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We calculate the contribution to the gravitational form factors (GFFs) from the gluon part of the energy-
momentum tensor in QCD. We take a simple spin 1/2 composite state, namely a quark dressed with a
gluon. We use the light-front Hamiltonian QCD approach in the light-front gauge. We also present the
effect of the gluon on the mechanical properties like the pressure, shear and energy distributions of the

dressed quark state.
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I. INTRODUCTION

The most fundamental question of hadron physics
includes the origin of nucleon mass and nucleon spin
structure. The energy-momentum tensor (EMT) of QCD
provides an understanding of these issues. The hadronic
matrix element of the EMT sheds light on the sum rules and
gravitational coupling of quarks and gluons. This also gives
an insight into the fundamental question of how the mass of
the nucleon is formed from the quarks and gluons [1-4].
The coupling of gravitons and matter particles is through
gravitational form factors (GFFs) [5]. These GFFs are the
form factors of EMT of QCD. They are analogues to
electromagnetic form factors in QED [6].

GFFs can be related to generalized parton distributions
(GPDs) [7], which are accessible via high-energy scattering
processes like deeply virtual Compton scattering (DVCS)
at experimental facilities like Jefferson Lab (JLab) [8,9]
and deeply virtual meson production (DVMP) [10]. The
Ji’s sum rule relates the nucleon GFFs A(g?) and B(g?) to
the angular momentum carried by the quarks [11]. The
quark GFFs for the nucleon were studied at JLab from
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DVCS [12]. Some of the experimental facilities that will
further improve the constraints on the quark GFFs via the
GPDs are the upcoming electron-ion collider (EIC) at
BNL [13], international linear collider (ILC), the Japan
proton accelerator complex (J-PARC) [14], the nuclotron-
based ion collider facility (NICA) [15], and the PANDA
experiment at the facility for antiproton and ion research
(FAIR) [16].

The parametrization of the EMT matrix element in terms
of different hadrons for different spins can be considered as
shown in Refs. [17-21]. For a spin-half system like a
proton, the matrix elements of the symmetric EMT can be
parametrized in terms of four GFFs. The GFFs are functions
of the square of the momentum transfer (g?) in the process.
The form factor A(g?) for hadrons of any spin is constrained
by the conservation of momentum, such that A(0) when
summed over all partons at zero-momentum transfer is
unity. Likewise, the GFF B(g?) is also constrained at zero-
momentum transfer to be zero. For a spin-half fermion, the
constraint on B(g?) is also referred to as the vanishing of
the “anomalous gravitomagnetic moment” in analogy to
the anomalous magnetic moment [5]. The GFF C(g?) can
be nonzero for quarks and gluons separately, due to the
nonconservation of the partial EMT; however, it is
expected to vanish when summed over all quarks and
gluons [22]. Unlike other GFFs, the “D-term” or the
Druck term is unconstrained at zero-momentum transfer
and can only be determined experimentally. The GFFs can
give an insight into the basic mechanical properties of the
nucleons like the mass, spin and pressure distributions. In
fact, by studying the form factor D(g?), one can get
information about the pressure and shear distributions
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inside the proton [5]. Recent extraction of the D-term from
JLab data has allowed visualizing the pressure and shear
force distributions [23,24]. The pressure distribution is
repulsive near the core of the nucleon and attractive
towards the outer region. In fact near the centre, the
magnitude of the pressure is comparable to the pressure
distribution inside a neutron star, which is the densest
object in the universe. The fact that the pressure and
energy distributions can be obtained from the GFFs which
are accessible through the generalized parton distribu-
tions, suggests an interesting method to study the equation
of state of dense matters like neutron star [25]. The
pressure, shear and energy distributions are frame depen-
dent. A discussion of the definitions of these distributions
in different reference frames can be seen in [22]. In many
cases, one defines such distributions in the Breit frame [5].
However, in this frame, they are subject to relativistic
corrections. In [22] and later in [26] two-dimensional
light-front distributions are introduced. A comparative
discussion of the definitions of densities in different
frames can be found in [27]. Because of the Galilean
symmetry in the light-front framework, such 2D distri-
butions are fully relativistic. A connection between the 2D
and 3D distributions can be obtained in terms of Abel
transformation [28,29]. The gravitational form factors
have been extensively studied for the nucleon with various
models namely the simple multipole model [22], the chiral
quark soliton model [30-32], the Bag model [33], the
Skyrme model [34,35], AdS/QCD motivated diquark
model [36], in chiral perturbation theory [37-39], and
in lattice QCD [40—-44]. Recently D-term of the nucleon in
a holographic QCD model has been calculated in [45].
In most of the phenomenological models for the nucleon,
gluonic degrees of freedom are not included, as a result,
only the quark GFFs can be perceived. However, some of
the GFFs like the D-term, that contributes to the pressure
and shear force distributions in the nucleon depend on the
so-called “bad” components of the energy-momentum
tensor, that includes quark-gluon interactions. Thus it is
important to investigate the role played by the gluons in
such distributions. However, the gluon GFFs are much less
studied theoretically and fewer constraints exist for them
from experiments. Gluon studies for the nucleon include the
calculation of the gluon A(g?) in an extended holographic
light-front QCD framework [46], GFFs for the gluon have
also been calculated recently in lattice QCD [47]. The gluon
GPDs and form factors have been calculated in a soft-wall
ADS/QCD model in [48]. In a very recent paper [49], gluon
GPDs have been calculated in a light-front spectator model,
where the proton state is assumed to be consisting of one
gluon and one spectator particle containing three valence
quarks. The gluon GPDs and GFFs for nucleon have been
investigated in a holographic QCD framework in the context
of photoproduction or leptoproduction of J/¥ and Y
in [50]. Such experiments are possible at the JLab [S51].

The future EIC will focus on the study of nucleon structure
and specifically, it would seek extraction of gluon D-term
for the first time [13,52].

In this work, we study the gluon GFFs in a field
theoretical model of a relativistic spin half system, namely
a quark dressed with a gluon at one loop. We use the light-
front Hamiltonian approach, in which the dressed quark
state can be expanded in Fock space in terms of multi-
parton light-front wave functions (LFWFs). The two-
particle quark-gluon LFWF can be obtained analytically
from the light-front QCD Hamiltonian. We employ the
resulting two-particle light-front wave functions to cal-
culate the necessary overlap expressions using two-
component representation [53]. A similar model and
approach have been used earlier to investigate the GPDs
and Wigner functions [54—61]. The advantage is that in the
light-front gauge, A* =0, one can eliminate the con-
strained degrees of freedom which then allows an analytic
calculation of the matrix element of all the components of
the EMT for such state. Thus one can explore the effect of
the quark-gluon interaction in QCD that plays a major role,
for example, in the D-term. The quark GFFs and the
mechanical properties were investigated in this model in
an earlier publication [62]. Here, we investigate the GFFs
from the gluon part of the EMT as well as the contribution to
the two-dimensional pressure, shear and energy distribu-
tions coming from the gluon. The manuscript is organized in
the following manner: In Sec. II, we discuss the two-
component formalism and present the calculation of the
gravitational form factors for gluon in the light-front dressed
quark state. In Sec. III, using D-term we calculate the
pressure distributions, forces and energy densities. In
Sec. IV we summarize our results. The useful formulas
and essential steps of calculations can be found in the
Appendices.

II. GRAVITATIONAL FORM FACTORS
AND THE TWO-COMPONENT FORMALISM

In this section, we discuss the method used to obtain the
gravitational form factors (GFFs) using a dressed quark
state in light-front Hamiltonian QCD. The symmetric QCD
EMT is defined as

gﬂv:%’/+9‘(‘;‘/’ (1)
v 1_. wii
0 = SWily' D + D!y — g“@(iy*D; = my,  (2)

Y 1
05 = —FraF,, +19””(FAM)2- (3)

The last term in Eq. (2) will become zero because of the
equation of motion. A standard way to parametrize the
matrix element in terms of the EMT for a spin-1/2 system
is given by
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(P, 516/ (0)|P.S) = U(P'.S") | -Bi(q

+Ci(q P

where the Lorentz indices (u,v)={+,—,1,2}, P*=
1(P'+ P)* is the average nucleon four-momentum.
U(P',S"),U(P,S) are the Dirac spinors for the state, and
m is the mass of the target state, i = (Q, G). A;, B;, C;, and
C; are the quark or gluon gravitational form factors. One
also uses the notation D(g?) = 4C(q?). As stated in the
introduction, A(q?), B(¢?) and C(¢?) are constrained, but
D(q?) is unconstrained [22]. In general, from the matrix
element of the energy-momentum tensor, the GFFs can be
extracted. GFFs give how matter couples with gravity. In
this work, we study the gluon GFFs and analyze their
contribution to the mechanical properties of a quark state
|

A =PRI+ Y [ kik]
1o
+ 2pL
where [k] = M
2027)°k"

In Eq. (5), w (P, 4) in the first term, corresponds to a single
particle with momentum (helicity) P(4) and also gives
the normalization of the state. The two-particle LFWEF,
wo (P, Ak, A1 ko, Ay) is related to the probability amplitude
of finding two particles namely a quark and a gluon with
momentum (helicity) k; (4,) and k, (4, ), respectively, inside
the dressed quark state. b™ and a' correspond to the creation
operator of quark and gluon respectively.

The LFWFs can be written in terms of relative momenta
so that they are independent of the momentum of the
composite state. The relative momenta x;, k;- (i = 1, 2) are
defined such that they satisfy the relation x; + x, = 1 and
ki + k3 =0.

ki =x,Pt, ki =« +xPt, (6)
where x; is the longitudinal momentum fraction for the
quark or gluon, inside the two-particle LFWF. The boost
invariant two-particle LFWF can be written as shown in
Ref. [63],

g x(I=x) | 7T¢
4’11 zz( ) = 2(27[)3 Lu T m2x2] %Zﬁl
2kt e3) | .
X [ . 2 —l—l_x(al-ch)(oL-e,t*)
o N TN 1
wime ) Lt )

244" = ¢9 ¢

2(2x 3P+53(P ky —

(rP* +y"P")

| =

+ (Ai(¢*) + Bi(¢%))

Ci(¢*)mg™ |U(P.S), (4)

|
dressed by a gluon by extracting them from the gluon part
of the EMT. This builds upon our previous study [62], in
which we used the quark part of the EMT to extract the
quark GFFs and analyzed their contribution to the mechani-
cal properties.

In light front Hamiltonian formalism, a state with
momentum P and helicity 4 can be expanded in Fock
space in terms of the light front wave functions (LFWFs).
The LEFWFs are boost-invariant. Here we consider a quark
state dressed with one gluon, that is, we truncate the Fock
space expansion at the two-particle level. The state can be
written as

ky )yrp (P, Misky, dy)

b}, (ky)aj, (k2)|0),

(5)

|
where, ¢, (x;,k;) = V/ P+y/2( ks, Ay), g is the
quark-gluon coupling. 7¢ and e22 are color SU(3) matrices

and polarization vector of the gluon. The quark mass and the
two-component spinor for the quark are denoted by m and y,
respectively, 4 = 1, 2 correspond to helicity up/down. We
have used the notation &; = o, and 6, = —o; [64]. Note
that, here x and k- is longitudinal momentum fraction and
the relative transverse momentum of gluon respectively. We
have used the two-component framework developed in light-
cone gauge AT = 0 [53]. In this gauge, by using a suitable
representation of the gamma matrices one can write

o

where the two-component quark fields are given by

_ [k] e—iky i eiky
fw—§}¢/¢ﬂgﬁmw> +d'(k)e], (9)

mwz(?)bhum+@ﬁwn+mmw, (10)

iot

7(y) is the constrained field, which may be eliminated using
the above equation. The dynamical components of the gluon
field are given by
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La,(k)e= ik +€j‘*aj1(k)eik'«"}.

. KM .

(11)

Here we have suppressed the color indices. The four
momenta in light-front coordinates are defined as

Pt = (P, P+ P7). (12)

‘We choose a frame where the four momenta of the initial and
the final state are given by

2
pr= <P+ 0+ ;Z) (13)
12 2
Y= <P+, IR ) (14)
and the invariant momentum transfer
g2
g = (P' =P} = (07 ‘Ilvﬁ) (15)

This is the Drell-Yan frame (DYF), in this frame, the
momentum transfer is purely in the transverse direction,
and g+ = 0, in other words ¢*> = —g*2

In order to calculate the GFFs, we define the matrix
element of the EMT as follows

v 1 v
M = 3 (P, S04 (0)|P, S)], (16)
where (S, S") = {1, | } is the helicity of the initial and final
state. 1(] ) positive (negative) spin projection along z axis.

We use the dressed quark state in Eq. (5) to calculate the
matrix element. The form factor A, (¢?) and B;(g?) can be
calculated from the “good” components (9;") directly by
taking suitable combinations. Using Eq. (16) we have
M+ M =2(P)As(q), (17)

ig?
M;r /\/l (P+)2B (q%). (18)
Using the two-particle LFWFs for a dressed quark state,
we calculate the LHS of the above analytically; the details
of the calculation of Egs. (17) and (18) are given in
Appendix A. As stated in the introduction, the total C(g?)
should be zero when summed over quark and gluon due to
the conservation of the EMT [22]. However, nonzero
contributions come both from the quark and gluon parts.
Quark and gluon contributions to this GFF can be

calculated as

(P'.5819,6,"(0)

.8) =ig"Ci(q*)mU(P'.S")U(P.S). (19)
where i = Q/G. Taking v = 1, we arrive at the following
combination to extract C,;(g?),
a, M4+ g My = —igVgPmC,(q?).  (20)
The fourth GFF, D;(g*) = 4C;(¢?) also known as the
D-term is obtained from the transverse component of the
EMT. Both C;(g?) as well as D;(q?) involve quark-gluon
interaction in the operator structure after we eliminate the
constrained fields. Details of this calculation are given in
Appendix B. We use the following linear combination of
the transverse Lorentz indices to extract the D-term,

My} + M3+ M+ 3 = 1 [Bu(a) = D)5+ 2 2m 4 1)
The final expression for the gluon GFFs are as follows:
Ag(g?) = g;f; [29—9+§1n<:1—2> —/dx<(1 +(1-x)? ) +m> ;j (22)
Bule?) =L [ o ’"q j% (23)
Dyfar) = S [ [ ax™ (2 - 0 - 4map] 2, 4
Co(q?) gzzi‘z’ [10+9/dx x—m>%—3ln<;\l—z>}, (25)

where
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~ 4m2x?

Sfi= l+m’ (26)
o 1+ f
o= ln(_1 +f~1). (27)

In order to calculate the analytical form of the GFFs we
have used the integrals over the transverse momentum as
shown in Appendix C. It should be noted that a UV cutoff
A has been used to calculate the GFFs A;(¢?) and C4(q?)
in the transverse momenta (k) integration, but for GFFs
B;(¢?) and D;(q?), the x'-integration is found to be
convergent, and no cutoff is used. This cutoff introduces a
renormalization scale dependence on the GFFs A (g?) and
C,(g?); in our approach, this has its origin in the transverse
momenta (k) integration. But the total GFFs of a system
are independent of such scale dependence [5]. Indeed our
total GFFs are independent of the UV cutoff since any A
dependent contribution from the gluon exactly cancels with
the corresponding quark contribution. The calculation of
quark contribution to GFFs has been explored in our
previous work [62].

III. NUMERICAL ANALYSIS: GRAVITATIONAL
FORM FACTORS

In this section, we show the plots of the GFFs A;(g?),
Bs(q?), Ds(q?) and Cy;(q?) listed in Egs. (22)—~(25) as a
function of the momentum transferred squared (g?). We
take the mass of the dressed quark to be m = 0.3 GeV and
g = Cr = 1. We use the cutoff A =2 GeV for the calcu-
lation of both quark and gluon GFFs.

In Fig. 1, we plot the total GFFs A(g?) and B(q?) as a
function of ¢*> along with the individual quark and gluon
contributions. As discussed above, A(g?) for the quark and
gluon depend on A, although the total A(g?) is independent
of this cutoff. These form factors have been calculated for a

0.2 b

-0.2

dressed electron system in QED as well as in Yukawa theory
in [65]. The QED limit can be obtained from our calculation
by taking suitable values of the parameters. Our results for
A(q?) and B(q?) agree with this reference. Our result for the
GFF A, (¢*) matches with an existing result which was
calculated through GPDs in the massless limit [54]. Lattice
study of the gluon contribution to GFFs of the nucleon,
A;(q?) and B;(g?) have been made in [44,47]. Our results
agree qualitatively for Ag(q?), on the lattice the gluon
contribution to the GFF B;(¢?) in [47] is found to be
slightly positive, although in [44] it is shown to be negative.
As seen in the plot above, in the dressed quark state, the
contribution from the gluon to the GFF B(g?) is negative.
As a consequence of Poincare invariance the total GFFs
A(q?) and B(q?) satisfy the sumrules A(0) = 1 and B(0) =
0 respectively [66,67]. These sum rules are satisfied which
can be seen in Fig. 1. This can be obtained analytically also
and is explicitly shown in Appendix A. The condition on
GFF A(q?) physically gives the momentum sum rule, and
for B(g?) it means that the anomalous gravitomagnetic
moment vanishes for a spin-1/2 system [5]. Together these
two GFFs satisfy Ji’s sum rule [11]:

J0.6(0) =5 (A0,(0) + By (0)). (28)

N =

The above relation gives the contribution to the total
angular momentum from the quark/gluon.

In Fig. 2, we plot the GFFs D(g?) and C(g?) as functions
of q2 for the contribution of the quark, the contribution of
the gluon and the total contribution of quark and gluon parts
of the EMT. In this case the GFF C,(q?) is found to change
from negative to positive value as ¢ increases and the value
of C;(0) = —0.0146. The quark counterpart shows exactly
opposite behavior and the value of C,(0) = 0.0146. The
individual GFFs C;(¢*) depends on the UV cut-off A.

0.01 T T T T T

—0.005}

|
OI. 2. 4. 6. 8. 10.
¢*[GeV?)

-0.01

FIG. 1. Plots of the GFF A(g?) and B(q?) as a function of ¢>. The dashed blue curve and the dot-dashed magenta curve are for the
quark (g) and gluon (g) form factors respectively. The solid black curve is for the sum of quark and gluon (¢ + ¢) contribution. Here

m=03GeV and A =2 GeV.
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0.01
0.005
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0.04} -
—~
(]
=]
SN—
(@ Ry
—0.04F et P
_ 1 1 1 1 1
0.08, 2. . 6. 8. 10.
¢*[GeV?|

FIG. 2. Plots of the GFF D(g?) and C(g?) as a function of g*. The dashed blue curve and the dot-dashed magenta curve are for the
quark (g) and gluon (g) form factors respectively. The solid black curve is for the sum of quark and gluon (¢ + g) contribution. Here

m=0.3 GeV and A = 2 GeV.

However the total C(g?) is independent of A, as expected.
We observe that the total C(g?) is nonzero, except at
g* =0, C(0)=0 as shown in Eq. (B21). The total
C(g?) however, is expected to be zero due to the con-
servation of EMT. C(g¢?) depends on the transverse com-
ponent of the EMT. As discussed in the Appendix B, in our
calculation of the matrix elements for a dressed quark state,
we have used two-component formalism. In this formalism,
while eliminating the unphysical degrees of freedom in
light-front gauge, one removes the zero mode k* = 0; as the
constrained fields cannot be written in terms of the
dynamical fields using the constraint equations at this point.
The zero modes are removed by using anti-symmetric
boundary conditions [53,68]. So our calculations do not
include the contribution from the terms that have k™ = 0 for
either the quark or the gluon. The terms with i+ = 0 zero do
not contribute as g> — 0, but contribute when ¢ is not zero.
A careful inclusion of the light-front zero modes is required

—— this work --- MPR

FIG. 3. Plot of photon GFF D, (g*) as function of ¢>. The blue
dashed curve is the result for the photon D-term as shown in

Ref. [70] (MPR) and the solid black line is our D-term with the

same parameter. Here we set m = 0.511 MeV, a = 1177

to see the result coming from the conservation of the full
EMT, this is beyond the scope of the present work. The
slope of the C, is steeper than C,. As discussed in the
introduction, the D-term is not related to any Poincare
generators and therefore is not constrained. It is related to
the pressure and shear force inside the nucleon. The value of
the D,(q?) is found to be positive and divergent as g>
approaches zero. The total D(g?) is divergent as ¢g*> — 0 as
well. The total D(g?) is found to be negative in the chosen
range as expected for a bound state except in the region
close to g> = 0, where the D-term is positive. The GFFs for
an electron in QED have been calculated in a Feynman
diagram approach in [69,70]. The D-term for the photon
part of the EMT has been found to be divergent. This
divergence was related to the infinite range of the Coulomb
interaction [71,72]. In our one loop calculation in QCD we
also see a divergent behavior. The D-term for the photon
can be obtained from our result by setting the QED values for
the parameters. We observe that our result for the D-term
for the photon shows qualitatively similar behavior with [70].
The comparison has been shown in Fig. 3. The quantitative
difference may be due to the fact that the light-front zero
modes are not included in our calculation. This requires
further investigation, possibly in another publication.

IV. PRESSURE AND SHEAR FORCE
DISTRIBUTIONS

The D-term encodes information about the pressure and
shear distributions inside the nucleon [5]. The pressure and
shear force distributions are encoded in the transverse
component of the EMT through the pure-stress tensor [26].
The gluon contribution to the D-term is vital for a complete
understanding of the quark-gluon dynamics associated
with the transverse components of the EMT. As discussed
in the introduction, such distributions in the literature have
been defined in different frames. The spatial distributions
in the Breit frame do not have an interpretation of spatial
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density [26]. There is in general an ambiguity to define a
three-dimensional spatial distribution of a local property of
the nucleon which has a size much less than the Compton
wavelength [73]; this ambiguity comes while localizing
the nucleon to define such distributions. In light-front
formalism, we can define 2D distributions at constant light
front time x™ = 0 by taking a two-dimensional Fourier
transform. In the Drell-Yan frame when the momentum
transfer is purely in the transverse direction, such distri-
butions have density interpretation [26]. In this work, we
calculate the distributions in the form of Fourier transform
of g to the impact parameter space b* in the Drell-Yan
frame following the approach of [22]. In Refs. [74,75]
boost invariant impact parameter distributions (IPDFs) of
quarks and gluons has been introduced by taking 2D
Fourier transform of the GPDs, using the fact that, in light-
front framework, the transverse boosts are Galilean in
nature. The expressions for pressure and shear distribu-
tions in two dimensions [26] are

1 d d _
(bt) = —— |bt——D;(b1) | = mC;(b1), (29
P08 =gt [ DY) = mEi5). (29
bt d [1 d
bt)=———|———D;(b1)]|, 30
(0 == g [ D0 (30)
where
1 Sl
F bJ_ — d2 1 ,—ig~b 2
() = G [ a0 )
1 ©
== dq g JolgTb)F(q?), (31)
2 0

where F = (A;,B;,D;,C;), i=(0Q,G). J, is Bessel’s
function of zeroth order. m is the mass of the dressed
quark state. The last term in Eq. (29) will not be there for
the pressure distribution derived from conserved total

T T T T

g 04F 727N ----qd B
Lg‘ / \

; / \ —--8

&) ! \

g 0'2_/ \\ —qtg T
— L \ e
= J N T~
~ 0. A .\':~

Q‘ \ '/ \ //’
~ \ 7N -

= \ / N7

& -02F '~ _
(@]

" 1 " 1 " 1 " 1 "
0. 0.02 0.04 0.06 0.08 0.1
b [fm]

EMT. In order to avoid infinities at intermediate steps,
we use a wave packet state to calculate these spatial
distributions [55,76]. The dressed quark state confined in
transverse momentum space with definite longitudinal
momentum can be written as

1 [dp-dp*
167[3/ o $(p)lp*.pt.4), (32)

with ¢(p) = p*é(p* — pJ)d(pt). We use a Gaussian
wave packet in transverse momenta at fixed longitudinal
light-front momentum.

pLZ
P(pt) = e, (33)
where A is the width of Gaussian.

This state provides Fourier-transformed pressure and
shear distribution and also smooth plots. The combination
of pressure and shear gives the normal and the tangential
forces experienced by a ring of radius b:

F,(b*) = 2zb* <p(bj‘) + %s(bﬂ), (34)

Fi(bY) = 27b" <p(bi) —;s(bl)) (35)

We have suppressed the index i for quark/gluon. In Fig. 4
we have shown the plots of 2zb*p(b*) and 2zb*s(bt).
We have shown three plots for quark, gluon and the total
contribution. The quark and gluon contributions to the
pressure distribution have one node each that coincides.
The position of the node depends on the width of the
Gaussian. Here, we have chosen A = 0.2 for illustrative
purpose. The node moves to higher value of b= as the width

T T T T
=l RN ----q
E o AR -
~ / \\ —--g
Z J N
9‘ 0.4 / N —_—qtg
/ S
— L V N
— D N
-~ ~
~— 0. ~ ——
» .\.\ '/'/

— . <

L AN Ve 4
'[S -0.4 N e
S | -

L 1 L 1 L 1 L 1 L
0. 0.02 0.04 0.06 0.08 0.1
b [fm]

FIG. 4. Plots of the pressure distribution 2zb* p(b*) and the shear force distribution 2zbs(b1) as a function of b*. The dashed blue
curve and the dot-dashed magenta curve are for the quark (¢) and gluon (g) contributions respectively. The solid black curve is for the

sum of quark and gluon (¢ + g) contribution. Here A = 0.2.
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of the Gaussian wave packet is increased, and the distri-
bution becomes broader. The quark contribution is larger
than the gluon and hence the total contribution mimics the
behavior shown by the quark contribution. The profile of
the total pressure curve indicates that at the center of the
two-particle system, there is a positive core, and there is
negative pressure distribution towards the boundary. This
behavior of the pressure distribution is essential for a stable
system, which is a repulsive core balanced by the confining
pressure in the outer region [23]. This behavior of the
pressure distribution is similar to what has been observed
for a nucleon for example from fits to the JLab data [23].
The total pressure profile of the dressed quark satisfies the
Von Laue stability condition [26] for which at least a single
node should be present in the pressure distribution (left
panel of Fig. 4).

/ Pbp(bt) = 0. (36)

The shear force due to gluon turns out to be negative,
unlike the quark shear force which is a positive definite
quantity. The total shear force resembles that of a stable
hydrostatic system [5] (right panel of Fig. 4).

Figure 5 shows the normal force F,, and tangential force
F, in the impact parameter space. The gluon part of normal
force F, is found to be negative, but the total normal force
is positive. This means that the system is stable under
collapse [5]. The nature of the gluon contribution to the
tangential force F, is similar to the quark but opposite in
sign. The total tangential force is zero at the center of the
two-particle system; positive near the core and negative
towards outer region, which keeps stability in the tangential
direction. Again, the position of the node in the tangential
force distribution moves to higher value of b, as the width
of the Gaussian is increased. However, the position of the
node does not depend on the mass parameter m.

0.8 T T T T T T T T
0.6f PN i
0.4F \ ]

0.2 N B

0. =

F, (b") [GeV/fm]

-0.2F '\, e E

-0.4¢ 1 1 1 1 7
0. 0.02 0.04 0.06 0.08 0.1

b [fm]

V. ENERGY DENSITY AND PRESSURE
DISTRIBUTIONS

The two-dimensional Galilean energy density, radial
pressure, tangential pressure, isotropic pressure, and pres-
sure anisotropy, for quark/gluon are defined in Ref. [22].

1 1 d

1 _
(bY =ml|=A.(bY)+C.(b+) + — — —_
ﬂl( ) m|:2 l( )+ l( )+4m2bidbL

x (bid]% BBi(bi) - 4c,.(bL)} )] (37)

pl

ol(bt)=m {—6,([#) + %%%} , (38)
- 20 (L

eioh) = m| -2 o) + LA )

oi(b) = m|~Cy(phy + 1 L L4 (bL M)]

N

where i = (Q,G). Equations (40) and (41) agree with
Egs. (29) and (30). The isotropic pressure and the pressure
anisotropy can be defined in terms of radial pressure and
tangential pressure as follows:

ol + o'
6[ — ( l l) , (42)
2
T T T T T T T T T
0.4 N e B
S 0.2F/ \ / N\, b
~— _[ \ ~N
> / ~.o
<} 0. 7 :
9. i ‘\ ./ \ //’
— =02 "~ \ 7/ ----q ]
- . \ /
= r \ 4 —.eg
SN— _0-4_ \ / i
o \ / _
L \ , q+g
-0.6f Neo E
1 1 1 1
0. 0.02 0.04 0.06 0.08 0.1
b [fm]

FIG. 5. Plots of the normal force F,(b*), and the tangential force F,(h') as a function of b*. The dashed blue curve and the dot-
dashed magenta curve are for the quark (¢) and gluon (g) contributions respectively. The solid black curve is for the sum of quark and

gluon (¢ + g) contributions. Here A = 0.2.
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/
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FIG. 6. Plot of the energy density u(b*) as a function of b*.
The dashed blue curve and the dot-dashed magenta curve are for
the quark (¢) and gluon (g) contributions respectively. The solid
black curve is for the sum of quark and gluon (g + ¢) contri-
bution. Here A = 0.2.

I, = o/ — ol (43)
The distributions defined in Eqs. (37)—(41) are studied in
the impact parameter space and hence we take the Fourier
transform as shown in Eq. (31). As before, we choose a
Gaussian wave packet state with a width of A = 0.2.

We show our result for the energy density in the impact
parameter space in Fig. 6. The Galilean energy density
involves all four GFFs as seen from Eq. (37). The energy
density for quark shows a negative region near the center
whereas the gluon energy density has a negative region
towards the peripheral region away from the center. The
energy density of the gluon is positive near the center and
as we move away from the center the quark contribution
becomes positive. However, the total energy density
remains a positive definite quantity over the entire range.
The blue dashed curve and the dotted magenta curve

T T T
_\\
= \\ —--8
> AF s
@ So —atg
o S~o
a0 — o
= /./'
\.: /'/.
b —4_ /'/-/‘
L 1 L 1 L 1 L
0. 0.02 0.04 0.06 0.08
b [fm]

intersect at around b* ~0.025 fm which is the point
where the quark and gluon energy density share the exact
same nonzero value. The total energy density has a peak
centered around bt ~0.03 fm, where bl indicates the
magnitude of b*.

Figure 7 shows the plot for the radial and tangential
pressure as defined in Egs. (38) and (39) respectively. The
quark radial pressure has a maximum at the center of the
impact parameter space and it falls off gradually becoming
zero around b+ ~ 0.06 fm. On the other hand, the gluon
radial pressure exhibits a negative value at the center. The
quark contribution dominates over the gluon such that the
total radial pressure stays positive. The tangential pressure
for both quark and gluon show positive as well as negative
regions. The tangential pressure due to gluon is found to be
negative till b+ ~ 0.02 fm and positive after that. The quark
behavior is inverted compared to the gluon case. However,
the total tangential pressure mimics the quark behavior
which indicates that the quark contribution is larger
compared to the gluon.

Figure 8 shows the plot for the isotropic pressure and the
pressure anisotropy as defined in Egs. (40) and (41)
respectively. These two pressures are linear combinations
of the radial and tangential pressure as shown in Eq. (43).
The isotropic pressure is the average of the radial and
tangential pressure. Hence we observe that the region near
the center resembles the behavior as seen in the radial
pressure and the region around the periphery mimics the
behavior observed in the tangential pressure. Pressure
anisotropy is the difference between radial and tangential
pressure. In Fig. 8, we observe that the quark contribution is
positive and the gluon contribution is negative. This implies
that the radial pressure is always greater than the tangential
pressure for the quark and for the gluon the tangential
pressure is always greater than the radial pressure. The total
pressure anisotropy remains non-negative throughout the
impact parameter space.

T T T
] -
& -
& —ats
ST N .
—_— Ll N T =
— ==
= -
~— _-
G -
1 " 1 "
0.04 0.06 0.08

b*[fm]

FIG. 7. Plots of the 2D radial pressure ¢,(b*) and the tangential pressure o,(h*) as a function of b*. The dashed blue curve and the
dot-dashed magenta curve are for the quark (¢) and gluon (g) contributions respectively. The solid black curve is for the sum of quark

and gluon (g + g) contribution. Here A = 0.2.
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FIG. 8. Plots of the 2D isotropic pressure o(b*) and pressure anisotropy I1(h1) as a function of b*. The dashed blue curve and the dot-
dashed magenta curve are for the quark (¢) and gluon (g) contributions respectively. The solid black curve is for the sum of quark and

gluon (g + g) contribution. Here A = 0.2.

VI. CONCLUSION

In this work, we have calculated the gluon contribution
to the GFFs and mechanical properties like pressure, shear
force and energy distribution for a dressed quark state. A lot
of theoretical studies have been done in the direction of
mechanical properties of the nucleons [22,30,33,34,37],
especially the D-term has got a lot of attention because it is
related to the pressure distribution inside the nucleon. Most
phenomenological models for the nucleon do not include
gluons. But the D-term and the pressure distribution
depend on the quark-gluon interaction [5,26], as they are
related to the transverse components of the energy-momen-
tum tensor. In this work, instead of a nucleon state, we use a
simpler relativistic spin—% composite state, namely a quark
dressed with a gluon at one loop in QCD. The advantage is
that in the light-front gauge, one can use the constraint
equations to eliminate the constrained fields. We use the
two-component formalism in light-front Hamiltonian per-
turbation theory. The quark state is expanded in Fock space
in terms of multi-parton LFWFs and we keep up to the two-
particle sector that is the quark-gluon LFWEFE. These Boost
invariant LFWFs for a dressed quark state can be calculated
analytically using the LFQCD Hamiltonian. This allows us
the calculate the contribution to the GFFs coming from the
quark and gluon parts of the energy-momentum tensor, as
well as their contribution to the mechanical properties like
the pressure, shear and energy distributions. This gives an
intuitive picture of the spatial distributions of the two-
particle relativistic composite state. In our earlier publica-
tion [62] we have calculated the GFFs and mechanical
properties of the dressed quark state from the quark part of
the EMT; in this work, we have presented the contribution
from the gluon part of the EMT. We have compared our
results with existing results in the literature for a dressed
electron [70]. Using the QED values of the parameters we
obtain Dy(qz), which diverges as g> — 0, as a result, the
total D-term also diverges in this limit. This behavior is

discussed in the literature. We observe that in the GFFs

D(q?) and C(¢?) contributions from the light front zero
modes need to be carefully investigated.

ACKNOWLEDGMENTS

J. M. would like to thank the Department of Science and
Technology (DST), Government of India, for financial
support through Grant No .SR/WOS-A/PM-6/2019(G).
S. N. thanks the Chinese Academy of Sciences Presidents
International Fellowship Initiative for the support via
Grant No. 2021PMO0021. A.M. would like to thank
SERB-POWER Fellowship (SPF/2021/000102) for finan-
cial support.

APPENDIX A: EXTRACTION OF
As(g*) AND B(q*)

To extract GFFs A;(¢*) and B;(g*) we use the (+, +)
component of the EMT. The operator structure of ;" in
light-cone gauge A* =0 is

01 = (i) = (%A, (A1)

While calculating all the GFFs, we categorize the
contributions to the matrix elements as follows:

(i) Single particle contribution with one quark in the

initial as well as final state and we denote it by 1, D.

(i) Nondiagonal contribution in which we calculate
matrix element with one quark in the initial state
and one quark and a gluon in the final state or vice
versa. This contribution is denoted by ND.

(iii) The two-particle diagonal contribution in which we
calculate the matrix element with one quark and a
gluon in the initial state as well as in the final state
and we denote it by 2, D.

The diagonal one-particle sector does not contribute, as
this would need x = 1 for the gluon.
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M+ MmiF] =0, (A2)
(Mip+ M| =0 (A3)

The final expression for the matrix elements coming
from the two-particle sector of 5 in terms of the overlap
of the LFWFs is as follows:

|

201 _ 4
MG+ M7,y = 2P [ ety P

M+ M, = 2P+292CF/ o] (—iq(2>)

The nondiagonal contribution coming from the overlap of
one and two-particle sectors also vanishes

- =+
++ o
[MN +MM}ND—O, (A8)
where
dxd’x*
[xkl] = 873 (A9)
D = [KJ‘Z + mzxz}. (A10)
D, = [(:A +(1=x)gh)? + m2x2] . (AlD)
From Eq. (22) we get
2 2
. ) _g Cf 5 1 A
qlzl{n,oAG(q ) = ey {——i-gln )| (A12)

Now the expression for the quark part of the GFF A, (¢?)
as discussed in our previous work [62], in the limit g> — 0,
we get

2Cr[5 1. (A?
limA,(¢?) =1 I [——I——ln(ﬁ)].

q2—>0 27T2 9 3 (A13)

So it is clear from Egs. (A12) and (A13) that the total quark
and the gluon GFF A(g?) satisfies the sum rule as expected.

lim (A¢(q%) + Aq(q%)) = 1.

(A14)
¢*—0

Similarly from Egs. (23) and Ref. [62] in the limit g> — 0,
we get

(P S'0F|P.S) =2P2) " / dxd’x-(2x) 5, (1 = x,
Ao
= (k" + (1 =x)g)); ,(1 — x, —k*).
(A4)

The diagonal contribution coming from the two-particle
sector is given by

1+ x?)(kt? — et -ql)]’ (AS)
DD,
2 1— 2
mx*(1 —x) (A6)
DD,
|
2 2
. g°Cy . gCy
lim B;(¢*) = ===, limB,(¢*) ===2%. (Al5
Jim, o(q%) 2 Jim, ol@) =753 (AlS)

So, the total quark and gluon GFF B(¢?) satisfies the
sum rule as expected.

qlziTO(BQ(qz) + Bg(q%)) = 0.

(A16)
Equations (A13) and (A16) imply that the total angular
momentum of the dressed quark state is J(0) = 1 as per Ji’s
sum rule [11].

APPENDIX B: EXTRACTION
OF C;(q*) AND C,(q?)

In light-front gauge A™ = 0, the calculation of the GFFs
Cs(q%) and C;(g?) involve the transverse component A+
and the longitudinal component A~ of the gauge field. The
transverse component of the gauge field is the independent
dynamical degree of freedom in LFQCD. However, A~ is
not a dynamical variable and can be eliminated using
the equation of motion. Thus one obtains the following
constraint equation:

1 1
(0°A47) = (0°A%) + 29— (§7T8) + gf ave 57 (A}9" AL).
(B1)

R =

It should also be noted that the last term in Eq. (B1)
does not contribute at O(g*) and hence can be neglected.
The components of the EMT required for extracting
C,(q?) and C,(q?) are 6 and 6;/. These EMT compo-
nents up to order g can be written in terms of the gauge
fields as shown below:
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H(J;rj — _F;r/lFJ'}L
) . : A
= (0°A0)(07Aa) + (9" AQ) (VA — 0Aa) +2g(0% Ad) - (£77¢) (B2)
2D ND
+gfabc <a+A{l) a_+ (A1130+Alc() - gfahc(aJrAZ)AJbAlzv (B3)
Do not contribute
1
HG - _FMFJ Z(Flloa)z
= 9” + 9”, (B4)

where

N 1 ‘ . o 1 . o .
0] = - 5 (0T AL) (07 AL) + (d/AL) (0*AX) + 3 (0'Ak — FAL) (I AK — oFAY) + terms{i <> j}

. 1 1 TN . .
— &Y (0"Ak)2 (0+Ak)(6‘A’;) + (AL — OZA’;)Z] +2g(d'A%) e (ETT9¢) + terms{i <> j},  (B5)

1

= gfabc‘(ajAé) a+ <A20+AIL<) + terms{i <~ ]} + gfabc(a+A;)(A;A{) + gfabc(a+A{1)(A};Alc)

— 9f apc (AL — FAL) AT AL — gf 1 ALAK (P A — FFAL) — 57 [gfabc(M’;)A;A’;
g g
- Zfabc (akAfl - alAI;)A]}iAi - ZfabcAiAé(akAfl - alAk) fabc (Aka+Ak)(akA§) . (B6)

In our two-component approach, we have not included the contribution from the light-front zero modes that is k™ = 0. We
calculate the GFFs up to order O(gz) and the terms in Eq. (B6) and the second line of (B3) do not contribute to our
calculations. The terms relevant to our calculations are given in Eq. (B5) and the first line of (B3).

In order to compute the matrix element of terms in Eqs. (B5) and (B3) we consider the generic operator for the diagonal
contribution

Omii = (AT (0 AY), (B7)

such that components can be (u,v) = (+,—, 1,2) and (i, j, k,[) = (1, 2). By substituting the appropriate Lorentz index we
can obtain each term in Egs. (B5) and (B3). The final expression for the general matrix elements in terms of the overlap of
the two-particle LFWFs using the above operator is as follows:

Onvij

<Pl S/

P8y = 3 [ x e 1 0a0 -

x (Rﬂ”eg e 4 Sm ;‘ej) (BS)
The expressions for R** and S* are shown in Table I. Consider the generic operators for nondiagonal contribution
O = 2(0) 37 (ET90). OF = 29(0" ) 52 (£779). (B9)

So the expression for matrix elements for terms in Eqgs. (B5) and (B3) in terms of overlap of the two-particle LFWFs is
as follows:
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TABLE I. Expression for the tensors R and S appearing in Eq. (B8) for different components of x and v. Here k
and [/ are transverse indices such that (k1) = (1,2).

u v R Sm

+ —_ (KL +ql)2 KL2

¥ k xXP* (i + k) xP* (k")

k ! () (k' +4') (K +¢)(x")

(rslotlp.s) =3 [t [ ) (7)1 = =)
+ ;ﬂ(l—x,—xﬂ(_"l;iijlT%)} (B10)
(P.s O;f‘P,S> Z\/Z% dxd’ LK\/) (;(S,T" 2)#5(1 = x, —xct)

P —x ) (5 (k)] B11)

In order to extract GFF C,;(g?) we utilize the equation derived from the conservation of EMT as shown in Eq. (19)
) _ 4 g
9,00 = 27+9+ gMoL — o2 (B12)

The conservation of EMT finally leads to Eq. (19) which is used to extract C;(g?). The Lh.s. of Eq. (20) will not receive
any contribution from the single particle sector.

{q,,M;i” + q,,M’jg”] ~ 0. (B13)

1.D

The diagonal and nondiagonal contributions to the Lh.s. of Eq. (20) is as follows:

1—
[qﬂ M 1 g, M/f;)} o= 9 / i ] m(1 - x) K@ gMg2(1 = x) = 2cD2g (g5 4 20 (qu _ xqmz)

DD,
+ K(l)qa)qJ-Z(I —x+ x2>]7 (B14)
p(1) u(1) _ 2 1,02 1y/mx
[qﬂMN +qﬂMH }ND =19 CFq( >q( )/[XK }Dl (BIS)

The extraction of C4;(g?) involves both B, (¢?) and C;(g?) as shown in Eq. (21). Again the single particle sector
contribution to the Lh.s. of Eq. (21) is zero.

11 22 1 22 _
MY} + M MY M=o (B16)
The diagonal and nondiagonal contributions to the lLh.s. of Eq. (21) is as follows
11 . pml=x)r |, @) _ (2),12 (1) (1) (2)
[M +/\/l +J\/l —|—M } D:2192Cp [xx]Di{K q'® — kP gt? —2¢WiVk

+ x(K(z)qlz + K(l)zq(2) — K(2>2q(2)>j| s (B17)
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11 22 11 22
M)+ ME] + M+ M)

. mx
— LiCrg® / ] B

ND

(B18)

From Eq. (25) we get

1im C,(¢2) = A [— L <2—2>} . (B19)

F—0 S 2472 | 3

The expression for the quark part of the GFF C,(¢?) as
discussed in our previous work [62], in the limit g> — 0,

we get
2 2
.= > _ng 1_ A
J%%C9<q>—m[§ e )|

So, the total quark and gluon GFF C(¢?) at ¢> — 0 is

(B20)

lim (Cy(q) + Co(q?)) = 0.

(B21)
¢*=0

APPENDIX C: INTEGRALS USED
TO CALCULATE GFFs

These integrals are used to calculate the analytical forms
of the GFFs:

o 1 A2
_codZK' D—lzﬂln 1+W, (Cl)

S 1 2t
At = =, C2
/—oo . DD, ql2<1 —x)2f1 (©)

00 (i) xal) f
et T T2 C3
/—oo DD, (]M(l - x) i (©2)

_q'Vq® L+/17) 7
e (A e

) (i))2 1~ -~ 1 (q<i))2
et ) :n{——f Fots+it
/_oo 2712 T g2

DD,
1+ 117 -
-1+ (570)%)

X
OIS

A2
+=1In <m2x2>' (C5)
4m% x>
fi 1 g2 (1 —x)% (Co)
f :ln( L+ ~£> (C7)
-1+ f
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