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The BESIII Collaboration claimed that a new a0ð1817Þ resonance was found in the recent results of the
Dþ

s → K0
SK

þπ0 decay. For this decay process, we perform a unitary amplitude to analyze the contributions
of the states a0ð980Þþ and a0ð1710Þþ with the final state interactions. Considering the Cabibbo-favored
external and internal W-emission mechanisms at the quark level, and the contributions of the resonances
a0ð980Þþ, a0ð1710Þþ in the Swave and K̄�ð892Þ0,K�ð892Þþ in the Pwave, the recent experimental data of
the K0

SK
þ invariant mass spectrum from the BESIII Collaboration can be described well. In our results, the

states a0ð980Þ and a0ð1710Þ are dynamically generated from the final state interactions of KK̄ and K�K̄�,
respectively, which support the molecular nature for them. Moreover, some obtained branching fractions
are in agreement with the experimental measurements.
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I. INTRODUCTION

Recently, the BESIII Collaboration performed the ampli-
tude analysis of the decayDþ

s → K0
SK

þπ0, and reported the
branching fraction BðDþ

s → K0
SK

þπ0Þ ¼ ð1.46� 0.06 �
0.05Þ% [1], which was consistent with the measurement
of the CLEO Collaboration [2]. The isovector partner of the
f0ð1710Þ, a state a0ð1710Þþ was observed in the K0

SK
þ

invariant mass spectrum of the decay Dþ
s → K0

SK
þπ0 [1],1

of which the mass and width were measured as

Ma0ð1710Þ ¼ ð1.817� 0.008� 0.020Þ GeV;
Γa0ð1710Þ ¼ ð0.097� 0.022� 0.015Þ GeV:

In fact, previously, the BABAR Collaboration performed the
Dalitz plot analyses of ηc → ηπþπ− decay and found a new
state a0ð1700Þ in the πη invariant mass spectrum [3]

Ma0ð1700Þ ¼ ð1.704� 0.005� 0.002Þ GeV;
Γa0ð1700Þ ¼ ð0.110� 0.015� 0.011Þ GeV;

which might also be the same state as a0ð1710Þ and
corroborated the evidence found in Ref. [4]. In Ref. [5],
a peak around 1.710 GeV was observed in the K0

SK
0
S mass

distribution in the decay Dþ
s → πþK0

SK
0
S by the BESIII

Collaboration. Due to the strong overlap and common
quantum numbers JPC ¼ 0þþ, the states a0ð1710Þ and
f0ð1710Þ were not distinguished, and then together
denoted as Sð1710Þ, where the mass and width were
determined as [5]

MSð1710Þ ¼ ð1.723� 0.011� 0.002Þ GeV;
ΓSð1710Þ ¼ ð0.140� 0.014� 0.004Þ GeV:

From these reported results of the BESIII [1,5] and
BABAR [3] Collaborations, the extracted Breit-Wigner
masses of a0ð1710Þ are quite different. Actually, these
experimental results have extraordinary significance,
because searching for the a0ð1710Þ is crucial to understand
the nature of its isoscalar partner state f0ð1710Þ. In the
present work, based on the recent results of the BESIII
Collaboration [1], we try to understand the properties of
the state a0ð1710Þ by exploiting the final state interaction
formalism.

*luo.wenchen@csu.edu.cn
†xiaochw@gxnu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.
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In the quark model, the f0ð1710Þ was interpreted as an
IGðJPCÞ ¼ 0þð0þþÞ light scalar meson by the Godfrey and
Isgurmodel [6], which should also have an isovector partner
at 1.78 GeV. Similar results were obtained in Ref. [7] with a
constituent quark model. However, the f0ð1710Þ mainly
decays to the channels KK̄ and ηη, indicating that it may
have large ss̄ quarks components [8,9]. The f0ð1710Þ
was also regarded as a scalar glueball or containing a
large glueball components in Refs. [10–18], which were
supported by the experimental resuts of the BESIII
Collaboration [19,20]. Searching for the isovector partner
of the f0ð1710Þ is the key to identify whether it is a scalar
glueball. On the other hand, based on the chiral unitary
approach (ChUA) [21–25], the f0ð1710Þ was dynamically
generated in the interactions of vector mesons and assumed
to be a molecular state of K�K̄� in Ref. [26], where its pole
located at 1.726 GeVand another a0 state at 1.78 GeV with
isospin I ¼ 1was predicted. Similar resultswere obtained in
the extended research works of [27,28]. Indeed, this a0 state
at 1.78GeVwas arranged as the new founda0ð1710Þ state in
a furtherwork of [29],whichwas also a bound state ofK�K̄�,
a molecular state. More discussions about the molecular
states can be referred to the review of Ref. [30].
Furthermore, based on the results from the BESIII

Collaboration [5,31], Refs. [32,33] studied the decay
modes Dþ

s →πþKþK−, πþK0K̄0, and π0KþK̄0, where the
f0ð1710Þ and a0ð1710Þ states were dynamically generated
from the final state interactions of K�K̄�, and the branching
ratio of Dþ

s → π0KþK0
S reaction was predicted. Analog-

ously, the decay Dþ
s → πþK0

SK
0
S was investigated in detail

in Ref. [34], where the K0
SK

0
S and πþK0

S invariant mass
distributions were calculated with the resonance contribu-
tions of the scalar f0ð1710Þ and the isovector partner
a0ð1710Þ, and the results obtained were consistent with
the measurements from the BESIII Collaboration [5].
However, in Ref. [35], the a0ð1710Þ state, newly observed
by the BESIII Collaboration [1], was renamed as a0ð1817Þ,
which was regarded as the isovector partner of the Xð1812Þ
found in Ref. [36] and classified into the isovector scalar
meson family according to the standard Regge trajectory.
Therefore, it is meaningful to understand the nature of

the state a0ð1710Þ, which is critical for further revealing the
property of its isoscalar partner state f0ð1710Þ. The latest
experimental measurement of the decayDþ

s → K0
SK

þπ0 by
the BESIII Collaboration [1] gives us an opportunity to
identify the nature of the a0ð1710Þ. In the present work,
with the framework of the ChUA, we investigate the
resonance contributions of the process Dþ

s → K0
SK

þπ0

based on the final state interactions, where the states
a0ð980Þþ and a0ð1710Þþ are dynamically generated in
the coupled channel interactions of the channels KK̄ and
K�K̄�. In the interactions of coupled channels, both the
pseudoscalar and vector channels are considered, where
five channels K�K̄�, ρω, ρϕ, KK̄, and πη, are involved.

To describe the invariant mass spectra, we also take into
account the contributions from the K̄�ð892Þ0 andK�ð892Þþ
in the P wave, which play a crucial role in the intermediate
processes Dþ

s → K̄�ð892Þ0Kþ and K�ð892ÞþK0
S, but omit

the contribution of the resonance K̄�ð1410Þ0, of which the
contribution was small as implied in Ref. [1]. The manu-
script is organized as follows. In Sec. II, we present the
theoretical formalism of the decayDþ

s → K0
SK

þπ0 with the
final state interaction. Next, our results are shown in
Sec. III. A short conclusion is made in Sec. IV.

II. FORMALISM

For the three-body weak decay Dþ
s → K0

SK
þπ0, we start

from the dynamics at the quark level, where the dominant
external and internal W-emission mechanisms [37,38] are
taken into account. In the next step, in the hadron level we
consider the final state interactions in the S wave and the
vector meson productions in the P wave, which will be
discussed later. First, the Feynman diagrams of the external
W-emission mechanisms are shown in Fig. 1, and the ones
with the internal W-emission mechanisms are given in
Fig. 2. As shown in Fig. 1 for the weak decays ofDþ

s , the c
quark decays into a Wþ boson and an s quark, and the s̄
quark inDþ

s as a spectator remains unchanged, then theWþ

boson decays into an ud̄ quark pair. In the following
procedures, there are two possibilities for the hadonization
progresses. In Fig. 1(a), the ud̄ pair forms a πþ or ρþ
meson, along with this process, the ss̄ quark pair hadro-
nizes into two mesons with q̄q ¼ ūuþ d̄dþ s̄s produced
from the vacuum. Contrarily, in Fig. 1(b), the ss̄ quark pair
goes into an η or ϕ meson, the ud̄ quark pair made by the
Wþ boson hadronizes into two mesons with the q̄q pairs
generated from the vacuum. The corresponding processes
for these hadonizations can be given by the formulas below
for Fig. 1(a) and Fig. 1(b), respectively,

jHð1aÞi ¼ Vð1aÞ
P VcsVudðud̄ → πþÞjsðūuþ d̄dþ s̄sÞs̄i

þ V�ð1aÞ
P VcsVudðud̄ → ρþÞjsðūuþ d̄dþ s̄sÞs̄i

¼ Vð1aÞ
P VcsVudπ

þðM ·MÞ33
þ V�ð1aÞ

P VcsVudρ
þðM ·MÞ33; ð1Þ

jHð1bÞi ¼ Vð1bÞ
P VcsVud

�
ss̄ →

−2ffiffiffi
6

p η

�
juðūuþ d̄dþ s̄sÞd̄i

þ V�ð1bÞ
P VcsVudðss̄ → ϕÞjuðūuþ d̄dþ s̄sÞd̄i

¼ Vð1bÞ
P VcsVud

−2ffiffiffi
6

p ηðM ·MÞ12

þ V�ð1bÞ
P VcsVudϕðM ·MÞ12; ð2Þ

where theVð1aÞ
P andV�ð1aÞ

P are theweak interaction strengths
of the production vertices [39,40] for the generations πþ and
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ρþ, respectively, for the case of Fig. 1(a), and the Vð1bÞ
P and

V�ð1bÞ
P are the ones for the productions η and ϕ, severally, for

the other case of Fig. 1(b). The factors Vcs and Vud are the
elements of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix, which indicate from q1 → q2 quarks. The symbol
M is the qq̄ matrix in SUð3Þ, defined as

M ¼

0
B@

uū ud̄ us̄

dū dd̄ ds̄

sū sd̄ ss̄

1
CA: ð3Þ

Analogously, in the mechanisms of internal W emission,
see in Fig. 2, the sd̄ pair goes into a K̄0 or K̄�0 meson, and the
remnant us̄ quark pair hadronizes into two mesons with q̄q
pairs produced from thevacuum, as shown inFig. 2(a).On the
other hand, in Fig. 2(b), theus̄ pair forms aKþ orK�þmeson,
and the sd̄ quark pair hadronizes into two mesons with q̄q
pairs created from the vacuum. One can write these processes
in the following way for Fig. 2(a) and Fig. 2(b), respectively,

jHð2aÞi ¼ Vð2aÞ
P VcsVudðsd̄ → K̄0Þjuðūuþ d̄dþ s̄sÞs̄i

þ V�ð2aÞ
P VcsVudðsd̄ → K̄�0Þjuðūuþ d̄dþ s̄sÞs̄i

¼ Vð2aÞ
P VcsVudK̄0ðM ·MÞ13

þ V�ð2aÞ
P VcsVudK̄�0ðM ·MÞ13; ð4Þ

jHð2bÞi ¼ Vð2bÞ
P VcsVudðus̄ → KþÞjsðūuþ d̄dþ s̄sÞd̄i

þ V�ð2bÞ
P VcsVudðus̄ → K�þÞjsðūuþ d̄dþ s̄sÞd̄i

¼ Vð2bÞ
P VcsVudKþðM ·MÞ32

þ V�ð2bÞ
P VcsVudK�þðM ·MÞ32; ð5Þ

where the Vð2aÞ
P and V�ð2aÞ

P are the weak interaction strengths
of the production vertices for the creations K̄0 and K̄�0,
respectively, and the Vð2bÞ

P and V�ð2bÞ
P are the ones for the

formations Kþ and K�þ, severally. Afterward, the matrix M
for the hadronization can be revised in terms of the pseudo-
scalar (P) or vector (V) mesons, written as

P ¼

0
BBB@

1ffiffi
2

p π0 þ 1ffiffi
6

p η πþ Kþ

π− − 1ffiffi
2

p π0 þ 1ffiffi
6

p η K0

K− K̄0 − 2ffiffi
6

p η

1
CCCA; ð6Þ

V ¼

0
BB@

1ffiffi
2

p ρ0 þ 1ffiffi
2

p ω ρþ K�þ

ρ− − 1ffiffi
2

p ρ0 þ 1ffiffi
2

p ω K�0

K�− K̄�0 ϕ

1
CCA; ð7Þ

where we take η≡ η8 [41]. In Eqs. (1), (2), (4),
and (5), the M ·M has four possible situations with two
matrices of physical mesons, i.e., P · P, V · V, P · V, and
V · P. And thus, these hadronization processes can be reex-
pressed as

jHð1bÞi ¼ V�ð1bÞ
P VcsVudϕ

�
−1ffiffiffi
2

p ρþπ0
�

þ V�ð1bÞ0
P VcsVudϕ

�
1ffiffiffi
2

p ρþπ0
�
; ð8Þ

jHð2aÞi ¼ Vð2aÞ
P VcsVudK̄0

�
1ffiffiffi
2

p Kþπ0
�

þ V�ð2aÞ
P VcsVudK̄�0

�
1ffiffiffi
2

p K�þπ0
�
; ð9Þ

jHð2bÞi ¼ Vð2bÞ
P VcsVudKþ

�
−

1ffiffiffi
2

p K̄0π0
�

þ V�ð2bÞ
P VcsVudK�þ

�
−

1ffiffiffi
2

p K̄�0π0
�
; ð10Þ

wherewe only keep the terms that contribute to the final states
K0

SK
þπ0. It should be mentioned that there is no term for the

Fig. 1(a) contributed to these final states of presentDþ
s decay

process. Besides, in Eq. (8), the factors V�ð1bÞ
P and V�ð1bÞ0

P are
different because they come from ðV · PÞ12 and ðP · VÞ12,
respectively. Then, we obtain the total contributions in the
S wave,

FIG. 1. Diagrams for the Dþ
s → K0

SK
þπ0 decay with external W-emission mechanisms.
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jHi ¼ jHð1bÞi þ jHð2aÞi þ jHð2bÞi

¼ 1ffiffiffi
2

p ðV�ð1bÞ0
P − V�ð1bÞ

P ÞVcsVudρ
þϕπ0 þ 1ffiffiffi

2
p ðVð2aÞ

P − Vð2bÞ
P ÞVcsVudKþK̄0π0 þ 1ffiffiffi

2
p ðV�ð2aÞ

P − V�ð2bÞ
P ÞVcsVudK�þK̄�0π0

¼ 1ffiffiffi
2

p V�0
PVcsVudρ

þϕπ0 þ 1ffiffiffi
2

p VPVcsVudKþK̄0π0 þ 1ffiffiffi
2

p V�
PVcsVudK�þK̄�0π0; ð11Þ

wherewe defineV�0
P ¼ V�ð1bÞ0

P − V�ð1bÞ
P ,VP ¼ Vð2aÞ

P − Vð2bÞ
P ,

and V�
P ¼ V�ð2aÞ

P − V�ð2bÞ
P . Note that there are also the final

states K̄0Kþπ0 produced directly in the hadronization proc-
esses in Eq. (11). Taking into account the final state
interactions, we can get these final states via the rescattering
procedures, such as KþK̄0 → KþK̄0, ρþϕ → KþK̄0, and
K�þK̄�0 → KþK̄0, which are depicted in Fig. 3. One more
thing should be mentioned that there is no direct term ηπþπ0

contributed in Eq. (11) due to its two terms in jHð1bÞi
canceled, which is consistent with the evaluation of Ref. [42],
where the experimental findings for the decay Dþ

s → ηπþπ0
[43] were investigated. In Ref. [42], the larger decay rate of
Dþ

s → ηπþπ0 was explained via the internal W-emission
mechanism for the decay process rather than the W-annihi-
lation procedure as assumed in Ref. [43]. In the further study
of the decayDþ

s → ηπþπ0, no tree diagram ofDþ
s → ηπþπ0

decay was taken into account in Refs. [44,45]. Therefore,
under the dominant external and internalW-emission mech-
anisms, the amplitude of decayDþ

s → K̄0Kþπ0 in theSwave
is given by

tS-waveðM12ÞjK̄0Kþπ0

¼ 1ffiffiffi
2

p C1GρþϕðM12ÞTρþϕ→KþK̄0ðM12Þ

þ 1ffiffiffi
2

p C2 þ
1ffiffiffi
2

p C2GKþK̄0ðM12ÞTKþK̄0→KþK̄0ðM12Þ

þ 1ffiffiffi
2

p C3GK�þK̄�0ðM12ÞTK�þK̄�0→KþK̄0ðM12Þ; ð12Þ

where the factors V�0
PVcsVud, VPVcsVud, and V�

PVcsVud in
Eq. (11) have been absorbed into the parameters C1, C2,

and C3, respectively. In the present work, we take them as
the free constants, which are independent on the invariant
masses and contain the global normalization factor for
matching the events of the experimental data. Mij is the
energy of two particles in the center-of-mass (c.m.) frame,
where the lower indices i, j ¼ 1, 2, 3 denote the three final
states of K0

SðK̄0Þ, Kþ, and π0, respectively. Besides,
GPP0ðVV 0Þ and TPP0ðVV 0Þ→PP0 are the loop functions and the
two-body scattering amplitudes, respectively. Then, as done
in Ref. [32], we take jK0

Si ¼ 1ffiffi
2

p ðjK0i − jK̄0iÞ, and change

the final state from K̄0 to K0
S, where Eq. (12) becomes

tS-waveðM12ÞjK0
SK

þπ0

¼ −
1

2
C1GρþϕðM12ÞTρþϕ→KþK̄0ðM12Þ

−
1

2
C2 −

1

2
C2GKþK̄0ðM12ÞTKþK̄0→KþK̄0ðM12Þ

−
1

2
C3GK�þK̄�0ðM12ÞTK�þK̄�0→KþK̄0ðM12Þ: ð13Þ

Furthermore, the rescattering amplitudes Tρþϕ→KþK̄0 ,
TKþK̄0→KþK̄0 , and TK�þK̄�0→KþK̄0 in Eq. (13) can be calcu-
lated by the coupled channel Bethe-Salpeter equation of the
on-shell form,

T ¼ ½1 − vG�−1v; ð14Þ

where the matrix v is constituted by the S-wave interaction
potentials in the coupled channels. In the present work, we
consider the interactions of five channels K�þK̄�0, ρþω,
ρþϕ, KþK̄0, and πþη, where one can expect that the states

FIG. 2. Diagrams for the Dþ
s → K0

SK
þπ0 decay with internal W-emission mechanisms.
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a0ð980Þ and a0ð1710Þ will be dynamically generated.
Among them, the potential elements of vVV→VV are taken
from the appendix of Ref. [26] (the arXiv version), which
included the contact and exchange vector meson terms.
The VVP vertex is suppressed, and thus, the contributions
of exchange pseudoscalar meson are ignored. As done
in Ref. [46], the potentials vPP→PP are taken from
Refs. [21,47,48], which only included the contact items
from the chiral Lagrangian. The ones vVV→PP are evaluated
with the approach of Ref. [29], where the Feynman

diagrams of t and u channels were considered, as depicted
in Fig. 4. The interaction Lagrangian for the VPP vertex is
given by [49,50]

LVPP ¼ −ighVμ½P; ∂μP�i; ð15Þ

with g ¼ MV=ð2fπÞ, where taking MV ¼ 0.84566 GeV is
the averaged vector-meson mass and fπ ¼ 0.093 GeV pion
decay constant, which are taken from Ref. [29]. Thus, the
interaction potentials are given by

vK�þK̄�0→KþK̄0 ¼
�

2

t −m2
π
−

6

t −m2
η

�
g2ϵ1μk

μ
3ϵ2νk

ν
4;

vK�þK̄�0→πþη ¼ −2
ffiffiffi
6

p �
g2

t −m2
K
ϵ1μk

μ
3ϵ2νk

ν
4 þ

g2

u −m2
K
ϵ1μk

μ
4ϵ2νk

ν
3

�
;

vρþω→KþK̄0 ¼ −2
ffiffiffi
2

p �
g2

t −m2
K
ϵ1μk

μ
3ϵ2νk

ν
4 þ

g2

u −m2
K
ϵ1μk

μ
4ϵ2νk

ν
3

�
;

vρþω→πþη ¼ 0;

vρþϕ→KþK̄0 ¼ 4

�
g2

t −m2
K
ϵ1μk

μ
3ϵ2νk

ν
4 þ

g2

u −m2
K
ϵ1μk

μ
4ϵ2νk

ν
3

�
;

vρþϕ→πþη ¼ 0; ð16Þ

where t ¼ ðk1 − k3Þ2 and u ¼ ðk1 − k4Þ2 are defined,
ϵi is the polarization vector, and ki the four-momentum
of the corresponding particles with the lower index
i (i ¼ 1, 2, 3, 4) denoting the particles in scattering process

Vð1ÞVð2Þ → Pð3ÞPð4Þ. Compared with vVV→VV , the po-
tentials of vVV→PP are much strengthened, and thus, a mono-
pole form factor is introduced at each VPP vertex of the
exchanged pseudoscalar meson as done in Refs. [28,51,52],

FIG. 3. Mechanisms of the S-wave final state interactions in the Dþ
s decay.
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F ¼ Λ2 −m2
ex

Λ2 − q2
; ð17Þ

wheremex is the mass of the exchanged pseudoscalar meson,
and q the transferred momentum. The value of parameter
Λ is empirically chosen as 1.0 GeV. After performing

the partial wave projection, one can obtain the S-wave
potentials v.
The diagonal matrix G is made up of the meson-meson

two-point loop functions, where the explicit form of the
element of matrix G with the dimensional regularization is
given by [24,53–56]

GiiðMinvÞ ¼
1

16π2

�
aiiðμÞ þ ln

m2
1

μ2
þm2

2 −m2
1 þM2

inv

2M2
inv

ln
m2

2

m2
1

þ qcmiðMinvÞ
Minv

½ln ðM2
inv − ðm2

2 −m2
1Þ þ 2qcmiðMinvÞMinvÞ

þ ln ðM2
inv þ ðm2

2 −m2
1Þ þ 2qcmiðMinvÞMinvÞ − ln ð−M2

inv − ðm2
2 −m2

1Þ þ 2qcmiðMinvÞMinvÞ

− ln ð−M2
inv þ ðm2

2 −m2
1Þ þ 2qcmiðMinvÞMinvÞ�

�
; ð18Þ

wherem1 andm2 are the masses of the intermediate mesons
in the loops,Minv is the invariant mass of the meson-meson
system, μ the regularization scale, of which the value will
be discussed in Sec. III, and the aiiðμÞ the subtraction
constant. As done in Refs. [47,57], its value can be
evaluated by Eq. (17) of Ref. [24],

aiiðμÞ ¼ −2 ln

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

1

μ2

s !
þ � � � ; ð19Þ

where m1 is the mass of a larger-mass meson in the
corresponding channels, and the ellipses indicates the
ignored higher order terms in the nonrelativistic expansion
[58]. Besides, qcmiðMinvÞ is the three-momentum of the
particle in the c.m. frame,

qcmiðMinvÞ ¼
λ1=2ðM2

inv; m
2
1; m

2
2Þ

2Minv
; ð20Þ

with the usual Källen triangle function λða; b; cÞ ¼
a2 þ b2 þ c2 − 2ðabþ acþ bcÞ.
In addition, we also consider the contributions of the

vector resonances in the intermediate states in the P wave

as discussed above, such as the ones K̄�ð892Þ0 and
K�ð892Þþ, which are not produced in the meson-meson
scattering amplitudes. The production mechanisms are
depicted in Fig. 5. Referring to Refs. [59,60], the relativistic
amplitude for the decay Dþ

s → K̄�ð892Þ0Kþ → K0
Sπ

0Kþ

can be written as

tK̄�ð892Þ0ðM12;M13Þ

¼ D1e
iϕK̄�ð892Þ0

M2
13 −m2

K̄�ð892Þ0 þ imK̄�ð892Þ0ΓK̄�ð892Þ0

×

�
ðm2

K0
S
−m2

π0
Þ
m2

Dþ
s
−m2

Kþ

m2
K̄�ð892Þ0

−M2
12 þM2

23

�
; ð21Þ

where D1 is an unknown constant, ϕK̄�ð892Þ0 a phase for
the interference effect, the mass of K̄�ð892Þ0 taken as
mK̄�ð892Þ0 ¼ 0.89555 GeV, and the width taken as
ΓK̄�ð892Þ0 ¼ 0.0473 GeV, both of which are taken from
the Particle Data Group (PDG) [61]. Note that the invariant
masses Mij fulfill the constraint condition

FIG. 4. Feynman diagrams of t and u channels.
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M2
12 þM2

13 þM2
23 ¼ m2

Dþ
s
þm2

K0
S
þm2

Kþ þm2
π0
: ð22Þ

Analogously, the amplitude for the decay Dþ
s →

K0
SK

�ð892Þþ → K0
SK

þπ0 is given by

tK�ð892ÞþðM12;M13Þ

¼ D2e
iϕK�ð892Þþ

M2
23 −m2

K�ð892Þþ þ imK�ð892ÞþΓK�ð892Þþ

×

�
ðm2

Kþ −m2
π0
Þ
m2

Dþ
s
−m2

K0
S

m2
K�ð892Þþ

−M2
12 þM2

13

�
; ð23Þ

where D2 is also an unknown constant, ϕK�ð892Þþ a phase,
the mass of K�ð892Þþ taken as mK�ð892Þþ ¼ 0.89167 GeV,
and the width taken as ΓK�ð892Þþ ¼ 0.0514 GeV [61].
Finally, according to the formula of Ref. [61], the

double differential width of the decay Dþ
s → K0

SK
þπ0 is

obtained as

d2Γ
dM12dM13

¼ 1

ð2πÞ3
M12M13

8m3
Dþ

s

× ðjtS-wave þ tK̄�ð892Þ0 þ tK�ð892Þþ j2Þ; ð24Þ

where we have considered the interference between the S
and P waves with a coherent sum for the amplitudes. Even
though the scattering amplitudes of Eq. (13) are pure
S-wave contribution in our formalism, the amplitudes in
P wave, see Eqs. (21) and (23), are in fact the Breit-Wigner
type, which are not pure P wave, and thus lead to nonzero
interference with the S-wave amplitudes.2 Note that, in the
experimental modeling, the nonzero unphysical interfer-
ence is always taken into account when the Breit-Wigner
type amplitudes are used for the resonances. With Eq. (24),
it is easy to calculate dΓ=dMK0

SK
þ , dΓ=dMK0

Sπ
0 , and

dΓ=dMKþπ0 by integrating over each of the invariant mass

variables with the limits of the Dalitz Plot, see Ref. [61] for
more details.

III. RESULTS

As one can see in the last section of our theoretical
model, that we have eight parameters: the μ is the
regularization scale in loop functions, C1, C2, and C3
represent the strengths of three production factors in the
S-wave final state interactions, D1, D2, ϕK̄�ð892Þ0 , and
ϕK�ð892Þþ are the production factors and phases appeared
in the P-wave productions, respectively. We perform a
combined fit to the three invariant mass distributions of
the Dþ

s → K0
SK

þπ0 decay measured by the BESIII
Collaboration [1]. For the regularization scale μ in the
loop functions of Eq. (18), generally, the values μ ¼
0.6 GeV [47,62] and μ ¼ 1.0 GeV [26] are adopted in
pseudoscalar-pseudoscalar and vector-vector meson inter-
actions, respectively. In our fitting, we take it as a free
parameter because our model includes the interactions with
both pseudoscalar and vector meson channels.3 The param-
eters obtained from the fit are given in Table I, where the
fitted χ2=d:o:f: ¼ 171.24=ð129 – 8Þ ¼ 1.42, and the corre-
sponding three invariant mass distributions are shown in
Fig. 6. When the regularization scale μ is taken as
0.716 GeV from the fit, see Table I, the subtraction
constants aiiðμÞ for each coupled channels calculated by
Eq. (19) are obtained as

aK�þK̄�0 ¼ −1.91; aρþω ¼ −1.82; aρþϕ ¼ −2.02;

aKþK̄0 ¼ −1.59; aπþη ¼ −1.63: ð25Þ

It should be mentioned that the uncertainties of the exper-
imental data near the peak structures are larger than the
others [1], as one can see in Fig. 6. But, when we ignore the
errors of the data, or equivalently set all the errors as
1, the obtained results are not much different with the ones
as shown in Fig. 6 with χ2=d:o:f:¼199.18=ð129–8Þ¼1.65,
which of course should be admitted that there are some

FIG. 5. Mechanisms of Dþ
s → K0

SK
þπ0 decay via the intermediate states K̄�ð892Þ0 and K�ð892Þþ.

2Thanks the referee for the useful comment. Indeed, without
the interference effect, the contribution of the a0ð1710Þ resonance
will be enhanced, where our conclusions would not be changed.

3When we fix μ ¼ 1.0 GeV, the fitting results are just a bit
worse with χ2=d:o:f: ¼ 201.70=ð129–7Þ ¼ 1.65.
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uncertainties for the pole position affected by the large
errors. In our formalism, both the states a0ð980Þþ and
a0ð1710Þþ are dynamically generated from the coupled
channel interactions in pure S wave. But, they are also
affected by the P-wave amplitudes for the states K̄�ð892Þ0
and K�ð892Þþ, since the values of the phases ϕK̄�ð892Þ0 and
ϕK�ð892Þþ are in fact π

2
� 0.1 (for the central values) as

shown in Table I, which is just a bit deviated from
orthogonality and leads to the nonzero interference effect,
even though the effect is small. Note that, the difference
between these two phases are about 0.21, which is close to
the experimental measurement but with opposite sign, i.e.,
−0.16� 0.12� 0.11 in Ref. [1], within the uncertainties.
In Fig. 6, our fitting results describe well the data of the

three invariant mass distributions [1], where one feature of
our fit is only one set parameter used in the combined
fitting procedure, as given in Table I. An enhancement at
the threshold in the K0

SK
þ mass distribution is caused by

the resonance a0ð980Þþ as shown by the dot (magenta) line
in Fig. 6(a), which is dynamically generated in the S-wave
final state interactions with the ChUA. The bump structure
around 1.25 GeV in Fig. 6(a) is the reflection contributions
of both the states K̄�ð892Þ0 and K�ð892Þþ in the P wave.
The obvious peak structure around 1.6 to 1.8 GeV in Fig. 6
(a) is contributed by the reflection contributions from the
states K̄�ð892Þ0 and K�ð892Þþ and the significant signal of
the resonance a0ð1710Þþ in the S-wave interactions, which
comes along with a0ð980Þþ from the coupled channel

FIG. 6. Invariant mass distributions for the Dþ
s → K0

SK
þπ0 decay. The solid (red) line corresponds to the total contributions of the

S and P waves, the dashed (blue) line represents the contributions from the K̄�ð892Þ0, the dashed-dotted (green) line is the contributions
from the K�ð892Þþ, the dotted (magenta) line is the contributions from the S-wave interactions (a0ð980Þþ and a0ð1710Þþ), and the dot
(black) points are the data taken from Ref. [1].

TABLE I. Values of the parameters from the fit.

Parameter μ C1 C2 C3

Fit 0.716� 0.013 GeV 47518.79� 7523.18 1595.34� 138.51 46454.25� 3868.04
D1 D2 ϕK̄�ð892Þ0 ϕK�ð892Þþ

61.65� 2.33 40.43� 2.95 1.46� 0.12 1.67� 0.15
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interaction of one amplitude, see Eq. (13). In Fig. 6(b) for
the K0

Sπ
0 invariant mass distribution, the peak of K̄�ð892Þ0

is obvious in the middle-energy region, contrarily, the
S-wave and K�ð892Þþ contributions are concentrated in
the low and high-energy regions. Similarly, for the Kþπ0
mass distribution in Fig. 6(c), except for the peak of the
K�ð892Þþ, the states a0ð980Þþ, a0ð1710Þþ, and K̄�ð892Þ0
enhance in the energy regions near the threshold, and the
state K̄�ð892Þ0 also contributes to the enhancement in the
high-energy region. Note that as one can see in the low-
energy region of Figs. 6(b) and 6(c), there are still some
differences between our fit and the experimental data,
which, as implied by the experiment, may be caused by the
contribution of the resonance K̄�ð1410Þ0, not considered in
our formalism.
In Fig. 7, we show the modulus square of the two-body

ρþϕ → KþK̄0, KþK̄0 → KþK̄0, and K�þK̄�0 → KþK̄0

amplitudes, where the a0ð980Þþ signal near the threshold
is strengthened, which is also found in the KþK− invariant
mass spectrum of the Dþ

s → KþK−πþ decay including the
intermediate resonances f0ð980Þ and a0ð980Þ in the exper-
imental results of Ref. [31]. One thing to mention is that as
we discuss in the formalism, the regularization scale μ is a
free parameter in our formalism, which is determined from

the fit, and the subtraction constants aiiðμÞ for each channel
are evaluated by Eq. (19), different from what had been
done in Refs. [26,27,29,63]. With the fitting results, the
obtained aiiðμÞ have been given in Eq. (25), and the
corresponding poles for the states a0ð980Þ and a0ð1710Þ
in the complex second Riemann sheets are shown in
Table II. In Table II, the pole for the state a0ð980Þ is
not much different with the ones obtained in Ref. [63],
which indicates that the interactions of vector meson
channels have little influence on this state. For the
a0ð1710Þ, it is obvious that the obtained width is at least
7 times smaller than the ones of Refs. [26,29] and 3 times
smaller than the one obtained in Ref. [27]. Note that we
only evaluate the interactions of the isospin I ¼ 1 sector for
the final state interactions of the decay Dþ

s → K0
SK

þπ0,
where one can expect that the states f0ð980Þ and f0ð1710Þ
could be reproduced together with the similar two-body
interaction formalism in the isospin I ¼ 0 sector, showing
the molecular nature for them.
Furthermore, based on the results in Table II, we also

concern the widths and partial decay widths of the poles for
the corresponding resonances. Since the pole is in fact
located at ðMR þ i Γ

tot
R
2
Þ, one can easily obtain the (total)

widths Γtot
R of the corresponding poles for the states a0ð980Þ

FIG. 7. Modulus square of the amplitudes (a) ρþϕ → KþK̄0, (b) KþK̄0 → KþK̄0, and (c) K�þK̄�0 → KþK̄0.
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and a0ð1710Þ from the results in Table II. For the partial
decay widths of each coupled channel, we take the
formulas from Refs. [21,64], written

ΓR→i ¼ −
1

16π2

Z
Emax

Emin

dE
qcmi

E2
4MRImTii; ð26Þ

ΓR→j ¼ −
1

16π2

Z
Emax

Emin

dE
qcmj

E2
4MR

ðImTjiÞ2
ImTii

; ð27Þ

where E stands for the total energy of the meson-meson
system in the c.m. frame, qcmi (qcmj) is the three momen-
tum of the meson in the c.m. frame, given by Eq. (20), and
the amplitudes Tij are evaluated by Eq. (14). The obtained
results are shown in Tables III and IV. Note that, the
Γa0ð980Þþ→KþK̄0 is calculated with Eq. (26), and the others
with Eq. (27). Meanwhile, the integration limits are taken
from threshold to 1.1 GeV for the results in Table III, and
taken from 1.7 to 2.0 GeV for the ones in Table IV. The
results in Table IV are somehow very small for a0ð1710Þþ
decaying into the channels KþK̄0 and πþη, which are also
different from the ones predicted in Refs. [29,52]. Note

that, in Ref. [26] it was found that the width did not increase
much when the contributions of the box diagrams were
included, and thus, it was concluded that the predicted
a0ð1710Þ state had a small branching ratio to two
pseudoscalars.
In addition, we also calculate the branching ratios of

the corresponding decay channels. For the decays
Dþ

s → K̄�ð892Þ0Kþ, K�ð892ÞþK0
S, and a0ð980Þþπ0, we

integrate the three corresponding invariant mass spectra
from the threshold to 1.2 GeV. The uncertainties come from
the changes of upper limits 1.20� 0.05 GeV. For the
Dþ

s → a0ð1710Þþπ0 decay, the integration limits are taken
from 1.6 GeV to (mDþ

s
−mπ0), the uncertainties are from

the changes of 1.60� 0.05 GeV. The results are given as
follows:

BðDþ
s → K�ð892ÞþK0

S; K
�ð892Þþ → Kþπ0Þ

BðDþ
s → K̄�ð892Þ0Kþ; K̄�ð892Þ0 → K0

Sπ
0Þ ¼ 0.40þ0.002

−0.003 ;

ð28Þ

BðDþ
s → a0ð980Þþπ0; a0ð980Þþ → K0

SK
þÞ

BðDþ
s → K̄�ð892Þ0Kþ; K̄�ð892Þ0 → K0

Sπ
0Þ ¼ 0.53þ0.06

−0.08 ;

ð29Þ

BðDþ
s → a0ð1710Þþπ0; a0ð1710Þþ → K0

SK
þÞ

BðDþ
s → K̄�ð892Þ0Kþ; K̄�ð892Þ0 → K0

Sπ
0Þ ¼ 0.41þ0.04

−0.05 :

ð30Þ

Thenwe take the branching fractionBðDþ
s → K̄�ð892Þ0Kþ;

K̄�ð892Þ0 → K0
Sπ

0Þ ¼ ð4.77� 0.38� 0.32Þ × 10−3
4 mea-

sured by the BESIII Collaboration [1] as the input, and get
the branching ratios for the other channels, written

BðDþ
s → K�ð892ÞþK0

S; K
�ð892Þþ → Kþπ0Þ ¼ ð1.91� 0.20þ0.01

−0.01Þ × 10−3;

BðDþ
s → a0ð980Þþπ0; a0ð980Þþ → K0

SK
þÞ ¼ ð2.53� 0.26þ0.27

−0.38Þ × 10−3;

BðDþ
s → a0ð1710Þþπ0; a0ð1710Þþ → K0

SK
þÞ ¼ ð1.94� 0.20þ0.18

−0.24Þ × 10−3; ð31Þ

TABLE III. The partial decay widths of a0ð980Þþ.

Γa0ð980Þþ→KþK̄0 Γa0ð980Þþ→πþη

28.38 MeV 43.60 MeV

TABLE II. Polesa compared with the other works (Unit: GeV).

This work Reference [63] Reference [26] Reference [29] Reference [27]

Parameter μ ¼ 0.716 qmax ¼ 0.931, qmax ¼ 1.08 μ ¼ 1.00 qmax ¼ 1.00 qmax ¼ 1.00, g1 ¼ 4.596
a0ð980Þ 1.0419þ 0.0345i 1.0029þ 0.0567i, 0.9745þ 0.0573i � � � � � � � � �
a0ð1710Þ 1.7936þ 0.0094i � � � 1.780 − 0.066i 1.72 − 0.10i 1.76� 0.03i

aNote that the poles are always a pair of conjugated solutions in the complex Riemann sheet.

TABLE IV. The partial decay widths of a0ð1710Þþ.

Γa0ð1710Þþ→ρþω Γa0ð1710Þþ→KþK̄0 Γa0ð1710Þþ→πþη

19.65 MeV 0.54 MeV 0.05 MeV

4Note that, only the results for the decays ðDþ
s → K̄�ð892Þ0Kþ; K̄�ð892Þ0 → K−πþÞ andDþ

s → K�ð892ÞþK̄0 are found in PDG [61].
In principle, with these results in PDG one can obtain the ratio of Eq. (28) under the isospin symmetry to the strong decay. But, since the
branching fraction of the decayDþ

s → K�ð892ÞþK̄0 is evaluated with the results from low statistics, we do not take it into account in the
present work.
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where the first uncertainties are estimated from the experimental errors, and the second ones come from the Eqs. (28)–(30).
The following results are taken from the experimental measurements [1],

BðDþ
s → K�ð892ÞþK0

S; K
�ð892Þþ → Kþπ0Þ ¼ ð2.03� 0.26� 0.20Þ × 10−3;

BðDþ
s → a0ð980Þþπ0; a0ð980Þþ → K0

SK
þÞ ¼ ð1.12� 0.25� 0.27Þ × 10−3;

BðDþ
s → a0ð1710Þþπ0; a0ð1710Þþ → K0

SK
þÞ ¼ ð3.44� 0.52� 0.32Þ × 10−3: ð32Þ

Compared with the experimental measurements of Eq. (32),
our results of the branching fractions in Eq. (31) for the
decay Dþ

s → K�ð892ÞþK0
S is a little smaller, but they are

consistent with each other within the uncertainties.
Whereas, the one for the decay Dþ

s → a0ð980Þþπ0 is 2
times bigger than the measurement result. For the decay
Dþ

s → a0ð1710Þþπ0, our result is 1=3 smaller than the
experimental measurement. However, note that, in Ref. [32]
the predicted branching ratio of Dþ

s → a0ð1710Þþπ0 is
ð1.3� 0.4Þ × 10−3, which is smaller than what we have.

IV. CONCLUSIONS

We study the weak decay process of Dþ
s → K0

SK
þπ0 by

considering the mechanisms of external and internal W
emission in the quark level. In the hadron level, based on
the final state interaction formalism, including the contri-
butions of tree level and rescattering of the interactions
ρþϕ → KþK̄0, KþK̄0 → KþK̄0, and K�þK̄�0 → KþK̄0,
the K0

SK
þ invariant mass spectrum is described with the

main contributions from the resonances a0ð980Þþ and
a0ð1710Þþ. Note that these two states are dynamically
reproduced with the chiral unitary approach, where the
coupled channel interactions including the pseudoscalar
and vector channels are taken into account coherently.
Moreover, combining with the P-wave contributions from
the states K̄�ð892Þ0 andK�ð892Þþ, the experimental data of
the three mass distributions in the decay Dþ

s → K0
SK

þπ0

are well described, where it can be found that the reflections
of these states are important to the spectra as shown in
Fig. 6, and one should keep in mind that only one set of free
parameter is used in the combined fit. In addition, with the

fitted regularization scale μ for determining aiiðμÞ by
Eq. (19), we find the poles of the states a0ð980Þþ and
a0ð1710Þþ in the corresponding Riemann sheets, which are
consistent with the results in Refs. [26,27,29,63], except for
a bit small width of the a0ð1710Þþ. Our results indicate that
the a0ð980Þ is a KK̄ bound state, and the a0ð1710Þ is a
K�K̄� bound state. Furthermore, we evaluate the branching
ratios of related decay channels. Within the uncertainties,
the obtained results are consistent with the experimental
measurements in the magnitudes. In view of these results,
the state found in the K0

SK
þ invariant mass spectrum is

indeed the a0ð1710Þ, not a new a0ð1817Þ state.
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Note added.—Recently, one work on the decay Dþ
s →

K0
SK

þπ0 is given in Ref. [65], of which the formalism is
similar. But, in the present work, both the resonances
a0ð980Þþ and a0ð1710Þþ are dynamically generated in the
coupled channel interactions.
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