this work o = 1072, the present value of the
effective EOS parameter is approximately —0.68, which is

compatible with the Planck data. Additionally, from the
0 denotes present time), [4] obtains a relationship between
the parameters «, n, and §. This is because the present value
of the scalar field depends on the reheating temperature,
which in turn depends on §. Looking at Eq. (62), we can see
that V(¢,) depends on all three parameters.

However, this is not the case for our potential (48). At the
present time, V(¢g) ~ /lMéle‘”. Thus, Q, 0.7 leads to
Je™™ =~ 10'°. Combining this with (55), we obtain the
relationship

observational data €, , = = (.7 (where the subscript

e?" = 9an?(1 —ng)? x 10!, (63)

which is independent of §. In fact, since we have obtained
n, = 0.967 for a = 1072, we find n = 124 and 1 = 107,

On the other hand, in contrast to our realistic assumption
that the particles produced during kination decay when they
are nonrelativistic, in [4], it is assumed that the decay of
these particles occurs immediately after their creation. We
find it difficult to justify this assumption because, at the
onset of kination, the effective mass of the produced
particles vanishes. Additionally, it is assumed that the
produced particles decay into light fermions with a decay
rate given by I' = % (as argued in [2], where the authors
suggest that the decay should occur when the particles
are nonrelativistic). However, the decay that occurs when
H ~ T cannot happen at the beginning of kination because,
at that time, I' 2 0 and Hy;, ~ 10‘7Mp1. Nonetheless, it is
possible that another kind of decay may occur.

Assuming that the decay occurs immediately after the
beginning of kination, the reheating temperature can be
calculated using the simple formula

11 pl =

270 \ V4 ~
Treh = < > 93/2 HkinM =2x 10_593/2Mpla
7" Greh

(64)

where (py;,) is given by

1 0 =22
e =5 [P =Te (65)

2 4
2 ay, Jo

with ¢, = 6Hp;, M}, and we have taken Hi, = 107" M.
It is worth noting that the formula (64) depends solely on g,
in contrast to the formula (32), which depends on both §
and the decay rate I'. Additionally, the bounds arising from
the gravitino constraint (T, < 10° GeV) and the lower
bound T, > 1 MeV, constrain in different ways the
parameter §. Effectively, when the decay is at the onset
of kination, one has 10~* < § < 1072, but if it occurs when
the particles are nonrelativistic, as we have already shown,
this parameter has to satisfy 107 < 5 <3 x 107>,
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Therefore, in accordance with [4], one must select, in the
corresponding allowed range, values for the parameters «
and n that result in a value of § [since these three parameters
are related for the model (61)] that is consistent with the
constraints arising from the gravitino constraint and the
lower bound of the reheating temperature. Once this value
of g is determined, the reheating temperature can be
calculated using formula (64), and the spectral index can
be calculated using the relationship between the reheating
temperature and the spectral index. In summary, for the set
of allowed parameters « and n, it is possible to calculate the
reheating temperature and the spectral index by choosing
appropriate values for the coupling constant §.

This is quite different from our method. In our approach,
we use instant preheating with the realistic assumption that
the created particles can only decay when they become
nonrelativistic, which results in a range of reheating temper-
atures for the potential (48). Therefore, after fixing the model
and setting @ = 1072 to satisfy the gravitino constraint and
ensure that the vacuum fluctuations do not disturb the
evolution of the scalar field during the last stages of inflation,
the value of 7 has to belong to a very narrow range. Once we
have fixed the value of §, we use formula (32) to obtain the
range of viable values of the reheating temperature. Finally,
by using the relationship between the reheating temperature
and the spectral index, we can determine the range of viable
values of the spectral index for the fixed model.

Another paper that deals with a attractors is [ 1 1], where the
authors study several potentials and use observational data to
constrain the parameters of each model. The work does not
deal with any preferred reheating mechanism, but it com-
pares instant preheating with reheating via gravitational
particle production of light particles, showing that instant
preheating is more efficient because the gravitational pro-
duction of light particles leads to a low reheating temperature
of the order of 10° GeV (see, for instance, [3]). Furthermore,
it is pointed out that, due to the kination phase, the number
of last e-folds is greater in quintessential inflation than in
standard inflation. As a consequence, the value of the spectral
index is greater in quintessential inflation than in standard
models. Thus, future improvements in the accuracy of the
measurement of the spectral index may distinguish between
conventional inflationary models with a cosmological con-
stant and quintessential inflation scenarios.

Finally, in [11], the parameters of the models (48) and
(61) are compared with observational data. Only taking
into account that, for lower reheating temperatures, the
inflaton field freezes later during radiation than for higher
reheating temperatures. This means that when reheating is
via gravitational production of light particles, the inflaton
field freezes later than in the case when the reheating
mechanism is instant preheating. Since the models have
completely different tails, this leads to different EOS
parameters at late times, depending on the freeze value of
the inflaton field and thus on the value of the reheating

temperature. This constrains the values of a. Specifically,
for the model described by Eq. (48), the value of a is
bounded by a < 3.5, and therefore our choice of @ = 1072
is entirely acceptable. In contrast, for the model described
by Eq. (61), the observational data only allow values
within the range of 0.5 < a <3.3.

C. The double exponential model

Next, we consider a combination of two exponential
potentials to depict inflation and quintessence, respectively,

V(p) = Voe ™Mo 4 Memro/Ma, (66)

where we must choose 0 <y < \/§ to model the current
cosmic acceleration. This is because, at late times, the
effective equation of state parameter is weg :”3—2—1 <
—1/3.

The first part of the potential is a phenomenological term
responsible for inflation, which has been studied in detail
in [5,12], where it is obtained that

=22 2n-2
yn 4
= () 7
‘ 2 <Mpl) (6 )

. . 2 1
So, at the end of inflation one has @gNp = (nz?z)Zn—szl,
and thus,

3 2\
Pp.END :EV((/)END) =972 7" 107! "My = Henp

3 2 m-
=y fooe T X107y, (68)

which will constrain the values of the parameter 7 signifi-
cantly, because in all viable inflationary models, the
value of the Hubble rate at the end of inflation is of the
order 107°M ;. In fact, when (68) is of the order 107°M,,

we get

yn = \/§<\3/—n§> n_l. (69)

Next, we calculate the other slow-roll parameter

2(n—1) .
%en—z 4+ 2e, (70)

n=-
leading to the following spectral index:

4n—1) »=2

1—n, =2, = 71
ng =2e, + 3 € (71)

On the other hand, for n > 2, the number of e-folds is
given by
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<&> 2—-n B <§0END> 2—n
M, M,

2(n=2)
3n 2z 2(n-1) 1
= e , 72
2n-2)¢ n—2 1-n, (72)
where we have used the approximation 1 — ny = @ ein”:zz.

Therefore, from Eqgs. (39), (71), and (72), we obtain the
reheating temperature as a function of the spectral index,

3” 3/2 3n=3
Treh = (411 _4) (1 - ns)"’z

X exp <177.21 - %) My.  (73)

Note that the maximum reheating temperature is obtained
from the minimum observable value of the spectral index,
which at 26 CL is n; = 0.9565. Consequently,

(1) For n = 3, the maximum reheating temperature is on

the order of 107! M.

(2) For n = 4, the maximum reheating temperature is on

the order of 9 x 107°M,,,.

(3) Forn =5, the maximum reheating temperature is on

the order of 4 x 10™°M,,,.

(4) For n> 1, the maximum reheating temperature is

on the order of 6 x 10'2M ;.

In the same way, the maximum observable value of the
spectral index, which at 26 CL is ny, = 0.9733, leads to the
minimum reheating temperature. In the double exponential
model, it is below 10° GeV when n > 2. Thus, since a
viable model has to satisfy that the maximum temperature
is above 1 MeV and the minimum one below 10° GeV, we
can conclude that the viable double exponential models,
those that have a range of values of the spectral index
leading to a reheating temperature between 1 MeV and
10° GeV, are the ones satisfying n > 3.

To end the section, when n > 1, the reheating temper-
ature is approximately

3\32 . 6
Trch = <Z) (1 - ns)* exp (17721 —W>Mpl,
(74)

and the viable values of the spectral index compatible with
the reheating temperature via instant preheating (33) are in
the range 0.9683 < n, < 0.9688, i.e., ny =2 0.9685 and r =
9(1 —ny)> =9 x 1073,

V. REHEATING VIA GRAVITATIONAL
PARTICLE PRODUCTION

When reheating is produced via gravitational particle
production of heavy particles whose decay is before the end
of kination, the reheating temperature is given by [8]

10 1/4 Diin 3 1/4
Top = <3 > ) (H<3 kl—‘1>wg) Mpla (75)
" Greh kin pl

where the decay rate I has to be within the following range:

i) epy, (76)
3H M3

The maximum reheating temperature is reached at the

end of kination, i.e., when L& = T". Therefore,
3Hyiu M,

Tmes — ( 10 >1/4
i ”2greh

According to [8], it has been demonstrated that the
energy density of conformally coupled particles created at
the onset of kination can be approximated by the analytical
formula

<ﬁkin>
M. 77
HyinM 31 vl 7

. | L m
(Prin) & 3¢ 2V2HeND \/ETXHIZENsz’ (78)
END

where m, is the mass of the produced particles. Inserting

this expression in (77) we get

reh 2
pl

__mmy m, H 1/4
T (m,) =2 x 10%¢ 4ﬁHEND< L4 END> m,. (79)
By applying the previous result to the exponential
a-attractor model with a = 1072, we can insert Eq. (79)
into Eq. (60) to establish a relationship between the spectral
index and the mass of the produced particles,

2.6057 1.2398
—1.75log(1—n,) =79.301 +

ng n

X—125logX,

(80)

where we have introduced the notation X = 10* ;Iil
P

It is important to note that Eq. (80) has a solution for a
minimum value of n,, which is obtained at the minimum
of the function f(X) =12% X — 1.25log X. By inserting

_1.25(1-n,)

Xmin = ~T2305 into (80), we obtain
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2.6057
1—-n

—0.51og(1 — n,) = 80.5465. (81)

A

The only solution to this equation is s = (0.9673
because the function

2.6057

—

—0.51log(1 — ny) (82)

isincreasing. This implies that Eq. (8 1) has only one solution.
For this minimum value of the spectral index, Eq. (80) also
has a unique solution: my = 10‘6Mp1, which leads to a
maximum reheating temperature of around 10”7 GeV.

For values of the spectral index in the range (0.9673,
0.9709) (where n, = 0.9709 is the maximum value lead-
ing to a reheating temperature above 1 MeV), Eq. (80)
has two solutions. For example, when n, = 0.9709, there
are two compatible masses: m, & 3 x 10‘5Mp1 and m, =
5x 107'"M;, with a reheating temperature of 1 MeV.

In other words, assuming that the decay occurs at the
end of kination (which leads to the maximum reheating
temperature), the allowed values of the spectral index are
in the range (0.9673, 0.9709), and for each of these values,
there are two compatible masses. Alternatively, for masses
satisfying the inequality 5 x 107 <m, /M, <3 x 107,
there is a value of the spectral index in the range
0.9673 < n, < 0.9709, which leads to a viable maximum
reheating temperature.

VI. CONCLUSIONS

Throughout this work, we have emphasized the close
relationship between the reheating temperature and the
spectral index of scalar perturbations. We have explored
this connection in the context of nonoscillating cosmolo-
gies, where the reheating mechanism is the well-known
instant preheating. Our analysis has shown that the viable
range of reheating temperatures falls between 10° and
10® GeV, resulting in a narrow range of viable values for
the spectral index. Specifically, for an exponential «
attractor with @ = 1072, we find that the spectral index
is close to n, = 0.9670, while for a double exponential
model, we obtain n, = 0.9685.

We have also compared the methodology used in this work
with that of [4]. We pointed out that the main difference
between the two approaches is that, in our work, we make the
realistic assumption (following the spirit of [2]) that the
created particles must decay when their effective mass is great
enough to be considered nonrelativistic. This assumption
does not hold in [4], where the authors assume that the
particles decay immediately after their creation, resulting in a
vanishing effective mass. This leads to differences in the
results obtained and in the parameter constraints.

Finally, we have also considered an alternative to
instant preheating: reheating via gravitational particle
production. In this case, we have established a connection

between the spectral index and the masses of the produced
particles. Our analysis shows that the production of heavy
particles with masses less than 10‘5Mp1 can lead to viable
reheating temperatures, and values of the spectral index
that fall within the observational domain provided by the
Planck team, at 20 CL.
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APPENDIX: THE DIAGONALIZATION METHOD

Expanding a quantum field conformally coupled
with gravity in terms of the creation and annihilation
operators

P x) = m A (angan)e™ + agze(ne™)
X d3k, (Al)

where y; and its conjugate y, are the mode solution of the
Klein-Gordon equation

xi+ ap (e = 0. (A2)
with initial conditions, at some early time #;,
. Ja(n;)
xi(m) = and  yi(m) = —i\/——  (A3)

2wy (ﬂi) 2

The renormalized vacuum energy density is given by

000 = g [ B0 + R )P
~o(n). (A4)

where we have subtracted the zero point oscillations of the
vacuum.

To express the vacuum energy density in a simple form,
we can use the diagonalization method, which involves
expanding the modes as follows [13] (see also Sec. 9.2
of [14]):

xx(n) = ar(m)be(n) + Be()pe-(n).  (AS)
where (1) and S, (n) are the time-dependent Bogoliubov

coefficients. Here, we have introduced the positive (+)
and negative (—) frequency modes

[
eqiz j;h’ wy(t)dr

br+(n) = T(’?)

(A6)
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Now, imposing that the modes satisfy the condition

2e(n) = =i () (e (n) i+ (1) = Bi(n) P~ (1)),

one can show that the Bogoliubov coefficients must satisfy
the system

(1)

Pi(n)

in order for expression (AS) to be a solution of Eq. (A2).

Finally, inserting (A5) into the expression for the vacuum
energy (A4), and taking into account that the Bogoliubov
coefficients satisfy the equation |ay(17)]> — |Bc(n)]> = 1,
one finds the following diagonalized form of the energy
density [13]:

(A7)

(A8)

ol ()i _(n)Pi(n)
@ ()i, (m)eu(n),

(o)) =~ / ® Koo () e () Pk, (A9)

N 2772“4(77) 0

where it is important to notice that |3, (17)|> encodes the
vacuum polarization effects and also the production of real
particles, which are only produced when the adiabatic
evolution breaks. In nonoscillating models, this happens
during the phase transition from the end of inflation to the
beginning of kination, and fortunately the polarization effects
disappear shortly after the beginning of kination, when the
value of |B,(n)] stabilizes to a value that we will denote by
|B«|- Thus, it only encodes the production of real particles.

It is not difficult to show that the Bogoliubov coef-
ficients stabilize, taking into account that during kination
one has a(t) « t'/3 and H(t)  1/t, where t is the cosmic
time. Effectively, taking into account that the modes that
contribute to the particle production are those that satisfy
mege(n)a(n) > k, we will have

wi(n) _ a'(m)a(n)m(n) + a®(n)meg(n)mer ()
K2+ a*(n)my (n)

a(t)H(t) o 723,

(A10)

Therefore, we conclude that the derivative of the
Bogoliubov coefficients goes to zero, meaning that they
stabilize. In fact, when the rate of expansion of the Universe
slows down, the Bogoliubov cgefﬁcients always stabilize,
because in that case, a(t) o« 0", where weg denotes the
effective equation of state parameter, and thus

14+3wegr

a(t)H(t) o« 1 30 ver),

(Al1)

which converges to zero when wey > —1/3, i.e., for a
decelerating expansion.
Finally, we want to calculate

Ay 7; i 2 2_#
(p=(n)) _4ﬂ2a2(’7)/0 k (Vk(’m Zwk(n))dk

(A12)

where, as we have done with the energy density, we have
renormalized it subtracting the quantity m

From the diagonalization method and using the system
(A8), we can see that

L BOR . (BRY
o R L)
P |
= ama(n) 2w (AL3)

because the Bogoliubov coefficients stabilize during kin-
ation. Then, inserting it in (A12) we get

/oo k2|ﬂk|2dk _ 2<N(t)> .

4r*a’ (t)meg (1) Jo
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