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From axion quality and naturalness problems
to a high-quality Z5 QCD relaxion
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We highlight general issues associated with quality and naturalness problems in theories of light QCD
axions, axionlike particles, and relaxions. We show that the presence of Planck-suppressed operators
generically lead to scalar coupling of axions with the Standard Model. We present a new class of Zy QCD
relaxion models that can address both the QCD relaxion CP problem as well as its quality problem. This
new class of models also leads to interesting experimental signatures, which can be searched for at the

precision frontier.
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I. INTRODUCTION

The Standard Model of particle physics (SM) is an
extremely successful yet incomplete description of nature.
It cannot account for the observed neutrino masses and
mixings, the matter anti-matter asymmetry, and the origin
of dark matter (DM). Even within the framework of the
SM, we have the Higgs-hierarchy and the Strong CP
problems. On top of that, the effect of gravity is expected
to be significant at the Planck scale despite the lack of
knowledge about its quantum nature. In particular, quantum
gravity is expected to violate global symmetries in the UV,
implying the existence of symmetry-breaking operators
suppressed by powers of the Planck mass Mp = 2.4 x
10'® GeV in the framework of effective field theory (EFT).
For an axion field ® with a global Peccei-Quinn (PQ)
symmetry [1], one for instance expects, among others,
operators of the form

N
531<—CN¢ J;H'C‘)o (1.1)

2 My,
where N is an integer, cy is a dimensionless EFT parameter,
and O is any dimension-four operator consistent with the
unbroken gauge symmetries. Expanding ® = fe®//, this
Lagrangian generates a shift-symmetric potential of the form
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V= |cen|AN cos <N7¢+ﬁ) 0, (1.2)

where A = f/Mp and = arg(cy) is an arbitrary phase
which is generically O(1). Note that, if CP is not broken by
gravity then f = 0. The dimension N of the PQ-breaking
operator in Egs. (1.1)—(1.2) is dictated by the unbroken gauge
symmetries of the underlying theory.

The leading contribution to PQ breaking arises from a
constant operator multiplied by M3, to match the dimen-
sion. This definition fixes N > 4 so that these operators are
suppressed in the limit Mp — o (see, e.g., [2,3]). This
implies a contribution V, = |cy|AN M}, cos (Ngp/f + ) to
the scalar field theory. If this field is identified with the
QCD axion [4-9], then the coefficient |cy|AY in Eq. (1.2)
cannot be too large or else it will spoil the solution to the
strong CP problem; this is the so-called axion-quality
problem [10-12], and it can be solved by either (a) fine-
tuning, e.g., taking |cy| < 1, (b) taking f very small
(which is constrained by measurements of axion couplings
to matter), or (c) forbidding operators of dimension N up to
some large value, for example, by imposing some unbroken
gauge symmetry (e.g., Zy).

We describe the constraints on these operators in greater
detail in the subsections below.

II. AXION PHENOMENOLOGY

A. Axionlike particles and naturalness

A general axionlike particle (ALP) which is not coupled
to QCD does not exhibit a quality problem related to the
vacuum structure (see next section), and therefore it might
seem that the presence of Planck-suppressed operators
would be harmless. However, these same operators can

Published by the American Physical Society
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induce large contributions to the ALP mass, leading to a
fine-tuning problem.

Planck-suppressed operators can also generate ALP
couplings to the SM scalar operators, which we discuss
in Sec. IIE. In the absence of any CP violation, ALPs
interact with the SM scalar operators quadratically at the
leading order, whereas if gravity does not respect CP, i.e.,
for f # 0 in Eq. (1.2), these interactions are generated at
linear order.

An ALP is defined by its mass m and coupling with the
SM pseudoscalar operators. These couplings are associated
with an energy scale, which we will identify with f. To
analyze the effect of Planck-suppressed operators, we
consider an ALP potential of

Varp(¢) = —m*f cos <é> ’ (2.1)

f

which defines the ALP mass m. However, the second
derivative of the potential induced by Planck-suppressed
operators in Eq. (1.2) is

Vi($) = |ey|AN2M3N? cos (N7¢+ﬁ>. (2.2)

Therefore, at leading order in ¢/f < 1, we have a bare

contribution to the mass m2 and a correction of order
om?* = |cy| cos BANT2N2M3,. (2.3)
Such corrections satisfy dm? < m? only if
cos SAN2ZN2 M2 cos SANNZ M
|CN| p ; Pl| _ ‘ch ﬂ2f2 PLl 1. (2.4)
m m

Assuming cy ~ cos f# ~ 1, one can translate the inequality
(2.4) into an upper bound on f as a function of N in order to
have negligible fine-tuning of the ALP mass. We illustrate
these limits for ALP masses m = 1,1077,107! eV using
the red, blue, and green dotted lines, respectively, in Fig. 1.

B. QCD-axion quality and naturalness

QCD axions [4-9] exhibit a quality problem when the
contribution of Planck-suppressed operators contribute
significantly to a shift in the low-energy vacuum of the
potential [10-12]. At low energy, QCD axions have a
potential of the form [13,14]

Vi) = _A%CD(mu + my)

x \/1 -7 —Z:Z)Z [1 — cos (%Lé)], (2.5)

where z = m,/my ~0.485 [15,16] is the ratio of up and
down quark masses, Agcp = (gg)!'/? is the QCD scale
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FIG. 1. The value of f. for a given operator dimension N

which satisfies the quality problem constraint for ordinary QCD
[Eq. (2.8), black solid] or Z) QCD [Eq. (2.15), black dashed],
compared to f. to satisfy ém/m < 1 in the ALP case for
m=1,10"7,10""* eV [Eq. (2.4), red, blue, and green dotted
curves, respectively].

defined by the quark condensate, and @ is the effective CP
violating angle. At leading order in z < 1 (and ignoring an
irrelevant constant), we have

Va(¢) =~ =A% cos (? + é) : (2.6)

where for simplicity we define A, = (Adcpm,)'/*~84MeV.

In the presence of the leading Planck-suppressed operator,
one can find the minimum of the QCD-axion potential as

0=V((¢)

= [ey|ANNMY, sin (Ne 4 ') + Ag sine

~ ey ANNME sin  + Ade, (2.7)
where € = (¢)/f — 6 and ' = f — N6 which is generically
O(1). Nonobservation of the neutron electric dipole moment
(EDM) implies that |e| < 1071 (see, e.g., [17,18]), so in the
last step we have expanded in small ¢, Ne < 1. In order to not
spoil the QCD axion solution to the strong CP problem, one
must require

ey sin fANN MY,

< 10710,
Ag

le] = (2.8)

At leading order in N this gives (for ¢y ~sinf’ ~ 1)
log (107'19(A,/Mp)*) 201
log(A) 19 —1log (f/10'0 GeV)’
(2.9)

NZ

see also [19]. So for PQ quality to be preserved, one needs to
forbid operators with N < 10 (13) for f = 10'° (10'?) GeV.
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A simple way to do this is with a gauged Z, symmetry (see
Sec. I1C).

The inequality of (2.8) is illustrated by the black solid
line in Fig. 1. Comparing the QCD case to an ALP where
m?f? ~ A%, we observe a natural suppression of 107N in
the ALP naturalness condition in Eq. (2.4), relative to
Eq. (2.8). Further, ALPs can populate a wider space of
values for m and f, allowing for more freedom in parameter
inputs. Still, it is intriguing that the requirement of natural
ALP mass given in (2.4) is nearly as restrictive as the
quality problem for QCD axions.

As we point out above, generically scalar fields acquire
large mass corrections from Planck-suppressed operators.
Therefore, in principle, there is another constraint on the
quality of the QCD axion, arising from fine-tuning of the
axion mass, though this is always weaker than the con-
straint above (this was also pointed out in [19]). Finally,
note that, in principle, one could satisfy Eq. (2.8) even at
small N by tuning the EFT coefficient |cy| < 1 or the
phase parameter |f'| = |f— NO| < 1. However, this
quickly leads to a fine-tuning as bad as (or worse than)
the original strong CP problem.

C. High-quality, natural Z5 QCD axion

It was shown in [20] that an extended sector with N
copies of the SM, related by a Zy symmetry, can lead to a
QCD-like axion of mass much smaller than that of a
canonical QCD axion, due to additional suppression by
~zV in the effective QCD scale. This idea was further
investigated in [3] and shown to simultaneously admit a
viable ultralight axion DM candidate [21]. If this Zy
symmetry is gauged, it can protect the theory from
Planck-suppressed operators in Eq. (1.1).

Let us consider N copies of the SM which are related to
each other by a Z, symmetry which is nonlinearly realized
by the axion field ¢, as

Zy: SMy = SMyi1(mod N) (2.10)
2k
b= b+ (2.11)

with £k =0,...,N — 1. The most general Zy symmetric
Lagrangian1 can be written as

-1
a; (¢ - 27k ~
L=) L —(=+0+—)GG;. 2.12
2 SMk+8ﬂ<f+ +N> G (2.12)

The axion will receive contributions from all the N sectors;
the combined potential can be written as

'Note that there could also be portal couplings between
sectors, though we postpone discussion of this to Sec. III D.

N-1
¢ - 27k
Vtotf,b = V<—+9+—>, 2.13
W= V(F+0+5 (2.13)

where the axion potential in each sector is

V(x) = —AaCDmu\/l + 722 4+ 2zcosx,

as shown in Eq. (2.5).

At low energies, this theory differs from the generic
QCD case because the effective QCD scale is shifted. This
is apparent in the effective potential of the theory [3] [see
Eq. (2.30)]:

1-22
N

Vy(p) ~— (=2)V"' Adepmy cos <NT¢ + 5’) :

(2.14)
The requirement V'(¢) = V', (¢) + Viy(¢) = 0 implies

|CN|Sinf;ANM§11 <1070, (2.15)

le] =

where k = ZV"1\/(1 = z%)/(aN).

The Z, axion case of Refs. [3,20,21] is illustrated by the
black dashed line in Fig. 1. The symmetry provides a
mechanism for suppressing operators up to some large N
relative to the vanilla QCD case; however, at any given N,
the inequality (2.15) has a natural enhancement of order
1/k > 1 relative to the minimal QCD axion [cf. Eq. (2.8)].

D. Challenges associated with the QCD relaxion idea

The relaxion framework, proposed in [22], provides a
new insight on the hierarchy problem, which does not
require TeV-scale new physics, but rather implies a non-
trivial cosmological evolution of the Higgs mass. The
original relaxion model was based on the QCD-axion
model [22].2

However, as the backreaction and the rolling potential
are sequestered, the relaxion stopping point corresponds to
a sizeable phase and generically cannot be set to zero. It
was noticed in the original paper [22] as well. Furthermore,
as was shown in [27], and further derived below for the
QCD-relaxion model, the peculiar nature of the relaxion
dynamics implies that the relaxion stops at a highly
nongeneric point in the field space. At this point, the mass
is parametrically suppressed, and the phase is predicted to
be very close to /2, a mechanism dubbed the relaxed
relaxion. In [28] a solution was proposed to this problem;
however, it required nonclassical evolution of the relaxion

%See Ref. [23] this for a possible generalization of the back-
reaction potential and [24-26] for a noninflationary relaxation
mechanism.
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and thus, led to further problems associated with the
measure problem [29].

In addition to that, a successful relaxation of the Higgs
mass requires large hierarchy between the scales of the
rolling potential and the backreaction potential [30] and
thus, the relaxion setup relies on a carefully designed
potential derived from the clockwork mechanism [31-34],
which is based on a U(1) global symmetry. The resulting
construction suffers from a fairly severe quality problem,
unless the relaxion is rather heavy [35]. In Sec. III, we
propose a new construction that addresses both of the above
challenges.

E. Axion/ALP couplings from unknown Planck physics

As mentioned previously, the Planck-suppressed PQ-
breaking operators in Eq. (1.2) give rise to SM couplings.
This is, as we discuss below, due to the fact that the
additional terms may be misaligned in a phase relative to
the terms induced by the IR QCD instantons. In the
presence of CP violation, the resulting couplings can be
linear in the field, whereas if CP is conserved the leading
couplings are quadratic. In addition to that, the QCD axion
always induces a scalar interaction with the nucleons at the
quadratic order of the axion field [36].

For low-energy phenomenology, we consider the ALP/
axion interaction with the electrons, photons, or gluons; the
Lagrangian of such interactions can be written as

(1) (1)
d [y~ da ,  dy'Plg) .,
—|dym, Te g2, 9 P
£3M91d6m66+4 + 2 G
¢ (o di ,  dPBl)
dPmee+ L2 & P9l 016
+ W, ‘m,ee + 1 + 2 (2.16)

where e is the electron field, F? = F*F,, G*=
1Tr(G*G,,), and F,, (G,) is the electromagnetic
(QCD) field strength. Also, g is the QCD gauge coupling
and p(g) is the beta function. Such couplings can be
searched for via the equivalence principle violations and/or
fifth forces experiments [37-43] or oscillation of funda-
mental constants (for a review, see for example [44]; for
proposals, see Refs. [27,45-54]; and for experiments
providing bounds on oscillations see Refs. [55-60]).
Note that one can also consider the ALP/axion interaction
with m,qq, where g = u, d denotes the light quarks; see,
e.g., [65] for bounds on such couplings.

To see how the above interactions are generated from
Eq. (1.2), one can expand the cosine part up to quadratic
order to find

cos <I\;¢+ﬁ> =cosﬂ—sinﬂ1\;¢—cozsﬂ <A;¢>2+

(2.17)

Comparing Eqgs. (1.2) and (2.17), we can easily identify

d? = |ey|N? cos pAN-2,
(2.18)

d) = |en|N sin pAN-1,

for X =m,,a,g, which we will refer to as the quality
couplings of the theory (due to their possible connection
with the quality problem). As discussed before, if gravity
respects CP, then f = 0 and thus, there is no linear scalar
coupling between ALP and SM. However, the quadratic
interactions are present both for the CP-violating and CP-
conserving cases.

Experimental searches for equivalence principle viola-
tions and fifth forces [38—42] have led to stringent constraints
on light scalars with couplings dy as above. In particular, for
the linear gluon coupling d.” < 1073 (107°) for all particle
masses m < 107°(1071%) eV (see [42,65] and references
therein), for the linear electron coupling dE,L) <1 (107?) for
m <1070 (1074) eV, and for the linear photon coupling
d <1071 (107%) for m < 1076 (1014 eV) (see [43] and
refs. therein). Constraints on the quadratic couplings are
weaker, but as we shall see below, still relevant.

One can also search for these couplings through the
direct detection of oscillation of fundamental constants
from the oscillation of the bosonic DM field [45,67]. This
variation is characterized at leading order by

o 408l (V)

Xo J M{;l_ J \ mMp,

(2.19)

where ppy is the density of DM in the vicinity of the
experiment, and j = 1 (2) for linear (quadratic) coupling
to ¢. The typical value for the local density is
Plocal = 0.4 GeV/cm?, though it can be larger if the field
becomes bound to the Earth or Sun [68,69]. Substituting
Eq. (2.18), we can write the above equations in a compact
form

5X(h) _ NIAN <m> j

Xo J mMp,
2 % 10~ 18 NAN-1 <10’]3 eV) e
m Plocal
(for j=1)

2 % 10-36 N2 AN-2 (10-13 eV>2 Pomt
(for j =12)

(2.20)

for X =m,,a,g, where we have taken |cy|=~sinf =~
cos f# ~ 1. For comparison, present experimental sensitivity
to 6m,/m,  is at the level of 107!6 for microwave clocks, but
somewhat higher for molecular clocks with some prospect to
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10—70 E

10—110

FIG. 2. Effective tuning of the ALP theory, given by the right-
hand side (rhs) of Eq. (2.24), for ALP mass m (solid and dashed)
and Planck-suppressed operator dimension N (red, blue, green,
and yellow) given in the legend, as a function of f. The shaded
region denotes “tuning” > 1.

improve to 102! in the coming years; for the a coupling,
current optical clock searches can achieve 107'8, and a
nuclear clock could potentially reach 1072* (see [44] and
references therein). See Ref. [65] for a discussion about the
precision probes related to the gluons and quarks couplings.

For QCD axions, owing to the suppression required to
resolve the quality problem, direct searches for quality
couplings is challenging. The linear coupling (j = 1) term
in Eq. (2.20) gives

<5X(¢)> ~10—98<10_]3 eV),/pDM (2.21)
Xo /aocp m Plocal

for f = 10'° GeV (N = 10), and is even smaller for f =
10'2 GeV (N = 13) and/or for quadratic couplings (j = 2).

1020 i . ' .
EP Tests
Nuclear Clodk ———= —
F=100GevV, N =5
20f 717GV, N =5 }
10 f=10"GeV, N=8 }
< I F— 10 CeV, N = 12
s 10 T=10GeV, N =5
10760 £
Foewv.NZs T T — — — — —
10780 ¢
Natural
-100 ‘ ‘ :
10 - -
m[eV]
FIG. 3.

The scale of these couplings is exceedingly small, even
for ALPs. For quadratic couplings (j = 2), there is a simple
expression for the coupling of Eq. (2.18) such that it
satisfies the condition om <« m of Eq. (2.4):

2 2
dy) < % =107 <ﬁ> ,

= (2.22)
Pl

which is far out of reach of experimental searches for the
foreseeable future. For linear couplings (j = 1), the con-
dition is more complicated but can be written as

m? tan A
M3 N

4 < , (2.23)

which is suppressed by an additional factor of A/N < 1.
Therefore, natural couplings are out of reach for now.

Relative to the case of QCD axions, where additional
fine-tuning of the phase parameter ' spoiled the solution of
the strong CP problem (see Sec. IIB), for ALPs the
problem is naturalness of the mass. Therefore it is more
compelling to ask what level of fine-tuning might be
required to produce an ALP with the desired properties.
Rather than ' < 1, here we may require f — 7/2 < 1 so
that cosf <« 1. Expanding in this limit, Eq. (2.4) is
equivalent to

m2f2 MY
My N2V

T

F=3

< (2.24)

len| x

i.e., one either tunes |cy| < 1 or |f— /2| < 1 or both.
The level of tuning of an ALP theory with a given N and m
is given in Fig. 2, where “tuning” is defined by the rhs of
Eq. (2.24). We see that there is a trade-off between the
level of tuning in the model (which prefers larger N and

10%°

| ppTests Screening
N‘lc\earC}UCK __________ - R il L
1F ]
f=10"GeV, N =5 1
1020 — — — T T=10"GV, N=8
. f=10°GeV, N=5 f=10"°GeV, N =12 {§
g\%d 10—40 E 3
—60 f— S S —
107" FF—1"Gev, N =8
10780 ¢ N 1
atura’
i f=10°GeV, N =12
10 10;15 10—11
m[eV]

Sensitivity estimate for a nuclear clock with precision at the level of a/a ~ 10723, assuming virial DM density (blue thick)

and a bound halo around the Earth or the Sun [68,69] (blue dashed). Also shown are the predicted quality couplings for 5 < N < 12 (as
labeled) and different choices of f = 10° GeV (black) and f = 10'® GeV (red). The gray shaded regions are constrained by EP tests
[38—42], and the blue shaded region is the region of technical naturalness of the scalar field mass.
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smaller f) and the possibility of direct detection (which
prefers smaller N and larger f).

It matters how the tuning of parameters is accomplished.
If |cy| < 1, then all quality couplings dg{) are also strongly
suppressed [see Eq. (2.18)]. If | — /2| < 1, then the
quadratic couplings become suppressed whereas the linear

couplings remain of order dg;) ~ NAN-! Finally, one might
imagine a UV model with a bare mass term m3 < 0 and a
fine cancellation §m* — |m3| = m? where m is the ultralight
mass one searches for in experiment (this is analogous to
Higgs fine-tuning); in this case neither linear nor quadratic
couplings are necessarily suppressed by the tuning of the
theory.

The quality couplings to’ Ogy = F*F w for j=1
(linear coupling to SM) are shown in the left panel of
Fig. 3, and j = 2 (quadratic couplings to SM) are shown in
the right panel. The region already ruled out by equivalence
principle (EP) tests is given in gray, and the natural region
of coupling space is highlighted in blue. The horizontal
lines correspond to Eq. (2.18) for the labeled values of N
and f, assuming cy ~ f# ~ O(1). We observe that even in
the case of a high-density solar halo or Earth halo [68,69], a
future nuclear clock with precision at the level of da/a ~
10723 (blue dashed line) will still not be sufficient to probe
these Planck-suppressed couplings.

III. HIGH-QUALITY QCD RELAXION

We combine elements of the Z,, QCD axion model with
the relaxion, in a way that can ameliorate the challenges
described in Sec. II D. The relaxation of the axion field will
preserve the QCD axion solution to the strong CP problem,
giving rise to a low-mass Z, QCD axion which also relaxes
the electroweak (EW) scale via the relaxion mechanism.

We again consider N copies of the SM related by a Z
symmetry, with an effective potential given in Eq. (2.14).
We will use the fact that the QCD axion potential depends
on the Higgs vacuum expectation value (vev) through the
quark masses, and thus, it can be used as a trigger for the
relaxation of the Higgs mass [22,70]. Note that for our
purpose, we will only be interested in the shape of the
potential and its dependence on the Higgs vev.

Starting from a high-energy cutoff A, the EW scale is set
by the dynamics of an axionlike field, usually known as a
relaxion. The relaxion-Higgs potential can be written as

V(g H) = (A* = gAp)|H|* + A|H|*

+ Vroll(¢) + Vbr<¢7 <H>)’ (31)

3Analogous estimates for other SM operators, e.g., in
Eq. (2.16), are straightforward. Since neither the couplings
Eq. (2.18) nor the tuning constraint (2.4) depend on the SM
operator, our estimations of the magnitude of the coupling
strength are unchanged in such cases.

where Vo, = —gA*¢ (g a dimensionless constant) and V, is
called the “backreaction” potential as this backreacts to the
motion of the relaxion and is only active when (H) # 0. In
our case, we will take V. = Vy(¢) in Eq. (2.14), which
depends linearly on the Higgs vev through m, =y, (H),
with y, the Yukawa coupling of the up quark, in contrast to
the quadratic case discussed in [27]. Note that with this
definition, the SM Higgs vev would be (H) = v ~ 174 GeV.
See Appendix A for general details about the relaxion
mechanism and constraints.

In [27], the authors discussed the vacuum structure of the
relaxion near the EW scale in detail, and showed that the
rolling of the relaxion field stops at the first local minimum
of the potential it encounters. Furthermore, due to the
incremental change of the Higgs vev, the relaxion stops at a
very shallow part of the potential and thus, its mass is
suppressed compared to the naive expected value, a
mechanism known as relaxation of the axion field.

The relaxion stopping point is determined when the first
derivative of Vi (¢) is close to its maximum [27]. If, for
example, Vy.(¢) «x cos(N@), the relaxion stops around
N6y ~3x/2 for N even, and N0, ~ /2 for N odd. In
the absence of some breaking of the Z, symmetry, this
leads to a O(1) CP-violating phase in all sectors, and is
thus ruled out by the neutron EDM experiments
unless N ~ O(10'9).

In order to successfully solve the strong CP problem, we
need to find at least one sector in which effective 6, <
O(107'9) and identify this sector as our SM (this amounts to
a linear tuning of 1/N). To do that, we will break the Z
symmetry explicitly in the k = 0 sector by a small param-
eter,” by requiring y,, > y3M ~ 105; as a result, the confine-
ment scale Agcp, would change as well [71-73]. A possible
second source of Z,, breaking is a change to the Higgs vev in
the k = 0 sector, where we assume v’ > v. We parametrize
these two sources of breaking using the parameters

o yuAéCD v
€p = —

; =—. 3.2
y;Ag(:D U/ ( )
Note that 0 < {¢;,,7} < 1, and the Z,y symmetry is restored
for ¢, y = 1.

A. Toy model

We begin with a simplified example where the back-
reaction potential in the prime sector is of the form
Vi (@) o cos(¢/ f) to illustrate how the mechanism works.
In a realistic scenario, one must account for corrections to
the backreaction potential in the QCD’ sector, which we
consider in Sec. III B.

In the toy model, we take the backreaction potential to be
written as

*We denote all quantities in the k = 0 sector with a ()'.
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(a) 910 = 4, = 00006, A D = TeV
QC

0.001

107°
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FIG. 4. Parameter space for the Z QCD relaxion, using both the z/ = 1 model (panels a and b) and the 7’ = 1/2 model (c)—(f). For the
purpose of illustration, we fix Ay = TeV, though smaller values are possible [see Eq. (3.14)]; we vary both €} and y as labeled in
each panel. The two symmetry-breaking parameters ¢, and y are defined in Eq. (3.2). The constraints shown in green, red, blue, and
purple are given in Eqgs. (3.8)—(3.11), respectively; the higher-harmonic constraints in Eqs. (3.12) and (3.13) are shown in yellow, and
A < 4nv' is given in black. The dashed line illustrates where the relaxion mass is equal to (my)qcp = A%/ f% above the

line, m, < (mgy)ocp-
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Virh) ~ Ayl cos (?) (1 -e)

N
— AdcpYutk Cos <7¢> ,

where we ignore @ for the purposes of this section. If
€,y < 1, we can treat the term proportional to cos(N¢/ f)
as a perturbation and the relaxion stopping point can be
written as 6 = n/2 — &y, with

(3.3)

2
Sy % + N2keyy +£6— O(S2), (3.4)
where we define
Moot AL
=070 el (3.5)
v vt ey
e A [v 7
s=—="2(=2), /& 3.6
2 (A) €p (36)

We are assuming that the Higgs mass is relaxed starting
from some cutoff A to the value v’ 2 v in the k = 0 sector,
and to v in the SM sector. This amounts to a fine-tuning of
order y> = (v/7v')%

The relaxion stopping point would be close to z/2 in the
k =0 sector which dominates the relaxion potential.
However in the kth sector the stopping point would be
shifted by 2zk/N as per the structure of the potential as
seen in Eq. (2.13). So, if we identify the SM at the
ksm = (3N/4)-th sector (which is shifted from the domi-
nating sector by 2zkgy/N = 37/2), then in our SM the
effective theta angle would be 6, + 37/2 ~ 5. We reiterate
that selecting the SM out of N sectors as the one with
minimum at 37/2 amounts to tuning of 1/N. This also
implies the constraint that N be a multiple of 4 in this
model, i.e., N mod 4 = 0. In this sense, the underlying
symmetry of this theory is Z4,r, with N =N/ 47

In order to solve the strong CP problem successfully one
requires 8y < Ocp = 01710719, the limit on the CP-violating
phase from neutron EDM experiments; at present, 8,7 =
1.4 [75] but is expected to improve in the future [76]. To
avoid any additional tuning, one would expect each term in
dp, defined in Eq. (3.4), to be separately less than Ocp. This
implies additional conditions, namely,

3

€ < Oep = L < 18000,

(3.7)
€p

5<0 =L <62 Vo (3.8)
~ T e, Y \100 Gev) 1 '

3See also [74] fora grand-unified-theory-related motivation for
this symmetry.

GCP 91010_10 N
€Y < Nk = 2. N-1 >

Kk Nz V1-z

where we have taken A,/v~5 x 1074,

Note that, in additional to the QCD and relaxion
parameters, we have two additional free parameters ¢,
and y, constrained by three inequalities. The cutoff of the
Higgs mass A is also constrained by the consistency of the
effective theory as f = A = 4zv/. Other constraints from
the success of the relaxion mechanism are described in

Appendix A; the upshot is that a successful relaxation of
the EW scale requires the additional condition

5/2 10 174
% < 24x? <A“1 ]M§ 1) .
\/}7 Ao

Finally, as mentioned above, we must ensure that the values
of ¢;, and y are consistent with the change of the QCD scale
as the Higgs vev changes, i.e., Agep > Agep(y), which
roughly translates to the constraint [71-73]

(3.9)

(3.10)

(3.11)

€ Y-

B. Model including NLO corrections

In the toy model above, we only consider the first term of
the leading order (LO) QCD’ potential. However, there are
additional terms in the potential at LO, as well as the
higher-harmonic contributions coming from the non-lead-
ing-order (NLO) terms. Both of these contributions can
shift the vacuum of the SM sector and spoil the mechanism.
In this section we extend our analysis to include these
additional terms.

First, note that as the relaxion stopping point is determined
when the first derivative of Vi (¢) is close to its maximum,
the full LO QCD’ potential would lead to the relaxion
stopping point of 6 ~ cos™![Z/], where z/ = m|,/m/,. This
suggests that a stopping point close to z/2 would lead
to O (1)9CP

Furthermore, to obtain a Z,-symmetric potential at
LO, one needs to subtract a term of the form of

A%CDyuv\/ 1+ 2% +2zcos(d,) [leading order expansion
of this term is shown by the second term of the first line
in Eq. (3.3)]. For 7’ # z, this term also shifts 6, by an amount
proportional to the ratio of the amplitudes of QCD and QCD’
potentials and the phase misalignment as shown in Eq. (3.12)
(see Appendix B for a detailed discussion).

NLO contributions to the potential are not aligned to the
LO contribution, and induce a shift to the stopping point of
O(Rm,, 4/ Aoep) where R ~ O(107%) is the NLO coeffi-
cient [77]. Thus, to successfully solve the strong CP
problem we must require that O(Rm, ;/Agep) < Oces
which in turn requires a large hierarchy between the SM
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and the hidden sector confinement scales, as shown in
Egs. (3.13) and (3.14). One mechanism to accomplish this
is to introduce additional heavy vectorlike fermions, as
discussed in Appendix C.

Below we discuss two variants of the toy model, which
lead to suppression of the above discussed higher-order
contributions. These require additional breaking of the Zy,
in addition to some flavor symmetry of the hidden sector.
We analyze the phenomenology of the above variants, in
detail, in Appendix B. Below, we summarize the main
results and how these terms affect the parameter space of
the model.

In the first, we consider the case where the prime (k = 0)
sector possesses effective isospin or ZJ%, such that
Z =y,/y, =1, which is sometimes denoted as natural
flavor conservation.® In this case, the potential of the prime
sector is minimized at ¢p/f ~ 7 — &y; as in the toy model,
we require each term in Jy be smaller than the CP angle
Ocp- The kth sector will be shifted from the prime sector by
27k/N, so in order to identify the SM with a sector having
6y ~ 0, one needs an underlying symmetry of Z,, with
N = N/2. In this case, in addition to Egs. (3.7)-(3.11),
there are two new constraints [see Eqs. (B12) and (B13) in
Appendix B]:

1 —
epy < Ocp Z7 (3.12)
z
R Agep \?
—< Ocp, 3.13
€b7~ ( Aa ) < ( )

where R ~O(1073) is an NLO suppression factor [77].
Note that the constraint (3.12) is strictly stronger than (3.9)
for any N 2 2. For Agcp <1 TeV, the above constraints

can be simultaneously satisfied, for Ocp =2 x 1071% and
7~0.48 as usual [see Eq. (3.14)].

In the second variant, sketched below, we assume that
the hidden sector has an extended flavor symmetry leading
to 7 = 1/2. In this case the minimum of the effective
potential is shifted to 2z/3. This leads to a further
suppression of the SM corrections to the stopping point,
as detailed in Appendix B. The upshot is that one can
obtain the results for this case using the substitution z/(1 —
7) = 2C, = (2/2)(2 =5z 4+ 22) /(1 =z + 22)*/*  above;
for the central value z=0.485 [15], one obtains
C,~8x 1073, whereas for the 2¢ limit (up) z = 0.504
one obtains C, ~2 X 1073 and for (down) z = 0.466 one
obtains C,~1.9x 1072, In this case, the underlying
symmetry must be Zz, with N = N/3. Given these
inputs, the constraint (3.12) is weaker than (3.9) unless
N =9, 12, 15 for z = 0.466, 0.485, 0.504.

6 . . .
For a discussion related to such constructions, see,

e.g., [78-80] and references therein.

We now briefly sketch how to construct a flavor model,
leading to 7/ = 1/2. This is based on the model discussed in
[81], which generalizes the ZJ* symmetry to ZI*", which
can be realized in extra dimensional constructions. The idea
is that there is a S-plet w,; (i = 1..5), with y; = u, that
identifies with the up quark hidden singlet field, and the rest
of the four components of y; carry down-singlet hidden
quark quantum numbers. Assuming that the rest of the
hidden sector fields are singlets, and the only light down
field is made of an equal linear combination of the four y;’s,
one would obtain a model in which the effective hidden down
quark Yukawa for the light field is v/4 times the up one, as
required above (for more detail see Ref. [81]).

We can combine the new constraints, Eq. (3.12) and
(3.13), in order to set a lower bound on Agcp, in the model:

04y

201 = 2) (3.14)

Nocp Z Ag <

In what follows, we always choose AbCD large enough that
it satisfies this limit.

As discussed in [71,73] and Appendix C, we can only
obtain  Abep, ~ O(GeV), for y = /v ~ 1073, Thus, to
achieve a larger Agcp, we need to introduce new states
both in the SM and the hidden sectors which are charged
under SU(3).. The mass difference of these states explic-
itly breaks the Z, symmetry. Thus, in order for the Z to
be a good symmetry for the axion, we require that the
Peccei-Quinn symmetry-breaking scale, f, be higher than
the mass of the heaviest new state. For our construction this
can be achieved for f > O(10'? GeV).

Intriguingly, the parameter space consistent with all
other constraints (3.8), (3.10), (3.12), and A = 4xv/, is
exceedingly predictive. The largest v’ allowed for a given
Ocp can be determined by the intersection of (3.8), (3.12),
and saturating v' = A/4x, which gives

1 AN4 7 T4
VS|l [ —) —| .
v () =

Note that the intersection of Egs. (3.8), (3.10), and (3.12)

implies
vx () A
~ I\l -z) 0424’ My

In the 7/ = 1 model, 6, = 1 (10), the vev in the prime
sector can be as small as v/, = 2400 (45) TeV, whereas in
the z/ = 1/2 model using the 26 value of z, we find v/, =
314 (5.6) TeV.

Another way to explore the parameter space is to inquire
into the lowest allowed value of f-p. The two above
constraints on v’ are simultaneously saturated at the mini-

mum allowed Ocp, which is

(3.15)

(3.16)
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2572 7 U8 A,
Ocp min = {Tl——z} M—Pl

~333x 10-0( )"
1-z

(3.17)
Substituting this result into Eq. (3.15), the corresponding
Higgs vev in the prime sector is

AZ/SM;{S 33 132/ - \5/32
2v <2'5ﬂ22> <1 - Z)

5/32
:1750<L> .
1-z

For the z/ = 1/2 model, as before, z/(1 —z) —» 2C, ~ 4 x
1073 (for the up 26 value of z), implying Ocp pin=
1.67 x 1071,

The strongest limit on Ocp comes from the nonobserva-
tion of a neutron electric dipole moment; the current upper
bound is fcp < 1.4 x 1071° (90% confidence) [75]. We
have shown above that our model can achieve §cp/10710 ~
1-2 at the lowest, implying some tension with existing
constraints. Note that C, — 0 for z — 1/2, and in this case
Ocp 1s strongly suppressed [see Eq. (3.17)]; this value z =
1/2 lies in the 20 window of the current best-fit value of z
[15]. The particle data group (PDG) value of z has a larger
error bar compared to those used here [16], and leads to the
same conclusion.

In Fig. 4, we illustrate the parameter space for each of the
above models: 7/ = 1 (panels a and b); and 7’ = 1/2 with
z=10.485 (c and d), or with z = 0.504 (e and f). (The
individual constraints are described in the figure caption.)
As noted above, the parameter space is exceedingly
predictive, as we find the cutoff scale A ~ 10°~107 GeV
and 0, > 1.6. Note that the € inequality (3.7) does not
appear, as this constraint is always much weaker than the
others.

After the rolling stops, the mass of the relaxion will be
relaxed to a value modified from the naive expectation; it
can be written as

U/

v

HCP.min

(3.18)

ASCD)’Z v’
fa

1)
= (”%3;)()@57 (3-19)

2
m{/,—

where (mj)qcp = A4/ f?. In particular, it is suppressed by
5 < 1 but enhanced by (e,y)~! > 1 relative to the naive
QCD expectation. Note that one can express ¢ in terms of
theory parameters as
6
Sxdx 1071 <M> LS (3.20)
A €p

So, finally the (rel)-axion mass can be written as

2

m
o ~13x 10—7<
(m(/;)QCD

1077\ /2 /10° GeV
: ) ( ¢ ) (3.21)
€y A

In Fig. 4, the pink dashed lines denote the parameter space
satisfying my, =~ (my)ocp-

C. Quality of the Z5 QCD relaxion

As before, we combine the low-energy axion potential
with that induced by Planck-suppressed operators in
Eq. (1.2) to see whether the latter will spoil the solution
to the strong CP problem. The combined potential at

leading order is
\% _ ANM4 ¢ 5/ 2 2 ¢
(@) = [enl p| COS iy f= cos ?

No
f
N SAY
= |en|AN M}, cos <7¢+5'> — —=cos <?>

224 f
(3.22)
The first derivative is
SAY
0=V'((¢)) ~ |cy|ANNMF, sind +—2¢,  (3.23)
274
which implies the constraint
| = |cy| sin ANNMg, ey <1090, (3.04)

Al 5

The constraint in Eq. (3.24) is identical to Eq. (2.15)
except for the additional factor of €,y/8 on the left-hand
side (lhs). This factor is at most 10° in the parameter space
we consider, and the constraint on N depends on it
logarithmically. Therefore, for our purposes we can treat
the quality of our QCD relaxion as very similar to the Zy
axion considered in Refs. [3,20,21] (see black dashed line
in Fig. ).

As discussed above, one way to realize our mechanism is
to introduce new heavy fermions which are charged under
SU(3)c. These heavy states contribute to additional Zy
breaking, leading to the additional requirement that the
decay constant of the QCD relaxion be heavier than such
states, e.g., f = 10'? GeV. Comparing to Fig. 1, this would
imply a lower limit on N in our model of order N ;, = 12.
This result depends on the mechanism for enhancing Aycp,
and thus there may be ways to modify the model to achieve
a lower f, and therefore a lower N, consistent with the
mechanism.
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D. Direct searches for the Z5 QCD relaxion

Here we outline the phenomenological implication of
our QCD relaxion. In our model, the axion has a CP-
violating phase of dy. Like the usual relaxion models, due
to the relaxion-Higgs mixing angle

4
sin 9h¢ ~—4 59?

o (3.25)
the QCD-axion also has scalar interaction with the SM. See
Refs. [27,82,83] for a detailed discussion of relaxion
phenomenology.

The QCD axion also induces a linear scalar interaction
with nucleons (N), through the pion-nucleon sigma term in
the presence of a CP-violating phase as [84—87]

where g,y denotes the scalar coupling strength of the

QCD axion with the nucleons. Using dlnmy/dlnm?2 ~
0.06 [36,88], and m,my/(m, + m,)* ~0.22, we obtain

oy = 1.3 x 1072 %56, (3.27)

where 8, ~ O(1071) is the total CP-violating phase in our
case as discussed in Eq. (3.4). In our model, the range of
the total CP-violating phase is 1 < (8,/1071°) < 10; thus,
the strength of the scalar interaction of the QCD axion
to the SM is

10—24 10—23
< gpnn < , 3.28
fro TN 329
where  f1, = /(10" GeV) and we have used

my ~ 1 GeV. The strongest bound on g,yy comes from
the experiments looking for the existence of fifth force and/
or violation of the equivalence principle (EP) [38—42]. The
bound from EP violation searches, for the axion mass
around 107 eV, is g,yy < 107!, which becomes stronger
as we go to the lower masses. Note that, in our model, the
mass of the QCD relaxion is slightly lighter than the QCD
axion. Thus, for a given f, one should be careful about
analyzing the EP bounds.

The QCD axion also has pseudoscalar interaction with the
SM fermions as £ D —g&apiy’y with g¢ = C,,m,/f. The
coefficient C,, depends on QCD axion models [4-9,14].
Many experimental efforts are concentrated on probing the
QCD axion through its pseudoscalar interaction with the SM
(see, e.g., [89] and references therein). In our model, the
product of the scalar and the pseudoscalar coupling of the
QCD relaxion to the nucleon can be written as

C 2
Fygpnn = 1.3 x 1028 5, (3.29)

where Cy is some model dependent coefficient of the
nucleons arising from the pseudoscalar interaction of the
axion to protons and/or neutrons [14]. In our model,
the strength of the axion-nucleon scalar interaction is bounded
and using Eq. (3.28) one can more specifically limit the
product of axion-proton pseudoscalar and axion-nucleon
scalar coupling as

6 x 10737 6 x 10730
——— S| gpwn| S ———
2 12

(3.30)

Note that, in the above estimate, we use the axial coupling
strength of proton C, = —0.47 which is obtained in the
KSVZ QCD axion model. Another QCD axion model such as
DFSZ may provide a different value of C,, [14]. The above
parameter range will be probed by the ARTADNE experiment
whose projected reach is g g ny| S 10738 — 10737 for f ~
10'2 GeV [90,91].

The QUAX experiment is also looking for similar scalar-
pseudoscalar interaction, using the pseudoscalar electron
coupling g¢ rather than g. They provide the current
constraint on [g¢gsyy| < 5.7 x 107% in the mass range
of 107 2> my/eV 2 6 x 107'% by updating their previous
result by O(10%) [92,93]. We estimate the range of | g4 gy
in our model as

2 x 10740 2 x 1073
——— S| g S ———.
12 12

(3.31)

where we use C, = 1/3; this parameter is model depen-
dent, and this value is on the larger side of model-parameter
possibilities [94]. Although our predicted range is beyond
the current experimental reach, our model presents an
opportunity for scalar and pseudoscalar searches to work
together to confirm (or refute) the existence of such axions
in a complementary way.

IV. DISCUSSION

In this work we analyzed how Planck-suppressed (qual-
ity) operators affect the low-energy dynamics of theories
involving QCD axions or ALPs. For the QCD axion, the
quality operators lead to the well-known QCD axion-
quality problem, whereas for ALPs, they may lead to an
equally severe fine-tuning problem. Quality operators also
induce scalar interaction between the SM fields and QCD
axions/ALPs. In the absence of CP violation, we obtain
SM-ALP scalar interaction in quadratic order of the ALP
field, whereas if CP is broken by gravity, ALP-SM scalar
interactions are generated even at linear order. These
interactions can be probed by various precision experi-
ments. The strength of the scalar and pseudoscalar
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interactions are closely related, and therefore these search
strategies can complement one another.

We also provide a framework for addressing both the
Higgs hierarchy and the strong CP problems together. We
invoke a relaxation mechanism where the Higgs mass is
scanned during inflation and the QCD axion plays the role
of the relaxion. We show that a Z y-symmetric backreaction
potential which is broken explicitly by a small parameter
can address both of these problems simultaneously.
Depending on the symmetry of the dominant sector, one
can accomplish this mechanism with underlying sym-
metries of Z,, or Zs,s, with interesting implications for
the resulting parameter space. We show that one of the
sectors, identified with the SM, has effective CP-violating
phase 6, < O(107'9). The tuning in the model is linear and
of O(N). Our model cannot fully ameliorate the hierarchy
problem, as it leaves a little hierarchy to address. The mass
of the QCD relaxion obtained in our model can also be
lighter than that of the canonical QCD axion.

Our model can accommodate a CP-violating phase of
1 <6,/1071° < 10. This range of CP-violating phase is
already being probed by neutron electric dipole moment
experiments [75], and will be fully probed within the next
five years [76]. Because of the underlying Z, symmetry
which can be gauged, this model exhibits better protection
against quality operators than the vanilla QCD axion/
relaxion models. Because of the predicted narrow range
of the CP-violating phase, our model can also be used as
target of experiments like ARIADNE [90,91] and/or
QUAX [92,93], which are sensitive to the product of scalar
and pseudoscalar interaction of the QCD axion to the SM.
In the case of QCD relaxion dark matter, precision searches
can also be applied. However, further investigation of this
possibility is beyond the scope of the current work.
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Note added.—Recently, [95] appeared, which also address
issues related to the QCD relaxion by changing the relaxion

evolution during inflation. We also note the recent work
[96], which discusses the relationship of Planck-suppressed
operators and fifth forces.

APPENDIX A: REVIEW OF THE
RELAXION MECHANISM

In this section we discuss the relaxation of the Higgs
mass parameter. For the case of the QCD relaxion, the
backreaction potential depends linearly on the Higgs vev as
opposed to the quadratic case discussed in [27]. A generic
backreaction potential which depends linearly on the Higgs
vev can be written as

Vir = —Aj (H) cos(/f). (A1)
where Ay is the backreaction scale. Following the notation
of the main text, Eq. (3.1), the total relaxion potential can
be written as

V(¢ H) = (A’ = gAg)|H|* + 2| H|*

— gN$ = AJ(H) cos(p/f).  (A2)
Below we set the Higgs quartic coupling 4 = 1 for nota-
tional convenience. We are interested in understanding the
evolution of the relaxion close to the EW scale (v) Higgs
mass. In that case, the minimum of the potential can be
found by solving two equations: oV (¢, H)/d|H| = 0 and
oV(p,H)/op = 0. If |0*°V/*H| > |0’V /d*¢|, then one
can set the Higgs at its instantaneous minimum by solving
oV (¢, H)/o|H| = 0. Using perturbation theory around the
EW vacuum, one finds the relaxion-dependent Higgs vev as

2 A% gAfo A A$
v} (0,) = z <——2+%+2—t’30059a> + O(—é’),
v v

2 v v

where we write 8, = ¢p/f. The perturbative expansion of
the Higgs vev is valid as long as

A <3 (A3)
From Eq. (2.6) one can see that the above condition is
easily satisfied for QCD axion. Setting the Higgs to its

relaxion dependent vev, we obtain the effective potential of
the relaxion as

A3
Ver(60,) = =gAf0, = (1(6,) = 5" cos,.  (Ad)

Thus, the relaxion encounters the first minimum when
L(0,) = 0 and we find

3

A
—gN3f — 202(0) () + %”sin 0,=0. (AS)
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By setting the EW scale as gA’f ~ A}v, and defining a
small parameter & = A}/(vA?) < 1, we find that the
Higgs vev changes only incrementally as

Av: (0, + 27) — v*(6,)
_— = =T
v? 2 v

gAf
2

=8>.  (A6)
Following the calculation of [27], by realizing 8, — 2zm +
0, where me Z and 6, € [0,2z) and then properly
adjusting m we find

1 A3
v2,(0,) = V(1 + mad* +-6%0, + —%cosf, |. (A7)
2 4p

From Eq. (AS5) we get

sin 6, 14 v? 0 +vz
> \"ae)) " ue) A

Note that, the effective potential written before and the
above equation is valid only when the Higgs vev is close to
v. By expanding v,,(6,) close to v we find that the above
equation admits a solution when

(A8)

3 2
. B mr , 1, Ay v
Sln90—1—75 —15 Ha—ﬁCOSQQ‘FF. (Ag)
It is easy to see that the above equation has two solutions
close to 6,~x/2. As the Higgs vev only increases
incrementally with a small parameter &, we find the relaxion

stopping point as

3 52
Qa—ﬂ/2569:8—vb3+22{:a5, (A10)

where a is some O(1) number. The mass of relaxion at the
first minimum can be written as

2 D60 s, (A11)

significantly reduced by the small parameter 6 compared to
the naive expected value.
Constraints: For a successful relaxation of the Higgs
mass we require the following conditions:
2 AZ A = 4nv. (A12)
Here we are considering scanning of the Higgs mass during
inflation. We require that a separate inflaton sector domi-
nates the energy of the Universe during inflation and the
classical evolution of the relaxion dominates over quantum
spreading during inflation. These two requirements lead,
respectively, to the constraints

A _H

3HIMZ 2 A* and  (Ad)y =221 (AI3

Mp < and (Ag), = H2 z 7 ( )

where H; is the Hubble scale during inflation.

We also want the relaxion to be cosmologically stable in
the first minima. This leads to the following constraint:

872

(N f)8 2 Hi.

(A14)
In the case of a QCD relaxion, the backreaction potential
depends on the temperature and thus, it is only significant
when H; < Agcp. In this section we only consider infla-
tionary based-relaxation of the Higgs mass with a back-
reaction potential which depends linearly on Higgs vev.

Now let us consider the back-reaction potential of our
interest as given in Eq. (3.3),

Vi) ~ =N ¥t’ c05(0,)(1 = &7

— AdcpYut k cos(NO,). (A15)
Note that, as discussed in the main text, the relaxation is
happening at the k = 0 sector where all the quantities are
denoted by (). We see that in Vy, the coefficient of the
cos 6, term is responsible for relaxion whereas the coef-
ficient of the cos(N@,) term has a contribution independent
of the relaxing Higgs. To use the result of a previous
discussion, we can make the following replacements:

v >,
A} = AgepYu(l = €py),

Veir(02) = Ve (04) = Adepyuvk cos(NO,).  (A16)

In the limit, AQCDyuUK < AQCDy” V(1 —€y), using the

above substitution, one obtains the relaxion stopping point
as 0, — /2 = &y where

y;ASCD N 2KyuA6CD v

81" v, A8CD v

Sy = Fas+ 0. (A17)

/

In the above equation we also use (1 —¢,y) ~ 1. In the
main text, for all the purposes we set @ = 1. With the
definition of €, = Adcpyu/(Agepyy) and y = v/v/, we get
back Eq. (3.4).

Using the substitution (A16), we obtain the expression
for relaxion mass

' AR Ny 8
2 Yuoen? | 5 YuZoenl 0 (A18)

m
N o Ty

All the constraints discussed before translate to this case
with proper substitution given in Eq. (A16). The additional
constraint in this scenario comes from the fact that, as we
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consider both QCD and QCD’ potential are temperature-
dependent, we need

H; < Agep, Agep- (A19)
Written explicitly, Eq. (A12) becomes
fRAZAmY. (A20)

The form of Egs. (A13) and (A14) do not change. However,
now one needs to replace

A

g\ f =y, (A6CD)37)/ =
€pY

(A21)
Recall we define A, = (/\%QCDmu)l/4 = (A%CDYMU)W in
the main text. Also, with the prime notation,

> y;(AbCDP

o= VAT

Ay
PAe, (A22)

In our parameter estimation, the constraints arising from
a separate inflaton sector which dominates the energy of the
Universe during inflation, Eq. (A13) (left side), as well as
stability of the first minimum, Eq. (A14), were the most
important. To estimate this constraint (the blue lines in
Fig. 4), we used Eq. (A21) to fix gA3f, and Eq. (A13) (left
side) to fix H ; substituting both into Eq. (A14) and solving
for €, recovers Eq. (3.10).

It is straightforward to see that Egs. (A13) (right side)
and (A19) are trivially satisfied. Observe from Eq. (A14)
that H} < 87A%5/(3€,y); this is at most H; ~ keV for the
largest & values we achieve, which are O(107'9), and even
if e,y — 1. Then Eq. (Al3) (right side) implies
H3 <2zA%/(3euyf), which is satisfied even if f — Mp,.
Thus, in our case the requirement of classical evolution of
the relaxion dominates over quantum spreading during
inflation, and provides a weaker constraint than the one
provide by the cosmological stability of the relaxion.

APPENDIX B: FULL LEADING ORDER AND
HIGHER HARMONIC CORRECTIONS

In this section we investigate the backreaction potential
in greater detail. The backreaction potential written in
Eq. 3.3) is

Viu) ~ ~Nep it cos (?) (1)

— AdycpYu vk cos <A;¢>, (B1)

which is only the leading order approximation of the full
QCD-axion potential. Next we include the next-to-leading
order corrections to the axion potential in the hidden sector

(k = 0 sector). We will consider below two possibilities for
the relation between the up and down quark masses. The
first is the isospin symmetric case, y, =y}, =y, and
further below we shall comment on the case where y; =
2y!, (both can be achieved in limit of flavor models).

For the y;, = y}; = y,, case, including the NLO terms, the
potential of the k = 0 sector can be written as

!

0 v
Vaco = —2AGcpYy 0057“ + qu Rcosf,|,
QCD
3,7 911 2
=-A\jv cos -~ —a” cos a,, (B2)
where we define
Ai = 2)’;/\80)’ @ = 2y;2A8CDR’ (B3)

and where R~ O(1073) denotes the NLO low-energy
efficient factors (see Ref. [77] and references therein).
The total backreaction factor can be written as

Vield) = Vacr + Adepyavy/ 1 + 22 +2zcos(6,)

— AdycpYuvk cos (NO,). (B4)
Note that the NLO correction to the SM QCD-axion potential
is suppressed by a factor of order O(Rm, ,/Aqcp) ~
O(1073 = 107*) compared to the LO SM term, and thus
have been neglected here. As before, the full potential is
obtained by adding in the scanning and Higgs-dependent
potentials,

V.= (N —gAQ)HP +|H|* - gN°p,  (BS)

where we set A = 1 as before.
To determine the relaxation of v/, one finds the relaxion-
dependent vev using dV/d|H| = 0, which implies

v? [ A* gAfe, A 0, &
v%(0,) = 5 <_ﬁ + Ta + ﬁcosfa + 5 cos 9a> )

(B6)
The perturbative expansion is valid near the vev as long as

a<< Ay <. (B7)

Expanding the effective potential at v/(6,), we obtain

AV 0,

2 2
‘H%CDYW [\/1 + 72 +2zc0s(0) —kcos (Naa)] .

chf (ea) = _gA3f9a - (Ulz(ea))z -

The first relaxion minima can be found when
Vi(6,) =0, and can be written as
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sinf, + ———

sin@,/2 [1 n v? ] V' L2y 2%
2 v?(6,) A? A}

where €,y < 1 were defined in Eq. (3.2).

v2(0,)

€,yzc0s0,

1 — Nkeyy cos(N6,) + ,
o7 C0S(NO,) V/1+ 22 +2zcos(6)

Expanding near the vev, it has been shown that one can write [27]

1/2((9“) 52
Tﬁ (1 +ﬁ52+_6a+

4

A0, &
mcos? — mcos 0a>

where we neglected terms of the order of O(a?A$/v”) and # € (0, 1) denotes some O(1) number.

Plugging everything back, we get

0 52 A3 0 2
sin;“:l géz g w 0057“ Za

The above equation admits a solution when 8, = 7 — §y with

59:41}’3 + N-kepy F 6 + 1 _Zeby—i- A (B8)
The upshot is that we need
y/ A/SCD
P =5 S e, (B9)
N%ky Ndepv
N2ke,y = ,A‘jf‘?, < Ocp. (B10)
Yg}Qcp
AR
PRl ,§§D<0§P, (B11)
z b4 yuA%CDy
¢ 20D g B12
1=z —zqu’3CD1/ cr (B12)
m/
R < Ocp. (B13)

Agep ™

Observe that the first three constraints are similar to the
ones discussed for the toy model equations (3.7)—(3.9)
coming from the relaxation requirement and the Zy-
symmetric part of the backreaction potential. As discussed
before, both the SM QCD potential and the NLO con-
tributions of the QCD’ potential shift the relaxion stopping
point and these two constraints are shown by Egs. (B12)
and (B13), respectively. Note also that Eq. (B10) provides a
weaker constraint than Eq. (B12) for any N > 2.
Saturating Eq. (B12) and substituting into Eq. (B11)

gives
4\ 172
Az LLA— . (B14)
1 — 260 0"

. — Nkeyy sin(NO,,) +

2 2%y

€pyzsing, v L2
Ay

V1 + 2%+ 2zcos8, A

sind,.

Saturating (B12) and substituting this into the relaxion
constraint of (3.10) gives

z 5/2 ( ALOMA N\ T/
e i) (] s

Combining Egs. (B14) and (B15) gives

PSRN AT
~\i-z) 0% 24nPMy|

All the constraints can be satisfied for

(B16)

A
QD _ 7, 104,
QCD

Ocp = 1077,

L —ax107,
v

where we saturated the inequalities of Eqs. (B16)—(3.14). If
we vary y, v’ ASCD, then we can get v’ ~ 20 TeV.

An even smaller v/ ~ TeV — 10 TeV can be achieved if
the QCD’ sector has some flavor symmetry which protects
the ratio of the hidden quark masses to be 1/2. In this case,
by repeating the same procedure as above, one obtains the
stopping point be close to 27/3 in the hidden sector. The
LO SM correction to the stopping point can be calculated as
for 6, =2x/3 -5y

€,77siné, 72(2 -5z +27%)

~ € —_—
V1 + 22 +2zcos6, v Pa(1-z+ 2P
8x 1073  for z =0.485
=€y8p{ 2x 1073 for z = 0.504
1.9x 1072 for z = 0.466
(B17)
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where z is the SM ratio of the up and the down quark
masses. The values above are the central value (z = 0.485)
and 20 (z = 0.504, 0.466) results reported in [15]. Then the
constraint Eq. (B12) changes to

3
YuNocp? <

- < 6Ocp, (BIS)

with C, = (0.008,0.002,0.019). As such, one can use the
substitution z/(1 — z) — 2C, in the results above to deter-
mine the parameter range relevant for this case.

By saturating Eqs. (B13) and (3.10) we find that all the
constraints are satisfied for

Ocp = 10°, 7=0485, o/ =9 TeV
Ocp = 10°, 7=0504, o/ =6TeV
Ocp = 10°, z=0466, o' =13TeV. (BI9)

APPENDIX C: GENERATING LARGE
HIERARCHY BETWEEN THE CONFINEMENT
SCALES OF THE HIDDEN AND VISIBLE
SECTORS

In this section we discuss how to generate a large
hierarchy between the confinement scales of the hidden
sector and the SM. To achieve this, we add additional AN ¢
number of heavy vectorlike fermions with mass m}, and
myp in the k = 0 sector and the SM respectively. Adding
additional fermions with different masses requires breaking
of the Z,, symmetry. Thus, in order for the Z, symmetry to
be realized for the axion, we require

m{\]P’mNP sf’ (Cl)
where f is the Peccei-Quinn symmetry-breaking scale.

Let us first consider the £k = 0 (hidden) sector. With the
additional vectorlike fermions whose mass is larger than
the hidden top quark mass, m/}, we consider the running of
a,. For the energy scale y, m, < pu < mjp, we can write at
the one-loop order,

2r 2r f

= —b(ny+ An,)In—

a7 () A
3 m,

with b(n) = 11 —2n/3. Now for a scale A > mj,, m),, we
can write

2 2 m, 8 v
e S LN N P B M
a(A)  ay(m)) ()3 =3n 3
2n f 28ns mip
— T b(n,+ An)InL =22 g e
a(p ARy
m, 8 v

Thus, one obtains the confinement scale, Aj; when
a7 (AR) — 0 as

M~ ()" (78) " explean/a (. (3
with
3 2Any 2An
3 ~ _ _ f

We repeat the same exercise for the SM sector and obtain
the same result with ¢" — v and myp — myp. We also
assume myp > m, where m; ~ 175 GeV is the SM top
quark mass. So the ratio of the confinement scale can be
obtained as

A()CD N AiR _ (v/> 0.28 <m§qp> 2An;/29 ©s)
AQCD Ar v nmyp ’

where An r is the number of extra vectorlike fermions that
we are adding. For, Any =4, myp/mip = 1077, v/v/ =
1073 one obtains

Raco (AR _ g 10+,

Agep Ak

(Co)

The current bound on the vectorlike fermion mass scale
myp is at the level of 1-2 TeV, though this is somewhat
model dependent (see, e.g., [97]).
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