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We consider the propagation of fermions in the background of a scalar Bose-Einstein condensate. Some

illustrative examples are discussed using simple Yukawa-type coupling models between the fermions and

the scalar fields. The fermion dispersion relations are determined explicitly in those cases, to the lowest

order, and in each case we discuss some of the properties of the propagating fermion modes. We also obtain

the dispersion relations and wave functions of the scalar modes, which can be used to obtain the corrections

(e.g., damping effects) to the fermion dispersion relations due to the interactions with the excitations of the

Bose-Einstein condensate. Possible applications of these results in some contexts, such as neutrinos
propagating in a scalar dark matter background, are mentioned.
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I. INTRODUCTION AND MOTIVATION

In several models and extensions of the standard electro-
weak theory the neutrinos interact with a scalar (¢)) and
fermion (f) via a coupling of the form fv, ¢, or just with
neutrinos themselves v, ¢. Couplings of the form fzv; ¢
produce additional contributions to the neutrino effective
potential when the neutrino propagates in a background of
¢ and f particles and their possible effects have been
considered in various contexts, such as collective oscil-
lations in supernova (see, for example, Refs. [1,2] and the
works cited therein), the hot plasma of the early universe
[3,4], cosmological observations such as cosmic micro-
wave background and big bang nucleosynthesis data [5],
and in particular dark matter-neutrino interactions [6—11].

Motivated by these developments, we have carried out in
previous works a systematic calculation of the neutrino
dispersion relation in such models, including the damping
and decoherence effects (see Ref. [12] and references
therein). These works have been based on the calculation
of the neutrino thermal self-energy using thermal field
theory (TFT) methods [13].
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Analytic formulas for the various quantities of interest
have been obtained by considering various different cases
of the f and ¢ background, such as the nonrelativistic or
ultrarelativistic gases, and in particular the case in which
the f background is a completely degenerate Fermi gas.

To complement that previous work, our goal is to
determine the corresponding quantities (e.g., effective
potential and/or dispersion relation and damping) of a
neutrino that propagates in a thermal background that
contains a scalar Bose-Einstein (BE) condensate. The
hypothesis that the dark matter (DM) can be self-interacting
is intriguing, and a DM background of scalar particles is a
candidate for such environments [14—17]. In that context,
the interest is the application to the case of a neutrino
propagating in such a background.

The problem of fermions propagating in such back-
grounds can be relevant in other contexts as well, for
example, the possibility of BE condensation of pions and/or
kaons in the interior of a neutron star, or kaon condensation
in heavy ion collisions [18-21].

Our purpose here is to propose an efficient and consistent
method to treat the propagation of a fermion in the
background of the BE condensate, in particular the calcu-
lation of the effective potential and dispersion relation, in
a general way and not tied to any specific application. To
model the fermion propagation in such an environment, we
assume some simple Yukawa-type interactions between the
fermions and the scalar.

We consider three generic, but specific, models of the
fermion-scalar interaction:
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(1) Model I: Two massless chiral fermions, f; and fx,
with a coupling to the scalar particle ¢ of the
form frfr.

(2) Model II: A massless chiral fermion f; with
coupling f5f1¢.

(3) Model III: One massive Dirac fermion f with a
coupling f¢fe.

As we will see, the symmetry breaking process produces a
Dirac fermion, a Majorana fermion, and a pseudo-Dirac
fermion in Models I, II, and III, respectively [22].

The field theoretical method we use to treat the BE
condensate has been discussed by various authors [23-25].
For completeness we first discuss those aspects and details of
the method that are relevant for our purposes. We then present
the extension we propose to treat the fermion propagation
in the BE condensate, in the context of the three models
mentioned above for concreteness and illustrative purposes.
Although one of our motivations is the possible application
in neutrino physics contexts, the method we propose for the
propagation of fermions in a BE condensate has never being
used before, and most importantly, is general and paves
the way for applications to problems in other systems, for
example, condensed matter, or nuclear matter systems and
heavy-ion collisions as already mentioned.

The plan of the paper is as follows. In Sec. Il we review
the model we use to describe the BE condensate. There we
focus on the essential elements of the symmetry breaking
mechanism that we need in the next sections. In Sec. III we
consider in detail the method we use for calculating the
dispersion relations of the propagating fermions in the BE
condensate, in the context of Model I mentioned above.
The method is further illustrated by applying it to Models II
and IIT in Secs. IV and V, respectively.

With a view to possible interest and/or future work, we
summarize in Appendix B the details related to the scalar
modes that have a definite dispersion relation, which are
useful for the calculation of the thermal corrections to the
fermion dispersion relations due to the thermal excitations
of the BE condensate. Our concluding remarks and outlook
are given in Sec. VL.

II. MODEL FOR THE BE CONDENSATE

To describe the BE condensate the proposal is to start
with the complex scalar field ¢ that has a standard ¢*
Lagrangian

LY = (0*¢)"(9,¢) = Vo (2.1)
where
Vo(p) = mid*d + 44 (¢"¢)*. (2.2)

Critical examinations in the literature (see, e.g., Ref. [26])
support the notion that this potential can indeed lead to

thermalization and formation of a stable condensate due to
repulsive interactions that can drive long-range order, for
Ay > 0 (as opposed to 44 < 0). Thus, for definiteness, here
we assume that
Ay >0, (2.3)
so that this condition to allow forming a stable condensate
is satisfied.
In the context of TFT, denoting the temperature by 7" and

the chemical potential of ¢ by pu,, the procedure is to

calculate the effective potential of ¢, call it foff) (T, ,u,/,), and

then see under what conditions Vé{f(;) has minimum at ¢ = 0

or some other value. In the latter case, there has been a
phase transition, and

(@) #0. (2.4)
indicative of the symmetry breaking.

The alternative approach that we use, which is particu-
larly useful for treating the symmetry breaking associated
with the transition to the BE condensate, is to consider the
field ¢’ defined by [23-25]

¢ = el (2.5)
The recipe is to substitute ¢p = e~##'¢/ in L?) to obtain

the Lagrangian for the field ¢/, which we denote by L),
To express L#) in a convenient form we write

gt = g x). (2.6)
where
w = (1,0), (2.7)
and define
D, =09, - iv, (2.8)
with
vy, = Ul (2.9)
Then using
0, = 0 (e Ho'') = e~ H' D¢/, (2.10)
it follows that
LY = (D*¢/) (D) = Vo(d). (2.11)
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Expanding the D term in Eq. (2.11),

L) = (04¢))*(0,¢') + i[@* (v - o)) — (v - 0/ )*¢/]

-U(¢), (2.12)

where

U=~ —m3)d ¢ +2,(¢" 92 (2.13)
Now comes the key observation. If mé > ,ué, this U
corresponds to a standard massive complex scalar with
mass mj — pi. On the other hand, if uj > m3, the mini-
mum of the potential is not at ¢p =0, and therefore ¢
develops a nonzero expectation value and the U(1) sym-
metry is broken.
We assume the second option,

py > my, (2.14)
and proceed accordingly. Namely, we put
1 .
¢ = 7 (¢o + &1 + i), (2.15)
where
@) == o (2.16)
V2
is chosen to be the minimum of
1 1
Thus,
2 2
”() —m p
=" / (2.18)
@

Substituting Egs. (2.15) and (2.18) in Eq. (2.1) we obtain
the Lagrangian for ¢ ». ¢, and ¢, are mixed by the v* term.

The central result that we invoke now is that the cal-
culation of the effective potential Véﬁ) (T, uy) can be carried
out in TFT using p,; = 0 in the partition (and/or distribu-
tion) function, but using the y,-dependent Lagrangian L)
given in Eq. (2.12). An exhaustive exposition of the
equivalence of using this scheme for the calculation of
the effective potential, or in fact any other physical quantity
involving the scalar field, is given by Weldon [23]. In
Appendix A we give a simplified but precise statement of
the arguments involved, and which further shows the
validity to proceed in the same way with the fermion
fields as well. Therefore, following this scheme, the next
step would be to find the propagator matrix of the ¢,

system, determine the modes that have a definite dispersion
relation, and then define the thermal propagators of
the modes.

However, for our purposes in what follows, it is
sufficient to observe that, neglecting the 7-dependent terms

(that is, at zero temperature), Vé?(o, Hy) is simply the U
potential given in Eq. (2.13), and the zero-temperature
expectation value of ¢’ is given by Egs. (2.16) and (2.18).
As we will see, this strategy will allow us to determine the
contribution to the effective potential of fermions propa-
gating in the BE condensate. The thermal propagators of
the ¢; , modes would allow us to calculate the correspond-
ing corrections due to the thermal excitations. While we do
not pursue here the calculation of those thermal corrections,
for completeness and possible relevance in future work we
give in Appendix B some details about the propagator
matrix of the ¢, , complex, the modes that have a definite
dispersion relation, and the corresponding propagators of
the modes.

III. MODEL I

A. Formulation

We consider two chiral fermions f; and fg, with an
interaction
Liy = —A¢frf1 +He. (3.1)

There are two conserved charges, which we will label
as Q;,. The assignments must satisfy

04(@) + 04a(fr) — Qa(fr) = 0. (3.2)
We can take
0\(fL) = Oi(fr) =1, 0:(¢) =0,
Q2(¢) = Qz(fR) =1, Q2(fL> =0. (3-3)

Remembering how the Q, enter in the partition function
operator, namely

Z = e Pl (3.4)
the assignments in Eq. (3.2) imply that the chemical
potentials satisfy

Moy +pL — Hg =0, (3.5)
where we are denoting by y; and uy the chemical potential
of f; and fp, respectively. From our discussion of the
BE condensate model in Sec. II we take that we should
rewrite the Lagrangian in terms of the field ¢’ defined in

Eq. (2.5). The generalization that we propose here is that
every field with nonzero Q4 must be transformed
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accordingly. Therefore, a generalization of the transforma-
tion considered in Sec. II is to put

¢ — e—i[u,,,td,/’
fr=e"m'f],
fr= €M fR. (3.6)

From the discussion in Appendix A, it follows that we can
use the partition function given by Eq. (A12), without the
chemical potential, uniformly for all the fields involved,
provided we also use the dynamical equations that follow
from the transformed Hamiltonian or Lagrangian. In short,
our proposal here is that the prime fields, f% and f/, are the
appropriate ones to use to determine the fermion modes in
the BE condensate.

With the condition in Eq. (3.5), the interaction coupling
keeps the same form, namely

Liy = _/1¢Iﬂef/L +H.c.

However, the kinetic part of the Lagrangian changes. For ¢’
we will borrow what we did in Sec. II. But now we have to
do something analogous for the fermion fields.

The kinetic part of the fermion Lagrangian,

(3.7)

Ly= ifLdfr + ifrdf g (3.8)
in terms of f% and f is
Ly = if of + ifxdfp + uifLhf L + urfrifr. (39)

As discussed in Sec. II, we assume a symmetry breaking by
the mechanism implemented around Eq. (2.14). Therefore,
we put

1

Efl’o,

where ¢ is given in Eq. (2.18). As a result Q, is broken,
but O, remains unbroken. This produces a mass term in
Eq. (3.7) of the form

(@) (3.10)

—mflf) + H.c., (3.11)
with
T
V2
2 2
:i<”¢_m¢>l/2 (3.12)
V2\ A ’

where in the second equality we have used Eq. (2.18). The
total Lagrangian is then

L=L#) 4L+ 1

nt’

(3.13)

where L?) is given in Eq. (2.12),
Lo = fLigf7. + Fridf + uof b, + urfehf i

— (mflif} +H.c.) (3.14)
and
y) _
Liy = _ﬁ(d’l +i2)frfL +He.  (3.15)
Defining
f=1+ Tk (3.16)
in momentum space, L is given by
Lo(k) = f(k)(¥ = (k) f (k). (3.17)
where
Y =mL + m*R — u L. — ugyR. (3.18)

The two chiral fermions form a Dirac particle, in which
the left and right components have different dispersion
relations. The next step is to find the propagating modes
(dispersion relations and wave functions) at the tree level.
This is most conveniently done using the Weyl representa-
tion of the y matrices.

B. Dispersion relations

The field equation in momentum space is

¥-%)f =0, (3.19)
or, in terms of the left- and right-hand components of f,
ALf —m"fr =0,
Arfk —mfL =0, (3.20)
where
ALﬂ = k,u + KLUy,
ARy :kﬂ+//lRl/t”. (321)

In the one-generation case we are considering the phase
of m is irrelevant, since it can be absorbed by a field
redefinition, so that we could take m* = m. However, since
in more general cases such field redefinitions cannot be
done independently, we keep m arbitrary.

We use the Weyl representation of the gamma matrices

and put
, 0
o= )
n

-

(3.22)
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The equations to be solved then become

(A +6-K)pp—m*E=0,

(A(,)e —6-K)—mn=0, (3.23)
where
ALO =w + luLa
Ago = @ + i, (3.24)

and we have used A L= A & = K. In general, leaving out the
case that ug = ;. (i.e., assuming u, # 0), these equations
have nontrivial solutions only if £ and # are proportional to
the same eigenvector of & - k. This can be seen in various
ways. For example, using the second equation of Eq. (3.23)
to eliminate # in the first equation gives
[A9A9% — k2 — |m|2 +5-K(AQ —AY)E=0,  (3.25)
which implies that £ is the eigenvector of & - ¥, and then the
second equation implies that # is proportional to &.
Therefore, we write the solution in the form

= Xxs

$= Vs (3.26)

where y, is the spinor with definite helicity, defined by
(G- R)ys = sxs, (3.27)

with s = 1. For a given helicity s, the equations for x
and y are

(0 + sk + pp)x —m*y =0,

(@ — sk + ug)y — mx =0, (3.28)
which imply that @ must satisfy
(0 + sk + pp ) (@ — sk + pg) — |m|> = 0. (3.29)

Expressing pp and y; in terms of their sum and their
difference pp £ u; , this equation can be written in the form

o3| =[5 Gm=m)| =P =0,

(3.30)

For each s, we have two solutions, one with a positive @
and another with a negative w. They correspond to the
positive and negative helicity states of the Dirac particle

and its antiparticle, which are associated with the unbroken
Q,. We label the two solutions for each s as a)gi). With this

notation the solutions are

wgi)(’?) - i{ [K_%(ﬂk _ﬂL)}z + |m|2}1/2
_%(MR + L) (3.31)

Denoting the particle and antiparticle dispersion rela-
tions by @, and @;, respectively, they are to be identified
according to

0,(%) = o} (})

- {fe=gmf )
- 2;“(]5 2/’£RL1
@4(%) = o7 (=F)
K 2 12 1
—{[c=Sm|" +mP}" 4 S (3.32)
2 2
where we have used Eq. (3.5) and defined
MRL = MR T+ UL (3.33)

It should be kept in mind that, apart from the explicit
dependence on uy in Eq. (3.32), m also depends on
[see Eq. (3.12)].

C. Discussion

To gain some insight into the solution we can consider
some particular cases. For example, while the particle and
antiparticle dispersion relations are different in general,
they are approximately equal in the limit of small pp;.
We also note that in the limit x > |u,|, the dispersion
relations are approximately independent of s. They are
strictly independent of s at xk = 0,

L, 121
w,(0) = Zﬂ¢+|m| _EﬂRL’

) 1 12
0.0) = {3+ InP} 4 S (634

which can be interpreted as the effective masses of the
particle and antiparticle.

On top of these effects, the dispersion relations will also
get corrections due to the interactions with the background
excitations. In the context of thermal field theory such
corrections can be determined by calculating the one-loop
self-energy diagrams. As we have already indicated, those
calculations are not in the scope of the present work.

IV. MODEL II

We consider a massless chiral fermion f; with an
interaction

/-
Lint = —Ed)f;gfL + H.c. (41)
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In this case there is one conserved charge, with

o(fr) =1, 0(¢) = -2, (4.2)
and the chemical potentials satisfy
Hy +2u, =0, (4.3)

where we are denoting by y; the chemical potential of f; .
Proceeding as in Sec. III, the total Lagrangian is given as
in Eq. (3.13), but in the present case

Lozflidf2+uLf’Lﬂf’L—< 7 fL+Hc) (44)

and
Ly = \/—(d)l +ichy) frf1, +He. (4.5)
Defining
f=TrL+ TR (4.6)
L, can be written in the form
1-
=5 /ig=2)f, (4.7)
or in momentum space
Lo = 5 TR ¥~ D)7 (K) (48)
where
X=mL+ m*R — puy L + p; ¥R. (4.9)

Thus in this case, as a consequence of the symmetry
breaking, the fields f; and f§ form a Majorana fermion,
with the two helicities having different dispersion relations.

To obtain the solution for the dispersion relation explic-
itly, by comparing Eqgs. (4.9) and (3.18) we observe that the
equations for the dispersion relations in the present case can
be obtained from those of Model I by setting up — —y; .
Thus, from Eq. (3.31), making the indicated substitution
and remembering Eq. (4.3) [u; = —% U], the solutions in
the present case are

2 12
ol = j:{ (K—;ﬂ,/)> + m|2}

Furthermore, by the same identification given in Eq. (3.32),
in this case we have

(4.10)

@,(K) = wy(K); (4.11)

that is, the particle and antiparticle dispersion relations are
the same, as it must be for Majorana modes.

Similar to the discussion in Sec. III we can consider
some limiting cases. For illustrative purposes, in the limit of
small or large «, the dispersion relation reduces to

1
w; = Zui—H | » : (smallx),
iHg + |m|
1,2 2
s gHy + |ml|
Wy = K=y + 479 5 (large k) (4.12)
respectively.

V. MODEL III

A. Formulation

We consider a massive Dirac fermion f with mass M and
an interaction

—¢ﬁf+Hc (5.1)

mt -

Similar to Model II, there is one conserved charge, and the
chemical potentials satisfy

Hp +2ur = 0. (5.2)
Putting once more

h=e ', (5.3)

f=emlf (5.4)

instead of Egs. (4.4) and (4.5) in this case we have

—Fiar g -7y - (57 )
(5.5)

Li/nt_ \/—(¢l+l¢ )f/cf/+HC

where m is given in Eq. (3.12). The mass term % f'f’
breaks the degeneracy between the two Majorana compo-
nents of what would otherwise be a Dirac fermion. L, in
Eq. (5.5) resembles the kinetic part of the Lagrangian of
the pseudo-Dirac neutrino model [22], but here it has the
additional term involving the chemical potential.

We take m to be complex in general and denote its phase
by 0, i.e.,

(5.6)

(5.7)

m = |ml|e®.
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To proceed we introduce the Majorana fields

f] — %(eiQ/Zf/ 4 e—i9/2f/c)’
1 . )
f2 — E (e1€/2f/ _ e—zG/Zf/c)’ (58)
and therefore
—i0/2
f= NG (f1 +if2). (5.9)
In terms of the Majorana fields f,, L, becomes
1 - . . i,uf _ _
Lo :E(flldf] + faidf>) +7(f1ﬂf2 — fa0lf1)
M - - - -
_?(flfl+f2f2)_‘£2|(f1fl_f2f2)' (5.10)

Therefore, in the absence of the yu; term, f, and f, are
uncoupled in L, with masses M =+ |m|, respectively. In the
presence of the u term, f and f, are mixed. Our purpose
now is to obtain the proper combinations that have a
definite dispersion relation in the presence of the y; term.

B. Dispersion relations

To restate the problem in a more compact algebraic form
we introduce the notation

fi
fu= <f2>. (5.11)
In momentum space, L is then
Ly :%J_pM(k‘Fﬁfﬂ_M)va (5.12)
where
@zu(fié> (5.13)
and
M = (Af; A;)_)’ (5.14)
where we have defined
My =M=+ |m|. (5.15)

The equation for the dispersion relations and the corre-
sponding eigenspinors is
(K+ g = M) Sy =0, (5.16)

As in the previous cases, we use the Weyl representation
of the gamma matrices and decompose

fi= (”) (i=1.2).

YiXs

(5.17)

using the helicity spinors y, [defined in Eq. (3.27)] as the
basis. The equations for the coefficients x; and y; then
become

(w+sx+ﬁf)x—My=0,
(@ — sk + fif)y — Mx =0, (5.18)

where x, y are two-dimensional spinors in the f;, flavor

space,

()
X = ,

X2
()
y= :

Y2
Again, if the u; term is dropped, we get back two
uncoupled pairs of equations, in the Weyl representation
and the helicity basis, for two massive fermions with
dispersion relations @ = \/k* + (M =+ |m|)?. We now seek

the solutions in the presence of the u, term.
Using the first to write

(5.19)

1
Y= (@ + sk + fig)x, (5.20)

and substituting in the second one, we get the equation for x,

1 N
(a)—SK-f—ﬁf)ﬁ(a)-i-SK-f—ﬁf) -M|x=0. (5.21)
By straightforward algebra, we obtain
( +A)1(+ +fig) L (5.22)
 — SK — (o + sk =—=A, .
el =0

where
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A 0 = K+ rp7
A pu—
—ip(

w = sk) — i (w + sk)

with
—=. (5.24)

Substituting Eq. (5.22) in Eq. (5.21) and multiplying by M,
the equation for x is

(5.25)

where M and A are given in Egs. (5.14) and (5.23),
respectively.

The dispersion relations are obtained by solving the
equation

(All _M%r)(AZZ - M%) _A12A21 = O’ (526)

where A;; are the elements of the matrix A defined in
Eq. (5.23). It follows by inspection of Eq. (5.23) that the
products of the A;; that appear in Eq. (5.26) have the form

(A1) = M2 )(Ayy = M2) = 0* + Aj@” + A,
A12A21 :A’la)z +A6, (527)

where A ; and A, are independent of . Equation (5.26)

then leads to the following equation for the dispersion
relation:

o* =2bw? + ¢ =0, (5.28)
where
1 !
b= _E(Al _Al)v
c = Ay — Aj. (5.29)

By straightforward algebra, after some simplifications,
we find

ius(w — sk) + ipgr(o + sk) >
(5.23)

2
o' -+

2
)
A =L (1402
r
2
Ay ===,
r
I
Ay = (K2 + M2 — F/ljzc)(K2+M% —/>,
p

2
A =- [2(:8 +M? + |m|* + u3) —/%(1 + r)z} - (5:30)

Then from Eq. (5.29),
b=+ M +| |2+l 3
=K m 4/4(/),

1
_ A 2( a2 2 2
c=k"+2 <M + |m| —Z/Ad))

2 2
"Hy Ky
M2 -2 (M2 =22, 31
(o) pe-g) e
The dispersion relations are given by
w2 =b+d, (5.32)
with
d=b*-c, (5.33)
where, from Eq. (5.31),
e
d = 4M2|m| + W +4—i [(1 + F)2(M? + |m[?)
+2(1 = r2)M|m]]. (5.34)

Once again we recall that m is given in Eq. (3.12).

C. Discussion
To gain some insight we can consider various limit-
ing cases.
Pseudo-Dirac limit. If the situation is such that the term
pigk? in Eq. (5.34) can be dropped (sufficiently small
g and/or «), then the dispersion relations are given by

ot =K+ M?, (5.35)
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where

1
ME =M+ |m|* + 41

2
" {4M2|m|2 FEL[(1 4 20 + )

1 2(1— r2)M|m|]}]/2, (5.36)

which are the dispersion relations for two fermions
with effective masses M/, .

Further, in the special case that p, is sufficiently
small that the explicit uy terms can be dropped in
Eq. (5.36) (while |m| is kept), the dispersion relations
reduce to

0t =+ ML, (5.37)
which resemble the dispersion relations in vacuum for
two fermions with masses M, as already anticipated
above. In the neutrino context Eq. (5.37) is the familiar
pseudo-Dirac neutrino mode [22]. However, it must be
kept in mind that in the more general case in which the

term pgk* in Eq. (5.34) cannot be dropped, the x

dependence of the dispersion relations does not have

the canonical form of Egs. (5.36) and (5.37).
|m| << M limit. In this limit, the d term in Eq. (5.34) can

be approximated by

d = AMP|m|* + pgi* + uzM>, (5.38)
so that the dispersion relations reduce to
ol (k) =k m 1M
+ 24/ M?| |2+1 22+1 M2, (5.39)
m AHPK T M .
Further, taking the x — O limit,
I 2
’(0) = (Mj: |m|? +4M§5> , (5.40)

which can be interpreted as the effective masses of the
Majorana modes, in the |m| < M limit. But again, the
k dependence of the dispersion relation is different
than the one given in Egs. (5.36) and (5.37). In the
case that |m| can be neglected relative to u, (for
example, if Ky is sufficiently close to m¢), then
Eq. (5.39) can be approximated by

|
O)i(K): K2+M2:|:§/4(/,,

(5.41)

3

0.5} “o |
Wy ——
w_
0 1 1 1
0 0.5 1 1.5 2
K/ e

FIG. 1. Plot of the dispersion relations of the Majorana modes
in the case of negligible M, given in Eq. (5.42). For the plot we
take |m|? ~ yé. For reference, the plot of the dispersion relation
@y = k is superimposed.

which resemble the dispersion relation of a neutrino
propagating in a matter background with a Wolf-
enstein-like potential Ve = 4,

Small M limit. For sufficiently small values of M, the
dispersion relations are approximated by

2

1
WL =K mPP g Epge (542)

Therefore, the two modes have the same effective

mass
2 1 2
0(0) = \/Imf* + 48,

but different dispersion relations away from x = 0.
A plot of Eq. (5.42) is shown in Fig. 1.

(5.43)

VI. CONCLUSIONS AND OUTLOOK

In previous works we have carried out a systematic
calculation of the neutrino dispersion relation, as well as
the damping and decoherence effects, when the neutrino
propagates in a thermal background of fermions and
scalars, with a Yukawa-type interaction between the neu-
trino and the background particles (see Ref. [12] and
references therein).

As a complement of that work, the motivation of the
present work is to determine the corresponding quantities
for the case in which the scalar background consists of
a Bose-Einstein condensate. To this end, here we have
proposed an efficient and consistent method to treat the
propagation of generic fermions in the background of the
BE condensate. With an outlook to possible application in
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other contexts, we have illustrated and implemented the
method in a general way and not tied to any specific
application. In the present work we have focused exclu-
sively on the calculation of the dispersion relations. To
model the propagation of the fermions in such an envi-
ronment, we assumed some simple Yukawa-type inter-
actions between the fermions and the scalar.

As mentioned in the Introduction, the method we use to
treat the BE condensate has been discussed by various
authors [23-25]. In Sec. II we reviewed those aspects
and details of the method that are relevant for our
purposes. In the following three sections we presented
the extension we propose of that method to treat the
propagation of fermions in the BE condensate, in
the context of three generic, but specific, models of the
fermion-scalar interaction. Specifically in Sec. III we
considered two massless chiral fermions, f; and f, with
a coupling to the scalar particle ¢ of the form fgf, ¢
(Model I). In Sec. IV we considered a massless chiral
fermion f; with coupling ffe fr¢ (Model II). Finally, in
Sec. V we considered one massive Dirac fermion f with a
coupling f¢f¢ (Model III).

In each case we determined the fermion modes and
corresponding dispersion relations and pointed out some
of their particular characteristics. For example, as a result
of the symmetry breaking the propagating mode is a
Dirac fermion and a Majorana fermion in Models I and II,
respectively. In Model III the symmetry breaking pro-
duces two nondegenerate Majorana modes of what
otherwise would form a Dirac fermion field in the
unbroken phase. In the latter case, various particular
features of the dispersion relations of the Majorana modes
were illustrated by considering particular limiting cases
of the parameters of the model. For example, one
interesting observation is that, while in general the two
Majorana modes have different effective masses (the
value of the dispersion relation at zero momentum), in
some limits the two modes have the same effective mass
although the dispersion relations at nonzero momentum
are different.

The method we propose for the propagation of fermions
in a BE condensate has never been used before and can
be applicable in various contexts, for example, neutrino
physics, condensed or nuclear matter systems, and heavy-
ion collisions. In addition, the work sets the ground for
considering the case of various fermion flavors, as would
be required for the application to neutrinos, or the correc-
tions to the dispersion relations due to the thermal effects of
the background excitations that could be required for
particular applications.
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APPENDIX A: TRANSFORMATION OF THE
CHEMICAL POTENTIAL

Here we show and state precisely the result we invoke in
Sec. II regarding the use of the ¢’ field (with its corre-
sponding Lagrangian L)) in the thermal field theory
calculations while setting 1, = 0 in the partition function.
Moreover, as will become evident, the result also holds for
any other field, not just for the ¢ field, that is transformed in
a similar way as we have done for the fermions.

We denote by (Q, the set of conserved charges
associated with the symmetries of the Lagrangian, which
are such that

[Oa. #] = —qadp- (A1)
The partition function is given by
Z = e PHHQ, (A2)
where
0= ZGA O, (A3)
A
and the chemical potential of ¢ is given by
a
¢
Hy = > A4
=5 (A4)
where
ay = ZaAqA. (A5)
A
From Eq. (A1) we have
0. 9] = —ay9. (A6)

The statement we now show is this: if instead of carrying
the calculations with the ¢ field and its original Lagrangian
L and corresponding Hamiltonian H, we use the ¢’ field,
with the transformed Lagrangian L’ and corresponding
Hamiltonian H’, and then the partition function becomes

Z=eM, (A7)
when it is expressed in terms of the prime field. As already
mentioned, a somewhat exhaustive discussion of this point
is given in Ref. [23]. A simple way to understand this result
is the following.

The evolution equation for ¢ is given by

i0,p = —[H. . (A8)
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where H is the Hamiltonian corresponding to the
Lagrangian L. If we now calculate the time derivative of
¢ = e, we get
0 = iuyd’ + e"'0,¢p
— iug ! + eMeilH, )

— g + ilH. ¢
= =510, + i1,
~i|t- ;0. (A9)
or
10,4 — —[H—;Q,d)’]. (A10)

In other words, the Hamiltonian that governs the evolution
of ¢' is H — é Q, or equivalently the two Hamiltonians are

related by

1
H =H--0.
ﬂQ

Therefore, when we express the partition function in terms
of the field ¢,

(A11)

Z = e PHIC = o=PH, (A12)

That is, in the calculations using ¢’ we use the partition
function with its Hamiltonian A’ and zero chemical potential.

The reason we emphasize here the operator proof of
Eq. (A11) is because in this way it is applicable to any field
(e.g., a fermion field), not involving Lagrangian dynamics
arguments, and therefore the result shown above holds for
any field and not a scalar field. On the other hand, the
Lagrangian formulation we carried out in Sec. II is the most
efficient way to do the dynamics of the ¢, which makes it
very straightforward to solve the evolution equations, rather
than starting with the Hamilton equation, to find the
dispersion relations, propagators, and wave functions of
the propagating modes.

APPENDIX B: SCALAR MODES OF THE
BE CONDENSATE

In this appendix we complete the discussion of the model
presented in Sec. II with regard to the ¢, , excitation modes
of the BE condensate. To simplify the notation, here we
omit the subscript in the chemical potential, mass, and
quartic coupling of the ¢ and denote them by simply u, m, A
(without the ¢ subscript), respectively.

1. Lagrangian for the scalar modes

As already mentioned in Sec. II, the starting point is to
substitute Egs. (2.15) and (2.18) in Eq. (2.12) to obtain the
Lagrangian for the scalar excitations ¢;,. Doing piece
by piece,

9) Q) =5 (9.7 + (@)
(0 0) ~ (00" = Rei' - o)
= v 0(1 + o) — (b1 + ¢o)v - Ihy

= v - 0 — PV - Oy — Pov - Oh;.

(B1)

The last term is a total derivative and therefore does not contribute to the action or the equations of motion and can be

dropped. Finally,

V() = =5 2 = m®)[(do + 41 + 0]+ 3200+ )+ 43

=Uy+ U, + U, + Us + Uy, (B2)
where U, has been defined in Eq. (2.17), and

Uy = =5 (52 = )+ 03] + 5 33 + A3

Us = apo (7 + ¢193),

Us =301+ 93+ 20303) (83)
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The terms U;,4 give the self-interactions between ¢,
which we are not interested in at the moment, U, is an
irrelevant constant, and U; = 0 when Eq. (2.18) is used.
The quadratic part, using Eq. (2.18), is

1 1
U, = —m1¢2 +3 m2¢2, (B4)
where
m} = — (2 = m?) + 3043
=2(p* —m?),
m3 = —(u* = m?) + 2
=0. (B5)

In the second line in each equation we have used Eq. (2.18).
Therefore, the quadratic part of the ¢, Lagrangian is

L((p) [(0#1)* + (0 ¢2)*] + v - Opy — pyv - Opy

l\)l'—‘

~ SR (B6)

Thus ¢; and ¢, are mixed by the v# term. The next step is
to find the propagator matrix of the ¢;, complex and
determine the modes that have a definite dispersion
relation.

2. Dispersion relations for the scalar modes

Using matrix notation,

. ¢
= (1) (87)
b2
the Lagrangian, in momentum space, is
1, _ N
Ly (k) = 36" (A7 (K) (k). (B8)
where
K —m? 2iv-k
A (k) = ‘ ) B9
s (K (—zw-k i (B9)
The classical equations of motion are then
A7 (K)p = (B10)

The dispersion relations of the eigenmodes are given by the
solutions of

D=0, (B11)

where D is the determinant of Agl,

D =k (k> —m?}) —4(v - k)2, (B12)
or
D = (o — ) (@? —k* —m3) — a?, (B13)
where we have defined
a=2u. (B14)
The dispersion relations are determined by solving
(0? =) (0? — k> —m?) —d*?* =0, (B15)
which we write in the form
(0* = k) (0? = k> = m?}) — (@ — k?) — a*k? = 0,
(@? —k?)? = (@? =) (m? +a?) —a*? =0
(B16)

2

This is a quadratic equation for (w* — x*) with solutions

1 1
w1 (k) =K% + E(m% +a’) £ \/Z (m? + a?)? + a?«?,

(B17)
and obviously,
D = (&* — 0%)(0? — 02). (B18)
Thus, the masses of the propagating modes are
mﬁ = m% +a?,
m? = 0. (B19)

The zero mass mode is the realization of the Goldstone
mode associated with the breaking of the global U(1)
symmetry.

The corresponding eigenvectors satisfy

Ay (K], (k) =0, (B20)
where s = £. Writing
A a,
¢s(k) = <bs>’ (B21)
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the equations for the components are

(w? —k* —=m})a, + iawsb, =0,
—iawsa; + (w? —k*)by, = 0. (B22)
We write the solutions in the form
. 1 w: —K?
3w == (7).
VN \iaw,
b= (L) e
(k) = — .
VN_\@? — k> —m?

The normalization factors N are determined by requiring
that the one-particle contribution to the propagator from
the eigenmodes coincide with the form of the propagator
near the dispersion relations (@ — @,). The procedure is

the following. Instead of expressing ¢ in terms of the 1,2

modes,
o= (1)

#o(k) (B24)

it is expressed in terms of the modes that have a definite
dispersion relation,

pk) = Zcxk)cﬁm (B25)

where the ¢, are the eigenvectors found above. The free-
field ¢(x) is then expanded in the usual form,

N P
) = Z/ (27) 20, (x)

x [ %a (k) (k) + e¥a;(®)d; (k)] (B26)

with
[a,(K), a;(&')] = (27)*2w,(k)6(K = K'),  (B27)

and
K = (w,.7). (B28)

The one-particle contribution to the propagator from a
given mode is then

s

Alif|one—particle,s = 2w (w —w ) : (B29)
s s

For reference and example, we give explicitly the formula
for s = +,

@ — i) (0% —k*) (0% —K*)(—iaw,
$+$1:1<(+ (@i —x7) (@f —x7)( ))_

N—+ iaw, (w? —«?) (iaw, ) (—iaw,)
(B30)

On the other hand, by inverting Eq. (B9), we obtain the
propagator of the ¢, , complex

Ay k) = 1 (k2 —iaw )
P D \iaw KR —=m?)

where D is given in Eq. (B 13)." The propagator has poles at
the dispersion relations given in Eq. (B17). Using
Eq. (B18), near the @ = w_ pole, Eq. (B31) gives

(B31)

1
2 2

8 0lms., = By o a )T —a)

2 _ 2 _;
<w+—1< —iow,
; 2 _ 2 2
iaw, Wl —K° —my

). (B34)

The normalization factor N, is determined by requiring
that

Ayl (B35)

OO = A¢ |0ne»particle,+'

Comparing Egs. (B29) and (B34), the normalization factor
is then determined by requiring that

A 1 ®: — K> —iaw

t_ T +

¢+¢+ -2 _ 2 ( . 2 o) 2 (B36)
07 — 02 \ iaw, w5 — K™ — my

and using Eq. (B30) [and remembering Eq. (B15), for the
22 element] we then obtain the wave function renormal-
ization factor

1 1 1

— = . B37
N, o’ -o?a’ -« (B37)
Applying similar arguments to N_,
1 1 1
— = . B38
N_ ot - +mi—a? (B38)
'"To leading order in p,
1 #
oA _ K*—m7 a
Ayk) = A¢ (k) = <m N > (B32)
d @
where
d=k*(k* —m?) (B33)
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