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We revisit the calculation of chiral anomalies for global and gauge symmetries in the framework of the
covariant derivative expansion (CDE). Due to the presence of UV divergences, the result is an ambiguous
quantity that depends on the regularization procedure and the renormalization scheme. We introduce a class
of regulators that facilitate a straightforward evaluation of the anomaly exclusively in d = 4 spacetime
dimensions using the CDE methodology. We derive a master formula for the anomaly that integrates

various known results into a unified framework.
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I. INTRODUCTION

Itis well known that symmetries of the classical action can
be broken by quantum effects. This so-called anomaly has
far-reaching consequences, from explaining the neutral pion
decay to providing critical consistency checks on gauge
theories with chiral fermions. Well-established techniques
exist for computing anomalies both using Feynman dia-
grams, and also directly from the path integral. They can be
computed for global and gauged symmetries, Abelian and
non-Abelian groups, and take “consistent” and/or “covar-
iant” forms. The results generally depend on the choice of
regulator, and consist of a relevant piece that reflects the IR
properties of the theory, and an irrelevant piece that can be
absorbed by varying the renormalization scheme.'
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"There is of course a vast literature on the anomaly, including
the excellent reviews Refs. [1,2]. The story began with its
discovery in 1969 by Adler [3] and by Bell and Jackiw [4]. It
was soon after understood to be one-loop exact [5] and more
comprehensively investigated in Ref. [6]. Anomaly cancellation
in the Standard Model was established in Ref. [7]. The con-
nection between the anomaly and the topological winding
number of the gauge field was discovered in Refs. [8-11]. Of
great importance to the approach taken here is Fujikawa’s
derivation of the anomaly from the noninvariance of the path
integral measure [12-16].

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2023/107(11)/116015(25)

116015-1

In this paper, we revisit the calculation of chiral
anomalies from the path integral using an approach known
as the covariant derivative expansion (CDE). This
allows us to derive a unified framework that incorporates
various types of anomalies into one master formula. The
CDE was originally invented in the mid-1980s [17-19] to
facilitate one-loop calculations of correlation functions
purely in terms of functional traces, avoiding the intro-
duction of Feynman diagrams. In recent years, the method
has been applied in a variety of new settings, which
has led to significant theoretical developments. These
include the discovery of a variation on the framework,
“simplified CDE” [20,21], the incorporation of the
method of regions [22], organizing schemes using dia-
grammatic frameworks [23,24], as well as techniques
that yield effective actions that include all orders in the
fields [25]. With these developments, the power and
efficiency of CDE has been demonstrated for connecting
the UV with the IR, i.e., computing low-energy effective
field theories (EFTs) from integrating out heavy states in a
perturbative UV model; see e.g., Ref. [26] for a review.
We now know how to use CDE to perform matching
calculations across a mass threshold, as well as to extract
the renormalization group evolution equations for the EFT
couplings. The CDE has become such a well-developed
tool that there now exist packages which automate these
calculations [27-29].

The practical success of CDE in connecting UV and IR
descriptions of quantum field theories motivates applying it
to compute the chiral anomaly. The approach taken here
will be to work exclusively in d = 4 spacetime dimensions,
which allows us to avoid any of the complications that arise
when attempting to define Weyl fermions in dimensional
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regularization.2 In this paper, we generalize the classic
Fujikawa approach by expressing the anomaly as a func-
tional trace, which must be regularized to be well-defined.
We introduce a novel regularization prescription, with a set
of regulators parametrized by a set of numbers collectively
denoted by f, which one can choose based on which
symmetries one wishes to preserve. We emphasize that our
regularization yields unambiguous evaluation results once
the values of f are specified. We derive a master formula for
the chiral anomaly using CDE, whose explicit forms are
given by Eqgs. (4.15) and (4.17). This master formula
encodes a variety of known results for anomaly calcula-
tions. In particular, we examine all possible combinations
of continuous symmetry groups, and show in each case
how our master formula reproduces the known (relevant)
anomaly results, as well as the anomaly cancellation
conditions. This establishes that the CDE can accommodate
this important effect in perturbative quantum field theory,
and sets the stage for its applications to EFT matching
across anomalous thresholds.

The rest of this paper is organized as follows. We first
review the functional formalism in Sec. II, with an
emphasis on the definition of the chiral anomaly and its
connections to the fermionic path integral measure and the
anomalous Ward identities. In Sec. III, we isolate the
functional trace that encodes the anomalies and introduce
our novel regularization prescription to make it well-
defined. We discuss the relation between our regulator
and some similar approaches in the literature, and also a
sufficient condition for it to be consistent with the Wess-
Zumino condition. In Sec. IV, we carry out the CDE
evaluation to obtain our master formula for the anomaly.
We then demonstrate in Sec. V that this master formula
reproduces various known results regarding chiral anoma-
lies by examining all possible combinations of continuous
symmetry groups. Some future directions are discussed in
Sec. VI. A technical clarification regarding CDE mani-
pulations is provided in Appendix A.

II. ANOMALIES IN THE FUNCTIONAL
FORMALISM

In this section, we briefly review the well-known func-
tional formalism for anomalies, which also serves the
purpose of introducing our notation. Much of this section
is drawn from the review article by Bilal [2]. Our discussion
here crucially relies on the famous connection between
anomalies and the path integral measure first discovered by
Fujikawa [12].

It is well-known that handling the y° matrix in d # 4
spacetime dimensions is a nontrivial task [30-33]. See
Refs. [34,35] for recent CDE calculations of anomalies with
dimensional regularization.

A. Defining the anomaly

We begin with the definition of the anomaly. Consider a
general gauge theory coupled to a set of left-handed Weyl
fermions collectively denoted by y,

! a fprapy T5H
EZ—@FW,F +/}"GPM)(,

where we have defined the Hermitian covariant derivative

(2.1)

P,=iD, =id, + G, = id, + Gi*,  (2.2)

"
where 1“ are the (Hermitian) gauge group generators. The
gauge field strength is given by

F, =Ft" = —i[PﬂPy] = (6”GD) — (6DGM) - i[GﬂG,,].
(2.3)

The kinetic term for the gauge fields in Eq. (2.1) should be
read as a sum over terms normalized with different gauge
couplings in the case of a product gauge group.

A gauge transformation can be parametrized by the
matrix

U(l = ei(l = giaata’ (24)

where the transformation parameters a“ = a“(x) are func-
tions of spacetime. Under Eq. (2.4), the building blocks of
our theory transform as

X = Xa = Unk, (2.52)
1= b =4UL (2.5b)
Pt — Ph = U, PrU, (2.5¢)
G* = Gl = U,G"Uf + U, (id*UY). (2.5d)

We will use §, to denote the first-order (in @) gauge
variation; for example,
5,G" = (Ga — G")|p(q) = D'a = d"a—i[G",a]l.  (2.6)

The Lagrangian in Eq. (2.1) defines an action that is
gauge invariant at the classical level. However, quantum
effects can spoil gauge invariance. If this happens, we say
that the theory has an anomaly.

To define the anomaly, we consider the bosonic effective
action W|[G], computed from the path integral by integrat-
ing out the fermions, while treating the gauge field as a
classical background,

WG] = /D)(Dfeisfbmﬁﬁl, (2.7)
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where Sy = [ d*xy"6* P,y is the fermion bilinear part of the
classical action. If we would also like to treat the gauge
field G, as a dynamical quantum field by performing its
path integral,

/'DGD}(«D)(--eifd4x£ _ /’DGei(_ﬁfdAXF’l‘l”FdMJrW[G]),
(2.8)

we need W[G] to be gauge invariant (upon regularization
and renormalization). Gauge invariance of the classical
action Sy does not guarantee that of W[G], since quantum
effects (due to the fermionic path integral measure) can
break gauge invariance.

The anomaly functional A[a], which we also simply
refer to as the anomaly, can be defined by taking the
gauge variation of the bosonic effective action W[G],?

Ala] = /d4xa“(x)A“(x) = 5,WI[G]. (2.9)

If Ala] =0, the theory is anomaly-free and the path
integral in Eq. (2.8) yields a well-behaved quantum
theory. If A[a] # 0 but is equal to the gauge variation
of a local action, Ala] = §,(— [d*xL), it is called an
irrelevant anomaly and can be removed by renormaliza-
tion, i.e., by adding local counterterms L to the
Lagrangian (see e.g., Ref. [36] for a systematic study
of such counterterms); in this case the (renormalized)
quantum theory is also well-behaved. On the other hand, a
nonzero Ala] that cannot be written as the gauge variation
of a local action, called a relevant anomaly, implies that
the gauge theory is not well-defined at the quantum level;
in this case, the anomaly is an IR effect and cannot be
removed by renormalization.

The definition Eq. (2.9) we adopt here is known
as the consistent anomaly, in the sense that it should—if
properly regularized—satisfy the Wess-Zumino consis-
tency condition [37],

8o, Aloy] = 84, Alay] = Al=i[a;, a]], (2.10)
which is a direct consequence of the Lie algebra,
(50(]5(12 - 5(125:1] )W[G] = 5—i[a1 az]W[G] (21 1)

The Wess-Zumino consistency condition is also equivalent
to the statement that the anomaly is Becchi-Rouet-Stora-
Tyutin (BRST)-closed when « is replaced by the ghost field

o = w*t?,

*Note that in such variations, we restrict to the set of a(x) that
fall off fast enough at infinity such that one can always use
integration by parts [see e.g., Eq. (2.17) below]. In particular, a
constant a(x) does not belong to this set.

Alw] = SprstW[G] = SprsrAlw] =0, (2.12)
which follows from the nilpotency of the BRST
transformation, §3p¢r = 0. However, since the bosonic
effective action W[G] is not a local functional of the
gauge field G, the fact that A[w] = dgrsrW|[G] does not
mean that the anomaly is BRST-exact on the space of
local functionals. Anomalies that are BRST-exact
on this space can be absorbed by local counterterms,
Alw] = 8prsr(— [ d*xL), and are the irrelevant anoma-
lies, while the relevant anomalies are given by nontrivial
BRST cohomology classes (closed but not exact) on
this space.

Finally, we note that while we have focused on gauge
symmetries in the discussion above, anomalies of global
symmetries can be treated in the same framework by
artificially gauging all the (classical) global symmetries of
interest. Concretely, we introduce auxiliary gauge fields
for all the global symmetries as part of G, and take U, to
also include local transformations associated with the
global symmetry generators. Then A[a] as defined above
will also contain anomalies of the global symmetries, and
a nonzero value of Afa] implies that the classical global
symmetry cannot be gauged in the quantum theory. In
what follows, we will assume this artificial gauging has
been done for all the classical global symmetries of
interest, and will not distinguish between global and
gauge symmetries.

B. Connection to the path integral measure

As explained above, the classical action Sy in Eq. (2.7) is
gauge invariant, so the only possible source of the anomaly
is the path integral measure over the fermionic fields.
Specifically, performing the transformation in Eq. (2.5)
changes the measure by a Jacobian factor,

Dy.Dyt = T7'Dy Dyt (2.13)

Therefore, we have
eiW[Ga] = /D){'D){Teisfb(s)ﬂ,(;a] — /'Dxa'DxleiSfU(m)(;-Ga]

= / j;l D/}(ZD){T eisf b{’ZiG]

_ wig)J Ja' Dy Dyl eSilex A
¢ [ Dy Dy eiSiler' G

= MOUT e
(2.14)

In the first line, we just relabeled the dummy integration
variables, y — y,; in the second line, we used Eq. (2.13)
and the gauge invariance of the classical action S;; in
the last line, we multiplied and divided the expression

by eVI6l = [DyDyte’Siler' Gl Taking the logarithm of
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Eq. (2.14), we arrive at a relation between the Jacobian
factor’ and the anomaly,

—ilog (T3')g = WG,] - WIG] = Ala] + O(c?). (2.15)

We see that when the quantum expectation value of the
Jacobian factor is trivial, there is no anomaly

(Te=1= Ala] =0, (2.16)

while anomalies are associated with the quantum breaking
of classical symmetries.

C. Connection to Ward identities

The connection between the anomaly and the Ward
identities can be made by noting

_ 4 a oW _/ 4 a 5W_
6,W[G] = /d x[éaGﬂ(x)]—éGZ(x) =/d x(Dﬂa) 5Gz(x)
oW |«
=— [ d*xa” D,——| . 2.17
/ xa (x)[ ”5Gﬂ(x)] ( )
Comparing this to Eq. (2.9), we get
A "

Meanwhile, since Gy acts as a source for the fermion
current J% = y5"t%y, we have

ow
= (J%*);. 2.19
5(;g(x) < >G ( )
Together, these imply
(Du(I*)6)" = —A(x), (2.20)

i.e., the fermion current is covariant up to the anomaly. The
BRST symmetry that is critical to the quantization of gauge
theory requires (D, (J*);)* = 0. This makes the connec-
tion between anomaly cancellation and consistency of
gauge theory precise.

We can use Eq. (2.20), or equivalently Eq. (2.18), as a
generating functional for the Ward identities. First, let us
explicitly write out the left-hand side of Eq. (2.18),

“We note that sometimes in the literature, (73!} is simply
written as J,'(G) or just J'. This might give an impression
that it does not depend on the details of the action S¢. Throughout
this paper, we manifestly write it as an expectation value (7;');
to emphasize that it is a quantum expectation value and a priori
may depend on what interactions are included in the action.

ow abc (b ow _ a
aﬂ(@> +f GﬂéGﬁ == ./4 ()C)

Now taking the kth functional derivative, we get
G=0

5k+lW
(st )
0G,6Gy, - 6Gy,
5w

k
+ fab,-c
2 8Gy -+ 8Gy, -+ 3G

5K A4(x)

" 8Gy---5Gl

(2.21)

G=0

(2.22)

G=0

These are the anomalous Ward identities, and are often
written in terms of the connected correlation functions of
the fermion currents,

aﬂ (J;t-,ajﬂl-bl .. .Jﬂksbk>

conn

k
+ Zfah;6<_]ﬂ1»b1 o JHeC L Jubey
i=1

S*A%(x)

= 2.23
8Gy -+ 6Gy 22

G=0

We see that a G* term in .A“(x) corresponds to a mismatch
between the (k 4 1)-point and k-point correlation functions
of the fermion currents. Equation (2.23) is sometimes taken
as a definition of the anomaly in renormalized perturbation
theory. In the case of an irrelevant anomaly, one can add
local counterterms which give additional contributions to
the left-hand side of Eq. (2.22) and correspond to choosing
a different renormalization scheme for the current corre-
lators in Eq. (2.23). A relevant anomaly, on the other hand,
constitutes a genuine violation of the classical Ward
identities that cannot be remedied by renormalization. It
is also worth noting that Eq. (2.23) can be used to prove that
A“(x) truncates at a finite power of the gauge field G,,.

III. REGULARIZING THE ANOMALY

The definition in Eq. (2.9) does not fully specify the
value of the anomaly, because (the gauge variation of)
the bosonic effective action W[G] is not well-defined in the
absence of a regulator. In this section, we introduce our
regularization prescription. Then the CDE evaluation of the
regularized anomaly will be presented in Sec. IV.

Before discussing the case of anomalies, we first review
the basic idea of regularization and illustrate the role of
regularization prescriptions in Sec. III A using some simple
toy series. (Experts can safely skip this subsection.) Then in
Sec. III B, we introduce our regularization prescription for
the anomaly, motivated by its convenience for evaluating
the functional trace using CDE. Specifically, we will be
working in strictly d = 4 spacetime dimensions, i.e., we
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will not be using dimensional regularization. Instead, we
will insert a damping factor into the functional trace, in a
similar spirit to heat kernel regularization. In fact, we will
introduce a class of such damping factors parametrized by a
set of numbers f; different choices of these f parameters
correspond to different regularization schemes and will
lead to different results. In Sec. III C, we comment on the
connection between our regularization prescription and
some familiar approaches in the literature. In particular,
we will see that both the heat kernel and Pauli-Villars
regulators can be viewed as specific incarnations of our
approach. Finally, we check our regularization prescription
against the Wess-Zumino consistency condition in
Sec. III D, and show how it may be satisfied or violated
depending on the choice of f values.

A. What is regularization?

In this subsection, we illustrate the role of regularization
with some simple toy series. In particular, we demonstrate
how different regularization prescriptions correspond to
different definitions for a nonconverging series and hence
generically lead to different results upon evaluation. We
will also clarify the allowed manipulations for a non-
converging series.

When we encounter a series that is not convergent, its
sum does not have a well-defined value. However, it is
often useful to promote such a series into a “function
series”’, where the summands are functions; these functions
must reproduce the original series term by term when their
argument takes a particular value (or limit). Then we can
define the sum through analytic continuation: we first sum
the function series inside its convergence region to obtain
an analytic function, and then take the limit corresponding
to the original series to define the value of the latter. This
regularization procedure leads to a regulated (finite) series.

Let us explain how this works using a simple example.
Consider the series

sp=) 2F=1+42+4+4+48+--. (3.1)
k=0

Clearly, this is a nonconverging series. However, we could
associate it with the function series

[Se]
regularization 1
PR (Zxk> —_— =-1. (3.2
k=0 x=2 l—x x=2
This function series converges to f1(x) = - within the

disk [x| < 1, but not at x = 2. But we can take f(x = 2) as
the definition for the sum s;. This is what we mean by a
regulated series. Another example is the famous zeta
function regularization originally used by Euler; the
diverging series

s3=) k=1+2+43+4+- (3.3)
k=1
can be regularized as
. 1 regularization 1
@ K o — = e—— .
sz (; ks) s=—1 g(s)h,_l B
(3.4)

As mentioned above, when we promote a nonconverging
series into a function series, we require that the function
series reproduces the original series term by term when
evaluated at a certain point. Clearly, this does not uniquely
specify the choice: given a nonconverging series, one can
usually promote it into many different function series. These
correspond to different regularization schemes and serve as
different definitions of the sum of the original series. To see
this concretely, let us consider the following toy series

0

so=3 (-DF=1-1+41-1+1=1+---. (35)
k=0

To regularize this series, we could choose to promote it to
any of the following set of function series parametrized by a
number £,

f3@) = =P+ 2 PP 44— 4. (3.6)
Then we have
larization 1 — L+p 1
50 & fﬂ(T) |T_)lregu arization T _ + ﬂ (37)

-7 |, 2
We see that with different values for g, the original non-
converging series s, can be defined/regularized to take
different values.

If we are going to regularize a nonconverging series with
a function series that is absolutely convergent (in its
convergence region), then one can shuffle and/or group
terms in the latter without changing its analytic continu-
ation. Alternatively, one could shuffle and/or group terms
first in the original nonconverging series, and then regu-
larize the new expression with an absolutely convergent
function series. This second way will lead to the same result
upon evaluation, and it is sometimes more convenient
because the series is easier to massage before promoting it
into a function series. However, when we shuffle and/or
group terms in the original nonconverging series to go from
one expression to another, we have to remember that none
of these expressions is well-defined yet, so it is not
appropriate to say that they are equal (“="). Instead, they
are just “equivalent” in the sense that they would be equal if
one were to regularize them with the same absolutely
convergent function series (with the same shuffling and/or
grouping of terms). In this paper, we use the symbol “~” to
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denote this equivalence relation between nonconverging
series [see equations below starting from Eq. (3.14)].

Let us take the same toy series example s, to illustrate
this point, as well as the use of the “~"notation. Since the
function series Eq. (3.6) is absolutely convergent within the
disk |7] < 1, we can group its terms to get another series,

(s
group terms ~

) /3(7) —>f/;(r) = (72" _ T2k+1+/i)
k=0
analytic continuation | — o+
1 _ 12 9 (38)

which has the same analytic continuation. Alternatively,
one could first group terms in the original nonconverging
series,

so=5=) (1-1)=0+0+0+---. (39
k=0
Note that we have used the “~” sign here between s, and

5o- The new series 3 is a converging series and does have a
default definition, so a regularization for 5, is not man-
datory. However, one could still use the function series
fﬁ(r) to regularize it, because

(,L_Zk _ 72k+l+/}) =0

=1

(3.10)

would also reproduce the series 5, term by term. With this
regularization, one would then get the same evaluation
result # as in Eq. (3.7). Our use of the “~” sign here is
emphasizing this: sy and 5, are equal only when we use the
same regularization prescription for them (although one of
them has a different default definition in the absence of
regularization).

W[G,] = —ilogdet (U,5"P,U%)

We note in particular that performing cyclic permuta-
tions inside a trace is a typical type of shuffling and/or
grouping of terms,

tr(AB) = <ZA,-aBa,~> ,

i

tr(BA) = Z <ZBM~A,-G> = Z (ZAMBQ,-). (3.11b)

The two traces are related by a change of summation order.
When the matrices A and B are infinite dimensional, such
as in the case of functional traces, each trace is a sum over a
(double) series. If the series is not convergent and needs
regularization to be well-defined, then it is not appropriate
to claim that the two traces are equal, as we have just

L

explained. Instead, we should use the “~” sign

(3.11a)

tr(AB) ~ tr(BA), (3.12)
to emphasize that they would be equal when we use the
same absolutely convergent function series to regu-
late them.

B. Anomaly as a regulated functional trace

Let us now turn to the case of interest in this paper, the
anomaly functional A[a| defined in Eq. (2.9). First, we
would like to isolate the functional trace that encodes the
anomalies. We start with the definition of W[G,], Eq. (2.7)
with G* replaced by G} according to Eq. (2.5d). It can be
formally written as a functional determinant,

WG — / Dy Dyt eSil#' Gl = det (U,5*P,UL). (3.13)

Taking the logarithm and expanding in @, we get

~ —ilogdet (6" P, + iac" P, — 6" P,ia) + O(a?)

~ —ilogdet (6"P,) — ilogdet {1 +

~ W[G] — iTrlog [1 +

v

~ W[G] + Tr |:_D
o v

(6" P, — 6”Pﬂa)] + O(a?).

P, (iac" P, — 6”Pﬂia)} + O0(a?)

(iad" P, — Eﬂ‘Pﬂia)] +O(c?)

(3.14)

According to the definition in Eq. (2.9), the leading-order contribution to the difference W[G,] — W[G] gives the anomaly.

Therefore, we obtain

Ala] = Tr {_Ul

o'P,

(ac"P, — 5"Pﬂa)} .

(3.15)
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At this point, we have formally written the anomaly as a
functional trace. However, we emphasize that the func-
tional trace in Eq. (3.15) is the sum of a series that is not
convergent, so it does not have a definite value and requires
regularization to become well-defined. As elaborated in
Sec. III A, different regularization prescriptions can yield
different results upon evaluation. In fact, the same is true
for the expression in each line of Eq. (3.14). Therefore, we
have used the notation “~” to emphasize that these
expressions are not exactly equal “=" unless they are
regularized in the same way.

One may also attempt to perform a cyclic permutation
within the functional trace in Eq. (3.15), so the two terms
appear to cancel. However, as explained in Sec. III A, such
a cyclic permutation amounts to shuffling and/or grouping
terms in the original nonconverging series to obtain a new
series,

Ala) 2Tr=04+04+0+---. (3.16)
Although this new series is zero term by term, which is
convergent and hence has a default definition without a
regulator, this does not contradict the statement that regu-
larization prescriptions exist that yield a nonzero value for this
series. As emphasized by the “~” sign, the two expressions
above would only be equal under the same regularization
prescription. The default definition of the right-hand side
(which gives zero) corresponds to one particular choice of
regularization (a trivial one), so its evaluation result would not
be equal to that of the left-hand side if a different regulari-
zation prescription is chosen for the latter.

To motivate our regulator, let us first check what
would happen if we go ahead and evaluate the functional
trace in Eq. (3.15) with CDE. Focusing on the first term,
we have

(g ) = [ | <(zlz§t )
o il (S
~ [ots [ Gfeul 3 (~hr) et 5]
= [ [ e[S (- ) heta 2157
[ g
zTr(;ﬂai)ﬁ ! _27’5). (3.17)

The first line above simply follows from the definition of
the functional trace.” To obtain the second line, we have
performed a Taylor expansion in terms of the Hermitian
covariant derivative P,, an operation called the covariant
derivative expansion (CDE) in the literature.® To get the

*See Eq. (A12) for a more detailed explanation of the shift
P, — g, + P,. We note that the internal traces “tr”” from here
on in the main text are actually what we denote by “tr,” in
Appendix A. See Appendix A 1, especially the discussion around
Eq. (A18) for a careful clarification on this notation.

More precisely, the operation here is called “simplified
CDE” [20], in which one makes a Taylor expansion directly
in terms of the “open” covariant derivatives. This is different from
the “original CDE” [17-19] where one inserts additional factors
to “close” the covariant derivatives (i.e., put them into commu-
tators) before performing the Taylor expansion. See the discus-
sion around Eq. (A28) for an elaboration on open vs closed
derivatives in functional operators, and Appendix B of Ref. [21]
for a detailed discussion on simplified vs original CDE.

third line, we used the following identity between Pauli
matrices and the Dirac gamma matrices,

(3.18)

Starting from the fourth line of (3.17), we have introduced
the f-modified covariant derivative,’

—ig+ Y g (Lo g
=ity L.,

1—}/5

2

tr[(aﬂl&”l) c. (Gﬂka-’/k)} =tr |:(7M1yl/1) c. (yﬂky”k)

11—y 1+}/5
2 +h 2

Pﬂzi;HG(

1—|—y5
2

(3.19)

)

"Note that when p # 1, the operator 13/; is not gauge covariant.
This is the reason why we will not always get a covariant
anomaly; see discussion in Sec. III D for more details.
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Finally, in the last line of Eq. (3.17), we rewrote the result
as a functional trace. Note that we take the 3, parameters to
be degenerate within each simple gauge group sector so that
p.t* (no sum over a) satisfy the same Lie algebra as 7.
Here and in what follows, we explicitly write out the
summation over adjoint indices when the presence of fj3,
results in more than two identical adjoint indices in an
expression.

The identity in Eq. (3.18) has allowed us to convert the
two-component expression [left-hand side of Eq. (3.17)]
into a four-component expression (last line i in Eq. (3.17)
with an insertion of the projector operator - 27 The same
procedure goes through when both terms in Eq. (3.15) are
present, so we have

Ala] =~ Tr Ai(af’ﬁ — Pyar) - (3.20)
Py

At this stage, it seems that the f parameters could take
arbitrary values without affecting the value of the expres-

sion, because it comes with the factor l“’ which will get

annihilated by the projector 'Tyi at the end of the
expression. However, we stress that this f-parametrized
functional trace is still the sum of a nonconverging series,
so we need to introduce a regulator to make it well-
defined. As we will see below, once we regulate this
expression, different #’s will define different values for the
functional trace.

Motivated by the form of the expression in Eq. (3.20), we
choose to insert a damping factor to define the regularized
anomaly,

Apla] = Tr

[f<_ i_/z?) L ab, by ;q, (3.21)

P,
where the function f(u) satisfies the following conditions,

F(0)=1, f(+co)=0, /O “duf(u)  well-defined,

(3.22a)
e = e =0 forn>1. (3.22b)
du” u=0 du” u—+00
Typical examples of such functions are
2
fluw)=e, and f(u) = (3.23)

(14+u)2+u)

The renormalized anomaly is then given by

Ajla = Jim (A3l +o, [ acd). G20

where L5 is the local counterterm Lagrangian. Note in
particular that the regularized anomaly .A7[a] generically

contains an O(A?) piece that is irrelevant for § values
satisfying the Wess-Zumino consistency condition, in
which case we should include operators with appropriate
O(A?) coefficients in £ to obtain a finite result for the
renormalized anomaly Agla]. £ can also contain O(A°)
counterterms, and their coefficients specify the renormal-
ization scheme.

Having included the damping factor f (—Pﬁ/Az), the
functional trace .Ag[a] is now the sum of an absolutely
convergent series. So at this point one is free to manipulate
this expression, e.g., perform cyclic permutations while
maintaining a genuine “=" sign. Our regularization
prescription Eq. (3.21) is designed to facilitate the
evaluation with CDE. In particular, the damping
factor inserted commutes with the f-modified covariant
derivative,

(3.25)

Also note from the definition of 13/3 in Eq. (3.19) that it
anticommutes with y°,

Making use of these identities, we can simplify
Eq. (3.21) to
A Pj s
Agla] =Tr|f| - A2 ay’ (3.27)

from which it is clear that the evaluation result will depend
on the parameters f.

One interpretation of this regulator is that the p
parameters determine the combination of background
fields that are turned on when computing the anomaly.
This effectively forces the path integral measure DyDy" to
be organized according to the eigenmodes of the oper-
ator Pﬂ.g

We will proceed with the evaluation of .Aj[a] in Sec. IV,
after the next two subsections which discuss how
our prescription connects to other familiar regularization
approaches, and how the Wess-Zumino consistency con-
dition is satisfied or violated by different choices of f.

8We leave implicit possible analytic continuations needed to
make Pﬁ a Hermitian operator that has a well-defined eigenvalue
problem.
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C. Connection to other regularization prescriptions

Let us make a few comments on the connection between
our regularization prescription Eq. (3.21) and some
approaches that often appear in the literature, in particular,
heat kernel regularization and Pauli-Villars regularization.

Regularizing Eq. (3.20) with a heat kernel regulator, one
obtains

11—y
7|

p 1, . A
AR =Tr N 5 (aPy — Psa) (3.28)
p

Comparing with Eq. (3.21), we see that the heat
kernel regularization amounts to choosing the damping
function to be

Heat kernel: f(u) = e™". (3.29)

Alternatively, regularizing Eq. (3.20) with one Pauli-
Villars field, one obtains

[ 1 1 N a~ 1 - ys
APV =Ty <A——A >(aP — Pja) }
s p p
\B, Py—A 2
— L 1=y “A
=Tr|——— ((IP/} - P/;a)) =Tr |:,\ ays}
Py(Ps— ) 2 Py—A
[ _A2 5 _A2 1 A A 1 - ys

Comparing with Eq. (3.21), we see that this amounts to
choosing the damping function to be

1
+

Pauli-Villars with one regulator field: f(u) = T
u

(3.31)
|

1 1 1

|

Note that this damping factor does not satisfy all the
conditions listed in Eq. (3.22), and hence would not
regulate all the divergences. This motivates considering
Pauli-Villars regularization with three regulator fields, for
which one obtains the regularized anomaly as

5

1 1 -

APV = Ty

(

——= + 3 —=
Py Py—M, Py-M, P,—Ms;

d

) (aPy - Pya)

- [—(M | = My + M3) P} + 2M M3Ps — MM, M ays]
(Pp—M;)(Pg— M)(Py — M5)
[ mweRom) .
= 1r ﬁ)2_M2 ﬁZ_M2 132_M2 ar| ( )
L(Pj 1)(Pp 2)(Py 3)
I
where we have assumed the relation M} — M3 + M3 = 0. Pauli-Villars with three regulator fields:
If we now take )
fu) = (3.35)

M?=M3;=A% and M3=2A%  (3.33)
this simplifies to
2A* | -y
A];V‘3 =Tr ~ = = (aP/;—Pﬁa)
/ (P3—A2)(PF—2A%) Py
(3.34)

Comparing with Eq. (3.21), we see that this amounts to
choosing the damping function to be

(T u)2+u)’

This damping function does satisfy all the conditions listed
in Eq. (3.22), and will successfully regularize all the
divergences.

D. Consistency with the Wess-Zumino condition

Since we have adopted the definition of anomaly as the
gauge variation of the bosonic effective action,
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Ala] =6,W[G] = (W[Go] - WI[G))|o).  (3.36)
we expect it to satisfy the Wess-Zumino consistency
condition, as reviewed in Sec. Il A. However, an implicit
assumption behind this expectation is that there is a well-
defined W|G]. Importantly, our regularization prescription
presented in Sec. I1I B is directly applied to 5,W|[G], instead
of W[G]. In this case, the Wess-Zumino consistency
condition may not be satisfied, because generic f values
may not correspond to applying the same (or “consistent”)
regularization prescription to W[G,] and W[G]. In this
subsection, we check the Wess-Zumino consistency con-
dition for the regularized anomaly A%[a] at the level of
Eq. (3.27), and give a partial but general answer to the
question of what f values lead to a Wess-Zumino consistent
anomaly,

5 AR [2] = S0 A=A [ilm )] (3.37)
We will revisit this question in Sec. V after evaluating
Eq. (3.27) in Sec. IV.

Using the expression of A;} [] in Eq. (3.27), we can write
the first term in Eq. (3.37) as (it is understood that we will
be dropping terms of order O(a?,a3) throughout this
subsection)

A

o= (] ol ()
(3.38)

where Isﬂ [] denotes the gauge transformation of f’ﬂ,

N 1—9° 1 3
P/i[al]Eid+Gal< 27/ +p —;y)

= if + [Uy GUL, + Uy, (idUS)]
— S 5
5 (1 y —I—ﬂl +v )

5 5 (3.39)

We note that when = 1, Eq. (3.38) is quite easy to
calculate because f)ﬁ: | = P transforms covariantly and so
does the damping factor,

13/3:1[(11] = Ua,pﬂ:lUle
sz:ﬂal] P2:1
=>f(— ”A2 ) = Ua]f<—%) UL, (3.40)

This leads us to the so-called covariant anomaly that
satisfies

P2,
O Api[a2] = Tr [f (_ %) P(UnarUs, — )

= Aﬁ:l [—i[aias]]. (3.41)
We see that this covariant anomaly generically would not
satisfy the Wess-Zumino consistency condition; it is off by
a factor of two compared to Eq. (3.37),

5“1"49:1 (o] - 50’2"42\:1 (o] = 2“42\:1 [—i[aya]]

A il (342)
The only exceptions are when the anomaly itself vanishes
A;}Zl [@] = 0 (once summed over fermion species) or when
the two gauge transformations under consideration com-
mute, [a;a,] = 0. In these cases, the Wess-Zumino con-
sistency condition itself is trivial, and the covariant
anomaly is also a consistent anomaly.

For general f values, f’ﬂ does not transform covariantly,
and calculating Eq. (3.38) is more tedious. It is useful to
write f)ﬁ in terms of its chirality components,

R 1—9° 149
Py=p 27 + Py 7;7 , (3.43)
with
pP=igr@—ig+ S gue,  (344a)
Pp=id+ PG =id+ > Pufer’.  (3.44b)

The left-handed component is gauge covariant, but the
right-handed component transforms in a complicated man-
ner for general f values. To proceed, let us rewrite
Eq. (3.39) also in terms of its chirality components,

Py — Pylay] = L, ! ;y5+Ral : ;ys’ (3.45)
with

P = Lo = Uy PUL. (3.46a)

Pp = Ray = ig + plUa, GUG, + U, (igUs,)).  (3.46b)

To check the Wess-Zumino consistency condition
Eq. (3.37), we can Taylor expand the damping factors in
Eq. (3.38) and examine a general kth power term therein.
We have
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Tr{(i’%[aﬂ)kysaz} = Tr{ [(kallcq)

= e L (PULR U PUL R0

(7)) = e

The difference between Eqs. (3.47a) and (3.47b) comes
from two sources:

UI‘IRUH Ual = Pﬂ + (Ral - Pﬂ) + i[}bﬁ(h], (3483_)
Uty [Ro,02)Uq, = [Ppaa] + (R, — Ppata] — ilay. [Ppas]l.
(3.48b)

One could go ahead with the calculation keeping track of
all these terms for general f values, but the result is not very
|

50‘ 1 A,/ﬂ\:() [aZ]

=Tr {1 +y [(PUOHR(I] (ll) -

+ 2
_T{ :
— Te[(P3)Yy

In the step leading to the second to last line, the first term in
the curly brackets gets canceled upon adding the expression
with a; <> a,, while the second term combines with the
latter and we have used the Jacobi identity. Clearly,
summing over all the kth power relations like in
Eq. (3.50) will give us the Wess-Zumino consistency
condition in Eq. (3.37),

Sa, Af_olaa] = 8o Ap_glan] = AR g[=i[mas]].  (3.51)

Therefore, we see that in our regularization prescription,
f = 0 (meaning 3, = 0, VY a) is always one possible choice
to ensure the Wess-Zumino consistency condition for any
symmetry group. However, from the present analysis it is
difficult to tell whether there are other Wess-Zumino
consistent choices. We will revisit this issue in Sec. V
using the BRST version of the Wess-Zumino condition
once we have the evaluation result for A;} [].

TP PP

- 5112“4,/5\:0[“1] > Tr[(i)/z}[al])kysaz] - Tf[(i)/z})kysaz] -

5

b LR T ]75052}

(3.47a)

(3.47b)

[

illuminating. Instead, let us examine the special case f# = 0
here. In this case, the right-handed component does not
transform,

Ray = Ppo = ig. (3.49)

The middle term of each equation in Eq. (3.48) is therefore
absent, and we have

(o) < ay)

— (PPs) 1P P s

Lhad <Pz>ﬁ>k-lr[—ia1, wazn} (o o )

(PP lm,—l{alazn}

Y[—ioyay]].

(3.50)

IV. MASTER FORMULA FOR THE ANOMALY
FROM CDE

Now we proceed with the evaluation of the regularized
anomaly, starting with Eq. (3.27),

Ag[a]:Tr[f<—%)ay5}
= [ [ el [WTPﬂ)]y}
- gl - (“Pﬂ)]af}- (1)

Here we have rescaled the integration variable k# = g* /A, so
that it is easier to keep track of the 1/A powers. Eventually,
we are interested in the A — co limit, so in what follows
we will be dropping the O(1/A) terms that vanish in this
limit. This can be achieved by applying the simplified CDE,
while expanding and truncating the integrand accordingly,
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ﬁ) 2
Nf|=(§+-L
(7))
— N - Xy 1 By - S P
= NS |k = (kPp + Pyll) =5 P
4 / 1 1.2 1 "3 1 " 4
=A fu+fuz+§fuz +6fuz +ﬁfuz ’ (42)

where we have introduced the following notation for
convenience

| A . 1 .

Plugging this back into Eq. (4.1) and simplifying the
expression, we get

dk N
A = / dx / (2ﬂ)4tr{ {—Azf;Pﬁan P

u N ~ N N ~ N
+ 5 (P/iyﬂp,,yﬂpﬁ + Py, Py P2

+ ﬁﬂyﬂlslzjy”f’/; + 4?2)] ay’ } (4.4)

Note that the terms proportional to f; can be grouped in
pairs that take the form tr[y#(---)y> + (- )y*y’] =0, so
they all cancel out; the same is true for a subset of the 7, and
[ terms, which significantly reduces the number of terms in
the result. Performing the loop momentum integral (after a
Wick rotation as usual), we obtain

Apt = [ atag =l - [aur

1 1
5 [fl= LI+ 33162 7= 20+ 21, )

x (2tr, —trz—tr3)}. (4.5)

We see that for a general damping function f (u) that satisfies
the conditions in Eq. (3.22), the calculation yields the result,

Abla] = / d4xl6i”2{{A2 /O ” duf(u)}tro

+ é (try + try + tr3)}, (4.6)

where
try = tr[]s%,,ysa], (4.7a)
try = tr[Pjy’al, (4.7b)
tr, = —%tr[(i’f;y”f’ﬁy”f’ﬁ + Isﬁy,,lsﬂy”f’é)ﬁa], (4.7¢)
try = —%tr[f’ﬁyﬂf’/%yﬂlsﬁysa]. (4.7d)

Eq. (4.6) is our master formula for the regularized anomaly
before evaluation of the Dirac traces.

A. Evaluating the Dirac traces

In order to evaluate the Dirac traces in Eq. (4.7), it is con-
venient to use the chirality decomposition of Py in Eq. (3.43),

5 1+y5

B, = p! ;y + P (4.8)

where
P=ig+G=ig+> g, (4.92)
Pp=id+pG=id+ > Bt (4.9b)

We also introduce the notation

GL=P' —Py=(1-p)G'=> (1-4,)G". (4.10)

a

The evaluation of tr is straightforward,
trg=2tr([P, Pyla) = =2i(1 - p)r[(*G, )]
Z2i(1- PG, (0#a)] =203 _tr(r1") (1= B,)Gi(oa®).
(4.11)

Turning to try, tr,, try, we first note that they can be written in
the following form,

=Sl PIP (1 + 7)) (4129
try = Sul(PP} + P3P+ P)IPyl(1 +7)

+ PP PlPpcd(1 = 7)), (4.12b)
try = —4tr[(P,,P”P§ + P;;PMP,,)[P;;(Z]], (4.12¢)

where we have used yy"y, = =2y", y*v*yy, = 41" to
simplify the products of gamma matrices. Upon evaluating
the Dirac traces we can combine terms in the sum of all three
traces such that all P; factors appear in commutators,

To arrive at these expressions, we have used cyclic permu-
tation to move P, to the right in half of the terms. Generally this is
illegal since “tr”” is only over the internal space while PZ contains
0" which is a spacetime operator. However, such cyclic permu-
tations are innocuous in CDE calculations of functional traces
that arise from evaluating the path integral at one loop. In fact,
they have been used in many previous functional matching
calculations. We clarify this subtle point in Appendix A.
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-Z: tr; = tr{=2([3[P4Py] + 2[P4G“] — [P4G~] + [GLG ). G_,] = [Py, [P4G“] = [G-G“]] = GAG“G_,)[Ps,0]

— €0 (2G1 GV G + {3[P4, P] + 2[P%. G*), G })[P5. o] + 3[Ph. P4 [P} P5lal}. (4.13)

Having P’/; in commutators is important because it contains the derivative ¢#, which as a functional operator is understood to act

on everything to its right. But when it appears in a commutator, its action is local (or “closed”) on the object appearing in the
commutator; for example1

(0", Gu(x)d(x) = #Gu(x)p(x) = Gu(x)'(x) = ("G, (x)) (). (4.14)

B. The evaluated master formula

Gathering the results in Egs. (4.11) and (4.13) and substituting in Egs. (4.9b) and (4.10) for P; and G*, we obtain our
evaluated master formula for the regularized anomaly expressed in the matrix notation,

Aba] = / d4x161ﬂ2tr{—2(1— p) [A2 A ” duf(u)]G,,(aua)

#3(1=A)I0 +49)(8,6.) ~ (1 +28)(0,G,) = i(1 + 3)[G,. ). 6

+(0*G,) +i(1 - 2P)[(¢G,). G,] - G*(1 = B)G,(1 - p)G,) (Dja)

2 Eyupe (%{(1 —B)GP.2(1 + 2B)(0GY) — i(1 + 25 + 34*)G*G*} (Da)

+4[p(*G*) — ifPG*G"]|B(*G°) — i/)’zG”G"]a> } (4.15)
where
(Dja) = (0"a) — if[G"al. (4.16)
In Eq. (4.15) we have carefully kept the f factors in appropriate places such that each of them is associated with the gauge
field that immediately follows it.

Depending on the application, it is sometimes more convenient to write out the adjoint components of the master formula
in Eq. (4.15), which gives

Abla] = / dix {-;u(mb)u— m{z(/\z A " duf(u))ij(d”ab)

F3 U0+ 46)(0,60) - (14 28,)(0,65) + (1 + 382 GIGIIG

1
1672

— (G2 + (1= 28,) ! (#GE)GL} (0,0 +ﬂbfbchsad>}

1
= D (e t) 2 (1= ) (1 = B) (1 = B)GEGLG (9,0 + fuf ! Giad)
a,b,c.d
1 apy ade ev 9 i | 6\ €
- Zt[‘({la, tb}tc)zgyvpa[ﬁaﬂb(Fliﬁ +ﬁaf a GdﬂG )(Fll:/r: +ﬂbfbngprg )(l
a,b,c

3= B0+ 2, F 4 (142, + 3R FUGHG)G (070 + ff TG )] } (4.17)

where Fi = (0#G") — (0“G") is the part of F* linear in the gauge fields, and we have used the fact that /3 takes the same

lin
value within a simple group (only for which f%* may be nonzero).

'"The local nature of all derivative operators in the CDE is also the reason why the otherwise illegal cyclic permutation in the internal
trace “tr” in intermediate steps actually leads to the correct result; see Appendix A for a detailed discussion.
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In the next section, we will apply the evaluated master
formula, written in matrix and component forms in
Eqgs. (4.15) and (4.17), respectively, to obtain explicit
results for various gauge group sectors. Before delving
into the details, let us first quickly note two special f
choices which directly relate to the discussion in Sec. III D.

1) If p, =1 (VY a), all but the last line in Eq. (4.15)

vanishes, and the result takes a gauge-covariant form,

1
.A;}:l[a] = /dﬁ(—m)gﬂw,ﬁtr(F”’“F/ a)

- /d4x (—#) r({t, *}1¢)

auv Ibpo ¢
X € M FP7al .

(4.18)
|

1
A — d4
A/;:O [a] / x 162

1
~ g Eupd G, 2GY) - iG”G”}(a"a)}

1
/ x{48ﬂ2

1 1
— / d4x{48ﬂ_2 tr({t, 1"}, )" (0,a%)((9,Gb) +Z P GIGEGS - 5(113?[,0},

up to an irrelevant anomaly given by the gauge variation of
the following local counterterm,

1 o0
LA =— A2/ d tr(G'G
o= 1 [V [ aus)] e,

1 7 v 1 LIV
L {(aﬂGﬂ)2 = 2iF"G,G, +3G'"G*'G,G, |.

(4.20)

The relevant anomaly in Eq. (4.19) is proportional to
tr({t%, *}1¢), which depends on the fermion content of
the theory. The symmetries under consideration can be
gauged when there is no relevant anomaly, that is, when the
standard anomaly cancellation condition tr({z¢, #*}¢) = 0
is satisfied.

V. IMPLICATIONS OF THE MASTER FORMULA

In this section, we apply Egs. (4.15) and (4.17) derived in
the previous section, which are evaluation results of our
master formula Eq. (4.6), to obtain explicit results for the
anomaly in all possible combinations of the continuous
group sectors. We consider in turn a simple non-Abelian
group, semisimple product of non-Abelian sectors, product
of Abelian sectors, and finally the general case of product

As discussed in Sec. III D, the covariant anomaly
generically would not satisfy the Wess-Zumino con-
sistency condition. However, we also mentioned
some exceptions to this, such as when the anomaly
itself is zero. From the equation above, we see that
this can be achieved by the standard anomaly
cancellation condition tr({r%,°}#) = 0, where we
recall that the internal trace “tr” also sums over the
fermion species.

@) If p,=0 (Va), we learned from Sec. IIID
that the Wess-Zumino consistency condition should
be satisfied. In this case, Eq. (4.15) indeed repro-
duces the familiar result for the consistent
anomaly,""

2 [7 L@6,) +i i[FuG] - G,G,G¥|(@a
tr{—Z[A /0 duf(u)]Gﬂ(d"a)—l- ;[@°G,) +il(¢"G,)G,) + i[F,,G] - G,G,G")(¢a)

#tt((9,) (G, F ,, + iG,G,G,)] - 6a£3,0}

(4.19)

of non-Abelian and Abelian sectors. In each case, we aim to
answer the following questions:
(1) What values of the regularization parameters f are
consistent with the Wess-Zumino condition?

(i1) For these Wess-Zumino consistent f choices, what is
the relevant anomaly, and what are the counterterms
associated with the irrelevant anomaly?

(iii) What are the conditions for the relevant anomaly to
vanish (in which case the symmetries under con-
sideration can be gauged in the quantum theory)?

To investigate the first question, we use the BRST form

of the Wess-Zumino consistency condition, which states
that [recall the discussion around Eq. (2.12)] when the
gauge variation parameter a is replaced by the ghost field
, the anomaly is BRST-closed,

SprsTAgl@] = 0, (5.1)

where Aglw| is understood as the renormalized anomaly
defined in Eq. (3.24). Since the gauge variation of local
counterterms is always BRST-closed due to the nil-potency
of the BRST transformation, this requires the regularized
anomaly is also BRST-closed,

"For the original diagrammatic derivation, see Ref. [6].
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BBRSTA;} [(U] =0. (52)

We will check this condition up to O(1/A) terms. To do so,
it is useful to recall that under the BRST transformation,

OprstG, = D0 = 0,0 — i[G,,, w], (5.3a)
OprstFw = _i[Fuw ], (5.3b)

SprsT® = i0?, (5.3¢)

5BRST(5;/U - iﬁ[Gﬂ,w}) =i(1 - p){w, 0,0} (5.3d)

In answering the second and third questions, we will see
how the well-known results for anomalies are recovered in
our formalism with specific (Wess-Zumino consistent) /3
choices. We will also see that for all the Wess-Zumino
consistent anomalies, the standard anomaly cancellation
condition tr({z¢, t*}¢) = 0 will guarantee that the relevant
anomaly vanishes (which means the symmetries can be
gauged).

A. Simple non-Abelian group

For a simple non-Abelian group, all the f factors are
degenerate, so we omit their adjoint indices and simply
write all of them as 8. We can first verify that the O(A?)
term in Eq. (4.15) is BRST-closed,

SunsrAflolloey = —grz [ 05[22 [Taurw|1-p)
x tr[(d*w)(0,0) + i{w,G"(0,0)}]
—0. (5.4)

Note that cyclic permutation of a Grassmann odd matrix in
the trace is accompanied by a minus sign if it passes
through an odd number of Grassmann odd matrices,
e.g., rlwG*(0,w)| = —tr[G* (0, 0)w].

To derive constraints on f from the Wess-Zumino
consistency condition, we need to consider the O(A)
terms. The BRST transformation of these terms is quite
|

i
4872

5BRSTA;;\[0’]|m2G&‘ = / d*x

- / dhx 5P = P ) (PG = P (G )] (0,07).

tedious. However, as we will show, it turns out sufficient to

work out just a subset of terms. Let us first note that
A .

Aj[@]|o(a0) contains terms of the form,

wG*®,  wG, WG,

G, (5.5)

whose BRST transformation contains terms of the form,'

0*Gd’, @*G?3?, G390, @’G*. (5.6)
We will see that the w?>G* and w*>Ga® terms are sufficient to
constrain f.

The @*G* terms can only come from BRST transforming
the @G* terms in Aj[w]. Those wG* terms that do not

involve ¢,,,, are easily seen to vanish upon cyclic permu-

tation, and we are left with

(14 B+ eupott(G'G* G G w)

1
A,/B\ [60] |G4u) :/d4x24ﬂ_2ﬂ

= /d4x (— 19;ﬂ2>ﬂ(1 +B+pH) ({14, 2 }1¢)
(5.7)

X 8ﬂyp6fadefbngd/4 GeyGprgawc'

Since dgrsr A [@]] o2 = O requires A [w]|g4, = 0, while
(1 + B+ p?) is positive-definite, we see that

5BRST.AZ\[CO]|G4(02 =0= /)7 =0 or tr({l‘“, tb}tc) =0.
(5.8)

As discussed around Eq. (4.19), f =0 reproduces the
standard consistent anomaly, plus an irrelevant piece that is
obviously BRST-closed. The other option is the standard
anomaly cancellation condition tr({z¢, #*}¢) = 0; when
this is true, the terms in A;‘ that are proportional to ¢,,,,, all
vanish. In this case, it remains to check whether there are
additional constraints on the value of f from the terms not
involving &,,,,. To do so, we focus on the ®*Gd® terms in
5BRSTA2‘ [w], for which we find, after some simplification

using cyclic permutation and integration by parts,

B = B)u{(*[G*, w] = [(°G"). w]) (0,@) }

(5.9)

Here the group theory factor tr(#7”) o 5 is always nonvanishing, so we see the only other option (besides # = 0) that makes

Sprs AR [@]|,260 Vanish is = 1, in which case the &,,,,,

-independent part of Aj} simply vanishes.

“Note that the @*d* term from BRST transforming the sole @Gd* term in Eq. (4.15) vanishes.
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In summary, we conclude that consistency with the Wess-
Zumino condition requires either of the following to be true:
(1) p = 0,1in which case the result is given by Eq. (4.19).
This reproduces the standard consistent anomaly plus
an irrelevant piece that is equal to the gauge variation
of the local counterterm given by Eq. (4.20). As
discussed below Eq. (4.19), for the relevant anomaly
to vanish in this case, one needs the standard anomaly
cancellation condition tr({#, f*}¢) = 0.
(i) tr({r*,t"}#°) = 0 and § = 1, in which case anomaly
cancellation happens and the regularized anomaly
vanishes altogether, A} [a] = 0.

B. Product of non-Abelian sectors

For a semisimple product of non-Abelian sectors, the
only additional term in .A%[a] to consider is the tr(r*s"1°1)
term in Eq. (4.17). Both tr(#“#") and tr({¢%, t*}#¢) vanish
when the generators belonging to more than one simple
sectors are involved, while tr(zs’+t) can be nonzero

|

when two of the four generators belong to one
simple sector and the other two belong to another simple
sector.

Upon imposing the conditions derived in the previous
subsection on each simple non-Abelian sector, we
see that there are only two scenarios. If f=1 (and
tr({t%,*}1°) = 0) for either sector, the aforementioned
cross term in A [a] vanishes because of the (1 —f,)(1 -
By)(1 = p.) factor. If # = 0O for both sectors, the cross term
is contained in the general result Eq. (4.19), specifically the
gauge variation of the O(G*) counterterm in Eq. (4.20).
Therefore, no additional constraints arise from the Wess-
Zumino consistency condition beyond those already
derived for each simple sector. The same is true for the
relevant anomaly cancellation condition.

C. Product of Abelian sectors

For an Abelian gauge group, we can set f**¢ =0 and
F* = F* in Eq. (4.17) to obtain

lin —

Apla = [ g {- > w2, (=g 2(a [ aurw) 63 -y (@G| o)

= Y w(0.0,0.04) -

ab,c.d

- 1(0,0,0.) -

a,b,c

ool>—*

(1 —Ba)(1 = p,)(1

(1481 + ) +31= B (1 = )l Ef Pt |,

= B)G*G" G (9,a%)

(5.10)

where we have written the group generators 1 as Q,, since they are just charges under the U(1)’s, and “tr” means summing
over all chiral fermions. In the tr(Q,0,0.) term, we have integrated by parts and symmetrized the coefficient between a

and b,

ﬁaﬂb +z (1 + zﬂa)(l _:Bb)

Under the BRST transformation, only the gauge fields Gj; transform nontrivially while

obtain

1
sunsrAflo] = [ a8 { (0,0,
a.b

+ D 1(Q4050.Q0)- (1 =Pa)(1=Fp) (P

a,b,c.d

where we have used the (anti)symmetry between the
adjoint indices to simplify the expression. From Eq. (5.12)
we see that the Wess-Zumino consistency condition
SgrstAj [@] = 0 requires the following:

(i) p,=p, for any two Abelian sectors a, b for
which tr(Q,0;) # 0.

{( +Pa)(1 +5y)

Al (5.11)

Fy, and »“ stay invariant, and we

| (82 [ aur)) 0,00 - (@0,00)| @)

—Ba)[G¥Gh(#w°)(0,0") +2GEGE (0 ) (# )] } (5.12)

(i1) Either g, = B, = p. = p, or at least two of them are
equal to 1 for any group of Abelian sectors for

which r(Q,0,0.0,) #0.”

BThis applies to groups of two, three and four Abelian sectors
since a, b, ¢, d do not have to be distinct.
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When these conditions are satisfied, symmetrizing the indices allows one to show that the tr(Q,0Q;) and tr(Q,0,0.0,)
terms in Eq. (5.10), if nonzero, are equal to the gauge variation of local counterterms, and we have

] = / dix { 5,

where

1
- 2
1287 o

> (0.0,0)[(1 + B)(1+ )

1
3 (1= B (1= B F Fla

}, (5.13)

e = g { et -p | (# [ aurt )zan - e

1
* 3 0(0,0,0.0) 13 (= A1 = p)(1 = IGHGH GG )
a,b,c

Therefore, as in the non-Abelian case, a relevant anomaly
may only come from terms with three gauge group
generators. But unlike the non-Abelian case, f values other
than O and 1 are allowed. Again, we see that the standard
anomaly cancellation condition tr({#,#}#) =0 [i.e.,
tr(Q,0,0.) =0 in the Abelian case] would guarantee
that the relevant anomaly vanishes."

1. U(1), xU(1), example

Let us apply the results above to the classic example of
two Abelian sectors U(1), x U(1),. The matter content is
assumed to consist of pairs of Weyl fermions with opposite
(identical) charges under U(1),, (U(1),); the minimal case
is that of two Weyl fermions with (Qy,Q4) = (1,1) and
(=1, 1), respectively. So the potentially nonzero traces are
|

(5.14)

w(07),  w(QF), (5.15a)

w(Q304).  t(Q3), (5.15b)

w(Qy),  w(0v03),  t(Qy). (5.15¢)

The fact that tr(Q3 Q3) # 0 implies that to satisfy the Wess-
Zumino consistency condition we must choose

Pv=Ps or py=1 or py=1 (516)

Assuming one of these is true, we can readily obtain the
anomaly result from Eq. (5.13),

Apta = [ ad o000 —tr(Qqu[(l+ﬂv><1+ﬁA>+§<1—ﬂv><1—ﬂA> Cupo Y Fiay

1
- TMU(Q%/QA) {(1 + Bv)?

1
- g0+

As discussed in footnote 14, there is in fact an additional
possible counterterm, ¢,,,,, "}, V”A? (where V and A denote
gauge fields), whose gauge variation produces a linear

combination of &,,,,F\/ Fi’ay and &,,,,Fy/F{a, upon
integration by parts. We will come back to this point

shortly.

“One may further ask whether the tr(Q,0,0,.) terms in
Eq. (5.13) may also be irrelevant. Indeed, there are local
counterterms of the form &“°F%,G5G¢ one can write down.
However, there may not be enough such counterterms to absorb
all the anomalies; in particular, if tr(Qf,) # 0 for some Abelian
sector a there must be a relevant anomaly, since the counterterm
above vanishes when a = b = c.

1 V 2p0
+§(1 _ﬁA) :| ;u/poFﬂ Fp aA}

+§(1 —ﬂv) :| uvpaFﬂDFpo—aA

(5.17)

Equation (5.17) reproduces the standard result if we
further demand that U(1), is not anomalous and is
preserved by renormalization. This means that we should

pick the f, = 1 option in Eq. (5.16) so that £ v ha) does
not involve U(1),-breaking operators [see Eq. (5 14)]. This
also rules out the additional counterterm g,,,,F\ V/A®
discussed above. For U(1), to be nonanomalous, the
coefficient of the ay term in Eq. (5.17) must vanish, which
requires B4 = —1 for py =1. We conclude that the
standard result corresponds to the specific scheme choice

in our formalism,

(Bv.Ba) = (1. =1), (5.18)
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in which case Eq. (5.17) becomes

- 1 v c 1 v c
Ayl = [ @ =807 = st [W(GOIFEFY (0 PP} (5.19)
with the following U(1),-preserving counterterm,
e = Hl2(a2 [T a AA, - L (Pan)A 4). 2 (ava, ) 5.20
Y = e M@ [2( 4 [T dust) ) ara, -3 @A, | +u(0d) S (4, (520)
It is interesting to note that if we instead choose
(Bv.Ba) = (0,0, (5.21)
which is also Wess-Zumino consistent but does not manifestly preserve U(1),,, we would obtain
A/\ — d4 S E(O’()) 1 2 F;w Fpo-
(0,0) [a] - X —Oaqkct = — Mg;wpatr(QVQA> v 'p Qy
1 v 06 v [}
~ 5a e {tr(Q%/QA)F’(, Fy +w(Q3)F F, }aA}. (5.22)

This is in fact related to the standard result Eq. (5.19) by a
counterterm,

Apla) = Ayl +0, [ (el - 287 + AL,
(5.23)

where

ALy = ﬁeﬂymtr(Q%,QA)F’(fV/’A“. (5.24)
Therefore, (By.p4) = (0,0) actually gives the same rel-
evant anomaly as the standard result, although at the cost of
U(1),-breaking counterterms. Note that it is impossible to
remove both &,,,,F/ Fi ay and ¢,,,,F)/ F}/a, using the
counterterm, in agreement with the familiar result that
U(1)y and U(1), cannot be simultaneously conserved in
the VVA triangle diagram. Also, as discussed in foot-
note 14, there is always a relevant U(1)3 anomaly which
cannot be removed by counterterms.

D. Product of Abelian and non-Abelian sectors

Finally, we consider the cross terms in A} [a] between
Abelian and non-Abelian sectors. These include the
tr({t%,1*}1°) terms in Eq. (4.17) with two of the adjoint
indices in the same non-Abelian sector and the third index
in an U(1) sector, and the tr(#9#°#°t?) terms with two of the

|
adjoint indices in the same non-Abelian sector and the other
two in either one or two U(1) sectors. So in what follows
we focus on a theory with one simple non-Abelian sector
and up to two U(1) sectors, which we call U(1), and
U(1)g. To ease the presentation we reserve the notation G#,
F*, a, t* that we have been using in the general calculation
for the non-Abelian sector here, while denoting the
corresponding objects in the U(1) sectors by A*, F',
ay, Q4 and B*, FY', ag, Op. We use fya to represent the
common f parameter associated with all the non-Abelian
generators, and use f3,, fi for the  parameters of the U(1)
sectors.

From the discussion in Sec. VA we know that the only
values of fiya consistent with the Wess-Zumino condition
in the non-Abelian sector are 1 and 0. Let us first consider
the simpler Sy, = 1 case. Here the tr(t“t°Q,Qp) terms are
all multiplied by (1 —fiya) and vanish, while for the
tr(##*Q,) terms we have [switching to matrix notation
and following Eq. (4.15)]

1
Agla] o /d4x (— W) Eupott[F* FPPay
L 2B, P+ 2(1 — By )PP AP (D%a)]

1
= /d4x <— m) 8”y/,”tr[F””F/”’aA

4 (14 Ba) P Fd. (5.25)

116015-18



ANOMALIES FROM THE COVARIANT DERIVATIVE EXPANSION

PHYS. REV. D 107, 116015 (2023)

To arrive at the last equation we have integrated by parts and
used the Bianchi identity &*“*°(D,F,,) = 0. Performing
the BRST transformation, we find

i

3272

5BRSTA;)’\[CU] D /d4x (1 +ﬂA)£ﬂypatr(F””FZ”w2).

(5.26)

So for these cross terms in the anomaly to be consistent with

the Wess-Zumino condition, we must have

Pa=—1 or w(t?Q,) =0  (Bnya=1case). (5.27)

As aresult, Eq. (5.25) either vanishes due to tr(1“t° Q4 ) = 0,
|

in which case there is no crossed anomaly, or only the
F'"Frea, term survives; the latter cannot be obtained as a
local counterterm variation and is therefore a relevant
anomaly. In fact, we have just recovered the non-Abelian
generalization of the U(1), x U(1), example in the pre-
vious subsection [cf. Eq. (5.19)]; swapping U(1), for a
nonanomalous non-Abelian sector [recall that fya = 1
requires tr({¢?,#°}1°) = 0] leads to the same crossed
anomaly with a chiral U(1).

Next we consider the other option, s = 0, for the non-
Abelian sector. In this case, both the tr(t“t’Q,) and
tr(#*t*Q,Qp) terms can be nonzero. After some algebra
we can organize the tr(r“t*Q,) terms into the follow-
ing form:

1
Aa] > / d*x <— 96”2> Eupolt [F"”Fp"aA +iG*G*Fr°ay, + 2G* GG/ G°a,

+

N W

Among the five terms, three (first, third, and fourth) are
actually BRST invariant. Overall, we find Eq. (5.28) has the
following BRST transformation:

1
st Aplo] > [ as (——)ﬁAe,w,mtr[FMaﬂw)(aﬂwm.

967>
(5.29)

(14 Ba)Fi Fila— (1 = py)F*AP(0°a) | .

1
A a [ _
Aﬁ[a]:)/d x( 1872
1

(5.28)

|
For this to vanish, we need

Ba=0 or w(t??Qs) =0  (Bna =0 case). (5.30)

So the crossed anomaly in Eq. (5.28) either vanishes due to
tr(#2#*Q,) = 0 oris contained in the general # = 0 formula
Eq. (4.19) as a relevant anomaly.

Meanwhile, for the tr(#*t*Q,Qp) terms, we find

)tr{(l —Pa)({G", G*}A, + G*G,AY)(dyap) + (1 = fp)({G*, G*} B, + G*G,B")(d,a,)

+2(1 = pa)(1 = Bp)[(A*BY + A*B")G, + A*B,G"](d,a) }, (5.31)
which transforms under BRST as
st Afla] > [ gl (B = P26 G (0,00) + GG, (@) (,05)
—2(1 = pa)PslG*(F*w)A, + G*(dw)A, + G*(9,0)A"]|(d,wp)
—2(1 = Pp)PalG*(d*w) B, + G* (") B, + G*(9,w)B*](0,04) }- (5.32)
For this to vanish, we need
Pa=Ps=(0 or 1) or tr(t?*Q,05) =0  (Bna =0 case). (5.33)

So the crossed anomaly in Eq. (5.31) either vanishes due to tr(t“t*Q,Qp) = 0 or 8, = 5 = 1, or is contained in the
general f = 0 formula Eq. (4.19) as an irrelevant anomaly.

116015-19



COHEN, LU, and ZHANG

PHYS. REV. D 107, 116015 (2023)

For both cases discussed above, fiya = 1 and fiya = 0,
the relevant part of the crossed anomaly is proportional to
tr(°*Q,), so the anomaly cancellation condition is con-
tained in the standard one, tr({¢, /*}¢) = 0.

VI. DISCUSSION AND FUTURE DIRECTIONS

In this paper, we introduced a novel regularization
prescription to calculate chiral anomalies for global and
gauge symmetries using CDE. The calculation was per-
formed in d = 4 spacetime dimensions, thereby avoiding
any of the subtleties that arise when computing chiral
anomalies using dimensional regularization. The master
formula obtained in this framework integrates various
known results regarding anomalies.

In a companion paper [38], we will extend the formalism
developed here to incorporate the effects of higher dimen-
sional operators into the anomaly calculation. This has an
immediate application to the Standard Model effective field
theory (SMEFT). Recently, arguments that the SMEFT is
not anomalous were provided in Refs. [39,40]. In Ref. [38],
we will give an explicit proof using CDE that SMEFT is
nonanomalous when including operators with general
scalar, vector, and tensor couplings to fermion bilinears.

In future work, we would like to apply this formalism to
compute the EFTs that emerge when integrating out
fermions with chiral couplings (for example, integrating
out the top quark in the Standard Model). This is well-
known to produce an EFT with a Wess-Zumino-Witten
term [37,41,42]. It should be possible to extend the
calculations presented here to reproduce this result in a
new way. This will require understanding the interplay of
the method presented here and the results for other func-
tional traces that are evaluated using dimensional regulari-
zation, since the functional EFT matching framework relies
on the method of regions, which is implemented in
dimensional regularization. At least for one-loop calcula-
tions, the use of different regulators may not cause any
particular difficulties. Once this is understood, functional
methods for one-loop matching will be a complete frame-
work for integrating out any heavy particles with spins 0,
1/2, and 1.
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APPENDIX A: COMMENTS ON CYCLIC
PERMUTATION

In this appendix, we clarify a subtle point in performing
CDE calculations, i.e., when (and why) we are allowed to
perform cyclic permutations on the argument of a func-
tional trace “Tr(- - -)”, and a lowercase trace “tr(- - -)”” which
is only over the internal indices.

We begin by recalling that a functional operator O is a
matrix that acts on both the functional vector space |x) and
some internal vector space. The latter is typically finite
dimensional, which we can label by a discrete index i. We
can then write out the concrete relation between the
functional trace “Tr” and the internal trace “tr’:

Tr(O) :/d4x<x|tr((’))|x> :/d4x<x|(’),~i|x>. (A1)

Clearly, the functional trace “Tr” sums over all the indices
of the matrix O, and therefore it is always safe to perform a
cyclic permutation,

Tr(OAOP) — / dxdy (x| O [y) (¥ O |x)

= [ aextiop (o)) = THO"OM.
(A2)

On the other hand, the internal trace “tr”” only sums over a
subset of indices for the matrix O, and therefore it is
generically illegal to make cyclic permutations inside “tr”
alone:

tr(OA0B) # tr(OBO4)

o (lr(O10P)y) # (dfu(OPO)y).  (A3)
Note that after taking the internal trace, the object
tr(OA0B) is still a matrix acting on the functional space
spanned by |x). So when we check whether the two objects
tr(OAOP) and tr(OPOA) are equal, it is a comparison of
two matrices where one needs to compare entry by entry, as
indicated by the right-hand expression of Eq. (A3).
Generically, they are not equal and making cyclic permu-
tations inside “tr” alone is not allowed.

However, in many practical calculations of functional
traces, the evaluation results (after carrying out the loop
integrals) are local actionlike expressions that generically
have the form [see e.g., Egs. (4.6) and (4.7)]

Te(- ) = /d“xtrx(OAOBOC o), (A4)

where the reason for using a slightly different notation
“tre(---)” will become clear shortly. When handling
expressions like Eq. (A4), we do sometimes make cyclic
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permutations to simplify the calculation,

Sometimes we take : / d*xtr, (OAOP) = / d*xtr, (OPOA).
(A5)

This has been used extensively in Sec. IV, as well as for
many functional matching calculations with CDE in the
literature. The purpose of this appendix is to clarify when
and why Eq. (A5) could hold. The explanation has two
important aspects:

(i) There is a slight abuse of notation “tr”” in expressions
like Eq. (4.6) and (4.7). As emphasized by using a
different notation “tr,”” above, the traces in Eq. (A4)
and (AS) are not precisely the same objects as the
traces in Eq. (A3)—the latter are matrices acting on
the functional space |x), while the former are
actually elements of those matrices.

(i) Equation (AS5) does not hold for generic operators
OA, OF. However, if both O4O8 and OFOA are
diagonal functional operators in the position basis
|x), namely if they satisfy

(OO |x) = B (x)|x), (A6a)

r(OBOM)|x) = 184 (x)|x). (AGb)

for some ordinary functions #4(x) and 54 (x), then
Eq. (AS5) holds.
In what follows, we elaborate on these two aspects in turn.

1. Internal trace notation
First, it is clear from Eq. (A4) that tr,(O) must be an
ordinary function of the variable x (similar to a

Lagrangian), such that the integral in Eq. (A4) would yield
alocal actionlike result. So tr,(O) cannot be a matrix on the

i Jus [
Jon [
Jo o

Tr[f(id,, U(%

_ / d4x{ / d4y<x|tr(of)|y>},

where O is defined implicitly by the last equation. As
indicated in the last line, one way of understanding the
“simplified CDE” is that one Taylor expands the function
“f” above and performs the momentum loop integral over

functional space |x). Instead, it should be interpreted as an
element of that matrix.

Second, we emphasize that tr,(O) is not the following
matrix element that one might naively expect,

£ (x[tr(O)|x).

If the above were true, then performing the integral in
Eq. (AS5) would give us the functional trace

tr,(0) (A7)

/ dx(x[tr(OAOP)|x) = Tr(OAOB),  (AS)

in which cyclic permutation would not be a problem at all,
as explained around Eq. (A2). But it is clear that Eq. (AS) is
not supposed to yield Tr(O*OP). The correct matrix
element is

tr,(0) = / &yl (O) ). (A9)

To understand this subtle point, we need to remind
ourselves how we usually obtain expressions like
Eq. (A4) and hence terms like tr, (O) from the CDE
evaluation. Usually, we start with a functional trace like
Eq. (4.1) and calculate it using momentum eigenstates,

4

T8, U(3)] = [ 355 alel 00, U3l

(A10)
Using the fact

)= [ @txioinla) = [ dreoy) = [ e,

(A1)
we can rewrite Eq. (A10) as
(el (id,, U)o y)
T (g, + i3, UG
4 i, U |
(A12)

[
g, to obtain a set of functional operators of the form tr(O/).
This is precisely what we did in deriving Eqgs. (4.6) and
(4.7) from Eq. (4.1). Now comparing Eq. (A12) with
Eq. (A4), we see that the notation “tr,” is actually denoting
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the quantity inside the curly brackets in Eq. (A12). There-
fore, we have carefully derived the relation in Eq. (A9).

Let us recall that the definition of the “functional vector
space” is the collection of all the functions ¢(x) [usually
satisfying certain constraints, such as ||¢|, < oo (under
box normalization)], where each function corresponds to a
vector |¢),

P(x) = (x|¢). (A13)

It thus provides us with a linear algebra language for the
differential operations. Specifically, the process of a differ-

ential operator f acting on a function ¢(x) to yield a new

function (f¢)(x) can be written as the action of a matrix in
this linear space,

(frﬁ)(x):<XIf¢>=<xlf|¢>=/d4y<XIf‘|y><y|¢>- (A14)
The key to this dictionary are the matrix elements (x| f|y)
for various differential operators. When ]A” is an ordinary

function such as f = G, (x), its matrix is diagonal in the |x)
basis,

(xX|Gly) = G, (x)8* (x = y). (Al5a)

@MW@:/%MQMM@
—/&ﬂ@uwu—wwm. (A15b)

When [ = 0M 1s a derivative, we have

(x[9,]y) :%54()(_”, (A16a)
@ﬂ@—/&wmmmw
= 2 [ @i -np0). (Al6b)

General differential operators, like f‘(i;)\/,, U(x)) in
Eq. (A12), are built from the two kinds of operators
discussed above.

We note in particular that the constant unity function “1”
corresponds to a vector |1) that satisfies

|w—/hwwww—/éww. (A17)

Therefore, the relation in Eq. (A9) can be rewritten as

tr,(0) = (x|w(O)|1) = (w(O)1)(x),  (Al8)

where the last expression follows from the differential
operation language in Eq. (A14)—we are simply taking the
differential operator tr(Q), acting it on the constant unity
function 1, and then evaluating the resulting function at
point x."” When the function being acted on is the constant
unity function 1, we often suppress it. We also often
suppress the explicit “(x)” when talking about a function.
Doing both for the last expression in Eq. (A18) leads to our
abuse of the notation “tr” in the main text.
From Eq. (A18), it is immediately clear that

tr,(AB---Cd,) =0, (A19a)

tr,(9,AB--- C) is a total derivative. (A19Db)

With these, we can see a quick counterexample to Eq. (AS),

tr, (A, B") = tr,[A(0,B") + AB",] = tr,[A(d,B")],
(A20a)

tr,(B*Ad,) = 0. (A20Db)

Clearly, the two lines are related by a cyclic permutation of
B*, but they are generically not equal.

2. Conditions for cyclic permutations in internal traces

After clarifying the meaning of “tr.(---)”, namely the
relation in Eq. (A9), we see that Eq. (A5) does not always
hold. However, if both expressions inside the trace before
and after the cyclic permutation are diagonal operators in
the position basis |x), i.e., if Eq. (A6) is true, then Eq. (A5)
would hold.

To see this, we first note that if

(OO |x) = B (x)|x), (A21)

then we simply have
(010") = [ ¢yl
= [@ st =M. (a22)

Therefore, it is linked with the functional trace as

PSee e.g., Sec. 2.2 of Ref. [43] and Appendix B.2.2 of
Ref. [21] for clarifications of this point.
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7 (xlg){q|tr(O*O%)[x)

Tr(OAOB) = / d*x /
= [y / A el b
:/&mxmoﬂ/£%$

where f 4 = (x|x) is just a normalization factor. Making

use of thls relatlon between tr,(- - -) and Tr(- - -), one could
take advantage of Eq. (A2) to perform a cyclic permutation,

4
/d‘*xtrx((’)“‘(’)B)/(;1734 —
= Tr(OB0*)

:/d4xtrx((’)BOA)/((21;L§4.
(A24)

(A23)

Tr(OA08)

Canceling the normalization factor gives us Eq. (AS5).
Note that one can generalize Eq. (A5) to the sum of
multiple terms,
OrNOB - 0408 + .- + 04 OB, (A25)
In this case, for the steps in Eq. (A24) to be valid, one only
needs the sum to be diagonal in the position basis |x),
namely we have

/wmmm+~+m@>
= /d“xtrx((?f(?‘[‘ +---+0B0%),  (A26)
provided that
r(O{O8 + - + 04108 |x) = 1B(x)|x),  (A27a)
(O8O} + -+ OBOMN)|x) = tBA(x)[x).  (A27b)

An operator O being diagonal in the position basis |x) is
equivalent to the statement that all the derivatives in O are
closed. For example, consider the following differential
operator:

O = A9,BC = A(0,B)C + ABJ,C

= A(9,B)C + AB(0,C) +ABCo,, (A28)
where A, B, C are diagonal in the |x) basis. The
decomposition in the first line follows from the product
rule of the derivative, where the parentheses in the first
term has the usual interpretation—it indicates that d, only

acts on B but not anything to the right of B. [In fact, this
notation was already used in Eq. (A20a).] In this case, we
say that the derivative is closed on B. In contrast, the
second term in the first line has an open derivative that acts
on everything to its right. One can further use the product
rule to obtain the decomposition in the second line, where
a term with the derivative closed on C appears, and there is
an additional term with an open derivative. Clearly,
terms with closed derivatives, such as A(d,B)C and
AB(0,C) are diagonal operators in the |x) basis, while
terms with open derivatives such as ABCog, are not; see
e.g., Eq. (Al6a).

When evaluating a functional trace with simplified
CDE, the initial set of operators in the trace tr,(---)
emerge from evaluating an expression of the form [see
Eq. (A12)],

/(347(1)4“

The operator tr(O;) derived from such an expression, i.e.,
upon expanding ”f”” and carrying out the loop momentum
integral, is guaranteed to be diagonal in the position basis
|x), because it is known that one could use the trick of
“original CDE” to close all of the derivatives in it (see e.g.,
Appendix B.2.3 of Ref. [21]). However, since (’)f 1S a sum
of terms, if we perform an arbitrary cyclic permutation on
each term

[£(qu + 0, UR)] = w(O).  (A29)

(OO + -

-+ 0,07

+050,).  (A30)

it is not guaranteed that the operator is still diagonal in the
|x) basis, thus invalidating the operation. Only a subset of
cyclic permutations that satisfy the condition in Eq. (A27)
are “legal.”

Nonetheless, in practical calculations, a very efficient
prescription to ensure that we are only performing legal
cyclic permutations is to stipulate that terms with open
derivatives should not be evaluated—one must keep track
of all such terms, and make sure that they get canceled
upon summing the terms obtained after the cyclic permu-
tations. If they do not get fully canceled, then it is a sign
that an illegal cyclic permutation had been carried out.
In this case, one needs to make further cyclic permutations
until the derivatives are all closed. In summary, insisting
that all derivatives must be closed in the end is an efficient
way to make sure that we are carrying out legal
cyclic permutations. The calculations in Sec. IV of the
main text (as well as in many other functional matching
calculations with CDE in the literature) are done in such a
manner.
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Let us look at a quick example of this,

tr,[(9,A)B*] = tr,[d,AB* — Ad,B]
— tr,[0,AB" — B*Ad,] = tr,[(9,AB") + AB*d, — B'AJ,]
- tr,[B*0,A — B*Ad,] = tr,[B*(9,A)). (A31)

In the first line, we started with an operator (d,A)B* in
which the derivative is closed. We made a cyclic permu-
tation of the second term to arrive at the second line, where
the derivatives are not fully closed, because the last two
terms in the second expression both have open derivatives
and they do not cancel each other. If we were to stop here
and evaluate the second line, then following Eq. (A19)
these terms are zero and total derivatives that would not
feed into the final result,

/ dhxtr,[(0,AB") + AB'0, — B'A0,] = 0. (A32)

This clearly would not agree with the evaluation of the left-
hand side of the first line. The reason is that the second line
was obtained by an illegal cyclic permutation. Now, if we
insist that the second line of Eq. (A31) should not be
evaluated since it has open derivatives, then we are forced
to make further cyclic permutations such that all the
derivatives can be closed upon summing the terms. The
third line is an example of such a further cyclic permuta-
tion. As soon as the derivatives are all closed, we can carry
out the evaluation. This prescription guarantees that only
legal cyclic permutations would be performed, and we can
see that the result obtained in the third line does agree with
the expression we started with in the first line.
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