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We use nf ¼ 2þ 1 Wilson-clover gauge-field ensembles from the Coordinated Lattice Simulations
(CLS) Consortium in a lattice nonrelativistic QCD (NRQCD) setup to predict the binding energy of an
IðJPÞ ¼ 0ð1þÞ udb̄b̄ tetraquark and a 1

2
ð1þÞlsb̄b̄ tetraquark. We determine the binding energies with

respect to the relevant BB� and BsB� thresholds, respectively, to be 112.0(13.2) MeV for the udb̄b̄, and
46.4(12.3) MeV for the lsb̄b̄. We also determine the ground-state JP ¼ 0þ B�

s0 and 1þ Bs1 mesons to lie
75.4(14.0) and 78.7(13.9) MeV below the BK and B�K thresholds, respectively. Our errors are entirely
dominated by systematics due to discretization effects. To achieve these measurements, we performed a
neural network based nonperturbative tuning of the lattice NRQCD Hamiltonian’s parameters against the
basic bottomonium spectrum. For all lattice spacings considered we can reproduce the continuum splittings
of low-lying bottomonia. It is worth remarking that our nonperturbative tuning parameters deviate from 1
by significant amounts, particularly the term c2.

DOI: 10.1103/PhysRevD.107.114510

I. INTRODUCTION

The study of doubly heavy tetraquarks with (anti)bottom
quarks is currently an area of considerable interest, both
on the lattice and in phenomenology. These states are of an
explicitly exotic nature, and initial studies of doubly heavy
udb̄b̄ tetraquarks, e.g. [1,2] and references therein, suggest
rather large binding energies.
Early lattice studies found an attractive heavy-light

meson-meson potential [3–10] indicative of the possibility
to admit a bound udb̄b̄ tetraquark (Tbb) in nature.
More recently, dynamical light-quark simulations with
static b quarks [1,11–13], and with lattice nonrelativistic
QCD (NRQCD) b quarks [2,14–16] have predicted a
strong-interaction-stable IðJPÞ ¼ 0ð1þÞ, udb̄b̄ tetraquark.
Phenomenologically this state is almost unequivocally
expected to be deeply bound [17–43] with respect to the
lowest-lying noninteracting BB� threshold.

From a diquark perspective, if a udb̄b̄ tetraquark is
deeply bound the next logical candidate with a slightly
less attractive light good-diquark configuration has
flavor lsb̄b̄ and quantum numbers IðJPÞ ¼ 1

2
ð1þÞ. Such

a state has been measured on the lattice to lie below
the BsB� threshold in [2,14,44], and is somewhat more
shallowly bound than the udb̄b̄. Phenomenologically
this state is expected to lie quite close to threshold
[19,23,26,28,30,36–39,41–43,45–49], with the majority
of relativistic quark models [50] suggesting it is in fact
unbound [23,35,40].
Further states of interest are the JP ¼ 0þ B�

s0 and 1
þ Bs1

mesons. Their lighter D�
s0ð2317Þ� and Ds1ð2460Þ� coun-

terparts show properties not expected in quark-model
calculations and were among the first exotic states dis-
covered in the era of the b factories [51,52]. While a
modern lattice QCD scattering calculation obtains these
states significantly below the respective threshold [53]
(using a relativistic formalism), other approaches obtain
results consistent with [54,55] (using lattice NRQCD) [56]
(using static b quarks) the lowest-lying two-meson thresh-
olds BK and B�K, respectively. Similar statements can be
made about various phenomenological models [57–84].
Typically, relativistic quark-model calculations predict
these states to lie at or above threshold, whereas other
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approaches usually predict they lie below. It has been a
motivation of our work to investigate the impact of the
lattice NRQCD tuning on these states and provide an
approach to determining these states differing from pre-
vious lattice studies.
NRQCD measurements have a long and storied history

within the field of lattice QCD. They are numerically very
cheap to perform and can be statistically precise. NRQCD
is an effective field-theory approach to describing heavy
bottom-quark (b-quark) dynamics, which however has
some difficult-to-quantify systematics. Nevertheless, lat-
tice NRQCD studies have made important contributions to
standard model quantities such as αs [85], the b-quark
mass [86,87], and b-meson decays and jVcbj [88], to name
but a few. NRQCD is but one approach to b physics.
Others include relativistic heavy-quark actions [89–91],
heavy-quark effective theory [92], and various extrapo-
lation approaches [93–95]. Resolving the physical b as a
valence quark with the same action as the light quarks
requires a very fine lattice spacing and a large box; with
current technology generating such ensembles is very
expensive.
Tuning the lattice NRQCD action has periodically been

of interest [96–98], particularly when it comes to choices of
different tadpole improvement factors [99,100], and to
whether the action’s parameters should be perturbatively
improved [101,102]. We will show that all coefficients of a
simple truncation of the NRQCD action can be tuned
entirely nonperturbatively using machine learning to repro-
duce the simple low-lying spectrum of bottomonia to a
level compatible with the uncertainty on our lattice spacing
(roughly 1%). The results for the simple spectrum includ-
ing excitations from our approach will be compared to
those using tree-level coefficients.
In Sec. II the lattice methodology for our calculation is

described with a particular focus on the nonperturbative
lattice NRQCD tuning. The results of this tuning are
summarized in Sec. III, where we also present the impact
of our tuning on the spectrum of low-lying bottomonium
excitations. In Secs. IVA, IV B, and V we present our
main physics analysis for the doubly heavy tetraquarks
and Bs states, respectively. We proceed with a discussion
of systematic uncertainties in Sec. VI and conclude in
Sec. VII.

II. METHODOLOGY

A. NRQCD Hamiltonian and evolution

For the implementation of the Oðv4Þ NRQCD
Hamiltonian (with higher-order discretization-correction
terms c5 and c6) we follow [96] and [103]. To obtain
our heavy-quark propagator we apply the symmetric
evolution to some prepared source Gðx; tÞ (technical
aspects of the lattice NRQCD implementation can be found
in Appendix A for the adventurous reader),

Gðx; tþ 1Þ ¼
�
1 −

δH
2

��
1 −

H0

2n

�
n
Ũtðx; tÞ†

�
1 −

H0

2n

�
n

×

�
1 −

δH
2

�
Gðx; tÞ; ð1Þ

with

H0 ¼ −
1

2aM0

Δ2;

HI ¼
�
−c1

1

8ðaM0Þ3
− c6

1

16nðaM0Þ2
�
ðΔ2Þ2

þ c2
i

8ðaM0Þ2
ðΔ̃ · Ẽ− Ẽ · Δ̃Þ þ c5

Δ4

24ðaM0Þ
HD ¼ −c3

1

8ðaM0Þ2
σ · ðΔ̃× Ẽ− Ẽ× Δ̃Þ− c4

1

2ðaM0Þ
σ · B̃

δH ¼ HI þHD; ð2Þ

where for readability we have separated the contributions to
δH into the spin-dependent HD and spin-independent HI
terms. Here aM0 is the bare b-quark mass and n is the
stability parameter (which we will always set to 4 through-
out this work). The tilde indicates a higher-order improved
version of the derivative, tadpole improvement of the links,
or improvement of the traceless clover field-strength tensor,
of which E and B are the usual components [97]. Two
typical choices for the tadpole-improvement factorU0 exist
in the literature: the fourth root of the plaquette U0P, and
the mean Landau link U0L. One of the facets of this work
will be to investigate the dependence of our tuning on these
choices [104]. As the Hamiltonian is derived from a Taylor
expansion in aM0, results from measurements at aM0 ≈ 1
are not likely to be trustworthy, and this puts a constraint on
how fine a lattice spacing can be used.
We will later propose a strategy to allow all of the

coefficients ci to be tuned nonperturbatively, but for now
we discuss some expectations for these coefficients from
the literature: the coefficient c3 is expected to be close to 1
as there is a spin-average combination that is approximately
proportional to c3 [87] and it turns out to match experiment
well when c3 ≈ 1. The other spin-dependent term c4 is
expected to affect most strongly the ϒ − ηb hyperfine
splitting [105] and plays a role in the spin-orbit splitting;
typically, it has a value greater than 1. The coefficient c2 is
commonly set to its tree-level value of 1. The terms c5 and
c6 are pure discretization-effect canceling terms for the
spatial and temporal applications ofH0, respectively, and if
these effects are small, should be Oð1Þ. c1 is suppressed by
a further power of the mass and is expected to be close to 1
as well.
The NRQCD action is known to the next higher order

(Oðv6Þ) [96,106] with coefficients c7…c11,
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Hv6
I ¼ −c10

1

8ðaM0Þ3
ðẼ · Ẽþ B̃ · B̃Þ

− c11
1

192ðnÞ2ðaM0Þ3
ðΔ2Þ3

Hv6
D ¼ −c7

1

8ðaM0Þ3
fΔ̃2; σ · B̃g

− c8
3

64ðaM0Þ4
Δ̃2σ · ðΔ̃ × Ẽ − Ẽ × Δ̃Þ

− c9
i

8ðaM0Þ3
σ · ðẼ × Ẽþ B̃ × B̃Þ: ð3Þ

Inclusion of these higher-order terms has been argued in the
literature to have some small effect [97,107,108] at typical
lattice spacings for bottomonia; similarly for the case of
some bbb-baryon splittings they do have some significant
impact [109]. We intend to see how well we can reproduce
the bottomonium spectrum with just the terms listed in
Eq. (2), as this will allow for a more quantitative comparison
against previous works which measure related quantities.
There is nothing inherently stopping us from including
higher orders of the NRQCD Hamiltonian in our tuning,
provided there are enough states that can be used as inputs.
We address this point later in the paper in Sec. VI, where we
consider adding only the tree-level spin-dependent higher-
order coefficients c7 ¼ c8 ¼ c9 ¼ 1 to our tuning to probe
their impact, and we will find that their inclusion does
improve some of our heavy-light spin splittings. We also
consider, conversely, the implications of reducing the num-
ber of tunable parameters in Appendix B and find that it
worsens the quality of our tuning.
As we see from Eq. (1), lattice NRQCD incorporates

corrections to the static Wilson-line propagator, so work-
ing at very coarse lattice spacings will likely include
strong discretization effects from the gluon field itself,
suggesting that there is an appropriate window for
expecting accurate results. When investigating heavy-
light B-meson physics, as we will do here, we are further
constrained from additional light-quark discretization
effects. As any measurement with lattice NRQCD inher-
ently means we do not have a formal continuum limit,
serious care is needed in working within an appropriate
range of lattice spacings and in conservatively estimating
discretization effects.

B. Nonperturbative tuning

Lattice NRQCD calculations will often either use
tree-level parameters (ci ¼ 1) [2,55,103], or include a
few determined at OðαsÞ using lattice perturbation theory
[101,110,111]. Occasionally, some [87,105,109] have indi-
vidually tuned c4 and/or c3 by a nonperturbative prescrip-
tion. Instead of any of these approaches we will see how
precisely we can determine the simple ground-state botto-
monium spectrum by allowing all of the parameters to vary

and tuning them simultaneously via a neural network. It is
important to note that we will be forcing a truncated series
to approximate the continuum spectrum and the parameters
we determine will therefore be absorbing cutoff effects
from many sources.
As lattice NRQCD has an additive mass renormalization,

we cannot directly determine the masses of the pseudo-
scalar (ηb) or vector (ϒ) mesons. Instead, the overall
b-quark mass aM0 is tuned from the nonrelativistic
dispersion relation of the ηb and ϒ via the expansion

aEðpÞ ¼ aM1 þ
a2p2

2aM2

þ � � � ; ð4Þ

to match the kinetic mass, aM2, to the spin-averaged
continuum ηb and ϒ masses. We will use the value
9.445(2) GeV for this spin average from [105]. In practice
this is done by us using partially twisted boundary
conditions [112,113].
The operators and their continuum analogs used in

our tuning can be found in Table I; these are all taken
from [114] and use the quark-line-connected contractions
of the simple operators

OðxÞ ¼ ψ̄ΓðxÞψ ; ð5Þ

with Coulomb gauge-fixed [115] wall-source, sink-
smeared propagators.
We have chosen the simple ground-state operators of

Table I for our tuning data as there should be little
ambiguity in determining their masses precisely from a
correlated single-exponential fit to the resulting correla-
tor. This allows for higher-order excitations of bottomo-
nia to become predictions/indications of the quality of our
tuning as discussed in Sec. III A. We chose to tune our
parameters against the splittings with regard to the ηb of
the states listed in Table I. For the continuum splittings
we will use the most-recent Particle Data Group (PDG)
values [116], while noting that there is some tension
between the experimental determinations of the ϒ − ηb
hyperfine splitting.

TABLE I. Table of lattice operators used with their continuum-
state analogs. Here σi are the usual Pauli matrices and Δi is the
symmetric lattice finite difference.

State PDG mass [GeV] [116] ΓðxÞ
ηbð1SÞ 9.3987(20) γ5
ϒð1SÞ 9.4603(3) γi

χb0ð1PÞ 9.8594(5) σ · Δ
χb1ð1PÞ 9.8928(4) σjΔi − σiΔj (i ≠ j)
χb2ð1PÞ 9.9122(4) σjΔi þ σiΔj (i ≠ j)
hbð1PÞ 9.8993(8) Δi
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Often studies will focus on splittings within the S- and
P-wave states [114] separately, because the measured
S-wave—P-wave splitting is usually quite far from its
continuum value due to unknown radiative corrections and
higher-order effects not accounted for. An example of this
can be seen in e.g. [55], where a significant difference
between the PACS-CS lattice spacing and one derived from
the 1P-1S splitting was seen. The procedure of remedying
this by redefining the lattice spacing after tuning aM0 by
this splitting is somewhat common in practice [117,118].
For us, it is hard to justify redetermining the lattice spacing
to match a physical splitting from lattice NRQCD, and we
will show with our tuning that it is possible to absorb these
differences into the coefficients themselves.
We will follow our prior work of [119] where we tuned a

relativistic charm-quark action nonperturbatively by using
a neural network to infer the dependence of states on the
action parameters. This time we will focus on the splittings
of states, rather than explicit masses. A schematic of our
approach is shown in Fig. 1, showing the inputs and outputs
we use to train the network. It should be noted that the
parameters are not universal: they will, in principle, be
specific to our underlying gauge action, fermionic action,
our choice of tadpole improvement factor, our choice of
improvement terms in the NRQCD Hamiltonian, and even
our renormalization trajectory set by the observable(s) used
to define it.
We will use a network with two hidden layers of just 12

nodes. The network uses the Adam minimizer [120] with
early stopping, minibatches, and an adjusted learning rate.
Approximately 20% of our data are used for validation, and

we generate 100 different runs of randomly chosen lattice
NRQCD coefficients per ensemble.
One may wonder if our setup in Fig. 1 is underdeter-

mined due to having more outputs than inputs, but we
observe that the coefficients are all empirically well
determined. To further investigate this concern, we perform
a test on ensemble A653 with fewer parameters (we fix
c5 ¼ c6 ¼ 1) to check the general features of our tuning in
Appendix B. We observe a slightly worse quality in the
predicted parameters with this reduced parameter set but
qualitatively similar results to our full tuning.

III. TUNING RESULTS

We will only consider gauge ensembles generated by the
Coordinated Lattice Simulations (CLS) Consortium at the
SUð3Þf-symmetric point to determine our lattice NRQCD
parameters, as dynamical light pions are not expected to
significantly affect the splittings considered [121]. These
ensembles have a mixture of open- (U103 and H200)
and periodic- (A653 and B450) temporal boundaries.
All of these ensembles are nf ¼ 2þ 1 nonperturbatively
improved clover-Wilson, Symanzik gauge configurations
and are listed in Table II. Further details on their generation
can be found in [122] and [123], with lattice spacings
from [124] and an estimate for A653 from [125]. For the
open-boundary configurations we sit in the middle of
the lattice and compute forward and backward lattice
NRQCD b-quark propagators away from this time slice.
For the periodic-boundary configurations we only com-
pute the forward-propagating state to allow for a larger
temporal range to fit to. For the open-boundary-condition
ensembles we use the plaquette for the whole gauge field
in our tadpole improvement, and not one measured in
the bulk.
Table III and Fig. 2 illustrate a curious result: the neural

network strongly prefers a negative value of the coefficient
c2 with a significant dependence on both the lattice spacing
and the choice of tadpole factor U0. It is important to note

FIG. 1. Schematic picture of our setup; lines indicate weights
(not all are drawn as each node is connected to each within the
hidden layer) and the arrows indicate the feed-forward nature of
our network.

TABLE II. Flavor SUð3Þf-symmetric ensembles used in this
work for the nonperturbative tuning. A653� indicates tadpole
improvement with the mean Landau link; all others use the fourth
root of the plaquette determined from the entire lattice volume.
NConf indicates the number of independent gauge configurations
used and NProp indicates the number of NRQCD propagators
used.

Ensemble T boundary a [fm] U0 NConf × NProp

A653 Periodic 0.09929 0.85005 100 × 12
A653� Periodic 0.09929 0.82918 100 × 12

U103 Open 0.08636 0.85248 500 × 2
B450 Periodic 0.07634 0.85812 400 × 8
H200 Open 0.06426 0.86153 500 × 2
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that positive values of c2 exist in all of our training datasets,
as do the tree-level parameters, so this result is unlikely
to be biased by our training data. The parameters c1, c5,
and c6 are the other spin-independent contributions to the
NRQCD Hamiltonian and are all smaller than 1 and seem
to be inversely proportional to c2. This is further illustrated
in our retuning with c5 ¼ c6 ¼ 1 in Appendix B where we
observe that c2 decreases when c5 and c6 are larger. It is
evident that the tuned c1 acts similarly as it multiplies the
same operator as c6, albeit with a different power of the
bare mass and numerical prefactors.
A slightly unexpected behavior is also apparent for the

determined coefficient c4, as it is smaller than 1 for all our
ensembles, suggestive of interplay between the determi-
nations of c2 and c4. From our training runs we have seen
that while c2 is sensitive to the S-wave—P-wave splitting
(with positive c2 reducing this and negative c2 enhancing
it), c4 is mostly sensitive to the hyperfine ϒ − ηb (1S)
splitting with a larger value of c4 increasing this
splitting. This is further supported by our results in
Sec. VI where tuning to the B� − B splitting increases
the 1S-hyperfine and the parameter c4 while also making
c2 positive.
Both c2 and c4 show strong dependence on the choice of

tadpole factor, which is unsurprising as they multiply the

field-strength tensor. Oddly, the network gives the coef-
ficient c1 some visible tadpole dependence, implying this
coefficient is being used to compensate for changes in c2
and c4. In our bare-mass regime (and with our chosen
stability parameter) c1 is likely one of the largest spin-
independent contributions and therefore a significant han-
dle for the neural network.
The determined coefficient c3 is always close to 1 with

some tadpole dependence and mild lattice-spacing varia-
tion. The parameters c5 and c6 show almost no tadpole
dependence but strong lattice-spacing dependence, which
is to be expected as their job is to cancel higher-order lattice
artifacts.
The bare-mass tuning appears to not strongly depend

on the other coefficients, only on the choice of tadpole
improvement factor. This can be inferred by comparing the
tuned values of aM0 for the tree-level tuning (Table IV)
with our neural network parameters (Table III), where aM0

is more or less consistent within errors. This suggests that
one can likely tune aM0 independently of all the other
parameters (with the interesting exception of A653 with the
U0L tadpole term). For the nonperturbatively tuned param-
eters we see that for U0P or U0L the ratio of their aM0s is
consistent with the inverse of their ratios of tadpole
improvement factors.
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FIG. 2. Plots of the coefficient determinations (Table III) from our neural network vs the lattice spacing. Open symbols indicate the
values from tuning with the U0L tadpole prescription.

TABLE III. Nonperturbative tuning parameters for the various SUð3Þf-symmetric ensembles considered in this
work; bracketed values indicate the variations in the neural-network predicted parameters and not true errors. For
each ensemble 100 tuning runs were performed.

Ensemble aM0 c1 c2 c3 c4 c5 c6

A653 2.0585(25) 0.611(18) −1.255ð44Þ 1.121(11) 0.996(10) 0.688(17) 0.701(17)
A653� 2.1088(55) 0.790(14) −1.014ð73Þ 1.062(15) 0.931(18) 0.700(13) 0.695(13)

U103 1.8035(32) 0.787(16) −0.789ð61Þ 1.057(10) 0.960(11) 0.828(13) 0.932(14)
B450 1.5542(89) 0.819(16) −0.556ð50Þ 1.077(13) 0.913(15) 0.861(11) 0.903(15)
H200 1.3189(19) 0.940(9) −0.519ð56Þ 1.027(3) 0.832(13) 0.866(10) 0.866(9)
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Figure 3 illustrates our ability to reproduce the exper-
imental low-lying S- and P-wave splittings for bottomonia
in comparison to tree-level NRQCD for different lattice

spacings. Apart from our tuning being consistent with
experiment, we note some interesting features: tree-level
NRQCD’s approach to the continuum for the 1P-1S
splittings appear to be linear with the lattice spacing,
indicating that on these lattices it will never be accurately
reproduced within the applicability window of NRQCD.
For our neural network tuning χb0 appears slightly too
heavy, and χb2 too light, with χb1 and hb matching
experiment much better. This could be a sign of missing
higher-order terms in our NRQCD implementation as

TABLE IV. Tree-level aM0 tunings obtained from the spin-
averaged kinetic mass by linear interpolation.

Ensemble A653 A653� U103 B450 H200

aM0 2.073(16) 2.151(16) 1.812(12) 1.559(6) 1.323(9)
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FIG. 3. Measured splittings from our tuning (circles) vs those obtained from using tree-level coefficients (squares). Open symbols
illustrate the use of the mean Landau-link tadpole improvement term, closed symbols from the fourth root of the plaquette. Horizontal
lines indicate the PDG values for these splittings.
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this feature seems independent of the lattice spacing.
Finally, we note that for the tree-level parameters’ results
with the tadpole factor U0L there is better agreement
with the experimental hyperfine splitting than for those
using U0P. The two choices of tadpole-improvement factor
for tree-level NRQCD are, however, equally poor for the
splittings between the P-wave states and the ηb. Whichever
tadpole-improvement factor is used is completely irrelevant
with the neural network tuning as the choice gets absorbed
into the nonperturbative coefficients.
We investigate our ability to reproduce the continuum

spectrum via the simple absolute percentage deviation
metric

D ¼ 100

N

XN
i

���� S̄Latt:i − S̄Cont:i

S̄Cont:i

����; ð6Þ

with S̄Latt. being the average value of one of our splittings
and S̄Cont. being the expected central value of its continuum
counterpart. We present results comparing our states from
our predicted parameters with those from the tree-level
tuning in Table V; the approach to the continuum for each
of our splittings can be also be seen in Fig. 3.
Table V illustrates quite clearly that the tree-level

parameters do appear to approach the continuum exper-
imental spectrum, albeit very slowly. Our nonperturbative
tuning never deviates in central value by more than 1.1% on
average and within the experimental and lattice errors the
agreement is near absolute. Of course, this is the intention
of our tuning but it is worth noting that at the simple
truncation of the NRQCD Hamiltonian such a reproduction
of experiment is possible and a tuning with higher-order
coefficients against this set of states will be unlikely
to provide much improvement, and may not be well
constrained.

A. Excited states of bottomonium

As we have already seen in Fig. 3, tree-level Lattice
NRQCD’s ability to replicate even the basic 1P-1S split-
tings is poor and it seems unlikely that their excited
counterparts’ determination will be much better. In this
section we consider the excited S-wave ηbð3S=2SÞ,
ϒð3S=2SÞ and P-wave χb0ð3P=2PÞ, χb1ð3P=2PÞ,
χb2ð3P=2PÞ, and hbð3P=2PÞ states’ splittings with respect
to the ηbð1SÞ, and compare these to their PDG continuum
counterparts where known.

For the determination of our excited states we choose
to create a symmetric generalized eigenvalue problem
(GEVP) [126–128] from a matrix of correlation functions
constructed with different Gaussian source (first S) and sink
(second S) smearings:

0
BBB@

S1S1 S1S2 S1S3 S1S4
S2S1 S2S2 S2S3 S2S4
S3S1 S3S2 S3S3 S3S4
S4S1 S4S2 S4S3 S4S4

1
CCCA: ð7Þ

As was the case in the tuning we use Coulomb gauge-fixed
wall sources, where for the source we simply apply an
arbitrary function, and for the sink we apply the convolu-
tion methodology outlined in the appendixes of [119].
Each “S” denotes a different smearing radius (squared),
which we will call α, as illustrated in Table VI. We are
primarily interested in the lowest three states, with the
fourth typically lying above the BB̄ threshold, and
expected to have contamination from higher states.
We solve this GEVP and diagonalize the correlator
matrix for a specific “diagonalization time” [129] to
obtain our principal correlators, which we then perform
a correlated single-exponential fit to. Here, we needed
increased statistics in comparison to our tuning runs
(Table II) to be able to stably resolve the higher levels.
For the P-wave states the calculation is quite compli-
cated as the source has a derivative and must be matched
similarly at the sink, and contracted with a propagator
with smearing at the same source and sink going
backwards; hence, many lattice NRQCD propagators
are needed for these states.
Figure 4 illustrates the excited S- and P-wave state

splittings with respect to the ηbð1SÞ. As we have already
seen earlier in this section, the tree-level coefficients
underestimate the 1P-1S splitting. However, their 2P-1S
splitting is closer to experiment and the 3P-1S is again
lower. This well-behaved 2P-1S splitting of tree-level
lattice NRQCD is likely a coincidence as the 2P-1P
splitting is significantly overestimated as the lattice spacing
decreases. In comparison, the neural network tuning for
the 2P-1S splitting is consistent with experiment and the
spread of results over our lattice spacings is much more
narrow. For the 2S-1S and 3S-1S splittings the spread of

TABLE V. Average absolute percentage deviation “D,” Eq. (6),
from our target continuum splittings.

Ensemble A653 A653� U103 B450 H200

NN-tuned 0.7% 1.0% 1.1% 0.8% 1.0%
Tree-level 10.4% 9.0% 9.0% 6.4% 5.0%

TABLE VI. Gaussian smearing widths α used at source and
sink to create the GEVP of Eq. (7) as well as the number of
configurations and NRQCD bottom propagators used.

Ensemble NConf × NProp 1 2 3 4

A653 500 × 48 2.5 5 10 20
U103 500 × 16 2.5 5 10 20
B450 400 × 32 4 8 16 32
H200 500 × 8 4 8 16 32
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values is again smaller for the neural network, which
illustrates that some discretization effect is being treated
better in our tuning. The variation in errors is indicative of
some of the ambiguities in finding a good fit range for these
states, and the results presented in this section have errors
which are statistical only and intended to be indicative
rather than quantitative.

IV. EXOTIC DOUBLY HEAVY TETRAQUARK
STATES

Table VII gives the ensembles used for the analysis
of tetraquarks and Bs mesons, and in terms of statistics at
least 6000 light, strange, and bottom propagators were used
for each ensemble. In the following we will primarily
consider only the coarse CLS “1” lattice spacing and use an
ensemble at the finer “2” lattice spacing for comparison
of discretization effects. We will consider two mass

trajectories: one where the sum of the quark masses
2
κl
þ 1

κs
is constant as proposed in [130] and one where

the renormalized strange-quark mass fms ≈ fms
Phys. is kept

approximately constant [131]. Both of these quark-mass
trajectories use the same underlying gauge and quark
action and should agree at the physical pion-mass point.
With regard to the range of pion masses covered, we will
use ensembles from the quark SUð3Þf-symmetric mass
point mπ ≈ 420 MeV down to mπ ≈ 220 MeV. More
details on the generation of these ensembles can be found
in [123] and [132].
From e.g. [2,14,15] it has been observed that the

dependence of the binding of the tetraquark states dis-
cussed in the following sections is approximately linear in
m2

π , so the pion-mass range encompassed by our study is
suitable to obtain an extrapolated result at the physical pion
mass. In this work we make use of the dimensionless
quantity ϕ2 ¼ 8t0m2

π (with t0 measured on each ensemble)
as it has less uncertainty than the dimensionful physical
pion mass, due to the error on the lattice spacing from
[124]. The ensembles used in our study span a large range
ofmπ; mπL, andmKL which helps us control finite-volume
and chiral-extrapolation systematics.
In the next sections we again use Coulomb gauge-fixed

wall sources with Gaussian smeared sinks, and primarily
focus on results from the 1 lattice spacing ensembles. We
will use a fixed physical sink-smearing α ¼ 22 for the
tetraquark correlators, and a slightly larger choice α ¼ 25
for the B and Bs mesons. We use comparable physical
choices of α for the cross-check at the finest lattice spacing
on ensemble H200.
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FIG. 4. S-wave and P-wave splittings of bottomonia with
respect to the ηb from the neural network tuning (top) and the
tree-level coefficients (bottom). Shown are the 1S, 2S, 3S, and
1P, 2P, and 3P splittings as well as their values from the PDG.

TABLE VII. Ensemble details and gathered statistics used in
our study of doubly heavy tetraquarks and exotic Bs mesons.
NConf indicates the number of independent gauge configurations
used and NProp indicates the number of propagators (light,
strange, and 2 × bottom) generated per configuration.

Ensemble Mass trajectory L3 × LT NConf × NProp

U103 Tr½M� ¼ C 243 × 128 1000 × 23

H101 Tr½M� ¼ C 323 × 96 500 × 12

U102 Tr½M� ¼ C 243 × 128 732 × 18

H102 Tr½M� ¼ C 323 × 96 500 × 16

U101 Tr½M� ¼ C 243 × 128 600 × 18

H105 Tr½M� ¼ C 323 × 96 500 × 16

N101 Tr½M� ¼ C 483 × 128 537 × 18

C101 Tr½M� ¼ C 483 × 96 400 × 16

H107 fms ¼ fms
Phys 323 × 96 500 × 16

H106 fms ¼ fms
Phys 323 × 96 500 × 16

H200 Tr½M� ¼ C 323 × 96 500 × 28
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A. Determining the binding energy
for a udbb̄ tetraquark

To arrive at precise and accurate results, systematic
uncertainties on the predictions of the proposed deeply
bound IðJPÞ ¼ 0ð1þÞ, udb̄b̄ tetraquark is of considerable
interest. Indeed, currently the main goal of the community
is to systematically improve calculations to the point where
consensus can be reached on the mass of this state. In this
context, it is important to investigate the size of discretiza-
tion effects, and the impact of the heavy-quark formalism
employed.
We start by calculating a 4 × 4matrix of correlators built

from quasilocal operators to determine the lowest-lying
tetraquark ground state, as in [133]:

D ¼ ðuaTCγ5dbÞðb̄aCγib̄TbÞ;
E ¼ ðuaTCγtγ5dbÞðb̄aCγiγtb̄TbÞ;
M ¼ ðb̄γ5uÞðb̄γidÞ − ½u ↔ d�;
N ¼ ðb̄IuÞðb̄γ5γidÞ − ½u ↔ d�: ð8Þ

We will not use an operator that looks like B�B�, and
subsequently this expected state will not be seen in our
GEVP. From a preliminary study it seems like this state
overlaps more strongly with extended, derivative-type
operators.
As we use a nonsymmetric operator setup for the GEVP,

we cannot guarantee that the resulting eigenvalues are
real (in turns out that they are, well into the region where
the signal degrades). We choose to approximately diago-
nalize the correlator matrix using the left and right
eigenvectors of the GEVP at a specific “diagonalization
time” [14,133,134]. We then determine the principal
correlators from the diagonal of this matrix, performing

a correlated fit to a single-exponential ansatz of the lowest-
lying state at sufficiently large separations to determine our
tetraquark mass.
Figure 5 illustrates the danger in using a single-

exponential fit to gauge-fixed wall-source and point-sink
data for this udb̄b̄ tetraquark. We chose ensemble U103 for
this comparison, as it has the highest statistics. Clearly, the
effective mass for the Wall-Pt data is still trending upward
as the signal is lost, whereas for the Wall-Sm determination
good stability is seen over a large range in time. The right
“fit-stability” plot illustrates that with noisy data it is quite
easy to find a good-quality fit (in terms of χ2=dof and p
value) over a small range and end up with a deeper value
of the binding, and an unforeseen associated systematic.
A two-exponential fit to the point-sink data is consistent
with the smeared-sink determination, and the smeared-sink
determination is also consistent with a 2 × 2 generalized
pencil-of-functions [135,136] analysis of the point-sink
diquark/antidiquark correlator from operator D.
Figure 6 shows an exemplary effective-mass plot of the

four eigenvalues obtained from the GEVP for the ensemble
N101, as well as the fit to determine the udb̄b̄ tetraquark
mass and a line of the measured lowest-lying noninteract-
ing BB� threshold. In all cases our second eigenvalue λ1 is
consistent with this threshold. The optimal smearing α for
the udb̄b̄ tetraquark is suboptimal for the BB� threshold
as there is still some visible excited-state contamination
making this second level approach from below. It is this
difference in excited-state contamination that makes a
determination of the binding through a ratio of the lowest
eigenvalue and the expected threshold dangerous for this
data; therefore, we do not perform such an analysis.
Figure 7 shows the combined chiral and infinite-volume

extrapolation of the mass of the ground state from the
GEVP (the data of which are tabulated in Table VIII), after
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subtracting the BB� mass (which cancels the additive mass
renormalization from NRQCD). We use the following
ansatz for a deeply bound state:

Δudb̄b̄ðΔϕ2; mπL; aÞ
¼ Δudb̄b̄ð0;∞; aÞð1þ AΔϕ2 þ Be−mπLÞ; ð9Þ

with Δudb̄b̄ð0;∞; aÞ; A, and B being shared fit parameters
between the two sets of mass trajectories (as we expect
minimal sea-strange contributions to this quantity), and

Δϕ2 ¼ ϕLat
2 − ϕPhys

2 being the difference between the lat-
tice-measured dimensionless ϕ2 and its physical value.
For the isosymmetric “physical” pion mass we use the
value of 134.8 MeV recommended in [137] and for the
physical t0 we use the value determined by the Flavor
Lattice Averaging Group (FLAG) [138,139]. We note that
finite-volume effects here are significant and the deviation
from our infinite-volume result in the chiral limit and that
of mπL ¼ 4 is still a 5.6% correction.
From our extrapolation we obtain the binding energy at

the 1 lattice-spacing,

Δudb̄ b̄ð0;∞; a ¼ 0.08636 fmÞ ¼ −124.4ð2.7Þ MeV: ð10Þ

The fit that produced this result has χ2=dof ¼ 1.2.
We note that our extrapolation to physical pion mass
could have higher-order contributions, so we fit Eq. (9)
with an extra term of ðΔϕ2Þ3=2 or ðΔϕ2Þ2, both of
which can describe our data reasonably well and give
values for Δudb̄b̄ð0;∞; a ¼ 0.08636 fmÞ of −133.4ð6.7Þ
and −131.9ð5.5Þ, respectively. For our final result we use
Eq. (10) as the two higher-order fits do show some signs
of overfitting, and add half the difference of the larger
result as a systematic, which we denote χ. We do not have
the precision or number of ensembles to fit a higher-order
finite-volume correction term in combination with the
one we already have. Upon removing ensembles from
our fit with mπL < 4 our result did not change within
statistical errors.
Due to the reasonably large discrepancy between the

results on ensembles H200 and U103 of 11.6 MeV, we
decide to add half of this difference to the central value of
Eq. (10) and use all of this difference as an uncertainty
estimate, such that our error encompasses the coarser
and finer lattice-spacing result. Later on in Sec. VI we
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constantmπL are also plotted. Teal stars indicate the central value
of the fit corresponding to the point at the same ϕ2.

TABLE VIII. Measurements necessary for the udbb̄ tetraquark
candidate. Here, mπ has been measured directly within this
dataset.

Ensemble ϕ2 mπL B� − B ½MeV� Δudb̄ b̄ ½MeV�
U103 0.7496 4.33 36.9(0.6) −83.5ð3.4Þ
H101 0.7561 5.83 35.3(1.0) −87.9ð2.3Þ
U102 0.5604 3.74 36.1(1.1) −81.6ð3.7Þ
H102 0.5469 4.93 34.8(1.0) −95.0ð3.2Þ
U101 0.3378 2.88 33.1(0.9) −88.0ð6.5Þ
H105 0.3451 3.91 36.3(0.8) −104.9ð3.5Þ
N101 0.3445 5.86 35.7(0.6) −107.7ð2.1Þ
C101 0.2195 4.66 33.9(0.7) −113.2ð2.7Þ
H107 0.5550 5.12 40.8(1.1) −92.8ð2.7Þ
H106 0.5550 3.88 39.1(1.0) −107.1ð3.5Þ
H200 0.7469 4.32 34.3(0.6) −71.9ð2.6Þ
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see a reasonably strong, positive, linear dependence of
Δudb̄b̄ð0;∞; aÞ on the B� − B splitting. As our tuning
underpredicts this splitting (particularly for the Tr½M� ¼
C trajectory), we add 6.6 MeV (obtained from a linear
interpolation of the data in Fig. 11 to the physical B� − B)
to our determination (incorporating half of this correction
as a systematic for our final error) to correct for this, giving
our final result:

Δudb̄b̄ð0;∞; 0Þ
¼ −112.0ð2.7ÞStatð4.5Þχð11.6Það3.3ÞB�−B MeV: ð11Þ

We observe that our data suggest the a → 0 limit corre-
sponds to a shallower binding, although the resulting state
is still deeply bound and strong-interaction stable. It is clear
that our estimate is dominated by systematics relating to
discretization effects, where the a → 0 limit is not well
controlled in lattice NRQCD.

B. On the existence of an lsb̄b̄ tetraquark

We now briefly turn our attention to a possible lsb̄b̄
tetraquark (Tbbs), predicted from lattice QCD in [2,14],
and [44] to lie around 90 MeV below the lowest-lying
noninteracting two-meson threshold. This value from the
literature seems already quite large as our udb̄b̄ tetra-
quark is bound by roughly this magnitude and is expected
to be more deeply bound due to the good light-diquark ud
configuration. In addition to the lsb̄b̄ tetraquark state,
there are now two very close-by meson-meson states at
the BsB� and B�

sB thresholds, and hence finite-volume
effects may be nontrivial. As discussed earlier, most
phenomenological studies agree on the existence of a
udb̄b̄ tetraquark below threshold, while fewer have
considered the lsb̄b̄.
For this calculation we will investigate results from a

5 × 5 GEVP of the following quasilocal meson-meson
operators with quantum numbers IðJPÞ ¼ 1

2
ð1þÞ:

M ¼ ðb̄γ5uÞðb̄γisÞ; N ¼ ðb̄IuÞðb̄γ5γisÞ
O ¼ ðb̄γ5sÞðb̄γiuÞ; P ¼ ðb̄IsÞðb̄γ5γiuÞ
Q ¼ ϵijkðb̄γjuÞðb̄γksÞ: ð12Þ

Although we include an operator resembling B�B�
s we will

again have trouble identifying this expected level in our
GEVP. For all of our ensembles we find (as in nature) that
BsB� is the lowest-lying noninteracting two-meson thresh-
old, and we determine the mass difference Δlsb̄b̄ with
regard to this threshold.
Figure 8 shows the effective masses of the eigenvalues

for the fms ¼ fms
Phys ensemble H106 as well as the two

lowest-lying two-meson noninteracting thresholds BsB�
and BB�

s , which are practically degenerate for this ensem-
ble. As was the case for the udbb̄, λ1 is consistent with our

lowest-lying noninteracting threshold state. We have two
close-together levels above the ground state which appear
to correspond to BsB� and BB�

s . Our fourth level, λ3,
is poorly determined, suggesting that our basis needs
improvement to capture the expected B�B�

s level. Either
way, these levels are reasonably far from the ground-state
tetraquark candidate.
Figure 9 and Table IX show the lattice data with broken

SUð3Þf, as these are the only ensembles we include in
our fit. From these data we can see that as the strange
quark becomes heavier and the light quark lighter the
attractiveness of the good light-diquark diminishes. As the
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physical (mKL) volume increases the state becomes more
deeply bound, as was the case for the udb̄b̄.
We fit the data displayed in Fig. 9 and tabulated in

Table IX to the combined chiral/infinite-volume ansatz:

Δlsb̄b̄ðΔϕ2; mKL; aÞ
¼ Δlsb̄b̄ð0;∞; aÞð1þ AΔϕ2 þ Be−mKLÞ; ð13Þ

where the mass coefficient A is now different for the two
mass trajectories as sea and valence strange content is
expected to be important. The parameters Δlsb̄b̄ð0;∞; aÞ
and B are again shared between the two trajectories. This fit
has χ2=dof ≈ 1. An extrapolation in 8Δt0m2

K instead has
effectively the same χ2=dof and is entirely consistent with
our final extrapolation result of −57.8ð2.4Þ. A fit with
e−mπL has a slightly worse χ2=dof ≈ 1.2 and a larger central
value [−59.7ð2.2Þ]; a fit without a finite-volume term has
χ2=dof ≈ 1.1 with again a slightly larger central value
−59.1ð2.1Þ. As neither the fits with e−mKL nor e−mπL have
good significance for the parameter B, we choose to quote
the average between their results and add half their
difference as a finite-volume systematic. We note that
given the quality of the data combined with the require-
ment of having more free fit parameters, it was not
possible to fit higher-order terms in Δϕ2. Our final result
did not change within errors upon enforcing a cut
of mKL > 5.
This fit at fixed 1 lattice spacing gives the infinite-

volume chiral-limit result:

Δlsb̄b̄ð0;∞; a ¼ 0.08636 fmÞ
¼ −58.8ð2.4ÞStatð1.0ÞFV MeV: ð14Þ

Again, taking the deviation between H200 and U103 as our
lattice-spacing systematic [140] and considering that our
B�
s − Bs splitting is similarly as poor as our B� − B we

perform the same two shifts as in the udb̄b̄ case, yielding
our final result:

Δudb̄b̄ð0;∞; 0Þ
¼ −46.4ð2.4ÞStatð1.0ÞFVð11.6Það3.3ÞB�

s−Bs
MeV; ð15Þ

which is much less deeply bound than the previous lattice
determinations of [2,14,44], but was already hinted at
in [133] and is consistent with the phenomenological
predictions of [19,30], and [36]. A shallow binding such
as this poses a significant challenge for experimental
detection.

V. THE FATE OF THE SCALAR
AND AXIAL Bs MESONS

During our investigation of the udb̄b̄ tetraquark it came
to our attention that on the SUð3Þf-symmetric ensemble
“U103” the positive-parity B mesons with the simple local
operators,

B�
s0 ¼ ðb̄IsÞ; Bs1 ¼ ðb̄γiγtsÞ; ð16Þ

lie below the expected BK and B�K thresholds [141],
respectively. This was not necessarily expected, as a
previous finite-volume calculation of these states with
different techniques [53] required the inclusion of explicit
meson-meson interpolating fields to observe a state below
threshold. In the following investigation of these excited Bs
mesons we simply use the same wall-source/smeared-sink
mesons that were computed in the previous sections’ udb̄b̄
and lsb̄b̄ determinations.
Table X gives the numerical results for the difference

between the B�
s0 and BK threshold, denoted ΔB�

s0
, and the

difference between the Bs1 and B�K, denoted ΔBs1
. We also

give our measured difference between the B�
s0 and Bs1.

In Fig. 10 we show the combined chiral/infinite volume
extrapolation of the binding energy for the scalar and axial

TABLE IX. Results for the binding energy of the lsbb̄
tetraquark candidate.

Ensemble mKL B�
s − Bs Δlsb̄ b̄ ½MeV�

U102 4.61 37.6(1.1) −58.5ð2.9Þ
H102 6.10 35.8(1.8) −67.1ð3.1Þ
U101 4.82 37.1(1.1) −57.8ð4.2Þ
H105 6.44 35.8(1.8) −61.3ð2.6Þ
N101 9.69 38.4(0.6) −59.7ð1.3Þ
C101 9.87 36.9(0.8) −60.8ð1.5Þ
H107 7.61 41.6(0.8) −52.9ð1.7Þ
H106 7.21 38.8(0.8) −55.0ð2.4Þ

TABLE X. B�
s0 and Bs1 meson mass splittings with regards to

their respective measured, expected, noninteracting thresholds
BK and B�K.

Ensemble ΔB�
s0
½MeV� ΔBs1

½MeV� B�
s0 − Bs1 ½MeV�

U103 −78.5ð5.2Þ −85.2ð5.4Þ −30.1ð1.5Þ
H101 −49.8ð6.0Þ −55.7ð6.1Þ −29.4ð2.5Þ
U102 −91.6ð7.3Þ −90.9ð7.7Þ −36.9ð3.5Þ
H102 −61.3ð6.0Þ −62.1ð6.9Þ −33.9ð2.7Þ
U101 −78.5ð5.4Þ −84.2ð5.1Þ −27.4ð2.0Þ
H105 −59.2ð5.2Þ −70.1ð7.6Þ −39.8ð6.7Þ
N101 −57.9ð4.1Þ −63.2ð4.5Þ −30.4ð2.7Þ
C101 −63.7ð2.9Þ −65.8ð3.8Þ −34.4ð2.0Þ
H107 −101.2ð6.5Þ −110.4ð7.1Þ −31.7ð2.5Þ
H106 −90.4ð5.1Þ −96.6ð5.1Þ −32.9ð2.2Þ
H200 −92.2ð7.0Þ −98.6ð6.8Þ −27.9ð2.2Þ
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Bs mesons, from the neural network tuned b quarks. Here
we used the same simple-fit ansatz from the previous
sections for the bound-state system of both splittings:

ΔB�
s0=Bs1

ðΔϕ2; mKL; aÞ
¼ ΔB�

s0=Bs1
ð0;∞; aÞð1þ AΔϕ2 þ Be−mKLÞ: ð17Þ

As in the lsb̄b̄ case, we share the fit parameters
ΔB�

s0=Bs1
ð0;∞; aÞ and B between our mass trajectories,

and allow A to be a free parameter for each of them. We
find the coefficient B to be very large, suggesting signifi-
cant finite-volume effects are present in this quantity. The
plots (15 and 16) of the effective masses (in Appendix D)
show that even with our significant statistical resolution
these quantities are noisy and often display large fluctua-
tions in time.
The results for the two splittings at physical pion mass in

the infinite-volume limit from our two different mass
trajectories are (see Table XIII of Appendix C for more
details):

ΔB�
s0
ð0;∞; a ¼ 0.08636 fmÞ ¼ −68.5ð3.0Þ ½MeV�;

ΔBs1
ð0;∞; a ¼ 0.08636 fmÞ ¼ −72.0ð3.7Þ ½MeV�: ð18Þ

These fits have χ2=dof ¼ 0.8 and 0.3, respectively. We
considered fits with another free parameter multiplying
higher-order powers of ϕ2, but could not fit such expres-
sions stably. We note that upon a cut of mKL > 5 our
results do not change within error.
We again convince ourselves that our largest systematics

come from lattice-spacing artifacts. To further quantify
our systematics we first consider the difference between
the extrapolated results using the tree-level NRQCD
prescription or various tunings to get the physical
B� − B splitting right, but we find their effects to be
negligible (discussed in Sec. VI). We then measure the

same quantities using the neural network tuning on
ensemble H200 as an indication of the light-quark cutoff
effects. We observe that half the difference between H200
and U103 is 6.85 Mev for the B�

s0 and 6.7 MeV for the Bs1,
so we add that to the central values of Eq. (18) and quote
the full difference as the systematic error. Unlike for the
previous two tetraquark candidates, we will show in the
next section in Fig. 11 that there is no dependence of these
quantities on the B� − B splitting at the SUð3Þf-symmetric
point, so we assume we do not have this associated
systematic. For our final result we quote:

ΔB�
s0
ð0;∞; 0Þ ¼ −75.4ð3.0ÞStatð13.7Þa ½MeV�;

ΔBs1
ð0;∞; 0Þ ¼ −78.7ð3.7ÞStatð13.4Þa ½MeV�: ð19Þ

These determinations equate to masses of B�
s0 ¼ 5698ð14Þ

and Bs1 ¼ 5741ð14Þ MeV for these states, where the
isosymmetric kaon mass mK ¼ 494.2 MeV was used.
Again, our leading systematic is our conservative estimate
emanating from discretization effects.

VI. CROSS-CHECKS AND NRQCD SYSTEMATICS

At fixed bottomonium tuning, the measured B� − B
splitting does not trend toward the physical result as the
lattice spacing is decreased. As an alternative to our
standard tuning, we are free in our philosophy to tune
the NRQCD coefficients with the physical B� − B splitting
as a parameter instead or in addition to the bottomonium
hyperfine splitting. As a further possible choice, we also
consider the tuning with the higher-order spin-dependent
terms c7, c8, and c9 of Eq. (3) set to their tree-level values.
We will only perform this investigation on a single
ensemble (U103) as this can be used to estimate a
systematic for the udb̄b̄ and lsb̄b̄ tetraquarks, or the
B�
s0 and Bs1 mesons.
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FIG. 10. Left: scalar B�
s0 combined chiral and infinite-volume extrapolation. Right: axial-vector Bs1 combined chiral and infinite-

volume extrapolation. Illustrative lines of constantmKL are displayed and red indicates the results from the fms ¼ fms
Phys trajectory. Teal

stars indicate the central value of the fit corresponding to the point at the same Δϕ2.
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In Table XI we give the various nonperturbatively tuned
coefficients we obtain with the inclusion of Oðv4Þ and
partial-Oðv6Þ terms in the NRQCD Hamiltonian. The
parameter c7 has a somewhat strong impact on the kinetic
mass and a complete retuning of the bare mass aM0 was
needed for the inclusion of the tree-level higher-order
terms. Already we can see some patterns in the coefficients:
for purely tuning the B� − B splitting the parameter c4 is
the most important and is in strong conflict with the pure-
bottomonium tuning. The larger the value of c4 the less
negative the coefficient c2 needs to become, suggesting
there is a strong spin-independent contribution from c4 that
c2 wants to counteract. At Oðv4Þ c1 and c3 are positively
correlated with c4, an increase in c4 increases both. Upon
inclusion of tree-level Oðv6Þ spin-dependent terms c1 still
grows with c4 but now c3 decreases.
The higher-order discretization-effect correction terms

c5 and c6 are quite consistent within the range of pre-
dictions provided by the network. The variation on the Full
tuning’s parameters is always larger, suggesting that adding

an extra input that is in tension with the others produces
worse results. Put another way: the network struggles to
optimally determine the parameters that satisfy all the
splittings used as inputs.
Figure 11 illustrates the dependence of the udb̄b̄

tetraquark and the B�
s0 and Bs1 meson binding energies

on the B� − B hyperfine splitting. We note that there is a
somewhat strong dependence on this splitting for the
tetraquark and none for the exotic B mesons. For the
tetraquarks in the previous section, we therefore shifted our
final result and quantified the associated systematic uncer-
tainty related to our Oðv4Þ tuning. From Fig. 12 it is clear
that we cannot simultaneously tune both the ϒ − ηb and
B� − B splittings to their physical value. There however
seems to be convergence from tuning the pure-bottomonia
spectrum with tree-level higher-order terms. With the
addition of more states to tune against, or with the fixing
of other terms to 1, it should be possible to also allow c7 to
vary to see whether these hyperfine splittings can be
improved further.

TABLE XI. Investigation of different tuning strategies and inclusion of higher-order spin-dependent terms of NRQCD for the
ensemble U103. “Bottom” refers to our standard tuning while “B� − B” refers to the tuning where the B-meson hyperfine splitting is
used instead of the bottomonium hyperfine splitting, and “Full” refers to using both splittings.

Tuning aM0 c1 c2 c3 c4 c5 c6 c7 c8 c9

Bottom 1.8035(32) 0.787(16) −0.789ð61Þ 1.057(10) 0.960(11) 0.828(13) 0.932(14) 0 0 0
Full 1.8014(36) 0.791(25) 0.084(204) 1.061(10) 1.183(39) 0.860(19) 0.965(15) 0 0 0
B� − B 1.8020(11) 0.838(7) 0.371(38) 1.073(5) 1.384(13) 0.831(9) 0.944(9) 0 0 0
Tree 1.8120(120) 1 1 1 1 1 1 0 0 0

Bottom 1.8643(20) 0.861(14) −0.548ð58Þ 1.134(18) 1.092(16) 0.810(19) 0.980(14) 1 1 1
Full 1.8612(24) 0.867(14) −0.373ð80Þ 1.100(16) 1.190(25) 0.821(12) 0.965(12) 1 1 1
B� − B 1.8613(14) 0.895(10) −0.167ð40Þ 1.095(12) 1.312(9) 0.794(11) 0.946(9) 1 1 1
Tree 1.8825(110) 1 1 1 1 1 1 1 1 1
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VII. CONCLUSIONS

We have shown it is possible to reproduce the exper-
imental splittings of bottomonia with a simple lattice
NRQCD prescription that has nonperturbatively tuned
parameters from a neural network. We have investigated
some of the S- and P-wave excited states of bottomonia in
order to test our tuning and we find good consistency with
experiment where available, and a more continuum-like
behaviour of the bottomonium spectrum at finite lattice
spacing. We have found that under our tuning the B� − B
splitting is fairly far from the continuum result, with an
indication that inclusion of higher-order spin-dependent
terms improves the situation.
For all the heavy-light quantities we measured there was

no discernible difference in the result from either using the

tree-level NRQCD coefficients or those determined from a
neural network using pure-bottomonium ground states. It
could be possible that significant differences from the
NRQCD prescription are largely canceled by the threshold
subtractions performed for the states we investigated. The
B� − B splitting does however have a significant impact on
the doubly heavy tetraquark results.
Our physics objective was the calculation of the binding

energy of the popular IðJPÞ ¼ 0ð1þÞ udb̄b̄, and 1
2
ð1þÞlsb̄b̄

tetraquark candidates. For the udb̄b̄ tetraquark we find a
strong-interaction-stable bound state 112.0(13.2) Mev below
threshold, consistent with previous lattice studies. Our
determination comes from a combined fit of ten different
lattice ensembles with a large variation in pion mass and
mπL. We observe somewhat sizable finite-volume effects,
B� − B mistuning effects, and most importantly discretiza-
tion effects. The latter forms our largest systematic uncer-
tainty. A future calculation of this state with a relativistic
heavy-quark action to properly address this systematic is
quite desirable.
The related lsb̄b̄ tetraquark candidate has typically been

predicted by lattice studies to lie ≈90 MeV below the
lowest-lying noninteracting two-meson threshold (BsB�);
here we measure this state to be only 46.4(12.3) MeV below
it. As was the case for the udb̄b̄, our result is dominated by
our estimate of discretization systematics. Finite-volume
effects are small and an e−mKL term is slightly preferred
for our range of mKL. A comparison of our doubly heavy
tetraquarks with other lattice determinations can be seen in
Fig. 13; our measurements are at the bottom of the figures as
they are all represented chronologically.
Finally, we investigated the B�

s0 and Bs1 scalar and
axial-vector Bs mesons in our setup and predict states
75.4(14.0) and 78.7(13.9) MeV below the corresponding
BK and B�K thresholds, respectively. Figure 14 shows a
comparison to various lattice QCD and selected [142]
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model/effective-field theory calculations. Our results are
fully consistent with the previous pole determination
of [53] and with most of the calculations based on
effective field theory approaches and models based on
chiral and heavy-quark symmetry. Our results however
show tension with some of the previous heavy-light lattice
NRQCD calculations, and we observe pretty significant
finite-volume and pion-mass dependencies that must be
taken into account in determining these states on the
lattice. Our study has a very different approach from the
previous works and different associated systematics.
Hopefully further lattice QCD studies of these states will
be performed in the future to clarify their masses in
anticipation of an experimental determination.
The use of NRQCD is still relevant in the field of lattice

QCD even as measurements with physical, dynamical b
quarks are beginning to be performed. Lattice NRQCD is
useful as a very cheap and statistically precise exploratory
tool, but as it does not have a formal continuum limit one
must ensure it is able to describe known states appropriately
before performing physically relevant predictions. We
argue this can be precisely done with our tuning at little
extra expense, and comes with the minor loss of not having
simple bottomonia states as predictions.
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APPENDIX A: TECHNICAL ASPECTS OF THE
NRQCD CALCULATION

In this appendix we describe some of the details of our
NRQCD implementation. Considering Eq. (2), it should be
clear that the natural operations will be on NC × NC color
matrices, so sink and source color indices will be the fastest
moving in our propagator solution. Outer (spin) indices are
considered as a matrix of size 2 × 2, i.e. the size of the Pauli
matrices. We utilize the NRQCD implementation in [133],
which is a pure thread-parallel (threaded using OpenMP
[143] pragmas) application of the evolution equation
[Eq. (1)] in a time slice by time slice manner. Aside from
simple loop-unrolling and loop-fusion optimization strat-
egies, this implementation applies all contributions (except
H0) of the Hamiltonian accumulated on the time slice into a
buffer for better thread parallelism. As such, an important
optimization is the precomputation of the combinations
of links: Uμðxþ a

2
μ̂ÞUμðxþ 3 a

2
μ̂Þ, and of course the

improved field-strength tensors. Such an optimization is
necessary to avoid implicit thread barriers in OpenMP’s
parallel for routines, as they cost many CPU cycles. It turns
out that these applications of the higher-order contributions
from the Hamiltonian (δH) are the most costly parts of
performing the evolution.
The majority of the NRQCD evolution algorithm can

be boiled down to performing the product AabS
αβ
bc, i.e. a

color matrix multiplied by a propagator (ab are inner
color indices and αβ the outer Dirac) and a specific,
unrolled, advanced vector extensions/fused multiply-add
(AVX/FMA) implementation is called that performs this
operation reasonably optimally.

APPENDIX B: RETUNING WITH FIXED
PARAMETERS

Here we detail an investigation into keeping the two
higher-order lattice-spacing correction terms (c5 and c6) in
the NRQCD action fixed to 1 and nonperturbatively tuning
the others as one may be concerned with our setup having
more outputs than inputs.
In Table XII we give the tuning parameters when

c5 ¼ c6 ¼ 1. It seems that aM0 is not greatly affected
by this change; c3 appears affected by a few %. We do
see c4 grow similarly, and c1 tends closer to 1. c2 remains
strongly negative as all of the tuning runs have illustrated.
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c1 and c2 vary significantly compared to our full tuning.
By not tuning c5 and c6 we obtain a worse percentage
deviation [Eq. (6)] of 1.8% for our predicted values
compared to the value of 0.7% in Table V. This mostly
manifests in smaller splittings between the P-wave states.
It is quite interesting that the range of neural network
predictions for c2 is so much larger than with the full seven-
parameter tuning. This could be that the fit is trying to
suppress higher-order spin-independent effects and tadpole
factors directly with c1 and c2 as there is no longer freedom
to do so with c5 and c6.

APPENDIX C: ON THE FINITE-VOLUME
EFFECTS OF THE B�

s0 AND Bs1 MESONS

Here we investigate further variations of the fits with
regard to the finite-volume effects for the threshold-
subtracted B�

s0 and Bs1 mesons along the Tr½M� ¼ C mass
trajectory. Our preferred form is given by

ΔB�
s0=Bs1

ðϕ2; mKL; aÞ
¼ ΔB�

s0=Bs1
ð0;∞; aÞð1þ Aϕ2 þ Ce−mKLÞ; ðC1Þ

but it could be possible that this is subleading to a finite-
volume term such as

ΔB�
s0=Bs1

ðϕ2; mπL; aÞ
¼ ΔB�

s0=Bs1
ð0;∞; aÞð1þ Aϕ2 þ Ce−mπLÞ; ðC2Þ

or even a combination of the two:

ΔB�
s0=Bs1

ðϕ2; mKL;mπL; aÞ
¼ ΔB�

s0=Bs1
ð0;∞;∞; aÞð1þ Aϕ2 þ Be−mKL þ Ce−mπLÞ:

ðC3Þ

We also note that in our individual fits the coefficients A
and B are consistent with one another for both the B�

s0
and Bs1, so we consider a simultaneous fit with these (A, B,
andC) parameters shared and theΔs free. We tabulate these
results in Table XIII.
Table XIII illustrates that our data cannot be well

described by a single e−mπL finite-volume term, whereas
any fit (combined or not) with an mKL term describes the
data extremely well. We can include both mπL and mKL
terms in our combined chiral/finite-volume fit but the result
remains consistent with just the mKL form. In fact, the
coefficient “C” is consistent with zero for these fits and
typically the statistical error of the determination increases
with no real improvement in fit quality. This suggests that
mπL finite-volume effect terms serve only as nuisance
parameters within the precision of our data, and we can
safely conclude that they are subleading in both our B�

s0
and Bs1 determinations.

APPENDIX D: EFFECTIVE MASSES—EXOTIC
Bs MESONS

In this appendix we show the effective masses of our B�
s0

and Bs1 data for all ensembles that enter the analysis.

TABLE XIII. Investigation of the combined chiral/finite-
volume fits to the B�

s0 and Bs1 mass differences along only the
Tr½M� ¼ C mass trajectory. “Combined” indicates that the results
are from a simultaneous fit to both B�

s0 and Bs1 mass differences,
whereas “Individual” indicates fits individually to the data.
“mKL” indicates a fit to the form of Eq. (C1), “mπL” to Eq. (C2),
and “mπLþmKL” to Eq. (C3).

Fit ΔB�
s0
½MeV� ΔBs1

½MeV� χ2=dof

Combined mKL −67.5ð3.4Þ −71.9ð3.8Þ 0.5
Combined mπL −54.7ð4.1Þ −58.4ð4.6Þ 2.9
Combined mπLþmKL −68.8ð5.5Þ −73.4ð6.1Þ 0.5

Individual mKL −68.0ð3.3Þ −71.4ð3.9Þ 0.9, 0.3
Individual mπL −55.3ð3.9Þ −57.6ð4.8Þ 4.2, 2.8
Individual mπLþmKL −70.1ð5.4Þ −72.0ð6.2Þ 1.1, 0.3

TABLE XII. Our nonperturbative tuning with c5 and c6 set to
their tree-level values for the U0P tadpole factor using ensemble
A653. To be compared with our results in Table III.

aM0 c1 c2 c3 c4 c5 c6

2.0583(6) 0.814(19) −1.085ð102Þ 1.145(11) 1.018(13) 1 1
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FIG. 15. Effective-mass plots of the B�
s0 meson with the measured (BK) threshold plotted. From left to right and top to bottom we show

results from U103, H101, U102, H102, U101, H105, N101, C101, H107, H106, and H200.
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