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Neutrino phenomenology, W-mass anomaly, and muon (g —2)
in a minimal type-III seesaw model using a 7" modular symmetry
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In this study, we introduce a model to illustrate neutrino phenomenology by incorporating two
right-handed fermion triplet superfields, i.e., Xz , in the presence of the modular symmetry I, ~A),

a double cover of the A, modular symmetry. The motivation in utilizing double cover is that, so far, only
even modular forms have been considered for constructing modular invariant models, but, in this case, it is
possible to extend the modular invariance approach to general integral weight modular forms, i.e., the odd
weight modular forms. Hence, this type of amalgamation between 7" modular symmetry and minimally
extending the seesaw can correctly explain the neutrino phenomenology. Additionally, we accommodate
the most recent measurement of the W-boson mass, published by the CDF-II Collaboration, and shed some
light on the recent results of muon (g — 2). Finally, we discuss lepton flavor violation in order to establish a

constraint on the mass of right-handed fermion.
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I. INTRODUCTION

After the discovery of the Higgs boson, the Standard
Model (SM) has gained widespread accomplishment.
Numerous experiments have carefully scrutinized the
SM predictions, proving it to be a successful theory of
electroweak interactions [1]. Although the SM is excep-
tionally victorious in explaining the interactions up to the
electroweak scale, it fails to elucidate mixing patterns in
quark and lepton flavor sectors and mass hierarchies amid
leptons and quarks, including the nonzero neutrino masses.
Hence, using symmetry consideration seems to be the most
effective strategy. In support of the above, the non-Abelian
discrete flavor symmetry groups have helped us to under-
stand the lepton mixing pattern, whose literature is quite
extensive. Discrete flavor symmetries [2—8] combined with
generalized CP symmetry [9-12] can lead to fairly predi-
cative models. Notably, the flavor symmetry group, which
attempts the explanation of observed quark and lepton
flavor mixing patterns, can also accommodate CP sym-
metry concurrently. For the illustration of nonzero neutrino
mass within the roof of SM, a higher-dimensional operator
(i.e., dimension five) was pioneered by Weinberg [13].
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Because of certain drawbacks associated with higher-
dimensional operators, the alternate approach of introduc-
ing right-handed (RH) neutrinos became popular, leading
to the seesaw mechanism. The exchange of heavy RH
particles scales down the mass of neutrinos in a natural way.
In support of the above, type-1 [14-16], type-II [17-22],
and type-III [23-28] seesaw models are based on the
exchange of heavy right-handed SU(2), singlet fermions,
triplet scalars, and fermionic triplets, respectively. While
constructing the models theoretically using discrete flavor
symmetries, several flavon fields are required to keep the
model invariant under the symmetry groups. These flavon
fields also break the flavor symmetry group into different
subgroups via their vacuum expectation value (VEV)
acquisition, as seen in the neutrino and charged lepton
sectors. This often complicates the model, as the leading-
order corrections are often subjected to the corrections from
higher-dimensional operators as a consequence of utilizing
multiple flavon insertions.

The above shortcomings can be pulled off by a recent,
yet well-established modular invariance approach [29-32].
As an advantage, flavon fields are not needed anymore or
minimized, and the symmetry breaking is performed by the
VEV of complex modulus field z. Consequently, the model
can be constructed elegantly by using lesser flavon inser-
tions. In the superpotential, higher-dimensional operators
are governed exclusively by modular invariance. It is
possible to produce highly predictive models for neutrino
masses and mixing angles with modular flavor symmetry.
The role of modular forms is played by dimensionless
Yukawa couplings, which are functions of modulus 7.
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Their transformation is governed by the Dedekind eta
function instead of being constant in the case of the conven-
tional discrete flavor symmetry approach. Moreover, quark
and lepton fields have certain modular weights, which define
the nontrivial transformation of these fields under modular
forms. As a result, there is a myriad of literature available
utilizing finite modular groups, i.e., Ih~S; [33-35],
[3(I) ~A4(A)) [36-59], Ty=~S, [60-65], T's ~As [66],
and I'; ~ AL [67-70]. While setting up the modular invari-
ance approach, the modular weights considered in the
assumption are mostly even. However, literature pertaining
to the idea of double covering of A, symmetry, known as 7"
symmetry [71], allows both even and odd modular weights
for constructing the model.

The main highlight of this work is to accommodate the
recent W-mass anomaly reported by the CDF Collaboration,
ie., m§PH = 80.4335 + 0.0094 GeV [72], which estab-
lishes a deviation of 7¢ from the SM prediction, i.e., mj! =
80.357 £0.006 GeV [73]. For the central values, the
deviation is Smy = m§PY — mM = 0.0765 GeV, which
is quite a fascinating result from the viewpoint of new
physics. This observation leads to multiple discussions
regarding its potential implications and interpretations, for
instance, the Zee model utilizing two Higgs doublets [74],
the scotogenic-Zee model [75], type-Il Dirac seesaw by
adding a vectorlike fermion and real scalar triplet [76],
utilizing singlet-doublet fermion [77], and additionally
with the minimal supersymmetric SM (MSSM) [78], in
the U(1),,_;, model with vectorlike leptons which when

mixed with the muon can solve this anomaly [79], intro-
duction of one isospin doublet vectorlike lepton [80], the
singlet-triplet scotogenic dark matter model [81], vectorlike
quark models including the electroweak precision data [82],
hadronic contributions by performing electroweak fits
[83], and singlet scalar extensions of the SM in the
context of the W-boson mass [84]. In the type-III seesaw
model, the additional inclusion of a light fermion singlet
N and a heavy scalar triplet has significant implications,
as discussed in [85]; the scalar triplet is also utilized to
explain W mass [86-88].

The organization of this paper is as follows. In Sec. II,
we accentuate certain striking features of 77 modular
symmetry, while in Sec. III, we discuss the model
framework containing particles contributing toward
expressing the superpotential for type-III seesaw and
the associated mass matrices. Subsequently, in Sec. 1V,
we accomplish the numerical analysis where a mutual
parameter space is extracted, satisfying all the phenom-
ena discussed in our model. In Sec. V, we illustrate the
W-mass anomaly from CDF-II results, and the recent
results of muon (g — 2) are discussed in Sec. VI. We have
also discussed lepton flavor-violating decay mode y — ey
in Sec. VII for obtaining the constraint on the lightest
heavy fermion mass My, . Finally, in Sec. VIII, we
summarize our findings.

II. MODULAR SYMMETRY AS DOUBLE COVER

The modular group I'y is a dimension-two finite group
(i.e., 2 x 2 matrices) with integer entries and determinant
being unity, also known as SL(2, Zy) or the homogeneous
finite modular group. One can establish the double cover
group I'y; from I'y by including another generator R, which
is related to —I € SL(2, Z) and commutes with all elements
of the SL(2, Z) group, such that the generators S, T, and R
of I'y, obey certain relations as follows:

S?2=R,(ST)* =1, ™ =1,
R*=1 and RT =TR. (1)

A. T} ~ A}, modular symmetry

Since N = 3, the dimension of the linear space defined
by the computationally efficient mathematical deductions
relating to I'(3) is k + 1, with k being the modular weight.
As a result, dimension two is produced if we consider the
lowest-order modular weight, £k = 1. Dedekind’s eta func-
tion as expressed by Eq. (2) is defined in the upper half
plane, i.e., H = {r € C|Im(z) > 0}, and is what creates the
modular space

) =¢*[(1-gn.  g=e (2
i=1

Also, the generators 7 and S transform # as

n(c+1) =e(z).  n(=1/1) = V=imn(z). (3)
We are working in the linear space of I'(3), whose
expression depending upon 7 is given by [89]

P Gon (¢/3)

a+b=k,a,b>0

4)

As the dimension of M (I'(3)) is k + 1, for k = 1 we can
take the basis vectors to be

s TG
YO 0T

The basis vectors shown above are linearly independent,
and any modular forms of k=1 and N =3 can be
expressed as a linear combination of ¢é; and e,.
Further, due to application of generator 7, ¢; (i =1, 2)
transform as

e, (7) AN e3¢, (z),  &,(7) N 3(1—e?3)e; +&,. (5)
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TABLE I.  Particle content of the model and their charges under
SU(2), x U(1)y x T" group and their modular weights ;.
Fields Ef, ESg ES, I, X% H, 4
SU(2), 1 1 1 2 3 2
U(l), 1 1 1 — % 0 %’_ %
T 1 I 1” L1 v 2 1
k; -2 -2 -2 2 3 0

Similarly, under generator S,

2,(2) > 332(=in)2,(z),  &y(c) > 3Y2(=it)e,(2).  (6)

Therefore, utilizing the above information, one will be

able to construct a modular multiplet Yél) that transforms
as a doublet 2 under I'; = 7" involving the basis vectors

e, and é,,

w, (Y@

R <Y2<r>)’ 7
with
Vi(e) = V3T (1), Yafr) = ,(c) ~3ea(e). (8)

Further, the higher weight modular Yukawa couplings with
k=72,3, 4,5 can be constructed from the tensor product

of Y ;l) (see Ref. [71]). Also the complete form of other
doublet Yukawa couplings are mentioned in the Appendix.
References [90-92] also discuss the double covering of
group I'y.

III. MODEL FRAMEWORK

To incorporate a minimal type-III seesaw in our model,
we have added right-handed hyperchargeless (¥ = 0)
fermionic triplet superfields Zfe/ (j =1, 2), which trans-
form as a triplet under SU(2); and a doublet under 7’
modular symmetry with k; = 3. Further, Higgs super-
multiplets H, ;,(Y = £1/2) are singlets under 7’ modular
symmetry with zero modular weight. The VEVs of Higgs
supermultiplets, i.e., (v,, v,) are related to the SM Higgs

VEV (vy) by a simple equation vy =3/vi+ 03

The ratio of Higgs supermultiplet VEVs is written as
tanf = (v,/vy) =5 (used in our analysis) [93-95].

The SM right-handed charged leptons Efj, ES,, and ES,

transform as 1,1’, and 1” under 7" modular symmetry

with k; = —2. While, Ileft-handed lepton doublets

I;;(i =e,u,7) transform as 1,1”, and 1’ under 7" sym-

metry, respectively, with k; = 2 represented in Table I.
The complete superpotential is given by

c 5 c
W = \/EYK’ZL,-HdER’. + ap {Yé))Hgﬂ(ZleLi)p’}
Msa 2
Sy
j=1

+uH Hy+ W MsTe[E5) + L[HInE H ), (9)

where p = (2",2,2)), ¢/ = (2,2",2') with az(p) and Z;‘ej
are defined as

L v
R; — \/E \/izj—c _Z(])c

0 0 1
Oz(p) = <gZI(D1) ), n= < >, (10)
0 gsoy) =10

with asp) being the free parameter matrices, whereas My

is the free mass parameter and £ ; 18 the scalar superpartner
of triplet superfield (Zg,)- Further, 4; and 4, are the
couplings with modular forms given in the Appendix.
Table II contains the modular weights of the Yukawa
couplings (Yéf)) with (p = (2,2,2")), A; and 4, along
with their transformation under 7" symmetry. Moreover, the
charged lepton superpotential term as shown by the first
part in Eq. (9) yields a mass matrix (i.e., diagonal) exactly
of the form as elaborated in Ref. [59]. Hence, we focus on
the neutral lepton sector, as discussed below.

A. Dirac mass term

The Dirac mass matrix for the neutral lepton sector can
be obtained from the following superpotential term:

Wp = apV2 {Yg?z,z/Hgﬂ(Efe, lLi)z,z”,z’} -1

As H, gains the VEV, the neutral leptons obtain their
masses. To make the Dirac term invariant, fermion triplets
transform as a doublet under 7" modular symmetry. Hence,
the Dirac interaction term of a neutral multiplet of a fermion

TABLE II. Charge assignment to Yukawa couplings under 7" and its modular weight k;.

. 5 5 5 6 3
Couplings Yé,) = (Y12, y2) Y(za)l = (yi2, yo2) Yéw)J = i) A=Y = (isymymn) =Y
T 2 2/ 2" 3 2"

k; 5 5 5 6 3
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TABLE III. The NufrIT values of the oscillation parameters
along with their 16/30 ranges.

Oscillation parameters — Best fit value +1o 30 range
Am3 (107 eV?) 741595 6.82-8.03
|Am3,|(107% eV2) (NO)  2.507+095¢ 2.427-2.59
sin® 0, 0.30370013 0.27-0.341
sin? 6,3 (NO) 0.45140018 0.408-0.603
sin? 0,5 (NO) 0.02225“_“8"888%6 0.02052-0.02398
Scp/° (NO) 232j§g 144-350

triplet with the SM left-handed neutral leptons can be
written as

My =, Yoor Y Y2y . (12)

Y12y V12 Y1y

B. Majorana mass term

The superpotential for the Majorana mass term for right-
handed neutrinos is given as

2
asMs ¢ g e
We == Tr[;l ZRj,llsz], (13)

where My is the free mass parameter, and application of the
A, product rule yields the mass structure given as follows:

M :&[921 0} V2e2 12y, —¥33
k=210 g5, V22 |

(14)

—Y33

Thus, the active neutrino mass matrix in the framework of
the type-1II seesaw is given as

m, = MMz M. (15)

IV. NUMERICAL ANALYSIS

The neutrino oscillation data from NuFIT [96,97] within
their 30 range serves as the reference for the numerical
analysis for our model framework, as given in Table III.
The neutrino mass formula presented in Eq. (15) leads to
the deduction of the associated mass matrix on which
numerical diagonalization is performed using the relation
Ut MU = diag(m2,, m2,m?,), where M = m,m], and U
is the unitary matrix, from which the neutrino mixing
angles can be derived using the conventional relations,

2 |Z/{12|2
27

sin’0y3 = [Uy3 W
— 413

, sin2912 =

. Uy |?
s1n2923 = | 23|

== 16
= P (16)

Another intriguing observable related to the mixing angles
and phases of the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix is the Jarlskog invariant, expressed as
‘]CP = Im[bleluﬂl/{zzl/l;l] = S23C23S12C12S13C%3 sin 5CP'
(17)

Further, we chose the following model parameter ranges to
fit the present neutrino oscillation data:

Re[r] € [-0.5.0.5],  Im[z] €[0.75.2],
My € [10*,10°] TeV,
ap € [10°,10],  ay €[1072,107"]. (18)

We consider the free mass parameter (My), real and
imaginary parts of z, and free parameters ap and as to
vary randomly in their corresponding ranges' given in
Eq. (18). The ranges for 7z’s real and imaginary parts are
varied within [-0.5,0.5] and [0.75, 2], respectively. We
noticed that the model satisfies the normal ordering (NO)
scheme. We arbitrarily examine the parameter input values
based on these ranges, hence, we are able to simultaneously
satisfy the constraints on the sum of neutrino masses
obtained from Planck data [98,99], in the context of the
present model framework.

As a result, the left panel of Fig. 1 projects the
interdependence between sin’6; (i.e., varying within
[0.02052-0.02398]) with respect to the sum of neutrino
masses (D m, ), where the value of ) m, is found to be
above its lower bound, i.e., 0.058 eV [98,100], obtained
for NO and assuming the lightest neutrino mass to be quite
small. The right panel of Fig. 1 shows the interdependence
of > m, with sin?0,,(sin’6,3), where it is seen that
sin® @, satisfies a very narrow region of [0.311-0.341]
and sin” 0,5 is within the range [0.408-0.603]. Further,
Fig. 2(a) shows the interdependence of sin? @5 with CP
phase 8¢p, which varies within [142.1° — 283°], whereas
Fig. 2(b) expresses the correlation of My and Mg, ie.,
heavy fermion masses, and is found to be hierarchical,
where My, lies between [0.5-13.4] TeV, and the lower limit
obtained for My, is 128.8 TeV going up to 5530 TeV.
Finally, in Fig. 2(c), we depict the correlation of reactor

1t is to be noted here that, as seven free parameters [i.e.,
2D matrices—(as, ap), Re(zr), Im(z), My] are being varied
randomly to illustrate the observed oscillation data by imposing
certain constraint conditions, the obtained correlations between
different measured parameters are less prominent.
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Left (right): the plane of the mixing angles, i.e., sin® 6,5 (sin®#@,, and sin”f,;) with the sum of neutrino masses for the

aforementioned ranges of model parameters. Horizontal grid lines represent the 3¢ range of mixing angles, with the gray band being the
excluded region from the cosmological bound (i.e., > m; > 0.12 eV).
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FIG. 2. Panel (a) (Panel (c)): expresses the correlation between d¢p (Jp) With respect to mixing angle sin? #,5. Panel (b): depicts the
correlation between heavy neutrino mass My, and My, in TeV scale.

mixing angle with the Jarlskog invariant and see that
|[Jep| <0.01 with sin? 6,5 within its 36 range. Proceeding
further, in Fig. 3, we depict the correlation of Re(r) and Im
(7) with mixing angles [i.e., Fig. 3(a), sin® @,5; Fig. 3(b),
sin® 0;,; and Fig. 3(c), sin? 03] due to the fact that there
is an implicit relation of oscillation parameters with
modulus 7.

V. W-MASS ANOMALY

The W-mass anomaly, associated with the recent meas-
urement of its value by the CDF-II Collaboration [72],
indicates the role of physics beyond the Standard Model
(BSM). Considering this discrepancy is just a consequence
of the BSM, we assume the mass of the W boson gets an
immediate effect in the presence of the scalar superpartner
of the triplet superfield, i.e., (¥;), whereas the mass of the
Z boson remains unchanged [81,101]. Because of the

|

hierarchical nature of fermion triplets, as shown in the
upper right panel of Fig. 2, it is assumed that the mass of
scalar triplets (£;) is also hierarchical. So, the VEV of the
smallest scalar field will contribute positively to explain
updated W mass by CDF-II. The soft breaking terms in the
presence of ¥, in addition to the MSSM soft breaking
term, are [102,103] given as follows:

= iy [H 2 iy [H P bH,H,

+ 2030 Tr(E,5)) + 2B, (HinZ Hy),  (19)
where m%, m%,d, b, a3, and B, are soft breaking param-
eters, and 4,(4,) have modular form with k; = 3(6) and
transform as a doublet under 7" symmetry, as defined in
Egs. (A6) and (A7) in the Appendix. The scalar potential at
the tree level can be written as

V= (m3 +u?)|HO* + (md; + p*)|HP + 21 (af + 4 ME)|E* — bHYHS + (B, — 24: M)A, (HOZ0HY)

- - 1
+BIZVP(HP + [Ha) + 2u2 20 (IHa? + [Hgl) + | HP|Hul? + 5 (g7 + 93) (IHul? — [Hgl)?. (20)
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FIG. 3. (a)—(c) Correspond to correlation of Re(z) and Im(z) with mixing angles sin® @3, sin? #;,, and sin’ #,3, respectively.
The terms containing y? as its coefficient come from an F-term, whereas g, and g, are gauge couplings, resulting from the

D-term contribution to the scalar potential [102]. After minimizing the scalar potential, we get the following conditions,
which are utilized in the calculations of the mass of real part of Higgs, as elaborated in Sec. VA:

b cot Ay 22 1
mpy, = —— W= NG (B; = 214 Ms)vsg cot f === (v + v3) = V2udyvsy — g (1 +93) (i = v3).
btan yl 23 1
m, = — - ﬁi(B/l — 2 Ms)vso tan  — 52 (U%? + o) = \@/szi? +3 (91 + 33)(vi = ). (21)

The VEV of £! can be written as

Ay (’11Mi - %) Vg = PV
Vso = 2
boaV2 A]M%+a§+%v%

. (22)

which ultimately contributes only to the mass of the W boson, while the Z mass remains unchanged, as depicted below,

_valgi+93) (23)

1
My = @0 ey mp ="

4
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We scan the assumed parameters in the following
ranges [103]:

= [100,200] GeV, B, = [1,2 x 10°] TeV,
ay = [1,10%] TeV,
Ms = [10,100] TeV, b= [10%10°) TeV2.  (24)

In order to account for the new CDF-II result for the
W-boson mass, the VEV of i? must lie within a specific
range. This range is identified as 3.5-4.4 GeV and is shown
in the upper left panel of Fig. 4, from the variation of My,
with the Vso0. Also, under the roof of the SM, the p

parameter value is given as

psm = 1.00038 £ 0.00020, (25)
and the updated values of the p parameter due to W mass
from the CDF-II result are

2

M
W___ — 1.00179.

=——— 26
PCDF M%COSZHW ( )

We can define the p parameter in terms of VEVs of £°, H,,,
and H ,

80.48 |

80.46 -

80.44

My[GeV]

80.42+

80.40

80.38
0

ay=200TeV 4
ay=500TeV
a;=800TeV

(i} 2 4 6 8 10 12 14
B,[TeV] x 10°

(27)

It is worth noting that Eqgs. (26) and (27) provide the
value of vso 3.5 GeV, which falls within the specified

range illustrated in the upper left panel of Fig. 4. We
show the correlation between B; and ay, imposing the
constraint of 3¢ range of W mass, for two specific values
of =100 and 200 GeV, and the result is shown in
upper right panel of Fig. 4, which indicates that there is
not much difference for both values of u. Therefore, we
adopt a benchmark value of y = 150 GeV to explore the
dependence of other parameters on the mass of the W
boson. To achieve this, we employed three benchmark
values of ay, as 200, 500, and 800 TeV, to get a good
correlation between My, and B, as shown in the lower
left panel of Fig. 4. From this figure, it should be noted
that, as the value of ay increases, the allowed range of B,
also increases, which can also be inferred from the top
right panel of Fig. 4. Similar behavior can also be
noticed, if we consider three representative values for
B;: 2x10°, 6 x10°, and 8 x 10° TeV, to obtain a
correlation between My and ay, as shown in the lower
right panel of Fig. 4.

1000

o H=200GeV

800

o p=100GeV

= 600
)
E
© 400t
200 2
(1] S L L L L L L L1
0 2 4 6 8 10 12 14
By[TeV] x 10°
80.50 -
s
§8045. NN
=
- S
80.40 -
B,=2+10°[TeV]
B,=6+10°[TeV]
80.35| B,=8x10°[TeV]

0 200 400 600 800 1000
as[TeV]

FIG. 4. The plot in the upper left displays the permissible range of VEV for the scalar triplet £,, which can elucidate the anomaly in
the W-boson mass. The upper right plot demonstrates the interdependence between B, and ay when restricted to the 3o constraint of the
W-boson mass. In the lower left (right) plot, the behavior of B, (ay) with respect to My, is presented for three distinct values, each
represented by a different color. In all of these plots, the value of u has been held constant at 150 GeV.
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A. Mass of CP even Higgs

The neutral components of scalars can be written in
terms of the real and imaginary parts as follows:

(HuR + Uu) + iHul

s (28)
H i H

ng( dR+f/d§?+l dI’ (29)
co (tr + vso) + i1y

= 5 (30)

2

where H,, H,p, and ty are real and H,;, H;;, and ¢; are

imaginary parts of fields HY, HY, and 9, respectively. After
electroweak symmetry breaking, the symmetric mass

matrix for the CP even Higgs can be written in the basis
of (HMR’ Hde IR)’

2 2
my, my mig

2 _ 2 2 2
MCP even ~ m21 m22 m23 ’ (31)

2 2
mz Mz, M3

with the matrix elements 7, as

A 1
miy = miy, 0+ (05 + 03) + g (67 + 93) (30 — ) + V2hawsy,

2
2

A
m3, = my + p* +—2(v%? + %) +

2
1
m3y = Al(’IlM% + a3) +§/1%7f%1v

1
(91 + 93)(Bvg — v7) + \/5/12#”2?,

b1 2
m}y = Bv,04— ==~ (G} + B)v,vg + 2—21;2?(19i — 24, Ms),

2 4

V2

A
mi, = 2 (B, =24 Ms) + /I%vg?vu +V2pdr v,

v

272 ¢

m%SZ & Uy
2V2

Since Mep o i @ symmetric matrix, we have m7; = m3;

and the expressions for m?, and m3, can be simplified
further by using Eq. (21). Diagonalization of the matrix
MZp en Provides mass for the real part of Higgs in basis
(h,H,A). Figure 5 illustrates the constraints obtained
on the masses of these three scalars using the current
observation of W mass. From the figure, we obtain limits
on their masses as my, € [124.74,125.76] GeV, corre-
sponding to the SM Higgs, while my € [6.6,65.7] and
my € [18.7,140.8] TeV.

VI. MUON (g-2)

The triumph of the quantum field theory brings muon
anomalous magnetic moment (g — 2) into the limelight.
The convincing difference between measurements and
predictions of the SM could also portend new physics
since it has historically drawn much attention. The SM
contribution quantified so far is given as [104—123]

(a”)SM = 116591810(43) x 1071 (33)
As part of its April 2021 announcement, Fermilab

reported its first measurement on the muon anomalous
magnetic dipole moment [124] given as

(By = 2 Ms) + Bosovg + V2ulpvy. (32)

(a,)"™NAL = 116592040(54) x 10711, (34)

which contradicts SM results by 3.3¢ and simultaneously
agrees with the Brookhaven National Laboratory E821
results [125,126],

(a,)BNE = 11659208.0(6.3) x 10710, (35)

The size of the difference between the average of both
experiments and SM prediction is

Aa, = (a,)™ — (a,)M = (251 £59) x 107", (36)

at 4.2¢ level. This deviation is significantly large enough,
pointing toward the possible role of new physics. In this
context, we show the new fermionic triplet % could be a
potential candidate for explaining (g —2), discrepancy.
The relevant contribution is shown in Fig. 6, obtained from
the corresponding superpotential term, i.e., the second term
in Eq. (9).

Thus, we obtain the additional contribution to muon
(g—2) as [127]
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FIG. 5.

Top: a limit on the mass of the smallest scalar particle that has been obtained by imposing the mass of the W boson. Lower left

(right): shows the limit bounded on BSM scalars my (m,) through W mass.

m2

Aa, = ——— {(2|9D|y22|2)Fh(xl)
“32a%m?

+ z1Re[(9p,v22)*]G(x1)}, (37)

M; M .
where x; = —5t, z; = =, and gp, is free parameter defined
h (3

in Eq. (10). The loop functions are expressed as

x3 = 6x7 4 3x) + 2 + 6x; In(x))

F = . (38
h('xl) 6(1 —X1)4 ( >
—x3 4+ 4x; —3 = 21In(x))
G =" 39
n(x1) (1 —x1)3 (39)
h
H =%, =%, n

FIG. 6. Feynman diagram involving additional fermion triplet
2R, that generates a muon anomalous magnetic moment.

As the right-handed triplets have hierarchical mass,
only the lightest heavy fermion X contributes toward

muon anomalous magnetic moment. The correlational
behavior of the mass of Xj with respect to Aa, for
my, = 125.25 GeV is shown in Fig. 7.

Next, we would like to see the common allowed ranges
on the values of real and imaginary parts of the modulus 7
compatible with the neutrino oscillation phenomenology,
W mass, and muon (g — 2). In Fig. 8, we present a plot
illustrating the corresponding allowed parameter space
compatible with W mass (represented by blue points),

20 25 3.0 35
Mg, [TeV]

4.0

FIG. 7. The contribution of the lightest fermion triplet to muon
(g=2).
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FIG. 8. The points in blue [red] color satisfy W mass [(g - 2),]
and green color data points are for neutrino phenomenology.

neutrino phenomenology shown by green points, and
muon (g — 2) as depicted by red points. From the figure,
we obtain the ranges as —0.27 <Re(r) <0.27 and
0.84 < Im(z) < 1.15, which satisfy all three phenomeno-
logical aspects discussed in this paper.

VII. LEPTON FLAVOR VIOLATION

In this section, our focus is on exploring lepton flavor-
violating decay as a means of establishing more precise
limitations on the mass range of heavy neutrinos. Of
particular interest is the highly acclaimed and rare
(u — ey) decay mode, which represents one of the most
strictly restricted modes to date, with current limits set at
4.2 x 10713 [128]. This mode is characterized by the fact
that it cannot occur at the tree level and is associated with a
lepton number violation. The decay widths and branching
ratios for different lepton flavor-violating decays within the
type-1II seesaw model are presented in [129]. The heavy
neutrino contribution, i.e., My, to the one-loop branching
ratio [129,130] of u — ey is given as

2
3m,a

Br(u—ey) =

’

M} (3 M
(9p,Y22)(9p,Y227)— 54- n—a
# n, my,

drm

(40)

with a being the fine structure constant and gp, being the
free parameter. y,, and y,y are the modular Yukawa
couplings mentioned in Table II and m,, m,, and m,, are
the mass of the electron, muon, and Higgs, respectively.

10712}

107}

Br(u-ey)

ol

L L L

0.5 1 5 10
Mg, [TeV]

FIG. 9. Variation of Br(u — ey) against M (TeV), where the
grid line shows the experimental upper bound.

The parameter space mentioned in Sec. IV is utilized to
perform lepton flavor violation, which mutually satisfies
neutrino phenomenology and other phenomena discussed
in our paper. The plot for the branching ratio of (4 — ey) is
depicted in Fig. 9 with respect to My, , where the black
dashed horizontal line represents the experimental upper
limit [128]. From the figure, we find the upper limit on M,
as 13.4 TeV, consistent with the lepton flavor-violating
(LFV) decay u — ey. This observation underscores the
importance of considering the LFV bounds when inves-
tigating or constraining the limit of the lightest heavy
neutrino mass, i.e., M R, in such models.

VIII. CONCLUSION

To comprehend neutrino phenomenology and explain
observed oscillation data, we have considered a model
including A modular symmetry, employing a type-III
seesaw mechanism in a minimal supersymmetric context,
i.e., adding only two SU(2), triplet fermions (X%,)- This
yields a specific mass structure for Dirac and Majorana
terms, which further yields a 3 x 3 active neutrino mass
matrix. There are various modular Yukawa couplings
involved in keeping the superpotential invariant under 7’
modular discrete symmetry for the explanation of the
recent W-mass anomaly, where acquisition of the VEV
by modulus 7 breaks A) symmetry. Here, the numerical
diagonalization technique lifts the workload in the analyti-
cal part, and the results are predicted following the 3o
constraint established through numerous experiments.
Consequently, we obtain the sum of active neutrino masses
>_m,, within [0.058 —0.12] eV, and mixing angles are
seen to be within their respective 3¢ ranges. Proceeding
further, the results for §¢-p and Jarlskog invariant |J-p| are
seen to be within [142.1° — 283°] respectively, establishing
a firm correlation. Further, from the upper bound on the
Br(u — ey), the mass of the lightest right-handed neutrino
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is highly constrained; hence, the mass range for My, is
found to be [0.05 — 13.42] TeV and that of Mk, is in the
range of [128.8 —5530] TeV, establishing a hierarchy
between them. Advancing further, we attempt to explain
the W-mass anomaly, where the presence of the scalar
superpartner impacts the result, and the new mass range for
W mass is 80.4335 £ 0.0094 GeV. Finally, we were
successful in accommodating the results from Muon
(g — 2) explaining the recent results.
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APPENDIX: 7" MODULAR SYMMETRY

The modular forms of couplings required in our model
are given as follows:
(i) Modular forms transforming as doublet under 7’
symmetry and with modular weight & = 1,

)

where Y, and Y, are the function of 7 and are
defined as

(A1)

Yi =V2e" 231+ g+ 24> + 2" + ¢ +2¢° + - ),

Y, =1/3+2g+2¢ +2q¢*+4q" +2¢° +---,

i2nt

with g = e

(i) The modular forms for the Yukawa couplings

required to write the superpotential term for the
neutral lepton sector are with modular weight 5,

Y(S) . 2\/§€i7”/12Y?Y2 + ei”/3Y1 Yé (A3)
2.1 Zﬁenn/ny? Y2+ i3 Yg ’

-Y1Y, +2(1 =i)Y Y5

5¢"/°Y3Y3 — (1 - i)e"/oY3 A5
_\/EeiSrz/ny?_Seiﬂmy%Y% ’ ( )

—-Y; +2(1 —i)Y3iy3
5 12
Yy = ( ‘ L (A4)

5) _
Yz// —

(A2)

(iii) Couplings 4; and A, have the forms

=21 =i)Y3Y3 +iY$§
—4e/0y1Y3 — (1 —i)e™/%Y,Y3 |,
2\/§ei7n/12y?y2 +eiﬂ/3y%yézl

6
=YY =

(A6)

3 N\ y3
2 — o _3Y2Y% .
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