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The branching fractions of the decays τ− → K−πþπ−ντ, τ− → K−π0π0ντ, and τ− → K̄0π−π0ντ are
calculated in the Uð3Þ × Uð3Þ Nambu–Jona-Lasinio-type chiral model. Four intermediate channels
are considered: the contact channel and the channels with the intermediate axial-vector, vector, and
pseudoscalar mesons. The additional resonance states K�π and Kρ are taken into account in all channels.
We show that the main contributions to the widths of these decays are given by the axial-vector channel. In
the axial-vector channel, the intermediate resonances K1ð1270Þ and K1ð1400Þ are taken into account. The
obtained results are in satisfactory agreement with the known experimental data.
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I. INTRODUCTION

Numerous τ lepton decays are a good laboratory for
studying of the meson interactions at low energies. One of
the convenient methods for studying these decays is the
Nambu–Jona-Lasinio (NJL)-type phenomenological model
[1–9]. Using one of the Uð3Þ ×Uð3Þ versions of the chiral
quark model proposed by one of the authors in the early
1980s [3,8–12], numerous τ decays with the production of
one or two mesons in the final state are successfully
described [13,14]. This version of the NJL model takes
into account the possibility of nondiagonal transitions
between pseudoscalar and axial-vector mesons. Also, when
determining the internal parameters of the model, normali-
zation is carried out by the weak decay constant Fπ ¼
92.4 MeV and the strong decay constant gρ ¼ 6.0 [15,16].
In addition to τ lepton decays into one or two mesons,

tau decays with the production of three pseudoscalar
mesons are of great interest. Here, the most probable decay
is τ → 3πντ, which, in particular, in our version of the
NJL model was described in [17]. The next τ lepton
decays with the production of three pseudoscalar mesons
are with a probability of 10−3: τ → ηππντ, τ → Kππντ, and
τ → KKπντ. The decay of τ → ηππντ was considered
within the NJL model in [18].

The present paper is devoted to the calculation of the
branching fractions of τ− → K−πþπ−ντ, τ− → K−π0π0ντ,
and τ− → K̄0π−π0ντ. These decays are interesting due to
the existence of many intermediate channels with different
numbers of intermediate resonances. Here the axial-vector
channel with two resonances K1ð1270Þ and K1ð1400Þ
plays a decisive role. These two states are the result of
mixing the K1A and K1B states. In our model, the result of
such a mixing was described in [19–22].
As for experimental studies, the first ones of the decays

τ− → K−πþπ−ντ were carried out in the late 1990s [23].
The CLEO and OPAL Collaborations’ experiments in
the early 2000s measured the decay branching fractions
Brðτ− → K−πþπ−ντÞ ¼ ð3.84� 0.38Þ × 10−3 [24] and
Brðτ− → K−πþπ−ντÞ ¼ ð4.15� 0.53Þ × 10−3 [25]. Later
widths measured by the BABAR Collaboration [26] turned
out to be significantly lower than the values of a previous
measurement Brðτ−→K−πþπ−ντÞ¼ ð2.73�0.09Þ×10−3.
At the same time, the Belle Collaboration presented the
value Brðτ− → K−πþπ−ντÞ ¼ ð3.30� 0.17Þ × 10−3 [27].
A scatter is observed in the measured central values of the
decay branching fractions. The average value in the Particle
Data Group for this decay is Brðτ− → K−πþπ−ντÞ ¼
ð3.45� 0.07Þ × 10−3 [28]. This discrepancy between the
experimental data for the charged decay mode makes it
interesting to carry out theoretical studies of such decays.
At the same time, the experiments carried out by the Belle
Collaboration in 2014 for the decay of τ− → K̄0π−π0ντ [29]
confirmed the old results obtained in [30,31].

II. LAGRANGIAN OF THE NJL MODEL

In the version of the NJL model applied in the present
work, the fragment of the quark-meson interaction
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Lagrangian containing the needed vertices takes the
form [9,14]

ΔLint ¼ q̄

�X
i¼0;�

�
igπγ5λπi π

i þ igKγ5λKi K
i þ gρ

2
γμλρi ρ

i
μ

þ gK�

2
γμλKi K

�i
μ þ gK1

2
γμγ5λKi K

i
1Aμ

�

þ igKγ5λK̄0 K̄
0 þ gK�

2
γμλK̄0 K̄

�0
μ

�
q; ð1Þ

where q and q̄ are the u-, d-, and s-quark fields with the
constituent massesmu ¼ md ¼ 270 MeV,ms ¼ 420 MeV,
and the λ’s are the linear combinations of the Gell-Mann
matrices.
The axial-vector meson K1A can be represented as a sum

of two physical states [20]:

K1A ¼ K1ð1270Þ sin αþ K1ð1400Þ cos α; ð2Þ

where α ¼ 57°.
The coupling constants

gπ ¼
ffiffiffiffiffiffiffiffi
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4I20

s
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s
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s
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�−1
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3
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sin2α
M2

K1ð1270Þ
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cos2α
M2

K1ð1400Þ

�−1
; ð3Þ

Zπ and ZK are the factors appearing when pseudoscalar–
axial-vector transitions are taken into account, and Ma1 ¼
1230 MeV, MK1ð1270Þ ¼ 1253 MeV, and MK1ð1400Þ ¼
1403 MeV are the masses of the axial-vector mesons a1
and K1 [28]. Taking into consideration these transitions
distinguishes the present version of the NJL model from
many others. The integrals included in the definitions of the
coupling constants take the following form:

Inm ¼ −i
Nc

ð2πÞ4
Z

θðΛ2 þ k2Þ
ðm2

u − k2Þnðm2
s − k2Þm d4k; ð4Þ

where Λ ¼ 1265 MeV is the cutoff parameter [14].

III. THE AMPLITUDES
OF THE DECAYS τ → Kππντ

The diagrams describing the decays τ → Kππντ are
shown in Figs. 1 and 2.
The amplitude of all the considered processes includes

the axial-vector, vector, and pseudoscalar channels con-
taining the axial-vector, vector, and pseudoscalar mesons as
the first resonances, respectively,

M ¼ GFVusLμfMA þMV þMPgμ; ð5Þ

where Lμ is the lepton current.
In the considered processes, the box diagrams have not

been taken into account because their contributions are
small and are in the framework of the model uncertainty.

A. The process τ → K̄0π −π0ντ

In the process τ → K̄0π−π0ντ, each of the channels in the
amplitude (5) is the sum of channels with the mesons ρ−,
K�−, and K̄�0 as the second resonances:

FIG. 1. The contact quark diagram of the decays
τ → K�πðKρÞ → Kππντ.

FIG. 2. The diagrams with the intermediate mesons describing
the decays τ → K�πðKρÞ → Kππντ.
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where pπ0 , pπ− , and pK are the momenta of the final
mesons, q is the monentum of the first intermediate meson,
and the values

Za1 ¼
�
1 − 3

muð3mu −msÞ
M2

a1

�
−1
;

ZK1
¼

�
1 − 3

msðmu þmsÞ
M2

K1A

�
−1

ð7Þ

describe the π − a1 and K − K1 transitions of the external
mesons. The factors hA and hV take the form

hA ¼ M2
K1

− i
ffiffiffiffiffi
q2

q
ΓK1

−
3

2
ðms þmuÞ2;

hV ¼ M2
K� − i

ffiffiffiffiffi
q2

q
ΓK� −

3

2
ðms −muÞ2: ð8Þ

The intermediate resonances are described by the Breit-
Wigner propagators:

BWM ¼ 1

M2
M − p2 − i

ffiffiffiffiffi
p2

p
ΓM

; ð9Þ

where M designates a meson, and MM, ΓM, and p are its
mass, width, and momentum, respectively.
In the vector channel, a combination of convergent

integrals appears:

Ic ¼ mu½I21 þmuðms −muÞI31�; ð10Þ

where I21 and I31 take the form (4) except the fact that
they do not contain the cutoff parameter due to the
convergence.
The amplitudes for the axial-vector and vector chan-

nels presented in (6) include appropriate contact
contributions.

B. The process τ → K − π +π − ντ
The process τ → K−πþπ−ντ, in contrast to the previous

one, contains only two mesons as the second resonance: ρ0

and K̄�0. Appropriate contributions to the axial-vector,
vector, and pseudoscalar channels take the form
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where pπþ , pπ− , and pK are the momenta of the final mesons.

DESCRIPTION OF THE DECAY τ → Kππντ … PHYS. REV. D 107, 116009 (2023)

116009-3



C. The process τ → K −π0π0ντ

The process τ → K−π0π0ντ differs from the previous
ones by the inclusion of only one meson K�− as the second
resonance in the intermediate state, and the necessity to

take into account the particle identity. The contributions of
the axial-vector, vector, and pseudoscalar channels take
the form

Mμ
A ¼ i

3

2
ZK

g2π
gK

½BWK1ð1270Þsin
2αþ BWK1ð1400Þcos

2α�½gμνhA − qμqν�msBWK�−

�
pK

ZK1

−
pð1Þ
π0

Za1

�
ν

þ ðpð1Þ
π0

↔ pð2Þ
π0
Þ;
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V ¼ 6gKg2πIchVBWK�−

�
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þ 1
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�
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ð2Þ
π0λ

pð1Þ
π0δ

þ ðpð1Þ
π0

↔ pð2Þ
π0
Þ;

Mμ
P ¼ i

3

4
ZK

g2π
gk

ðmu þmsÞBWK−BWK�−qμ
�
pð2Þ
π0
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þ q
ZK1

�
ν
�
pð1Þ
π0
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−
pK

ZK1

�
ν

þ ðpð1Þ
π0

↔ pð2Þ
π0
Þ; ð12Þ

where pð1Þ
π0
, pð2Þ

π0
, and pK are the momenta of the final

mesons.
The numerical estimations of the obtained results are

presented in Table I.

IV. CONCLUSION

In the present paper, within our version of the NJL quark
model, four particle τ lepton decays with the production of
one K meson and two pions in the final state are described.
The calculation results show that the dominant contribution
in determining the decay branching fractions is given by
the axial-vector channel. In the axial-vector channel, two
physical axial-vector states K1ð1270Þ and K1ð1400Þ are
taken into account, which are the result of mixing the states
K1A and K1B. The contribution from the pseudoscalar
channel is small and only interferes with the axial-vector
channel. The vector channel makes a small contribution of
the order of 10−5. The amplitude of the vector channel is
orthogonal and does not interfere with other channels. The
axial-vector and vector channels also include the corre-
sponding contact diagrams. Here we do not take into

account box-type diagrams due to a negligible contribution.
For example, the box diagram for the pseudoscalar channel
of the process τ → K−πþπ−ντ gives the result Brðτ− →
K−πþπ−ντÞbox ¼ 2.6 × 10−6. Accounting for box diagrams
in other channels gives similar small contributions. This is
justified by the fact that these contributions do not contain
divergent integrals. The results of all contributions obtained
in our version of the NJL model are presented in Table I.
The model precision is estimated as �15% based on the
statistical analysis of numerous previous calculations and
partial axial current conservation [14].
Interesting results are obtained for the decay of the τ

lepton into charged mesons τ → K−πþπ−ντ, where there is
a discrepancy between the experimentally measured decay
widths. Our results are in good agreement with the latest
data from the Belle Collaboration [27]. It is important to
note that our results are obtained without using any
additional arbitrary parameters.
The τ lepton decays into three pseudoscalars containing

one K meson were described in [32,33] from a theoretical
point of view using chiral Lagrangians, and the following

TABLE I. The model predictions of the partial widths of the decays τ → Kππντ. The contributions of different
channels are shown on different lines. The line K1A corresponds to the axial-vector channel. The line “Total”
contains the summed results of all channels.

Br ð×10−3Þ
τ− → K̄0π−π0ντ τ− → K−πþπ−ντ τ− → K−2π0ντ

Intermediate states ðK�πÞ− ðKρÞ− ðK�πÞ− ðKρÞ− ðK�πÞ−
K1A 2.66 0.88 2.56 0.43 0.68
K� 0.12 0.034 0.063 0.017 0.013
K 0.024 0.028 0.021 0.009 0.006

Total 3.70� 0.55 3.27� 0.49 0.68� 0.10

Experiment 3.82� 0.13 [28] 3.45� 0.07 [28] 0.65� 0.22 [28]
3.86� 0.14 [29] 3.30� 0.17 [27]

2.73� 0.09 [26]
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estimates for the branching fractions were obtained:
Brðτ−→K−πþπ−ντÞ¼5.67×10−3, Brðτ−→K−2π0ντÞ¼
1.08×10−3, Brðτ− → K̄0π−π0ντÞ ¼ 5.77 × 10−3 [32], and
Brðτ−→K−πþπ−ντÞ¼ 7.70×10−3, Brðτ−→K−2π0ντÞ¼
1.40×10−3, Brðτ− → K̄0π−π0ντÞ ¼ 9.60 × 10−3 [33].
Unfortunately, these results noticeably diverge from the
experimental data.
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