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Despite an intense theoretical and experimental effort over the past decade, observations of the
extragalactic radio background at multiple frequencies below 10 GHz are not understood in terms of known
radio sources and may represent a sign of new physics. In this paper, we identify a new class of dark sector
models with feebly interacting particles, where dark photons oscillate into ordinary photons that contribute
to the radio background. Our scenario can explain both the magnitude and the spectral index of the radio
background, while being consistent with other cosmological and astrophysical constraints. These models
predict new relativistic degrees of freedom and spectral distortions of the cosmic microwave background,
which could be detected in the next generation of experiments.
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I. INTRODUCTION

The cosmic microwave background (CMB) is one of
the most well-studied electromagnetic signals in science,
particularly in the frequency range of 60–600 Ghz. In this
range, the CMB monopole dominates over astrophysical
backgrounds and is consistent with a blackbody distribu-
tion, with distortions limited to less than 1 part in 104 [1].
Spatial fluctuations in the brightness of the CMB are on the
level of 1 part in 105, and the power spectrum of these
fluctuations forms a key pillar of modern cosmology [2].
These facts constitute strong evidence for the primordial
origins of the CMB.

Much less is known about the extragalactic radio back-
ground (ERB) at frequencies ν≲ 10 GHz. The ARCADE 2
collaboration combined their own observations [3] with
measurements from other radio telescopes [4–7], spanning
a frequency range of 22 MHz–90 GHz, and found that the
ERB can be modeled as

TðνÞ ¼ T0 þ TR

�
ν

310 MHz

�
β

; ð1Þ

where TðνÞ denotes the brightness temperature. This is not
a thermodynamic temperature and does not assume thermal
equilibrium; TðνÞ indicates an intensity at frequency ν that
is equal to the intensity of a blackbody at frequency ν, with
thermodynamic temperature T. TðνÞ is related to the photon
spectrum via TðωÞ ¼ ðπ2=ωÞdnγ=dω, where dnγ=dω is
the number density of photons per unit energy (taking
ℏ ¼ c ¼ kB ¼ 1), and ω≡ 2πν. The power-law fit in
Ref. [3] found T0 ¼ 2.725ð1Þ K, TR ¼ 24.1ð21Þ K, and
β ¼ −2.599ð36Þ. For ν≳ 100 GHz, this is consistent with
the CMB temperature of TFIRAS

0 ¼ 2.7255ð85Þ Kmeasured
by FIRAS [1,8]. At lower frequencies, however, the power
law is an excellent fit to Texc ≡ T − T0. A more recent
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reanalysis including all-sky maps from the LWA1 Low
Frequency Sky Survey (LLFSS) reached a similar con-
clusion [9].
Explaining Texc with known sources of radio emission

has thus far been surprisingly difficult [10]. Almost all
attempts to do so have relied on synchrotron emission,
since synchrotron sources typically produce −3≲ β ≲
−2.5 [11,12]. Extragalactic radio synchrotron sources such
as active galactic nuclei and star-forming galaxies can
produce β ≈ −2.7 [13–17], and the source counts distribu-
tion is thought to be relatively well understood. However,
numerous studies have estimated the emission from extra-
galactic radio sources to be three to 10 times smaller than
Texc [16,18–22] between 100 MHz–10 GHz. Electrons that
are reaccelerated during cluster mergers have been pro-
posed as a significant contribution to Texc [23], albeit under
optimistic assumptions; this mechanism also produces a
softer power law than is required.
An alternative explanation of Texc is contamination from

galactic synchrotron emission, which has a spectral index,
and needs to be subtracted from radio data to obtain the
extragalactic component [24–26]. However, additional
sources of synchrotron are strongly constrained by the
lack of accompanying inverse Compton emission in x-rays
and the fact that such sources are not typical of Milky Way-
like galaxies [26–28]. More sophisticated modeling using
cosmic ray propagation models disfavors the possibility of
significant galactic contamination [20].
A more exotic class of solutions involves radio emission

from hypothetical early structures [29], including black
holes [30–33] and star-forming galaxies [34] at high
redshifts. These solutions typically require large, persistent
magnetic fields [32], whose origin and impact on inverse
Compton cooling are debated [35].
The ERB has also been studied in conjunction with 21-

cm experiments, including EDGES [36], LEDA [37],
LOFAR [38], and HERA [39]. Some of these measure-
ments are in tension with a Texc that is fully produced at
high redshifts. In particular, the LEDA and LOFAR results
constrain any cosmological radio background with Texc ∝
ω−2.6 at ∼10% (13.2 < z < 27.4) [29] and ∼46% (z ¼ 9.1)
[40] of the present-day radio excess, respectively.
Another aspect of the ERB that makes astrophysical

explanations difficult is the spatial smoothness of the
emission [41], deduced from measurements of the
anisotropy of the radio sky [41–46]. These measurements
find that fluctuations in Texc, ΔT=Texc, are ∼10−2 across a
range of angular scales and frequencies; this is smoother
than expected if radio emission is correlated with the
present-day dark matter distribution [41]. Note that the
ERB could not have been generated significantly before
recombination, since such a large nonthermal distribution
would have been erased by scattering with baryons. The
LEDA and LOFAR results discussed above also favor
production at z≲ 10.

New physics explanations proposed thus far have pri-
marily focused on synchrotron emission from DM annihi-
lation and decay [47–50]. However, these models also run
into similar issues: they may result in nonsmooth emission,
underproduce Texc, unless the magnetic fields responsible
for synchrotron production have unusual or unlikely
properties [49,50], require a new, large population of faint
sources [21], or require a large portion of the isotropic,
extragalactic gamma-ray background to come from DM
annihilation [48], which is disfavored [51,52].
In this paper, we show that a simple class of exper-

imentally viable new-physics models can explain the
amplitude, power-law dependence and smoothness of
Texc. These models rely on three basic ingredients: (1) a
particle decaying into dark photons A0; (2) the presence of a
thermal bath of A0, which stimulates this decay; and (3) A0
resonantly oscillating into radio photons. This class of
models leads to Texc ∝ ω−5=2, close to the observed power-
law dependence. Relatively low-z resonant oscillations as
well as dnA0=dω ∝ ω−1=2 prior to oscillations are both
crucial elements of such models; we have not been able to
identify viable alternatives. One possibility is the decay of
DM particles to final states charged under A0, and A0
appearing as “dark bremsstrahlung.” While having a
spectrum similarly enhanced in the infrared, the DM has
to be light and millicharged, with an effective electromag-
netic charge exceeding current experimental bounds [53].
Another alternative is DM decay into a dark photon A;00
which then resonantly converts twice via A00 → A0 → γ,
with some dark states charged under a dark photon A00
facilitating the A00 → A0 transition. However, two resonant
conversions make it difficult to produce a sufficiently large
Texc while ensuring that Texc ∝ ω−5=2 over nearly three
decades of frequency.
The remainder of this paper is organized as follows. We

begin by introducing the class of models and deriving the
expected Texc from them. Next, we discuss our fit of a
particular example model to the radio data and relevant
experimental constraints. We then move on to discuss the
anisotropy of the ERB produced by the model. We
conclude with future prospects for confirmation of this
model. We adopt Planck 2018 cosmology throughout [2].

II. MODEL

A particle physics model that has the following three
features can generate an ERB with Texc ∝ ω−5=2:
(1) A cold component of DM a that is stable on

cosmological timescales but undergoes a two-body
decay with lifetime τvac in vacuum (for simplicity,
we take a to be all of DM);

(2) One of the daughter particles of the decay is a dark
photon, A0, with an existing blackbody distribution,
characterized by a temperature T 0ðzÞ ¼ T 0

0ð1þ zÞ,
where T 0

0 is its temperature today; and
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(3) The A0 has mass 10−15 eV≲mA0 ≲ 10−9 eV and is
emitted relativistically with energy ωA0. A0 mixes
with the Standard Model photon γ with kinetic
mixing parameter ϵ.

These three features are summarized in Fig. 1. The
existence of the thermal population of A0 enhances the
decay rate of a due to Bose enhancement [54,55], leading
to a redshift-dependent effective decay lifetime τðzÞ, where

τðzÞ ¼ τvac½1þ nfBBA0 ðzÞ�−1; ð2Þ

with fBBA0 ¼ ðeωA0=T
0 − 1Þ−1 being the blackbody occupation

number of A0 with energy ωA0. Note that ωA0 ≫ mA0 so that
the mass of A0 can be neglected in the thermal distribution.
fBBA0 can be easily generated if A0 was produced in thermal
equilibrium with the Standard Model and subsequently fell
out of equilibrium and free streamed; A0 can also stay in a
thermal distribution after decoupling if there are other
particles in the dark sector scattering rapidly with it.
There are several parameters that depend on the specifics

of the model. The value of n depends on the occupation
number of the other daughter particle. In addition, a can
decay into α ¼ 1 or 2 dark photons. Finally, ωA0 depends on
the kinematics of the decay of a, with ωA0 ¼ ma=2 if it
decays into a pair of relativistic final states. In Appendix B,
we describe a concrete particle physics model that realizes
all three features. To guarantee Texc ∝ ω−5=2, processes
such as inverse decays of A0 into a cannot significantly
distort either the power-law index of the A0 spectrum
produced by the decay or the blackbody distribution of
A0 across all relevant frequencies. In accordance with this
fiducial model, we fix n ¼ 2, α ¼ 1 and ωA0 ¼ ma=2 for all
results that are specific to it, although we emphasize that
this is only one example, out of potentially many, that we
have studied in detail.
The small kinetic mixing between A0 and γ enables

resonant conversion between the two particles whenever
m2

A0 ¼ m2
γ [56,57], where m2

γ is the effective photon plasma
mass squared. This quantity is proportional to the free
electron number density, ne. The converted photons ulti-
mately form the present-day Texc. We calculate the

sky-averaged conversion probability per redshift
dhPA0→γi=dz taking into account inhomogeneities using
the formalism developed in Refs. [57,58] (see also
Refs. [59–61]).

III. RADIO BACKGROUND PRODUCTION

The particle a decays throughout cosmic history, pro-
ducing a number density of A0 per unit energy given by (see
Appendix A for a complete derivation, which follows from
Ref. [62])

dnA0

dω
ðω; zÞ ¼ αρaðzÞ

maωτðz⋆ÞHðz⋆Þ
Θðz⋆ − zÞ; ð3Þ

where 1þ z⋆ ≡ ωA0 ð1þ zÞ=ω is the redshift at which a
daughter A0 with frequency ω at redshift z was produced,H
is the Hubble parameter, ρaðzÞ is the DM energy density,
and Θ is the Heaviside step function. The total spectrum of
A0 is then a sum of this decay spectrum and the blackbody
spectrum of the thermal A0 distribution, which is subdomi-
nant in the energy range of interest.
In comoving coordinates, the spectrum of photons

produced is obtained by integrating the spectrum of dark
photons times dhPA0→γi=dz; i.e.,

1

ð1þ zÞ3
dnγ
dx

¼
Z

∞

z
dz0

dhPA0→γi
dz0

1

ð1þ z0Þ3
dnA0

dx
ðx;z0Þ; ð4Þ

where x≡ ω=½T0ð1þ zÞ�. For the range of mA0 that is of
interest, resonant conversions occur only after recombina-
tion. In the range 3 × 10−4 ≲ x≲ 0.2, which are relevant
for Texc, these photons only evolve via redshifting, with the
baryonic fluid being essentially transparent to them [55].
Substituting Eq. (3) into Eq. (4), we find

dnγ
dx

ðx; zÞ ¼ ρaðzÞ
ma

α

x
1

τðz⋆Þ|ffl{zffl}
∝x−1

1

Hðz⋆Þ|fflffl{zfflffl}
∝x3=2

Z
z⋆

z
dz0

dhPA0→γi
dz0|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

∝x−1

: ð5Þ

This gives dnγ=dx ∝ x−3=2, or Texc ∝ ω−5=2, the desired
frequency dependence. Note that z⋆ must occur during
matter domination in order for Hðz⋆Þ ∝ x−3=2, while
dhPA0→γi=dz ∝ x−1 is derived in Refs. [56,57]. τðz⋆Þ ∝ x
follows from Eq. (2) when T 0 ≫ ωA0 .
Equation (5) is the main result of this paper. For our

fiducial model, we find the following approximate para-
metric dependence of Texc at z ¼ 0:

TexcðωÞ ≈ 10 K

�
ν

310 MHz

�
−5=2

�
T 0
0

0.2T0

��
1021 s
τvac

�

×

�
10−4 eV

ωA0

�
3=2

�
2 × 10−4 eV

ma

��
PGHz

10−5

�
; ð6Þ

FIG. 1. A schematic representation of the key aspects of the
proposed class of models.
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where PGHz is hPA0→γi for ν ¼ 1 GHz today, which the
FIRAS measurement of the CMB energy spectrum limits to
be PGHz ≲ 10−2 [56,58].

IV. FIT AND CONSTRAINTS

We can now perform a fit of Texc predicted by our model
to the measured data from Ref. [3]. There are six para-
meters in our fit: five parameters fma;mA0 ; τvac; T 0

0; ϵg
from our new physics model and T0. Fitting the radio data
places some requirements on the model parameters. For
Texc to be present across all data points, we require
ma=2≳ 2π × 10 GHz. On the other hand, photons at
22 MHz must originate from decays of a during matter
domination to satisfy Texc ∝ ω−5=2, leading to the require-
ment that ma=2≲ 2πð1þ zeqÞ × 22 MHz, where zeq is the
redshift of matter-radiation equality. Together, this means
8 × 10−5 eV≲ma ≲ 6 × 10−4 eV. Resonant conversion
must predominantly occur after z⋆ for 10 GHz photons
so that the full power law extends to at least that frequency;
the requirements on ma show that z⋆ ≲ 6, which favors
10−14 eV≲mA0 ≲ 3 × 10−13 eV. Finally, T 0 must be suf-
ficiently large for fBBA0 ≫ 1 and τðz⋆Þ ∝ x for the 10 GHz
data points; this imposes T 0

0=T0 ≳ 0.06.
Several important experimental constraints exist on the

class of models under consideration. First, T 0
0 ≲ 0.4T0, in

order to avoid introducing excessive effective relativistic
degrees of freedom [2]. The kinetic mixing between A0 and γ
also leads to spectral distortions due to γ → A0 resonant
conversions; the FIRAS measurement of the CMB spectrum
[1] leads to constraints on the order of ϵ < 10−7 − 10−5 in
the mA0 range of interest [57,58].
DM decaying into radiation is constrained by the

CMB power spectrum, large scale structure, and the
Milky Way satellite population [63–68]; however, these
results assume a constant decay width. Conservatively
requiring the total energy density of a that has decayed
away with stimulated decay from the A0 thermal population
by the present day to be less than 2.2%, we find
τvac>1019 s×max½2.1;6.3ð10−4 eV=ωA0 ÞðT 0

0=0.2T0Þ� (see
Appendix C 1 for details). We also note that the decaying
particle a may be a subcomponent fDM of DM, which
evades the lifetime bound altogether if fDM ≲ 2.2% [67].
21-cm power spectrum measurements from both LEDA

and LOFAR are both in tension with Texc being fully
produced at high redshifts (z≳ 9.1), placing strong con-
straints on models that produce Texc primordially. In our
model, however, A0 → γ resonant conversions occur pre-
dominantly at z≲ 6.
We explore the posterior on the model parameters using

nested sampling [69–71] implemented in DYNESTY [72].
Our priors, described in detail in Appendix E, are con-
structed such that they have zero probability density in
parameter regions incompatible with (1) the FIRAS spectral
distortion limits of Refs. [57,58] and (2) the DM lifetime

limit discussed above. Priors onT 0
0 and T0 are also chosen to

account for the Neff and FIRAS constraints on these
parameters, respectively. The priors are otherwise broad
and not biased toward the data points. The posterior on the
excess temperature is shown on the left in Fig. 2. In
computing Texc from our model, we include an irreducible
contribution from unresolved extragalactic radio sources of
Teg ¼ 0.23 Kðν=GHzÞ−2.7 [16,41], which is at least three
times smaller than the measured brightness temperature.
This parametrization of Teg is in excellent agreement with
other independent estimates [73]. Although this power-law
expression strictly applies in the range 100 MHz–10 GHz,
we estimate the contribution outside of this frequency range
by extrapolation. The marginal and joint posterior
distributions are shown on the right in Fig. 2. The marginal
posterior medians correspond to ma ≃ 2 × 10−4 eV,
mA0 ≃ 2.5 × 10−14 eV, τvac ≃ 1.3 × 1021 s, T 0

0 ≃ 0.22T0,
and ϵ ≃ 10−7. At these median values, roughly 0.1% of
the dark matter decays away by the present day. We find an
excellent fit to the data over a wide range of allowed model
parameters. The posterior broadens at ν≳ 10 GHz where
there are no data points and correspond to different choices
ofma and cutoffs in Texc at 2πν ¼ ma=2. In Appendix E, we
show the extended corner plot for posterior distributions of
all parameters of interest, along with other systematic
variations; these do not qualitatively change our main result.

V. SMOOTHNESS

Upper limits on the anisotropy of the ERB have been
reported for 4 × 103 ≲ l≲ 6 × 104 in the4–8 GHz range by
VLA [42,43] andATCA [44], while actual measurements of
the power spectrum have been made by LOFAR [46] and
TGSS [45] at ∼140 MHz for 102 ≲ l≲ 104. Such mea-
surements can be challenging: Observations at ∼140 MHz
disagreewith each other by a factor of 3 and face issues such
as galactic foreground contamination and calibration errors
[46]. To assess the smoothness of Texc in our model, we take
the 4–8 GHz upper limits and results from LOFAR—which
reports a lower power—as approximate upper limits, noting
that astrophysical sources can contribute more power [46]
and that these observations are expected to improve.
There are two possible contributions to the ERB

anisotropy produced by our model that are essentially
independent: (1) decay anisotropy due to DM density
correlations from the point at which a decays and (2) con-
version anisotropy due to correlations in free electron
density fluctuations δe during A0 → γ conversions, since
m2

γ ∝ ne. The decay anisotropy was found to exceed the
radio anisotropy power spectrum in the 4–8 GHz range,
unless the decay that produces these photons happens at
z⋆ ≳ 5 [41,49]. This is easily satisfied in the range of
parameters providing a good fit.
We compute the conversion anisotropy power spectrum by

first writing down the two-point correlation function of the
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conversion probability ofA0 → γ in two different directions in
the sky. As such, it depends on the two-point function of δe,
which wemodel as either a Gaussian or a log-normal random
field. The anisotropy power spectrum can then be obtained by
performing a spherical harmonics decomposition and using
the Limber approximation [76–78] following the method
outlined in Ref. [79]. Further details of our calculation can be
found in Appendix D.
Figure 3 shows the predicted anisotropy power spectrum

in units of K2, defined using the same conventions as in the
CMB power spectrum [2], for normally and log-normally
distributed δe, with the result between these two choices
shaded in blue. We have chosen mA0 ¼ 3 × 10−14 eV and
ωA0 ¼ 2.2 × 10−4 eV; this value of ωA0 lies just outside the
68% highest posterior density interval for ωA0 in order to
guarantee z⋆ > 5 for the ATCA data at 8.7 GHz but still
provides a good fit to the brightness data. This can be taken
as an estimate for the uncertainty associated with these
distributions. This power should be compared to the
LOFAR data, as well as the upper limits from VLA and
ATCA at their respective frequencies ν, which have been
rescaled by ð140 MHz=νÞ2β, with β ¼ −2.6; this assumes
that ΔT=Texc is independent of frequency. Our calculated

FIG. 3. Predicted anisotropy power spectrum with normally
(solid black line, below) and log-normally (solid black line,
above) distributed baryon fluctuations. The model parameters are
mA0 ¼ 3 × 10−14 eV and ωA0 ¼ 2.2 × 10−4 eV. Upper limits
from VLA at 4.86 GHz [42] (purple triangles), 8.4 GHz [43]
(orange triangles), and ATCA at 8.7 GHz [44] (green triangle) are
shown and have been rescaled to Texc ¼ 255 K, the expected
value at 140 MHz. Representative data points of the power
spectrum measured by LOFAR are shown in red [46].

FIG. 2. Left: Pointwise posterior for Texc within our proposed model, showing the middle 68% and 95% regions (dark and light blue
regions, respectively). We include a subdominant but irreducible contribution from unresolved extragalactic sources Teg [16] (dashed
gray) for completeness. The spectrum for a single point in parameter space is shown in pink. Radio data, plotted as T − TFIRAS

0 , include
measurements from ARCADE 2 and are shown in red [3], with results from other telescopes compiled in the same reference shown in
black. A fit to the ARCADE 2 data points assuming no stimulated emission and Teg ¼ 0 is shown by the pink dashed line. The inset
shows the same quantities scaled by a factor of ν5=2 in order to more clearly expose the posterior in relation to the measured data. Right:
The inferred marginal and joint posterior distributions over a subset of parameters—T 0

0=T0, mA0 ; τvac, and ϵ—in our fiducial model.
Median and middle 68% containment values are indicated in the subtitles, while for log10ðma=eVÞ, we obtain −3.66þ0.31

−0.29 (not shown).
The potential reaches of PIXIE [58,74] and CMB-S4 [75] in our parameter space are shown in blue, with projected unconstrained
regions indicated by the arrow.
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anisotropy power spectrum for a fiducial choice of mA0 ¼
3 × 10−14 eV and ωA0 ¼ 2.2 × 10−4 eV lies below the
4–8 GHz measurements for both choices of the two-point
PDF of δe, while only the log-normal two-point PDF
exceeds the low-l measurements by LOFAR. However,
significant scatter exists between adjacent frequency bands
in the data for l≲ 103 [46]. Producing a sufficiently
smooth radio background is thus highly plausible in our
model. We leave a study of whether the sum of anisotropies
due to our model and to unresolved extragalactic sources
can reproduce all observations to future work. Currently,
the VLA and ATCA data appear to be in tension with the
LOFAR result—under our assumption that ΔT=Texc is
independent of frequency—while the anisotropies due to
unresolved extragalactic sources are still not well under-
stood (Ref. [46], for example, models them as being
uniformly distributed in the sky and subsequently adding
some ad hoc sinusoidal clustering).

VI. CONCLUSION

In this paper, we have provided a new physics explanation
for the ERB, which is brighter than expected from known
astrophysical sources. Our model consists of a DM candi-
date, which decays into dark photons in the presence of a
thermal bath of the latter; the dark photons then resonantly
convert to ordinary photons, producing the ERB. The
anisotropy of the signal is expected to be relatively smooth,
consistent with measurements of the anisotropy of the radio
background [41,46]. Future experiments may corroborate
the predictions of our model. PIXIE [74] may be sensitive to
spectral distortions expected from ourmodel and is expected
to almost fully cover the 95% region of our posterior
distribution in the ϵ-mA0 plane. The thermal population of
A0 may also lead to a value ofNeff that is detectable in future
CMB experiments such as CMB-S4 [75]. The potential
reach of both experiments are shown inFig. 2. IfA0 thermally
decoupled from the Standard Model at a temperature just
above the top quark mass, we obtain T 0

0=T0 ¼ 0.33, well
within reach of CMB-S4.
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numerical results shown here use the full numerical result
shown in Eq. (5), with the frequency dependence shown in
braces below being approximate, leading to the approxi-
mate relation Texc ∝ ω−5=2. All of the effects that go
beyond this approximate relation, which are discussed in
detail in Ref. [97], are already included in Eq. (5).
There were two limitations pointed out in Ref. [97]. First,

the median parameter values of the posterior distribution,
mA0 ¼ 3 × 10−14 eV and ωA0 ¼ 1.1 × 10−4 eV, lead to
z⋆ < 5 for radio photons at 8.7 GHz, leading to a potentially
large decay anisotropy. While this is true, choosing, e.g.,
ωA0 ¼ 2.2 × 10−4 eV, which lies just outside the 68%
highest posterior density interval for ωA0, leads to
z⋆ ≈ 5.2, while maintaining a good fit to the data points.
This is the parameter point that we show in Fig. 3. Second,
Ref. [97] suggests that self-stimulation of the decay of a
may be important, unless the thermal width of a is as small
as δE=E ∼ 10−29. Although this may appear to be a small
thermal width, such a cold population of axionlike particles
is easily achieved in the context of the misalignment
mechanism (see, for example, Ref. [98]). Self-stimulation
is also heavily suppressed by the large coherence length of a
as well as gravitational gradients [99].
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APPENDIX A: DARK PHOTON SPECTRUM

The appendixes below are organized as follows. InApp.A,
we derive in detail the dark photon spectrum as a function of
frequency and redshift in the class ofmodels considered in the
paper. Appendix B gives an extended description of a
particular model, which presents all the ingredients necessary
to explain the extragalactic radio background (ERB).
Appendix C presents some of the important experimental
limits on our model, including a derivation of the cosmo-
logical limits on the dark matter lifetime in the presence of
stimulated decay, as well as limits on the dark sector
temperature due to the presence of extra relativistic degrees
of freedom. Appendix D presents the calculation of the
anisotropy of the ERB due to photon-dark photon resonant
conversions. In App. E, we describe our data analysis
procedure, before presenting in App. F our extended results,
including a complete corner plot of our parameter space and
other systematics checks such as the use of different datasets
and fits using the ARCADE 2 data points only. Finally, in
App. G, we give a brief summary of the spectrum of radiation
expected from synchrotron sources.
In this section, we provide a detailed derivation of the

dark photon spectrum as a function of frequency and
redshift, in the presence of stimulated emission.
Consider a two-body decay of a heavy particle a into two

daughter particles, at least one of which is a dark photon A0,
emitted relativistically with energy ωA0. In the presence of a
blackbody distribution of A0 with temperature T 0, a under-
goes stimulated decay, with a decay width ΓðzÞ that is
related to the usual vacuum decay rate Γvac via

ΓðzÞ ¼ ð1þ nfBBA0 ÞΓvac;

where fBBA0 ≡ ½expðωA0=T 0Þ − 1�−1 is the blackbody occu-
pation number at energy ωA0. n is an integer that depends on
the details of the model; n ¼ 2 in the fiducial particle
physics model that we describe below. Note that for
ωA0 ≪ T 0, we obtain ΓðzÞ ≃ ðnT 0=ωA0 ÞΓvac, an approxima-
tion that we will use frequently to obtain parametric
estimates.
Given Γðz0Þ, the number density of A0 produced per unit

time at redshift z0 is

dnA0

dt
¼ αΓðz0Þ ρaðz

0Þ
ma

;

where α ¼ 2 if both daughter particles are A0 and α ¼ 1
otherwise, ρaðzÞ is the energy density of a at redshift z, and
ma is the mass of a. With this, we can find the contribution
to the dark photon number density at redshift z per unit
frequency ω, due to a decay occuring at redshift z0:

dnA0 ðzÞ
dωdz0

¼ dnA0 ðz0Þ
dt

dt
dz0

ð1þ zÞ3
ð1þ z0Þ3 δD

�
ω
1þ z0

1þ z
− ωA0

�
;

where the redshift factors rescale the number density of
particles produced at redshift z0 down to redshift z, and the
Dirac delta function enforces the fact that the decay produces
dark photons with energy ωA0. Integrating over z0 gives

dnA0

dω
¼

Z
∞

z
dz0

ρaðz0Þ
ma

αΓðz0Þ
HðzÞð1þ zÞ

ð1þ zÞ3
ð1þ z0Þ3 δD

�
ω
1þ z0

1þ z
− ωA0

�
¼ αρaðzÞ

ma

Γðz⋆Þ
ωHðz⋆Þ

Θðz⋆ − zÞ; ðA1Þ

where

1þ z⋆ ≡ ωA0

ω
ð1þ zÞ ðA2Þ

is the redshift at which the decay of a produced the dark
photon at frequency ω, with ω ≤ ωA0 . We have also
assumed that ρa ∝ ð1þ zÞ3. This expression agrees with
Ref. [62] if we simply set Γðz⋆Þ → Γvac. In terms of
comoving number density and x≡ ω=T0 where T0 is
the CMB temperature today, we find

1

ð1þ zÞ3
dnA0

dx
¼ αρa;0

ma

Γðz⋆Þ
xHðz⋆Þ

Θðz⋆ − zÞ; ðA3Þ

which is almost constant in redshift, aside from the step
function. ρa;0 is the dark matter energy density today.
Equation (A1) is the expression we use in the paper.

APPENDIX B: PARTICLE PHYSICS MODEL

1. Model building considerations

As we explained in the paper, the particle physics model
we need to explain the radio background requires three
features that we repeat here:
(1) A cold component of DM a that is stable on

cosmological timescales but undergoes a two-body
decay with lifetime τvac in vacuum. For simplicity,
we take a to be all of DM;

(2) One of the daughter particles is a dark photon A0,
which has an existing blackbody distribution of A0
characterized by a temperature T 0ðzÞ ¼ T 0

0ð1þ zÞ,
where T 0

0 is its temperature today; and
(3) A0 has a mass 10−15 eV≲mA0 ≲ 10−9 eV and is

emitted relativistically with energy ωA0. A0 mixes
with the Standard Model (SM) photon γ with kinetic
mixing parameter ϵ.
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These conditions appear simple to meet; for example, the
model proposed in Ref. [62] where the DM is a dark axion
decaying into two identical dark photons, which oscillates
into SM photons, could be supplemented by an additional
thermal population of dark photons. However, there are
several challenges to building a successful model. In order
to produce the right power law in the ERB, the A0 power-
law spectrum must maintain dnA0=dω ∝ ω−1=2 between
3 × 10−4 ≲ x≲ 0.2, where x≡ ω=TCMB, from the redshift
of production z⋆ðxÞ until resonant conversions A0 → γ are
mostly complete. Furthermore, the A0 blackbody spectrum
also cannot be significantly distorted; specifically, A0
particles from the bath at each value of x must be described
by a blackbody spectrum at z⋆ðxÞ. In the model of
Ref. [62], both of these requirements can be violated by
inverse decays A0A0 → a or other A0 scattering processes.
Moreover, it is difficult to maintain thermal equilibrium in
the blackbody spectrum through scattering with another
particle in the dark sector bath, since such scattering
processes likely distort the power-law spectrum signifi-
cantly. For typical parameters required to produce the full
Texc, scattering between a low-energy A0 in the power-law
spectrum and a blackbody A0 is too rapid to guarantee that
the A0 blackbody spectrum remains undistorted at all
relevant times. While it is possible that even with signifi-
cant distortion to the blackbody spectrum, a reasonable fit
to the ERB can still result, checking this possibility would
require us to integrate the Boltzmann equation over a wide
range of A0 frequencies. In this paper, we avoid this
computational challenge by building a slightly different
fiducial model without significant distortion.
Before discussing the details of our fiducial model, we

will first discuss how to check the size of any A0 spectral
distortion due to a single process.We begin bywriting down
the Boltzmann equation with the relevant process contrib-
uting to the collision term. Neglecting for simplicity the
existence of entropy dumps in the Standard Model so that x
for any A0 particle is a constant, the Boltzmann equation
governing the occupation number fA0 can be written

dfA0 ðx; tÞ
dt

¼ C½fA0 �
ω

; ðB1Þ

where C½fA0 � is the collision integral, which we will define
for particular processes below. Here, we adopt the con-
vention that fA0 is related to the number density via

nA0 ¼ 3

Z
d3p⃗
ð2πÞ3 fA0 ;

where the factor of 3 accounts for the degeneracy in the spin
state of A0. To determine if any process causes a significant
distortion to the spectrum of blackbody A0 or low-energy A0
from the decay of a, we divide Eq. (B1) by fA0 and integrate
with respect to time or, equivalently, redshift, to obtain the

change in log fA0 , which gives ameasure of the fraction ofA0
at that value of x that undergoes a scattering process. Our
criterion for a small distortion to the A0 spectra is therefore

jΔ log fA0 ðxÞj ¼
Z

zmax

zmin

dz
HðzÞð1þ zÞ

jC½fA0 �j
ωfA0 ðx; zÞ ≪ 1; ðB2Þ

where zmin and zmax are the lowest and highest redshifts,
respectively, for which the collision term is important.
Since we are only interested in producing the radio

excess over a finite frequency range, we only need to check
that distortions are small over a limited range of x.
The radio frequency data points with an excess temperature
over the CMB temperature span the frequency range
22 MHz–10 GHz, which we can cover by consider-
ing 3 × 10−4 < x < 0.2.
The power-law component at fixed x is produced by

decays of a at a redshift 1þ z⋆ ≡ ωA0=ðxT0Þ, where ωA0 is
the energy of the emitted A0 at the point of decay (for a
decaying into two massless particles, this is simply
ωA0 ¼ ma=2), and T0 is the blackbody CMB temperature
today. After it is produced, it must stay in this power law
without undergoing significant distortions until the present
day.1 For the blackbody component to effectively produce
the stimulated emission that we need, on the other hand, the
blackbody spectrum must not be significantly distorted
prior to redshift z⋆ðxÞ; distortions after this redshift are
unimportant. This means that for the power-law spectrum,
for each value of x, we need to consider zmin ¼ 0
and zmax ¼ z⋆ðxÞ, while for the blackbody spectrum,
zmin ¼ z⋆ðxÞ.

2. Fiducial model

We will now describe our fiducial particle physics
model, which has all three properties required to produce
the radio background laid out in the previous section. We
will show that both the low-energy and blackbody distri-
bution of the dark photons do not undergo any significant
distortion.
Our fiducial model is a modified version of the model

proposed in Ref. [62]. The important particles in this model
are: (i) an axionlike dark matter a with mass ma and decay
constant fa, and (ii) two dark photons, which we label Aψ

and Aosc. The three requirements for producing the radio
excess as discussed in the main body of the paper are
satisfied as follows:
(1) The DM decays through the process a → AψAosc;
(2) A blackbody distribution of Aosc described by a

temperature T 0 is also present, leading to stimulated
decay of a, and

1Technically, the dark photons can become significantly
distorted after all resonant oscillations into photons have been
completed, but for simplicity, we set this more stringent require-
ment.
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(3) The dark photon Aosc possesses a small kinetic
mixing term with the SM photon and has a mass
10−15 eV≲mosc ≲ 10−9 eV so that it undergoes
resonant conversions into the SM photon after
recombination.

The terms in the dark sector Lagrangian that are relevant to
us are therefore

L ⊃
1

2
ð∂μaÞ2 −

1

2
m2

aa2 −
a
4fa

Fψ ;μνF̃
μν
osc −

ϵ

2
Fμν
oscFμν þ LK;

ðB3Þ

where LK contains the other kinetic terms of the dark
photons, including a mass of mosc for Aosc. Note that a
discrete symmetry under which Aψ → −Aψ and a → −a
explicitly forbids decays of a to a pair of dark photons of
the same species, as well as mixing between Aψ and the SM
photon, naturally leading to the Lagrangian shown above.
By allowing a to decay into two different dark photons, we
can now introduce a fermion ψ that scatters rapidly with Aψ

to ensure that Aψ always equilibrates into a thermal
distribution with temperature T 0 without destroying the
low-energy spectrum of Aosc.

2 With this modification, we
overcome the main difficulty faced by the model in
Ref. [62]: there are now no low-energy Aψ to interact with
the blackbody distribution of Aosc, which was the main
source of distortion for the blackbody spectrum.3

We are now ready to check that distortions to both the
low-energy Aosc power-law spectrum and the Aosc black-
body are small. The most important process, which enters
at order 1=f2a, is inverse decays, AψAosc → a, which leads
to the largest distortion. The collision integral is given by

CAoscAψ→a½fosc� ¼ −
fosc
6

Z d3k⃗Aψ

ð2πÞ32ωAψ

Z
d3p⃗a

ð2πÞ32Ea

× ð2πÞ4δ4Dðkosc þ kAψ
− paÞ

× jMj2AoscAψ→afAψ
ðk⃗Aψ

Þ:

We use k, k⃗, and ω for incoming four-momentum, three-
momentum, and energy; likewise, we have p, p⃗, and E for
outgoing states. The subscript “osc” represents quantities
associated with Aosc. There is no Bose enhancement in the
outgoing state, since we can treat the entire population of a
as having zero momentum. This also allows us to neglect
the contribution from the backward reaction to the collision
integral. The squared matrix element for this process
(summed over initial and final states) is

jMj2AoscAψ→a ¼
m4

a

2f2a
;

while the occupation number of Aψ is given by the black-
body occupation number, fAψ

¼ ½expðωAψ
=T 0Þ − 1�−1.

These simple expressions allow us to perform the collision
integral relatively easily, to obtain

CAoscAψ→a½fosc� ¼ −
foscm4

aT 0

96πωoscf2a

× log

�
1 − exp

�
−x

ð1þ z⋆Þ2
ð1þ zÞ2

��
; ðB4Þ

where ωosc ¼ xTCMB. With this expression, we can now
assess the total distortion to the blackbody and power-law
distributions of Aosc and check that for typical model
parameters, these distortions are small, based on the
criterion set out in Eq. (B2). For the blackbody distribution,
we want to perform the integral in Eq. (B2) starting from
zmin ¼ z⋆, allowing us to approximate the collision term as

CAoscAψ→a½fosc� ¼ −
foscm4

aT 0

96πωoscf2a
log

�
x
ð1þ z⋆Þ2
ð1þ zÞ2

�
: ðB5Þ

Integrating this gives

jΔ log foscj ∼
25=2m3=2

a γx1=2T3=2
0

96πH0

ffiffiffiffiffiffiffi
Ωm

p
f2a

∼ 1.8 × 10−4
�

γ

0.2

��
2 × 10−4 eV

ma

�
3=2

×
�
1021 s
τvac

��
x
0.2

�
1=2

; ðB6Þ

where γ ≡ T 0
0=T0, a redshift invariant quantity. This indi-

cates that the total distortion to the blackbody distribution
is small.

2For simplicity, we assume that the entire dark sector is
described by a common temperature T 0.

3While this completes the basic description of our model, there
are some requirements on ψ to keep this model tractable and
avoid tracking the spectra of all of these particles as a function
of time. First, Compton ψAψ → ψAψ and double-Compton
ψAψAψ ↔ ψAψ scattering must be sufficiently rapid to ensure
that Aψ is always described by a simple, blackbody distribution.
This is easily satisfied, as long as ψ has a large coupling to Aψ and
is sufficiently abundant. Second, the process aAosc ↔ ψψ̄ must
not lead to significant distortion of Aosc. This is hard to determine
without tracking the full evolution of the spectrum of Aosc, but it
is possible to avoid this entirely by choosing a sufficiently
massive ψ to kinematically forbid aAosc → ψψ̄ and making ψ
asymmetric. We find that mψ ∼ 30 eV with a coupling to Aψ of
αD ¼ 1, with an asymmetric number density today of nψ ;0 ¼
2.5 × 10−3 cm−3 can provide sufficiently efficient scattering with
Aψ . This value of mψ is large enough to kinematically forbid
aAosc → ψψ̄ . Introducing a similar fermion χ with mχ ∼mψ that
couples to Aosc instead guarantees that no distortion can occur
when T 0 > mψ ; mχ , while allowing distortions to build up once
T 0 < mψ ; mχ and ψ , χ has frozen out. This also prevents ψψ̄ →
aAosc from being significant at T 0 < mψ ; mχ , since ψ̄ annihilates
away at T 0 ∼mψ .
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For the low-energy spectrum, we integrate Eq. (B2) from
zmin ¼ 0 and zmax ¼ z⋆. The integral can be approximately
done in two parts: (i) 0 < 1þ z < ð1þ z⋆Þ=

ffiffiffi
x

p
, where we

can expand the expression in Eq. (B4) using
logð1 − αÞ ≃ −α, and (ii) ð1þ z⋆Þ=

ffiffiffi
x

p
< 1þ z < 1þ z⋆,

where we can use the approximation in Eq. (B5). The
second part of the integral dominates, but the total con-
tribution to the distortion is given numerically by

jΔ log foscj ∼ 0.21

�
γ

0.2

��
2 × 10−4 eV

ma

�
3=2

×

�
1021 s
τvac

��
3 × 10−4

x

�
3=4

: ðB7Þ

This distortion appears to be somewhat large for the
fiducial values shown here, but the relative uncertainty
on the data point at x ¼ 3.8 × 10−4 or 22MHz is ∼25% and
so is enough to absorb the distortion obtained here.
Moreover, the posterior distribution from our fits include
larger values ofma and τvac, which decreases the size of the
distortion. We therefore conclude that inverse decays do not
significantly distort either component of the Aosc spectrum.4

Our proposed model therefore satisfies the requirement
that all distortions to the A0

osc power law and blackbody
spectrum are small, and it is a viable model for explaining
the ERB. We stress that many of the required conditions are
invoked in order to simplify the analysis and to allow an
unambiguous prediction of the ERB in this model. Some of
the conditions on the distortions, for example, may be
relaxed under a complete analysis, which would include
numerically solving the Boltzmann equations for each
mode.

APPENDIX C: EXPERIMENTAL CONSTRAINTS

1. Darkmatter lifetime constraint with stimulated decay

Cosmological constraints on the decay lifetime of dark
matter have been obtained for decays without stimulated
emission [63–68]. These results show that if a subcompo-
nent fdcdm decays between recombination and today,
Planck 2018 and baryon acoustic oscillation (BAO) data

limit fdcdm < 0.0216 [67] at the 95% confidence level. This
result is consistent with the uncertainty in the dark matter
energy density reported by Planck 2018 [2]. From this, we
can deduce a limit on the decay lifetime with stimulated
emission, by adopting a limit of flim ¼ 0.0216 for the
proportion of dark matter that decays away by the present
day. For a stimulated emission lifetime given by
τðzÞ ¼ τvecð1þ 2fBBA0 Þ−1, which is the expression we
obtain with our fiducial model, we require5

Z
t

0

dt
τvac

�
1þ 2

eωA0=T
0 − 1

�
< flim:

Numerically, we find

Z
t

0

dt
τvac

�
1þ 2

eωA0=T
0 − 1

�

≈
1

τvac
×

8<
:

1.5 × 1018 s
�
2T 0

0

ωA0

	
; ωA0

2T 0
0

< 3.2;

H−1
0 ; ωA0

2T 0
0

≥ 3.2;

which leads to a limit on the vacuum decay lifetime of

τvac > 1019 s × max

�
2.1; 6.3

�
10−4 eV

ωA0

��
γ

0.2

��
: ðC1Þ

This limit is roughly an order of magnitude stronger than
the lifetime limits on DM decays without stimulated
emission for our fiducial choice of parameters [67].

2. Constraints on relativistic degrees of freedom

We complete our discussion of the particle physics
model by discussing its effect on Neff , and relevant
constraints. Aosc, Aψ contribute to Neff as relativistic
degrees of freedom. In addition, other fermions that couple
to these bosons can contribute as well if they are suffi-
ciently light. Assuming the existence of two such Dirac
fermions on top of Aosc and Aψ before recombination, the
total energy density of these particles divided by the energy
density of a neutrino is

ΔNeff ≈
2 × 3þ 2 × 4 × 7

8

2 × 7
8

γ4�
4
11

	
4=3 ¼ 0.04

�
γ

0.2

�
4

: ðC2Þ

This is to be compared with the Planck measurement of
Neff ¼ 2.99� 0.17 [2], which limits ΔNeff < 0.34 at the
95% confidence level. Including the irreducible contribu-
tion from the thermal distribution of just one dark photon,
which must be present in the class of models considered in
this work, gives ΔNeff ≈ 0.01ðγ=0.2Þ4.

4Although elastic scattering processes should be subleading at
order 1=f4a, they can, in fact, be very rapid for two reasons. First,
processes like aAosc → aAosc receive a large Bose enhancement
from the existing population of Aosc, which significantly in-
creases the scattering rate. Secondly, the matrix element of
aAosc → aAosc contains a divergence. Such divergences are
commonplace even in Standard Model processes, such as e−Z →
e−Z [100]. In the context of cosmological fluids, these diver-
gences are regulated by thermal corrections to the self-energy of
Aψ , which impart an imaginary contribution to the mass of Aψ

[100]. We have checked that even including Bose enhancement
and regulating this divergence with loop contributions from a
thermal distribution of ψ [101], all elastic scattering processes are
indeed subdominant to the leading inverse decay process dis-
cussed here.

5This corresponds to an approximation of the effect of
stimulation; we leave a more complete treatment for future work.
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APPENDIX D: ANISOTROPY DUE TO DARK
PHOTON CONVERSIONS

In this appendix, we obtain the conversion anisotropy
power spectrum, which originates from variations in
electron density fluctuations along two lines of sight
separated in the sky by some angle. Our discussion follows
Ref. [79] closely, but with some novel and peculiar features
originating from the resonance conversion process; for
clarity, we repeat many of the same calculations presented
in that reference.
For dark photon conversions, the observed temperature

in any direction in the sky n̂ at a fixed frequency is directly
proportional to the total probability of conversion Pðn̂Þ
of dark photons into photons. We begin by defining the
fluctuation of the conversion probability in some particular
direction in the sky n̂, defined explicitly by δPðn̂Þ≡
Pðn̂Þ − hPi, where hPi is the sky-averaged conversion
probability. In any particular direction n̂, we have [57,58]

Pðn̂Þ ¼ πϵ2m4
A0

ω0

Z
z⋆

0

dz
δDðm2

γðr⃗; zÞ −m2
A0 Þ

HðzÞð1þ zÞ2 ; ðD1Þ

where m2
γðr⃗; zÞ is the effective plasma mass of photons

along the particular line of sight, and ω0 is the present-day,
observed angular frequency of the photons. r⃗≡ n̂χðzÞ,
where χðzÞ is the comoving distance traveled by light
between z and the present day. ω0ð1þ z⋆Þ is the energy of
the daughter particle from the DM decay; photons that have
energy ω0 today were produced by decays at z⋆, which is
the maximum redshift we integrate up to.
We can compute the sky-averaged conversion proba-

bility by integrating over the one-point probability density
function (PDF) f1ðm2

γ ; zÞ of m2
γ to obtain [57,58]

hPi ¼ πϵ2m4
A0

ω0

Z
z⋆

0

dz
Z

dm2
γf1ðm2

γ ; zÞ
δDðm2

γ −m2
A0 Þ

HðzÞð1þ zÞ2

¼ πϵ2m4
A0

ω0

Z
z⋆

0

dz
f1ðm2

γ ¼ m2
A0 ; zÞ

HðzÞð1þ zÞ2 ; ðD2Þ

so that

δPðn̂Þ ¼ πϵ2m4
A0

ω0

Z
z⋆

0

dz
HðzÞð1þ zÞ2 ½δDðm

2
γðr⃗; zÞ −m2

A0 Þ

− f1ðm2
γ ¼ m2

A0 ; zÞ�: ðD3Þ

We now decompose the observed conversion probability
over the whole sky into spherical harmonics Ylmðn̂Þ, with
coefficients alm given by

alm ¼ 1

hPi
Z

dn̂δPðn̂ÞY�
lmðn̂Þ:

The anisotropy power spectrum Cl for the conversion
probability, defined as Cl ≡ ha�lmalmi, can then be com-
puted as

Cl ¼ 1

hPi2
Z

dn̂
Z

dn̂0hδPðn̂ÞδPðn̂0ÞiY�
lmðn̂ÞYlmðn̂0Þ;

where h� � �i in the integral should be interpreted as an all-
sky average. Note that defined in the following manner, Cl
is dimensionless, since it describes fluctuations in con-
version probability.
To make further progress, we define the quantity

Qðr⃗; z; r⃗0; z0Þ≡ h½δDðm2
γðr⃗; zÞ −m2

A0 Þ − f1ðm2
γ ¼ m2

A0 ; zÞ�½δDðm2
γðr⃗0; z0Þ −m2

A0 Þ − f1ðm2
γ ¼ m2

A0 ; z0Þ�i; ðD4Þ

a two-point correlation function along two different lines of sight, described by comoving coordinates r⃗ and r⃗0, with photons
passing through each point at redshifts z and z0, respectively. In fact, homogeneity and isotropy guarantee that this function
does not depend on r⃗ and r⃗0 separately, but only on jr⃗ − r⃗0j. Inserting this into the expression above for Cl, we find

Cl ¼ 1

hPi2
�
πϵ2m4

A0

ω0

�
2 Z z⋆

0

dzWðzÞ
Z

z⋆

0

dz0Wðz0Þ
Z

dn̂
Z

dn̂0Qðjr⃗ − r⃗0j; z; z0ÞY�
lmðn̂ÞYlmðn̂0Þ; ðD5Þ

where WðzÞ≡ ½HðzÞð1þ zÞ2�−1. We can now write Q in terms of its Fourier transform over r⃗ − r⃗0, Q̃, giving

Qðjr⃗ − r⃗0j; z; z0Þ ¼
Z

d3k⃗
ð2πÞ3 e

ik⃗·ðr⃗−r⃗0ÞQ̃ðk; z; z0Þ

¼ ð4πÞ2
X∞
p;s¼0

Xp
q¼−p

Xs
t¼−s

Z
d3k⃗
ð2πÞ3 Q̃ðk⃗; z; z0Þip−sjpðkrÞjsðkr0ÞY�

pqðk̂ÞYpqðn̂ÞYstðk̂ÞY�
stðn̂0Þ

¼ 2

π

X∞
p¼0

Xp
q¼−p

Z
dkk2Q̃ðk; z; z0ÞjpðkrÞjpðkr0ÞYpqðn̂ÞY�

pqðn̂0Þ:
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In the second line, we have used the Rayleigh expansion for plane waves, and jp is the spherical Bessel function of order p.
In the last line, we use the orthogonality of spherical harmonics to integrate over the solid angle. Substituting this expression
into Eq. (D5) and integrating over n̂ and n̂0, once again exploiting the orthogonality of spherical harmonics, gives

Cl ¼ 1

hPi2
�
πϵ2m4

A0

ω0

�
2 2

π

Z
z⋆

0

dzWðzÞ
Z

z⋆

0

dz0Wðz0Þ
Z

dkk2Q̃ðk; z; z0ÞjlðkrÞjlðkr0Þ:

Finally, we can simplify this integral further assuming the
Limber approximation [76–78], which is a high-l expan-
sion that works particularly well for the multipoles in which
we are interested [102] and allows us to approximate
k2jlðkrÞjlðkr0Þ ≈ ðπ=2ÞδDðk − l=rÞδDðr − r0Þ=r2. This
finally gives

Cl ¼
1

hPi2
�
πϵ2m4

A0

ω0

�
2Z z⋆

0

dz
r2ðzÞW

2ðzÞHðzÞQ̃ðk¼l=r;z;zÞ:

ðD6Þ

This compact expression makes the calculation of the
conversion anisotropy numerically tractable; in particular,
the correlation functionQ defined in Eq. (D4) need only be
evaluated at points along two different lines of sight that
have equal redshifts.
We now need an expression for Q̃ðk ¼ l=r; z; zÞ. First,

we define f2ðρ; m2
γðr⃗Þ; m2

γðr⃗0Þ; zÞ as the two-point PDF for
m2

γ at two different points, r⃗ and r⃗0, at redshift z, with
ρ≡ jr⃗ − r⃗0j. Note that homogeneity and isotropy guarantee
that f2 only depends on ρ. With this, the averaging in
Eq. (D4) is performed by integrating the quantity with
respect to m2

γðr⃗Þ and m2
γðr⃗0Þ, weighted by f2, which gives

Qðjr⃗ − r⃗0j; z; zÞ ¼ f2ðjr⃗ − r⃗0j; m2
γðr⃗Þ ¼ m2

A0 ; m2
γðr⃗0Þ

¼ m2
A0 ; zÞ − ½f1ðm2

γ ¼ m2
A0 ; zÞ�2; ðD7Þ

with

Q̃ðk; z; zÞ ¼ 4π

Z
dρρ2j0ðkρÞQðρ; z; zÞ:

Given both the one- and two-point PDF of m2
γ , we can now

proceed to calculate the anisotropy power spectrum.
We demonstrate that the conversion anisotropy signal

can satisfy existing experimental bounds by assuming that
1) the free-electron number density is exactly equal to the
baryon number density so that the one- and two-point PDFs
ofm2

γ are given by the one- and two-point PDFs of baryonic

fluctuations δb divided by one and two powers ofm2
γðzÞ, the

mean value of m2
γ at redshift z, respectively. This is a good

assumption for z≲ 6, where resonant converions generally
take place, since reionization has been completed, and all
baryons are ionized; and (2) the baryonic fluctuations
follow analytic one- and two-point PDFs. We consider
two analytic forms for the one- and two-points PDFs:
normally distributed and log-normally distributed fluctua-
tions, to give an indication of the dependence on the PDF.
In both cases, the PDFs are fully specified by the corre-
lation function ξbðjr⃗ − r⃗0j; zÞ, which is related to the power
spectrum of baryons Pb via

1ξbðρ; zÞ ¼
Z

d3k⃗
ð2πÞ3 j0ðkρÞPbðk; zÞ;

with σ2bðzÞ ¼ ξbð0; zÞ being the variance of baryonic
fluctuations. For normally distributed fluctuations,

f1ðm2
γ ¼ m2

A0 ; zÞ ¼ 1

m2
γðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πσ2bðzÞ

p exp

�
−
gðm2

A0 ; zÞ2
2σ2bðzÞ

�
;

f2ðρ; m2
γðr⃗Þ ¼ m2

A0 ; m2
γðr⃗0Þ ¼ m2

A0 ; zÞ ¼ 1

2πm2
γ
2ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ4bðzÞ − ξ2bðρ; zÞ

p exp

�
−

gðm2
A0 ; zÞ2

σ2bðzÞ þ ξbðρ; zÞ
�
; ðD8Þ

where gðm2
A0 ; zÞ≡m2

A0=m2
γðzÞ − 1, while for log-normally distributed fluctuations [57,103],

f1ðm2
γ ¼m2

A0 ; zÞ ¼ 1

m2
γðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πΣ2ðzÞ

p exp

�
−
L2ðm2

A0 ; zÞ
2Σ2ðzÞ

�
1

1þ gðm2
A0 ; zÞ ;

f2ðρ;m2
γðr⃗Þ ¼m2

A0 ;m2
γðr⃗0Þ ¼m2

A0 ; zÞ ¼ 1

2πm2
γ
2ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ4ðzÞ−X2ðρ; zÞ

p exp

�
−

L2ðm2
A0 ; zÞ

Σ2ðzÞ þXðρ; zÞ
�

1

½1þ gðm2
A0 ; zÞ�2 ; ðD9Þ

where Σ2ðzÞ ¼ log½1þ σ2bðzÞ�, Xðρ; zÞ ¼ log½1þ ξbðρ; zÞ�, and Lðm2
A0 ; zÞ ¼ log½1þ gðm2

A0 ; zÞ� þ Σ2ðzÞ=2.
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In the limit that ρ → ∞, we obtain ξb → 0 and f2 → f21
for both distributions, indicating that the two-point PDF
factorizes into the product of two, independent one-point
PDFs at sufficiently large separations, when correlations
are unimportant.
Equations (D7) and (D6) give us the following general

expression for Cl, which is the main result of this section:

Cl ¼ 1

hPi2
Z

z⋆

0

dz
r2ðzÞHðzÞ

�
dhPi
dz

�
2
Z

dρ4πρ2j0ðlρ=rÞ

×

�
f2ðρ; m2

γðr⃗Þ ¼ m2
A0 ; m2

γðr⃗0Þ ¼ m2
A0 ; zÞ

f21ðm2
γ ¼ m2

A0 ; zÞ − 1

�
;

ðD10Þ

an expression that we can evaluate numerically for either
choice of baryon fluctuation PDFs. Note that the integrand
over ρ is finite as ρ → 0. Following the convention used in
CMB anisotropy power spectrum analyses as well as
Ref. [46], the temperature anisotropy power spectrum is
defined to be lðlþ 1ÞClhTi2, where hTi is the sky-
averaged brightness temperature.
For small angular scales (l≳ 3000), upper limits on the

anisotropy of the ERB have been obtained by the Very
Large Array (VLA) at 4.86 GHz [42] and 8.4 GHz [43], as
well as the Australia Telescope Compact Array (ATCA) at
8.7 GHz [44]. These measurements were made with the
intention of looking for CMB anisotropies at the arcminute
scales, and all set an approximate upper limit of ΔT=Texc ≲
10−2 for the ERB [41]. More recently, LOFAR and TGSS
observations have been used to measure the anisotropy
power spectrum at ∼140 MHz [45,46]. This latest result
confirms the fact that a currently unknown population of
dim but numerous synchrotron sources is required to
explain the ERB; they also find that these sources must
exhibit some nontrivial clustering to produce the right
power spectrum.
Figure 4 shows the predicted anisotropy power spectrum,

½lðlþ 1Þ=ð2πÞ�ClhTi2, as a function of l, obtained by
integrating Eq. (D10) numerically for both normally (lower
line) and log-normally (upper line) distributed baryon
fluctuations.6 The range between the two lines, shaded
in blue, gives some indication of the uncertainty of our
prediction. Representative values of mA0 ¼ 3 × 10−14 eV
and ωA0 ¼ 2 × 10−4 eV have been chosen, but the results
are qualitatively similar for other values of these param-
eters. This result should be compared with existing mea-
surements of the anisotropy power, including (1) observed
upper limits of the CMB anisotropy power spectrum at
small scales between 4–9 GHz by the VLA [42,43] and the

ATCA, subsequently reinterpreted in Ref. [41] as an upper
limit on the anisotropy power of the excess radio power
above the CMB and known point sources and (2) the
LOFAR anisotropy power spectrum of the radio back-
ground at 140 MHz [46]. We take hTi ¼ 255 K, the
expected radio temperature at 140 MHz based on the
power-law fit in Eq. (1) of the paper. The anisotropy power
reported by the high frequency measurements at frequency
νhigh has been rescaled by ð140 MHz=νhighÞ2β, where
β ¼ 2.6; this assumes that the relative size of fluctuations
δT=T is independent of frequency and can be rescaled by
hTi2 at each frequency. Note that the observed upper limits
in the 4–9 GHz range are not necessarily in tension with the
l≳ 103 results at 140 MHz, since the anisotropy can in fact
be frequency dependent.
The experimental results for the anisotropy power

spectrum shown in Fig. 4 cover 102 ≲ l≲ 6 × 104, finding
a power of 1–102 K2 across this range; this represents a
temperature fluctuation of 0.004≲ ΔT=Texc ≲ 0.04, a
result that seems unusually smooth if radio emission were
correlated with large scale structure at low redshifts [41].
Our predicted conversion anisotropy power spectrum for
the fiducial values shown here lies mostly below the
measured anisotropy power and is therefore consistent
with these experimental results, except for l≲ 800 at
140 MHz. However, as mentioned in the paper, lower-l
measurements of the anisotropy are difficult, and within the
LOFAR dataset, significant scatter can be observed in the
anisotropy power between adjacent frequency bands,
which are subsequently combined to produce the final

FIG. 4. Predicted anisotropy power spectrum with normally
(solid black line, below) and log-normally (solid black line,
above) distributed baryon fluctuations. The model parameters are
mA0 ¼ 3 × 10−14 eV and ωA0 ¼ 2 × 10−4 eV. Upper limits from
VLA at 4.86 GHz [42] (purple triangles), 8.4 GHz [43] (orange
triangles), and ATCA at 8.7 GHz [44] (green triangle) are shown
and have been rescaled to Texc ¼ 255 K, the expected value at
140 MHz. Representative data points of the power spectrum
measured by LOFAR are shown in red [46].

6The theoretical prediction from our model only has a weak
dependence on the observational frequency, coming from the
integration limit z⋆; we have only included the largest fluctua-
tions here.
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result shown here [46]. We have thus demonstrated that our
model can, in principle, produce a sufficiently smooth
conversion anisotropy power spectrum; more detailed
studies involving more realistic one- and two-point
PDFs, as well as potentially a more careful analysis of
the 4–9 GHz radio data, may be of interest in future work.

APPENDIX E: DATA ANALYSIS AND
STATISTICAL METHODOLOGY

1. Likelihood and posterior sampling

We assume the likelihood of the observed brightness
temperatures Tobs;iðνiÞ given a model for the emission
Tðν; θÞ to be Gaussian, where i indexes individual data
points, and θ ¼ fma;mA0 ; τvac; ϵ; T 0

0; T0g are the para-
meters of interest describing the fiducial new-physics
model. Assuming uncorrelated measurements, the total
likelihood for a dataset is given by pðTobsjθÞ ¼Q

i NðTobs;iðνiÞjTðνi; θÞ; σT;iÞ, where σT;i are the corre-
sponding standard deviation uncertainties describing the
noise model.
Given a prior pðθÞ as defined in Sec. E 2 below, we infer

an approximation for the posterior distribution pðθjTobsÞ ¼
pðTobsjθÞpðθÞ=Z, where Z is the marginal evidence Z ¼R
dθpðTobsjθÞpðθÞ. This is done through Monte Carlo

nested sampling implemented in DYNESTY [72]. One
thousand live points are used to model the posterior, and
sampling is performed until the estimated expected con-
tribution to the log evidence is less than Δ logZ ¼ 0.05,
with an otherwise default configuration of the static nested
sampler.

2. Constrained prior definition

A baseline prior is assumed such that log10ma∼
Uð−7;−1Þ, log10mA0 ∼ Uð−17;−10Þ, T 0

0=T0 ∼ Uð0; 0.4Þ,
log10τvac ∼ Uð16; 25Þ, log10ϵ ∼ Uð−11;−4Þ, and T0∼
N ð2.7255; 0.00086Þ, with the prior on T0 motivated by
an analysis of COBE/FIRAS CMB data in the
2.27–21.33 cm−1 frequency range [1,8], and the prior on
T 0
0=T0 motivated by the constraints derived in Sec. C 2.

Furthermore, for our fiducial analysis, we wish to incor-
porate external constraints on the considered parameter
space as mentioned in the main body of this paper. Practical
implementations of nested sampling require that the prior
distribution be provided as a transformation from the unit
hypercube to the target prior density. Although such a
transformation is readily available for commonly used prior
specifications, e.g., uniform- or Gaussian-distributed, trans-
formations from an arbitrary prior such as that respecting
the constraints laid out in the main body through combi-
nations of multiple parameters are not always readily
available or analytically tractable.
In order to construct an implicit prior for our purposes,

we follow a procedure similar to that outlined in Ref. [104]
and use normalizing flows [105,106], which use a series of

bijections parametrized by neural networks with tractable
Jacobians in order to define transformations from a simple
base distribution to complex, expressive target distribu-
tions. Specifically, we generate a large number 106 of
samples from the baseline prior, remove the samples
incompatible with the external constraints, and use a
normalizing flow consisting of eight neural spline flows
[107] to learn a transformation from a standard Gaussian
Nð0; 1Þ into the constrained target prior density. Samples u
from the unit hypercube proposal can then be transformed
to those corresponding to a standard Gaussian through an
affine transformation u → 0þ 1 · F−1

N ðuÞ, where F−1
N is the

inverse cumulative distribution function of the Gaussian
distribution. These samples can then be further transformed
to those on the constrained prior density by passing them
through the learned normalizing flow.

3. Prior-predictive check

Generally, in Bayesian analyses and, in particular, when
nontrivial priors are utilized such as in this work, it is useful
to conduct prior-predictive checks in order to instill
confidence that the prior does not bias the analysis towards
“favorable” regions of the parameter space. In that case,
formally low-likelihood parameter points could still cor-
respond to high posterior density regions.
Figure 5 shows the 68 and 95% contours of the prior

induced on the excess temperature above the modeled extra-
galactic background, defined as Teg ¼ 0.23 Kðν=GHzÞ−2.7
[16,41]. It can be seen that the induced prior covers a large
range of possible excess temperatures and does not bias the
current analysis in favor of the observed data points (shown in
black and red).

APPENDIX F: EXTENDED RESULTS

1. Parameter posteriors

Figure 6 shows the individual and pairwise marginal
posteriors on all the modeled parameters obtained for the
baseline analysis.

2. Systematic variations on the analysis

In this section, we consider various systematic variations
of our baseline analysis. In particular, we consider:
(1) Results obtained using the data from Ref. [9] instead

of those from Ref. [3]. Reference [9] includes recent
data points from the LWA1 Low Frequency Sky
Survey (LLFSS), which spans a frequency range of
40–80 MHz. These new data points are consistent
with the power-law fit in Ref. [3]. Reference [9] also
independently reanalyzed the data from ARCADE 2
and the other experiments used in Ref. [3], finding
broad agreement, but with small changes to the
central values and more significant changes to the
error bars, despite using a similar data analysis
method. Reference [9] therefore provides a useful
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systematics check on how the ERB spectrum is
extracted;

(2) Results obtained by fitting only the ARCADE 2 data
≳3 GHz and ignoring the lower-frequency radio
measurements. In this case, we neglect stimulated
emission, since this is not necessary to produce a
good fit, simplifying the model and reducing to that
first introduced in Ref. [62]. ARCADE 2 is the only
experiment in our list that is designed primarily with
absolute zero-level calibration in mind, in order to
produce an accurate determination of the sky bright-
ness [10], which warrants a separate investigation;
and

(3) Results obtained without the modeled contribution
from unresolved extragalactic radio sources [16,41].
This should concretely demonstrate that our model
does not rely on unresolved extragalactic radio
sources for a good fit, which can be anticipated
from the fact that these sources are at least three
times less bright than the measured Texc.

Figure 7 shows the excess temperature posterior for all
these systematic variations, while Table I shows the
posterior summaries for each case considered. The param-
eters ranges compatible with observations show minor
variations from case to case, while providing a visually
good fit to the data in all cases.
We summarize the inferred posteriors in Table I through

the median and 68% containment of the individual mar-
ginal parameter posteriors (labeled “marginal”) and the
68% highest posterior density intervals, describing the
shortest interval in the higher-dimensional joint parameter

space where 68% of the posterior mass is contained
(labeled “HDPI”).

3. Power-law fit and model comparison

As a point of comparison, we also show results using a
variant of the commonly used power-law ansatz [equivalent
to Eq. (1) in the paper] for the excess temperature over T0,

TðνÞ ¼ T0

�
1þ AGHz

�
ν

1 GHz

�
β
�

ðF1Þ

which is parametrized through the CMB black-body
temperature T0, excess temperature at 1 GHz AGHz, and
spectral index β. The results of these fits for the Fixsen et al.
and Dowell & Taylor datasets are shown in the left and right
columns of Fig. 8, respectively. As previously reported in
the literature, these parametrizations provide a formally
good fit to the low-frequency radio data [9,40]. Posterior
summaries for these fits are given in Table II in the same
format as Table I.
We show a quantitative comparison between the power

law and new physics models as follows. For a given model
M (in our case, corresponding to either the new-physics
model or the power-law ansatz), the model evidence, also
known as the marginal likelihood, is defined for data x
and parameters θ as ZM ≡ R

dθpMðxjθÞpMðθÞ, where
pMðxjθÞ and pMðθÞ are the model likelihood and prior,
respectively. The model evidence is a measure of compat-
ibility between the model and data and implicitly penalizes
excessive model complexity—this is relevant in our case,
since the new physics and power-law models have different
number of parameters (3 and 6, respectively). The ratio of
evidence between two models M1 and M2 is known as
the Bayes factor and can be formally used in a model
comparison setting to quantify how much better of a fitM1

is compared to M2.
We show the log-Bayes factors in favor of the power-law

model in the last column of Table II. The power-law model
tends to provide a formally better fit using both the Fixsen
et al. and Dowell & Taylor datasets, corresponding to log-
Bayes factors in favor of the power-law model of
Δ logZ ¼ 1.89 and Δ logZ ¼ 0.76, respectively. This
reflects the fact that a power law with β ≈ −2.6 is a slightly
better fit to the data points, rather than β ≈ −5=2 as
predicted by our model. We note however that given
significant differences between models considered, a prin-
cipled model comparison is difficult. Specifically, Oð1Þ
Bayes factors should not be taken at face value, since they
can depend sensitively on chosen prior specifications and
ranges; see Ref. [108] for a detailed discussion of this point.
Finally, we note that even though synchrotron emission
from unknown sources can plausibly produce a power law
close to β ≈ −2.6 (see App. G), this is highly dependent on

FIG. 5. 68% (dark green) and 95% (light green) containment of
the induced prior on the excess temperature above the modeled
extragalactic background, Teg ¼ 0.23 Kðν=GHzÞ−2.7 [16]. Mea-
sured data points from Ref. [3] are shown for comparison. The
induced prior covers a large range of possible excess temper-
atures and does not bias the analysis in favor of the observed data
points.
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the electron distribution within these individual sources as a
function of source brightness and counts; it is therefore not
immediately obvious that any future model ascribing Texc
to currently unknown synchrotron sources would provide a
better fit than our model does.

APPENDIX G: A RECAP OF SYNCHROTRON
RADIATION

As extensively discussed in the paper, many astrophysi-
cal solutions to the ERB advocate for the presence of
synchrotron radiation from unresolved astrophysical
sources. In this appendix, we briefly review synchrotron
emission with a particular focus on its spectral features. The
basic physics behind synchrotron radiation is straightfor-
ward: a charged particle accelerated in a magnetic field will
radiate. Nonrelativistic particles emit cyclotron radiation,
with a frequency given by the cyclotron frequency

ωcyc ¼ qB=m, where q is the particle charge, B the
magnetic field in which it moves, and m its mass.
Relativistic particles emit what we call synchrotron radi-
ation: The frequency spectrum is far richer, covering a
range well away from the cyclotron frequency.
Taking into account strong relativistic effects (such as

forward beaming), one finds that the characteristic fre-
quency of the synchrotron radiation of a single charged
particle is ωsyn ∼ γ2ωcyc [109]. The spectrum of the
radiation is broad: For ω < ωsyn, the spectrum falls off
like a power law ∝ ω1=3, while for ω > ωsyn, the spectrum
falls off exponentially.
This is, however, very different from what we observe in

astrophysical systems. The reason is that we need to
consider what happens to the total synchrotron radiation
emitted by a population of charged particles, with a given
energy distribution. Let us consider an ensemble of charged

FIG. 6. Joint and individual marginal posterior obtained in the fiducial model, same format as Fig. 2 in the paper.
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particles with number density distribution per unit energy
following a power law dN=dE ∝ Ep. The power per unit
energy emitted by this ensemble of charges reads

dP
dE

∝
dN
dE

PE ∝ EpE2B2;

where PE is the power emitted by a single particle, given by
the Larmor formula PE ∝ B2γ2 ∝ B2E2 (we drop here
all the irrelevant constants given that we are only interested
in the final spectral shape of the synchrotron radiation
power). Let us now assume that the single-charge synchro-
tron spectrum is peaked enough to assume that all the
power is emitted at the synchrotron frequency, ωsyn.

This implies a one-to-one relation between the observed
frequency and the energy of the single particle
ν ≃ ωsyn=ð2πÞ ∝ E2B. It then follows

dP
dν

¼ dP
dE

dE
dν

∝ Epþ2B × ν−1=2B−1=2 ∝ B
�
ν

B

�1þp
2

;

and therefore, the spectral index reads α ¼ ð1þ pÞ=2. In
terms of the spectral index of brightness temperature, β, this
corresponds to β ¼ ðp − 3Þ=2, since the brightness temper-
ature is related to the intensity via Tν ∝ Iν=ν2. Therefore, the
spectral index for synchrotron radiation is intrinsically related
to the energydistributionof the chargedparticles that generate

FIG. 7. Systematic variations on the analysis, same format as Fig. 2 in the paper.

TABLE I. Posterior summaries for all the systematic variations as compared to our baseline analysis.

Config. Summary log10 ma log10 mA0 T 0
0=T0 log10 τa log10 ϵ T0

log10½eV� log10½eV� log10½s� [K]

Fixsen (Baseline) Marginals −3.66þ0.10
−0.26 −13.57þ0.32

−0.68 0.22þ0.05
−0.12 21.15þ0.47

−1.10 −6.98þ0.25
−0.60 2.7258þ0.0003

−0.0007
HPDI ½−3.97;−3.37� ½−14.52;−13.04� [0.08, 0.32] [19.58, 21.98] ½−7.65;−6.30� [2.7251, 2.7266]

No EG model
Marginals −3.96þ0.11

−0.26 −13.22þ0.28
−0.75 0.22þ0.05

−0.11 21.48þ0.58
−1.27 −7.23þ0.27

−0.71 2.7259þ0.0003
−0.0007

HPDI ½−4.27;−3.75� ½−13.85;−12.47� [0.09, 0.33] [19.96, 22.71] ½−7.87;−6.43� [2.7252, 2.7267]

Dowell Marginals −4.12þ0.15
−0.33 −13.28þ0.30

−0.74 0.22þ0.05
−0.11 21.61þ0.60

−1.26 −7.25þ0.27
−0.78 2.7256þ0.0003

−0.0007
HPDI ½−4.54;−3.76� ½−14.01;−12.50� [0.15, 0.40] [20.10, 22.98] ½−8.06;−6.50� [2.7249, 2.7264]

Fixsen, no stim.
ARCADE only

Marginals −3.38þ0.13
−0.30 −13.59þ0.32

−0.64 20.33þ0.34
−0.65 −6.61þ0.20

−0.45 2.7256þ0.0002
−0.0007

HPDI ½−3.78;−3.10� ½−14.54;−13.06� [19.36, 20.80] ½−7.15;−6.08� [2.7249, 2.7264]
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the radiation. In particular, a power law is expected if the
energy distribution is also a power law as assumed above.
One well-known example for which a power-law dis-

tribution is expected comes from particle acceleration by
astrophysical shocks [110–114]. For example, if one
considers shock waves that propagate in the interstellar
medium outside a supernova remnant, it can be shown that
at linear level, p ¼ −2 [110,111], which implies α ¼ −0.5
and β ¼ −2.5. The spectral index predicted by the simplest

scenario of shock acceleration coincides with the spectral
index expected in our model, and is therefore slightly
different than the power-law best-fit obtained in Ref. [3].
Nevertheless, steeper spectra are possible taking into
account nonlinear effects in the theory of diffusive shock
acceleration [115]. As a matter of fact, these effects are
crucial to match observations of the supernova remnant
Cassiopeia A, which exhibits a steeper spectral index,
α ≃ −0.77 or β ≃ −2.77 [116].
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