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Cosmic strings that couple to neutrinos may account for a portion of the high-energy astrophysical
neutrino (HEAN) flux seen by IceCube. Here, we calculate the observed spectrum of neutrinos emitted
from a population of cosmic-string loops that contain quasicusps, quasikinks, or kink-kink collisions.
We consider two broad neutrino emission models: one where these string features emit a neutrino directly,
and one where they emit a scalar particle which then eventually decays to a neutrino. In either case, we find
the spectrum of cosmic-string neutrinos to follow a two-parameter model described by a power law with a
high-energy cutoff. While none of the models in question fully match the observed HEAN spectrum, we do
find that the maximum contribution of cosmic-string neutrinos can still be anOð1Þ fraction of the observed
flux in addition to producing a bump in the observed neutrino spectrum. Finally, for each of the models
presented, we present the viable parameter space for neutrino emission.
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I. INTRODUCTION

IceCube routinely detects high-energy astrophysical neu-
trinos (HEANs) with TeV-PeV energies that follow a power
law flux spectrum with spectral index γ ∼ 2.28 [1,2].
Explanations for the source of this flux have ranged from
gamma-ray bursts [3–9], to Fanaroff–Riley type 0 (FR0)
quasars [10], blazars [11–13], radio-bright active galactic
nuclei [14–16], choked jet supernovae [17,18], pulsar wind
nebulae [19], and more. However, none of these proposi-
tions have been confirmed as the dominant source of the
observed spectrum [20]. One additional possibility is that
cosmic-string loops source these neutrinos. More con-
cretely, the actual mechanism of emission could be due
to the radiation of particles from string features, known as
quasicusps, quasikinks, or kink-kink collisions, that generi-
cally occur during the evolution of cosmic-string loops.
These particles could either be the neutrinos themselves
(direct neutrino emission) or a parent particle which then
decays into neutrinos (indirect neutrino emission).
The emission of neutrinos due to the decay of a real

scalar radiated from cusps and kinks has previously been
considered in the ultrahigh energy range [21,22]. Moreover,

the energy spectrum of various Standard Model (SM)
particles near the string has been extensively computed
in the context of dark strings coupling through the Higgs
portal operator [23–25]. More generally, the program of
calculating emission from cosmic strings also includes
the radiation of gravitational waves, cosmic rays, and
more [26–31].
In this work we extend and refine these calculations in

several manners. First, we calculate the optical depth of
HEANs using all seven channels of Standard Model
neutrino self-interactions and thus including the energy
dependence of the neutrino horizon. Then, we perform this
calculation for all three types of string features: quasicusps,
quasikinks, and kink-kink collisions. Prior work has only
considered the first two in the scenario of neutrino
emission. In addition, we calculate the emission from a
real scalar not only in the scenario of a cascade (casc) of
particles, but also the direct decay into neutrinos.
Moreover, we present the first calculation for the emission
of neutrinos directly from cosmic strings via a two-body
decay interaction and the Aharonov-Bohm coupling.
Finally, we incorporate the shrinking of loops due to
particle radiation into the loop distribution function, a
factor ignored in earlier neutrino emission papers. Using
these calculations, we present the viable parameter space
for neutrino emission for each of the models chosen.
Moreover, we find that for these models, cosmic strings
can still contribute anOð1Þ fraction of the observed HEAN
flux. Since the models represent a wide selection of
possible emission mechanisms, we conclude it is unlikely
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that a single population of cosmic strings can create the
entirety of the HEAN background. However, as a sub-
dominant component, cosmic strings may still contribute
enough to create a bump in the spectrum.
This paper is organized as follows. In Sec. II we present

the general formalism in order to calculate the differential
flux of neutrinos observed at IceCube from an arbitrary
source and then particularize to the case of a cosmic-string
loop population. For this population, we introduce four
interaction terms between cosmic strings and neutrinos
using an effective field theory approach in Sec. III. These
interactions cover both direct and indirect neutrino emis-
sion, each of which is split into two further cases. We use
these interaction terms to then calculate the energy spec-
trum of neutrinos emitted at the locality of the string in
Sec. IV. We follow up this calculation and then specify the
form of the cosmic-string loop number density in Sec. V.
Ultimately, we combine both the energy spectrum of
neutrinos with the cosmic-string loop number density to
calculate the observed differential flux of neutrinos through
the formalism presented in the beginning, shown in
Eq. (37). Using this flux, we constrain both the fraction
of neutrinos attributed to emission from cosmic strings in
the IceCube spectrum and the phenomenological parameter
space for neutrino emission in Sec. VI. We discuss and
conclude in Secs. VII and VIII.

II. NEUTRINO SPECIFIC FLUX

The specific flux Φiðt; EÞ of neutrinos νi (number of
astrophysical neutrinos per unit conformal time per unit
comoving area per unit energy) at cosmic time t and
observed energy E from a source Si is [32]

Φiðt;EÞ¼
Z

t

−∞
dt0½aðtÞ=aðt0Þ�e−τiðt0;t;EÞSift0; ½aðtÞ=aðt0Þ�Eg;

ð1Þ

where aðtÞ is the scale factor and τiðt0; t; EÞ is the optical
depth of a neutrino νi of energy E between times t0 and t.
For a single cosmic-string loop, the spectrum of emitted

neutrinos is a function of the loop length L, and so the
source function is the integral over all loop contributions,

Sei;aðt; EÞ ¼
X
a

c
Z

∞

0

dL
d _Ne

i;aðt; L; EÞ
dNloopdE

dnloopðt; LÞ
dL

; ð2Þ

with dnloopðt; LÞ=dL the number of cosmic-string loops per
comoving volume per loop length, and d _Ne

i;a=dNloopdE the
number of neutrinos ultimately produced from string
feature a and emission model e per unit time per loop
per neutrino energy E. The string features we consider are
quasicusps, quasikinks, and kink-kink collisions, shown in
Fig. 1, so that the label a takes values a ∈ fqc; qk; kkg. We
present the different emission models in Sec. III. In general,

a loop can contain multiple features at once (e.g., a string
could have four kinks and a quasicusp). Here, for simplic-
ity, we assume that only a single feature exists on every
loop. However, we note that, for a given type of feature,
multiple features can be incorporated straightforwardly by
linearly scaling the amplitude of emission by the corre-
sponding number. We then write the emitted neutrino
spectrum as

d _Ne
i;aðt;L;EÞ

dNloopdE
¼ 1

½ðL=2Þ=c�
Z

dEp
dNe

i ðE;EpÞ
dNe

adE

dNe
aðEp;LÞ
dEp

;

ð3Þ

with ½ðL=2Þ=c� the period of oscillation for a cosmic-string
loop, dNe

i =dN
e
adE the number of neutrinos emitted per

parent particle per unit neutrino energy E, and dNe
a=dEp

the number of parent particles emitted from string feature a
per unit parent particle energy Ep.
If neutrinos are emitted directly from the cosmic

string and there is no parent particle, we set
dNe

i ðE;EpÞ=dNe
adEðE;EpÞ ¼ δðE − EpÞδie with δðxÞ the

Dirac delta function and δji the kronecker delta function that
determines if the neutrino i is the same as the emitted
particle in emission model e.
Roughly speaking, the cosmic-string phenomenology is

then encoded in the emitted neutrino spectrum, and the
cosmic-string population dynamics in its number density.
Neutrino self-interactions (νSI) in the SM induce scat-

tering between HEANs and cosmic background neutrinos
and thus a nonzero HEAN optical depth. We evaluate the
total HEAN optical depth following Ref. [33], including all
seven channels of SM νSI. These channels lead to a sharply
defined neutrino horizon at redshift zνi . That is, an observer
located at redshift zðtÞ will not see neutrinos of a given
energy E originating from a redshift zðt0Þ > zν;iðt; EÞ.
Therefore, in order to simplify our expressions, we will
take the following approximation,

Dνiðt0; t; EÞ≡ e−τiðt0;t;EÞ ¼ Θ½zνiðt; EÞ − zðt0Þ�; ð4Þ

for the damping factor, with zνi defined by the expression
Dνift0½zν;iðt; EÞ�; t; Eg ¼ expð−1Þ. We show both the

FIG. 1. Picture of quasicusps, quasikinks, and kink-kink
collisions.
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complete HEAN optical depth and our approximation in
Fig. 2 for some typical energies.

III. COSMIC-STRING PHENOMENOLOGY

Cosmic strings are topological defects formed after a
Uð1Þ symmetry-breaking phase transition occurs in the
Universe and are characterized by their tension μ. Then
there are two broad phenomenological categories by which
neutrinos may be emitted from this string. First, the string
may directly couple to neutrinos. Second, it may indirectly
couple to neutrinos; i.e., it may emit some intermediary
particle which then eventually converts to some number of
neutrinos. In either case, we model the free string loop
action using the Nambu-Goto action for an infinitely long
straight string, as locally the string loop is straight,
regardless of any features

Lstr ¼ −
μ

ℏc

Z
d2σ

ffiffiffiffiffiffi
−γ

p
δ4½xμ − Xμðσ; τÞ�; ð5Þ

where ℏ is Planck’s constant, g≡ det gμν is the determinant
of the spacetime metric gμν, and γ the analogous quantity
for the induced worldsheet metric γab ¼ gμνX

μ
;aXν

;b with
worldsheet coordinates ðσ; τÞ. We take the background
metric to be flat gμν ¼ ημν ¼ diagð−1; 1; 1; 1Þ.
This string has a stress-energy tensor

Tstr
μνðxμÞ¼

−μffiffiffiffiffiffi−gp
Z

d2σ
ffiffiffiffiffiffi
−γ

p
γabX

;a
μ X;b

ν δ4½xμ−Xμðσ;τÞ� ð6Þ

with trace

TstrðxμÞ ¼ −2μ
Z

d2σ
ffiffiffiffiffiffi
−γ

p
δ4½xμ − Xμðσ; τÞ�; ð7Þ

where we neglect any backreaction of interactions onto the
string as for the models we consider they are small. When
considering interactions with this string we take an effec-
tive field theory approach and remain agnostic to any
particular ultraviolet theory constraints. We note that,
strictly speaking, the string tension is a function of such
interactions. However, in practice, the dependence is very
weak [23], and hence the tension can be considered an
independent parameter from the couplings we discuss in
the following.

A. Direct coupling

For simplicity, we consider only a single neutrino species
of mass mν ¼ ℏ=ðcλνÞ and take it to be a Dirac fermion.
Thus its free Lagrangian is

Lν
free ¼ −ν̄ðiγμ∂μ − λ−1ν Þν; ð8Þ

with γμ the gamma matrices. There are two versions of
direct cosmic-string coupling we consider. First, the neu-
trinos may couple directly to the string worldsheet through
a two-body interaction, so that its interaction is

Lð2Þ
int ¼

gð2Þ

2

�
ℏc
μ3

�
1=2

ν̄νTstr; ð9Þ

with gð2Þ the two-body interaction coupling. Second,
neutrinos may couple through some gauge flux that
permeates through the string in an Aharonov-Bohm
(AB) fashion [34]

LAB
int ¼ gνν̄γμVμν; ð10Þ

with gν the charge of the neutrino under Vμ, Vμ a classical
background field induced by the flux Φ ¼ ð2π=gνÞθq the
string carries, and θq the AB phase around the string. In the
Lorentz gauge, this background field is written as [35]

Vμ ¼ −
iΦ
2

Z
d4k
ð2πÞ4

pν

p2

Z
dσμνe−ik·½x

μ−Xμðσ;τÞ�; ð11Þ

with dσμν ¼ d2σϵμναβϵabXα
;aX

β
;b the worldsheet area

element and ϵi::j the Levi-Civita symbol. Note that this
field has support outside of the string, unlike the purely
local interaction considered above.

B. Indirect coupling

For indirect emission of neutrinos, we consider the
intermediary particle to be a real scalar ϕ of mass
mϕ ¼ ℏ=ðcλϕÞ. As a result, there is only one cosmic-string
Lagrangian to write down:

L ¼ Lstr þ Lϕ
free þ Lϕ

int; ð12Þ

FIG. 2. The HEAN damping factor Dνi. The solid lines indicate
the complete damping factor, the dashed the approximation given
by Ref. [21], and the dotted are given by our approximation
in Eq. (4).
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Lϕ
free ¼ −

�
1

2
∂μϕ∂

μϕþ 1

2
λ−2ϕ ϕ2

�
; ð13Þ

Lϕ
int ¼

α

ð4μℏcÞ1=2 ϕTstr; ð14Þ

with α as the scalar coupling constant.
In order to obtain neutrinos indirectly we consider two

scenarios. First, the scalar particle decays directly into
neutrinos via a Yukawa (Yu) interaction,

LYu ¼ gYuν̄ϕν: ð15Þ

Alternatively, the scalar particle couples to some gauge
boson—either a hidden sector gauge boson or the gluon,
and these gauge fields have interactions which lead to a
cascade of particles being emitted which end in neutrinos.
For example, if it is the gluon, hadronic cascades produce
pions which then lead to neutrino emission. For concrete-
ness, we write down an example Lagrangian as

Lcasc ¼ αlPϕGμνGμν; ð16Þ

with lp the Planck length and Gμν the gluon field strength
tensor.

IV. PARTICLE EMISSION

Given a model for cosmic-string interactions with
neutrinos, we now write the number spectrum of particles
emitted from cosmic-string loops. However, this spectrum
depends not only on the phenomenology of the inter-
actions, but also the feature of the string that emits the
particle. Thus, in what follows, for each interaction
considered we specify the type of feature as well.
In order to calculate the spectrum of emitted particles we

take the leading-order S-matrix approach. Thus, we calcu-
late the probability of creating a state hk1; s1;…; kN; sN j
with N particles with momenta ki and spin si out of the
vacuum j0i given an interacting term,

Aeðk; sÞ ¼ i
Z

d4xhk1; s1;…; kN; sN jLe
intj0i ð17Þ

dNe
a ¼

XNs

i¼1

X
sai

YN
j¼1

d3kj
ð2πÞ2ωj

jAeðk; sÞj2; ð18Þ

with Ns the number of particles with nonzero spins, N the
number of particles, ai the map from spin particle number
to particle number (e.g., a particle could be the first particle
with spin but the fifth overall particle in a list), and the sum
sai goes over the possible spin values of particle ai. Lower
bounds on the energy of the resulting spectrum arise from
integrating over the worldsheet. Upper bounds on the
energy of the spectrum arise from the requirement that

the energy of the particle be smaller than the string energy
scale. For more details we refer the reader to Ref. [24].
While both of these cutoffs in reality have a slight soft-
ening, they still decay rapidly, and so here we approximate
them as sharp discontinuous transitions.
The average power emitted from a cosmic string over

one period of oscillation is therefore

dPe
a ¼

1

½ðL=2Þ=c�
XNs

i¼1

X
sai

YN
j¼1

d3kj
ð2πÞ2ωj

�XN
k¼1

ωk

�
jAeðk;sÞj2:

ð19Þ

In order to complete the description of the string feature,
several quantities must also be defined detailing the shape
of the string feature in question. Rather than defining
these quantities precisely, here we simply tabulate the
numerical constants that encode their behavior, assuming
that shape effects areOð1Þ. Following this procedure, these
constants then take a range of values: Θ ∈ ½0.42; 3.6� and
ψ ∈ ½0.047; 0.23�. We define the rest of these constants in
Table I. For a first-principle definition of these parameters
and their values we refer the reader to Ref. [24].

A. Direct coupling

First, we present the spectrum of neutrinos directly
emitted from cosmic string loops with quasicusps, quasi-
kinks, and kink-kink collisions.

1. Two-body

For both quasicusps and quasikinks, the momenta of
both emitted (nearly massless) fermions are parallel to one
another, and thus the emission is helicity suppressed. For
kink-kink collisions that emit relativistic neutrinos,

dNð2Þ
kk

dE
¼ Γ̃ð2Þ

kk
E
μℏc

�
1þ

�
E2

μℏc

�
1=2

�−3
; ð20Þ

Pð2Þ
kk ¼ Γð2Þ

kk
μc

L=lð2Þ
; ð21Þ

with mνc2 ≪ E ≤ ðμℏcÞ1=2 and Γ̃ð2Þ
kk ¼ 4½gð2Þ�2Skk=ð3π2Þ,

Γð2Þ
kk ¼ ð37=5ÞΓ̃ð2Þ

kk and lð2Þ ¼ ðℏc=μÞ1=2.

TABLE I. Range of values for cosmic-string shape-dependent
amplitude, assuming the shape parameters are Oð1Þ.
a Quasicusp Quasikink Kink-kink

Sa [0.2, 10] [0.1, 20] [1, 500]
T a [0.5, 50] [1, 200] [0.2, 200]
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2. Aharonov-Bohm

In AB emission, there are no obvious suppressions, and
so we write down the spectrum and power for all emission
types in the relativistic limit

dNAB
a

dE
¼ Γ̃AB

a

�
ℏc
L

�
qABa

×

�
1

ðEþ EAB;a
min Þ1þqABa

−
1

ðEþ EAB;a
max Þ1þqABa

�
; ð22Þ

PAB
a ¼ ΓAB

a
μc

ðL=lABÞpAB
a
; ð23Þ

with Γ̃AB
qc ¼ð2πθqÞ2ψ−4=3Θ2=½32ð2πÞ4�T qc, Γ̃AB

qk ¼ ½3T qk=

ð4T qcÞ�ð2=ΘÞΓ̃AB
qc , Γ̃AB

kk ¼ðT kk=T qcÞð2Θ2Þ−1ψ4=3Γ̃AB
qc , and

lAB ¼ ðℏc=μÞ1=2. We define all other variables in Table II.

B. Indirect coupling

Now, we present the spectrum of neutrinos indirectly
emitted from cosmic string loops. More concretely, we first
present the spectrum of real scalar particles directly emitted
from string loops with quasicusps, quasikinks, and kink-
kink collisions. Then, we write the spectrum of neutrinos
emitted from a real scalar.
Once again, there are no obvious suppressions, and so

the string feature spectra and emitted power are

dNϕ
a

dEϕ
¼ Γ̃ϕ

a

�
EϕL

ℏc

�
qϕa μℏc

E3
ϕ

; ð24Þ

Pϕ
a ¼ Γϕ

aμc

ðL=lϕÞp
ϕ
a

; ð25Þ

with Eϕ the lab frame energy of the ϕ particle (different
from the neutrino energy E) and lϕ ¼ lYu ¼ lcasc ¼ λϕ.
All other variable definitions are placed in Table III. After
the real scalar is emitted, we assume it emits neutrinos
instantaneously.

1. Yukawa

Through a Yukawa coupling, two neutrinos are emitted
from the heavy real scalar ϕ with an isotropic (i.e., flat
energy) spectrum

dNYu

dE
¼ 1

Eϕ
; ð26Þ

with mν ≪ E ≤ Eϕ.
Therefore, the total number of neutrinos emitted from a

cosmic string loop is also independent of the neutrino
energy,

dNYu
a

dE
¼ Γ̃Yu

a

�
λϕ
L

�
qYua μλ2ϕ

ℏc
1

mϕc2
; ð27Þ

with all variable definitions in Table IV.

2. Cascade

After the heavy scalar decays, a cascade of particles
decays ensues, of which neutrinos are one of the end
products. In accordance with previous studies [36–39], we
assume that the decay spectra follows a power law with
index ∼−2 and that approximately all of the energy is
transferred to pions, which then decay to give half of their
energy to neutrinos. After imposing conservation of energy
in the decay between neutrinos and the heavy real scalar we
obtain

dNcasc

dE
¼ b�

2

Eϕ

E2
; ð28Þ

with b� ¼ log ðEcasc
max=Ecasc

min Þ−1. As a result, the total number
of neutrinos emitted from a cosmic string loop is

TABLE II. AB variable definitions.

a Quasicusp Quasikink Kink-kink

qABa 0 1=3 0
pAB
a 1=2 4=3 1

ΓAB
a logð16ÞΓ̃AB

qc 18ð1 − 2−1=3ÞΓ̃AB
qk logð16ÞΓ̃AB

kk

EAB;a
min ψmνc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mνcL=ℏ

p
ψmνc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mνcL=ℏ

p
mνc2

EAB;a
max ½ðμ2L2ÞðμℏcÞ�1=4 ðμℏcÞ1=2 ðμℏcÞ1=2

TABLE III. Variable definitions for the real scalar ϕ.

a Quasicusp Quasikink Kink-kink

qϕa 2=3 1=3 0

pϕ
a 1=2 1 1

Γ̃ϕ
a α2Sϕ

qcΘ2=½2ð2πÞ2� α2Sϕ
qkΘ=½2ð2πÞ2� α2Sϕ

kk=ð2πÞ2
Γϕ
a 6ψ−1=3Γ̃ϕ

qc 6ψ−2=3Γ̃ϕ
qk 2Γ̃ϕ

kk

Eϕ;a
min ψmϕc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mϕcL=ℏ

p
ψmϕc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mϕcL=ℏ

p
mϕc2

Eϕ;a
max ½ðμ2L2ÞðμℏcÞ�1=4 ðμℏcÞ1=2 ðμℏcÞ1=2

TABLE IV. Yukawa variable definitions.

a Quasicusp Quasikink Kink-kink

qYua 1=2 0 0
Γ̃Yu
a ð3=7Þψ−7=3Γ̃ϕ

qc ð3=8Þψ−8=3Γ̃ϕ
qk ð1=3ÞΓ̃ϕ

kk

EYu;a
min mνc2 mνc2 mνc2

EYu;a
max Eϕ;qc

max Eϕ;qk
max Eϕ;kk

max
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dNcasc
a

dE
¼ Γ̃casc

a b�

�
λϕ
L

�
qcasca μλϕ

E2
; ð29Þ

with all variable definitions in Table V.

V. STRING LOOP POPULATION

A loop of initial length Li at time ti will contract as it
radiates energy from various string features. For the string
interaction models presented here, this energy may either
be in the form of gravitational waves, neutrinos, or real
scalar fields. However, we do not consider emission via all
these channels at once. Instead, in order to determine the
evolution of the loop distribution function, we consider
emission in a pair of channels: first, from gravitational
waves and second, from a single specified particle model.
This choice is done because cosmic string loops are always
expected to radiate gravitationally, and our models are an
addition beyond the standard framework. As a result, the
center of mass energy μL of a loop decreases over time
according to

μ
dL
dt

¼ −ΓgGμ2c−3 − Pe
a; ð30Þ

with Γg ∈ ½50; 100�. The first term encodes loop emission
of gravitational waves, while the second term specifies the
emission e from string feature a. Moreover, loops with
length L > Le

a ¼ le½ðΓe
a=ΓgÞ=ðGμc−4Þ�1=pe

a emit more
energy in the form of gravitational waves than from
emission e from string feature a.
In general, Eq. (30) does not have an analytic solution for

arbitrary initial loop length. However, loops with Li < Le
a

will always emit more particles than gravitational waves,
and those with Li ≫ Le

a more gravitational waves than
particles. Therefore we solve for the evolution of loop
length with these two conditions. Moreover, in practice, the
condition Li ≫ Le

a is relaxed to Li > Le
a, so that there are

only two regimes:

Lðti; t; LiÞ ¼ ½L1þpe
a

i − ðLe;a
minÞ1þpe

a � 1
1þpeaΘðLe

a − LiÞ
þ ½Li − ΓgGμc−3ðt − tiÞ�ΘðLi − Le

aÞ; ð31Þ

which can be piecewise inverted to solve for Li as a function
of L. Here, Le;a

min ¼ ½ð1þ pe
aÞΓe

acðt − tiÞlpe
a

e �1=ð1þpe
aÞ.

While some cosmic string loops are present at the initial
Uð1Þ phase transition, most are formed after string segments
intersect and commute, breaking off into smaller loops.
Here, we assume this string loop population has relaxed to a
steady-state self-similar solution. As a result, we neglect
terms that involve string collision and string self-
interactions. While these loops are produced both during
periods of radiation and matter domination, those produced
during matter domination are less abundant [40]. Therefore,
we write the loop distribution as dnloop=dL ¼ dnloopr =dL,
with

dnloopr ðt; LÞ
dL

¼ ζr
2

a3eq

½aðteqÞχðteqÞ�3=2L5=2
0

�
L
L0

�
p

×

�Θðβr − L
2ctÞ t ≤ teq

Θðβr − Leq

2cteq
Þ t > teq

ð32Þ

the distributionof loops created during radiation-domination
at a time t [41]. Moreover, teq is the time of matter-radiation
equality, χ the comoving horizon distance, ζr ¼ 1.04 a
normalization factor, βr ¼ 0.05 the typical scale of loops
produced radiation domination relative to the size of the
horizon. Finally, L0 ¼ Lið0; t; LÞ and Leq ¼ Liðteq; t; LÞ
are the lengths of a loop at t ¼ 0 and teq. We show some
example distributions for cosmic string loops in Figs. 3
and 4.

FIG. 3. The differential loop number dNloop=dL¼χ3dnloop=dL,
with χ the size of the comoving horizon, evaluated at z ¼ 0. The
solid black line is the number assuming only gravitational
emission, while the solid orange (blue) [green] line is due to
both gravitational emission and AB emission from quasicusps
(quasikinks) [kink-kink collisions]. The vertical dotted lines
indicate the length Le;a

min.

TABLE V. Cascade variable definitions, with Qh ¼ 1 GeV the
hadronization energy scale.

a Quasicusp Quasikink Kink-kink

qcasca −1=2 0 0
Γcasc
a ð1=4ÞΓϕ

qc ð1=4ÞΓϕ
qk ð1=4ÞΓϕ

kk

Ecasc;a
min ð1=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mϕc2Qh

q
ð1=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mϕc2Qh

q
ð1=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mϕc2Qh

q
Ecasc;a
max 0.1Eϕ;qc

max 0.1Eϕ;qk
max 0.1Eϕ;kk

max
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VI. RESULTS

Given the emission spectra of neutrinos from a single
cosmic string loop, as well as the distribution of cosmic
string loops, we now present both the source function and
flux for each phenomenological case. We then use the
dominant flux to place an upper bound on the fraction fea of
HEAN sourced by cosmic string loops. The bounds are
obtained in the following manner.
First, evaluating Eq. (2), we obtain

Seaðt; EÞ ¼ cAe
a
dNe

a½E;Le;a
minðtÞ�

dE

dnloop½0; Le;a
minðtÞ�

dL
; ð33Þ

Ae
a ≡ 4

1þ pe
a

Γð5þ2qea
2þ2pe

a
Þ

Γð7þ2pe
aþ2qea

2þ2pe
a

Þ

× 2F1

�
1þ 3

2þ 2pe
a
;
5þ 2qea
2þ 2pe

a
;
7þ 2pe

a þ 2qea
2þ 2pe

a
;−1

�
;

ð34Þ
with ΓðnÞ the gamma function, and 2F1ða; b; c; dÞ a
hypergeometric function. In this expression, we recall that
a ∈ fqc; qk; kkg and e ∈ fð2Þ;AB;Yu; cascg.
We define the index of the local energy spectrum through

the expression dNe
a=dE ∝ E−γea . Using Eqs. (4) and (33),

we evaluate Eq. (1), after changing variables from time to
redshift via dt=dz ¼ −1=½HðzÞð1þ zÞ�, to obtain

Φe
aðt; EÞ ¼ Ieaðt; EÞ

c2

H0

dNe
a½E;Le;a

minðtÞ�
dE

dnloop½0; Le;a
minðtÞ�

dL

ð35Þ

Ieaðt; EÞ≡ Ae
a

Z
zνðt;EÞ

zðtÞ

dz
EðzÞ ð1þ zÞ−γeafðzÞ−ðqeaþ5

2
Þ=ðpe

aþ1Þ;

ð36Þ

with HðzÞ ¼ H0EðzÞ the Hubble parameter, H0 Hubble’s
constant, EðzÞ ¼ ½Ωmð1þ zÞ3 þ ð1−ΩmÞ þΩrð1þ zÞ4�1=2
for Λ cold dark matter (ΛCDM), Ωm the matter-density
parameter, Ωr the radiation-density parameter, and
fðzÞ ¼ tðzÞ=t. We present the values for Ieaðt0; EminÞ in
Table VI using Planck 2018 parameters [42].
As indicated by Fig. 5 all spectra follow a power law

with a sharp cutoff. As a result, to make an easy connection
with observation, we reparametrize the neutrino spectrum
Φe

aðt0; EÞ today as the following two-parameter model,

Φe
aðt0;EÞ≃C0Be

aðE=E0Þ−βeaΘðE−Ee;a
maxÞΘðE−Ee;a

minÞ; ð37Þ

with C0¼2×10−18GeV−1cm−2s−1sr−1 and E0¼100TeV.
Note that, for most cosmic string parameter values, Ea;e

min is
much smaller than observed HEAN energies, and so the
low-energy cutoff can be ignored. We write this equation as
an approximate equality as the spectral index βea has a
nonzero running with energy, dβea=dE ≠ 0. However, this
running is small, and so we average its value over the

FIG. 4. The number of loops Nloop ¼ χ3nloop, with χ the size of
the comoving horizon, as a function of redshift. The label and
color scheme follow that of Fig. 3. Hence, loop distributions with
smaller Lmin have higher numbers.

TABLE VI. Tabulated values for Ieaðt0; EminÞ, Emin ¼ 16 TeV,
with a specified by the column and e by the row. For emission of
type (2), quasicusps and quasikinks are helicity suppressed, and
so we do not consider them here.

Iea Quasicusp Quasikink Kink-kink

(2) N/A N/A 4.35 × 1010

AB 94900 15.2 241
Yu 3.25 × 1011 2.40 × 106 2.40 × 106

casc 2.56 2.04 2.04

FIG. 5. Spectra of HEAN emitted from cosmic strings using
Eq. (37) compared with the observed HEAN spectrum (in solid
black) using Eq. (39). The orange (blue) [green] fredg line
indicates HEAN emission via the (2) (AB) [Yu] fcascg model.
Moreover, solid (dashed) [dotted] lines indicate that the string
population contains quasicusps (quasikinks) [kink-kink colli-
sions]. We choose Ee;a

max ¼ 106 GeV. For large enough amplitude
values, the spectrummay appear as a bumpbefore the sharp cutoff.
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observed energy range. Moreover, note that βea ≠ γea as the
energy dependence of the neutrino horizon shifts the
spectral index, which we show in Table VII. We show
the dependence of the amplitude Be

a on our model param-
eters in Table VIII. In order to save space in the table, we
include a scaling of the b� parameter in Eq. (38). Using the
new parametrization of Eq. (37), we plot some example
spectra in Fig. 5:

expðb�Þ ¼ 1640

�
Gμc−4

4.5 × 10−24

�
1=2

�
mϕc2

107 GeV

�
1=2

: ð38Þ

We now identify the viable parameter space of
cosmic string HEAN emission subject to the constraint that
it is not greater than the observed HEAN spectrum,
Φe

aðEÞ ≤ ΦHEANðEÞ, for all energies.Wemodel theobserved
HEAN spectrum as a power law with spectral index
γ ¼ 2.28 [1],

ΦHEANðEÞ ¼ C0Φ0ðE=E0Þ−γ; ð39Þ
with Φ0 ¼ 1.66. We take the observed HEAN energy range
to be Emin ¼ 16 TeV ≤ E ≤ Emax ¼ 2.6 PeV. As a result,
the three equations

Be
a ≤ Φ0ðEe;a

max=E0Þβea−γ; ð40Þ

Emin ≤ Ee;a
max ≤ Emax; ð41Þ

Ee;a
min ≤ Ee;a

max ð42Þ

define a region in the cosmic-string parameter space that is
viable to contribute to the HEAN flux and whose upper

boundwe show inFig. 6. Parameters that are above this upper
bound are ruled out, as they would lead to a HEAN spectrum
larger thanwhatweobserve. In order to relate these equations
to the original parameters, one can use the formulas listed in
TablesVII andVIII, alongwith thedefinition ofEe;a

max listed in
the Tables in Sec. IV.
We note that, for the chosen loop distribution model of

Ref. [41], the strongest constraints on the string tension
come from pulsar timing arrays, which set the limit
Gμc−4 ≲ 10−10 [43,44]. Hence, in Table VIII, we always
choose smaller fiducial tension values that are not ruled
out by such observations. We find that, for the largest
possible string tensions, direct kink-kink couplings require

amplitudes Γ̃ð2Þ
kk ∼ 1013 to make a sizeable fraction of the

observed HEAN spectrum. These values are much larger
than expected from Table I. That is, such amplitudes require
Skk ∼ 500 and a population of strings with a large number
of features [i.e., Oð1011Þ kinks]. Therefore, we expect such

TABLE VII. Tabulated values for βea, with a specified by the
column and e by the row.

βea Quasicusp Quasikink Kink-kink

(2) N/A N/A −0.27
AB 1.37 1.38 1.14
Yu 0.855 0.439 0.439
casc 2 2 2

TABLE VIII. Tabulated values for Be
a, with a specified by the column and e by the row. The scaling of b� is shown in Eq. (38). Fiducial

values are chosen so that they are not ruled out by HEAN spectra observations.

Be
a Quasicusp Quasikink Kink-kink

(2) N/A N/A
1.09×10−4

�
Γ̃ð2Þ
kk

3.16×1013

	−1=4� Gμc−4

4.5×10−11

	
−3=8

AB 0.383
�

Γ̃AB
qc

10−25

	−2=3� Gμc−4

4.5×10−26

	
5=12

2.71ðΓ̃AB
qk Þ−3=14

�
Gμc−4

1.2×10−27

	
17=21

0.0212ðΓ̃AB
kk Þ−1=4

�
Gμc−4

4.5×10−30

	
5=8

Yu 0.569
�

Γ̃Yu
qc

10−28

	−1� Gμc−4

4.5×10−26

	�
mϕc2

105GeV

	
−5=2

9.28ðΓ̃Yu
qk Þ−1=4

�
Gμc−4

1.4×10−28

	�
mϕc2

105GeV

	
−7=4

62.8ðΓYu
kk Þ−1=4

�
Gμc−4

4.5×10−31

	�
mϕc2

105GeV

	
−7=4

casc 3.42
1000

�
b�
7.4

	�
Γ̃casc
qc

	
−1=3

�
Gμc−4

4.5×10−24

	�
mϕc2

107GeV

	
1=6

28.2
�
b�
7.4

	�
Γ̃casc
qk

	
−1=4

�
Gμc−4

4.6×10−24

	�
mϕc2

107GeV

	
1=4

307
�
b�
7.4

	�
Γ̃casc
kk

	
−1=4

�
Gμc−4

4.5×10−24

	�
mϕc2

107GeV

	
1=4

FIG. 6. The maximum amplitude Be
a of HEANs that come from

a population of cosmic-string loops using Eq. (40). The orange
(blue) [green] fredg line indicates HEAN emission via the
(2) (AB) [Yu] fcascg model. Moreover, solid (dashed) [dotted]
lines indicate that the string population contains quasicusps
(quasikinks) [kink-kink collisions]. All lines intersect at Ee;a

max ¼
E0 by construction of our parametrization. Values of Be

a above a
given line are ruled out. Table VIII translates these amplitudes
into cosmic-string parameters.
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direct couplings cannot give rise to a sizeable fraction of
observed HEANs. All other cases are still viable.
More precisely, the fraction fea of observed neutrinos

associated with a cosmic-string spectrum given by emission
model e and string feature a is then

fea ¼
R Emax
Emin

dEAeffðEÞΦe
aðt0; EÞR Emax

Emin
dEAeffðEÞΦHEANðEÞ

; ð43Þ

with AeffðEÞ the effective area of IceCube for muon
neutrinos, which we take from Ref. [45]. We plot the
maximum contribution of cosmic string loops [i.e., when
Φe

aðt0; Ee;a
maxÞ ¼ ΦHEANðEe;a

maxÞ] in Fig. 7 and find that with
the parameters chosen, fea ≲ 59%.

VII. DISCUSSION

We clarify five assumptions and present seven com-
ments. First, in each model of neutrino emission we assume
a single neutrino. If there are multiple neutrino species
coupled to the string, then energy extracted from the loop
will be a sum over all neutrino emission channels.
Moreover, since cosmic strings are distant objects, then
the observed spectrum of neutrinos will be a sum of the
spectrum of each neutrino channel weighed by the corre-
sponding probability of oscillating into that neutrino. Note
that even if there is only one neutrino coupled, then flavor
oscillations will decrease the spectral amplitude in that
flavor. Regardless, the effects of oscillations can always be
absorbed into a redefinition of Γ̃, and so our results can be
scaled appropriately to include them.
Second, if the neutrino is a Majorana fermion instead of a

Dirac fermion, then ν̄ ¼ νTC with C the charge conjugation

matrix. This replacement will not change the spectral index,
and should not change the amplitude of emission by more
than an Oð1Þ coefficient.
Third, for the indirect emission models, we assume the

heavy real scalar instantaneously decays into neutrinos.
Fourth,we did not consider cosmic-string looppopulations

with multiple features (e.g., loops that have both quasikinks
and quasicusps). Current simulations, without considering
backreaction effects, estimate that ∼40% of the string loops
contain cusps and Oð1Þ have on average four kinks [46].
Since cusps extract more energy from the string than kinks
and quasikinks, but typically have smaller amplitudes, we
expect that the presence of cuspswould decrease the expected
amplitude in the HEAN energy range (or alternatively, the
presence of kinks to increase the amplitude). Thus, our results
safely represent an upper limit on the possible contribution of
cosmic strings to the HEAN spectrum.
Fifth, we assume that the population of cosmic string is

characterized by a single string tension value. Instead, it is
possible that there exist multiple varieties of cosmic strings
in the Universe, with each cosmic string characterized by a
different string tension, and thus the resulting spectrum
would be the sum of these two types of strings. In addition,
the string tension may have some time dependence [47],
leading to a HEAN spectrum that would be average over
the distribution of tension values. Both of these cases are
beyond the scope of this work.
While we do consider a wide variety of emission models

here, the list is not exhaustive. For example, we did not
consider two-body emission of real scalars from cosmic
strings that then decay in HEAN. In the case of two-body
emission of real scalars, this model would not change the
spectrum index of emission relative to its one-body
counterpart. This similarity is because the index is con-
trolled by the Yukawa and cascade decays. Therefore, while
the precise values for the amplitude Γ̃ may change, the
maximum contribution to the HEAN spectrum will not.
In addition to emission models, it is also possible that

cosmic strings collide and annihilate with one another into
neutrinos. However, cosmic strings are very thin, and so
their annihilation cross section is very small. Thus, we do
not expect such a process to contribute greatly.
Even though we find that the models presented are a

subdominant portion of the total spectrum, the presence of
a sharp cutoff implies that HEANs from cosmic strings may
present as a distinct bump in the observed HEAN spectrum,
opening up the possibility for their detection. Moreover, if
cosmic strings exist, their gravitational wells would alter
energies of traversing photons. Hence, in principle, cross
correlations of HEAN maps with the cosmic microwave
background would be able to distinguish cosmic strings
from other subdominant contributions, although we expect
such a signal to be very small.
In each of our plots in Sec. VI, the region to the right of

the orange dashed line requires either values of the

FIG. 7. The maximum fraction of HEANs that come from a
population of cosmic-string loops using Eq. (43) with Eqs. (37)
and (39). The orange (blue) [green] fredg line indicates HEAN
emission via the (2) (AB) [Yu] fcascg model. Moreover, solid
(dashed) [dotted] lines indicate that the string population contains
quasicusps (quasikinks) [kink-kink collisions].
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coupling constant or string feature parameters that are
greater thanOð1Þ. It is both difficult to create such a theory
and at odds with the perturbative approach we took to
calculate the spectra. Despite this, we leave this region in
our plots as it may be the case other models with similar
effective parameters and spectral indices are viable.
Moreover, in these plots, we only consider the con-

straints on the effective parameters describing HEAN
emission from cosmic strings. At higher neutrino energies,
where current and future experiments like ANITA [48]
and POEMMA [49] can observe neutrinos, there will be
additional constraints. The future upgrade of IceCube-
Gen2 [20] will also allow detections of HEANs at lower
energies, thus extending the range of our plots. In addition,
in the cascade case, there will be an emission of gamma
rays that go along with the neutrinos. Treatment of both of
these effects are a work in progress and beyond the scope of
this work.
While Fig. 7 shows that cosmic strings can contribute no

more than 59% of the entire HEAN flux, this result holds
only if the spectral index of HEAN is precisely γ ¼ 2.28.
The uncertainty in this parameter leads to a variation in the
maximum contribution. Moreover, cascade neutrino events
indicate that γ ¼ 2.53 [2]. However, for the 1σ uncertainties
around a central value in either cascade or track observa-
tions, we find that the maximum contribution always lies in
an Oð1Þ fraction.
Finally, we note that since we took an effective field

theory approach to our problem, the parameter spaces we
have identified may be constrained once they are linked to a
corresponding UV completion. However, it is not incon-
ceivable that these UV completions will still have uncon-
strained parameter spaces for HEAN emission. Moreover,
the effective models we presented also most likely have
parameter constraints due to experiments and astrophysical
effects. However, we suspect such constraints can be
balanced by a suitable choice of amplitude string param-
eters. Regardless, for both cases, such an investigation is
beyond the scope of this work.

VIII. CONCLUSION

In this paper we quantified the possible contribution of
cosmic strings to the HEAN spectrum for a wide variety of
models. First, we presented the general formula for
calculating neutrino emission from distant sources and
updated the calculation for the HEAN optical depth
compared to previous works on cosmic-string emission.
In doing so, we both employed a more accurate numerical
approach and included all seven channels of Standard
Model neutrino self-interactions.
Then, in order to classify possible models, we took an

effective field theory approach and delineated two avenues

of HEAN production: direct and indirect. In direct emis-
sion, the cosmic string emits HEANs through a direct
coupling of neutrinos to the cosmic string, while in indirect
emission the cosmic string emits a particle which then
decays into HEANs. For both direct and indirect emission
we consider two models each. That is, we considered direct
emission of HEANs via a two-body emission and a
Aharonov-Bohm coupling. For indirect emission, we con-
sidered the emission of a heavy real scalar which then
decays into HEANs either from a Yukawa coupling or
through a hadronic cascade. Aside from the cascade case,
none of the other calculations have been done before.
In addition to the particular cosmic string phenomenol-

ogy, the energy spectrum of HEANs is also determined by
the geometry of the string. In particular, efficient cosmic-
string particle emission must come either from quasicusps,
quasikinks, or kink-kink collisions on the string. Previous
work has not considered emission from kink-kink colli-
sions. Therefore, for each emission model and string
feature, we then calculated the local energy spectrum of
HEANs emitted from the cosmic string.
Next, we calculated the distribution of cosmic-string

loops that emit both gravitational waves and a given
neutrino emission model that specifies a string feature.
These loops are created during radiation domination and
then shrink as they emit energy. We note again that the
shrinking due to nongravitational emission has not been
considered in previous works. In doing this calculation, we
then also identified the dominant forms of energy emission
in cosmic-string loops and delineated their corresponding
regimes.
With the local energy spectrum and cosmic-string loop

distribution specified, we then calculated the HEAN energy
spectrum today using the Boltzmann equation for each
emission model and string feature and obtained a simple
power law with a sharp cutoff in Eq. (37), i.e., a two-
parameter model. With these spectra, we then required each
one must be less than the observed HEAN spectrum. This
requirement led us to identify and constrain the corre-
sponding parameter space of HEAN emission. As a result,
we found that, with the models presented, cosmic strings
can contribute an Oð1Þ fraction of HEANs.
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