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Efficient digitization is required for quantum simulations of gauge theories. Schemes based on discrete
subgroups use a smaller, fixed number of qubits at the cost of systematic errors. We systematize this
approach by deriving the single plaquette action through matching the continuous group action to that of a
discrete one via group character expansions modulo the field fluctuation contributions. We accompany this
scheme by simulations of pure gauge over the largest discrete crystal-like subgroup of SU(3) up to the fifth

order in the coupling constant.
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I. INTRODUCTION

Quantum computing has the potential to dramatically
advance our understanding of quantum field theory [1-3]—
especially for the dynamics of QCD [4—6]. Performing such
simulations will require a large, albeit at present unknown,
scale of the quantum computers in terms of memory and
circuit depths [7]. This scale is certainly beyond the current,
noisy devices. Thus, it is therefore essential to explore the
possibilities of reducing the requirement of quantum
resources so that any near-future field theory simulations
on a quantum computer become feasible. Such investiga-
tions could not only help to determine the advantages of
various quantum algorithms in different circumstances but
also be beneficial in the future when quantum computing
becomes commonplace by providing general frameworks
for cost-effective QCD simulations.

For real-time QCD simulations, large quantum resources
are allocated to digitize the gluon fields due to their bosonic
nature and thus unbounded Hilbert space. Many approaches
exist with different and, presently, poorly understood costs.
Prominent proposals for digitization [8] can be broadly
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classified into Casimir dynamics [9-16] potentially with
auxiliary fields [17], conformal truncation [18], discrete
groups [19-23], dual variables [24-28], light-front kinemat-
ics [5,29], loop-string-hadron formulation [30-32], meshes
and subsets [19,33], quantum link models [34-37], and
qubit regularization [38—40]. Each approximation reduces
symmetries—either explicitly or through finite truncations
[11]. Thus, one must proceed with caution as the regulated
theory may not have the original theory as its continuum
limit [41-46]. In this spirit, a number of recent works have
attempted to quantify the truncation needed to achieve fixed
accuracy for a lattice simulation [7,32,47,48].

Studies of the quantum simulations of lattice field theories
typically use the Hamiltonian formalism, with the Kogut-
Susskind Hamiltonian [49] being the most investigated for
gauge theories. In this work, we will instead work in the
action formalism. This allows us to construct modified
actions that can be studied nonperturbatively on classical
computers today. For the eventual simulation on quantum
computers, one can derive the modified Hamiltonian
straightforwardly via the transfer matrix [50-52].

One strategy pursued in the early days of lattice QCD
involved approximating the gauge group SU(3) by its
largest crystal-like subgroup V [53,54], thus maintaining a
remnant of the gauge symmetry of the parent group.
Depending on the action chosen, the accuracy of the
approximation varies greatly. The first studies considered
merely replacing the continuous group G by its discrete
subgroup H in the Wilson gauge action. The viability of
this approximation was studied in detail for U(1) [55,56]
and SU(N) [57-59], with the inclusion of fermions [60,61].
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These studies met with mixed success. In order to improve
the agreement between lattice observables for H and G,
modified actions in H were considered, which generally
lead to vastly improved results [20,62]. The drawback to
these ad hoc actions is that they were found empirically
through substantial classical simulations, and thus a
theoretical and systematic understanding of them is
lacking.

The resulting discrepancy from such approximations can
be analyzed systematically through expansions of various
parameters in the same spirit of the modern effective field
theory approach with a matching procedure. There are two
natural ways to attempt the matching between the con-
tinuous and discrete groups: classical or quantum improve-
ment. The latter was exploited recently in performing a
cumulant expansion to order O(f?) through a group
decimation technique [22]. These systematic results gave
insight into how quantum fluctuations in the Wilson action
should be accounted for when replacing G by H. In this
paper, we examine the former possibility, namely, matching
at the classical level the Boltzmann weights e~ through the
character expansion.

The paper is organized as follows. In Sec. II, we
summarize the group properties of V, the largest crystal-
like subgroup of SU(3). This is followed by Sec. III, where
we demonstrate the matching via a systematic character
expansion. Section IV is reserved for numerical results with
analysis of the viability of character expansion. The paper
is finally concluded in Sec. V.

II. CHARACTERS OF V

The 1080 elements of the SU(3) subgroup V can be
classified into 17 conjugacy classes [63], generated by
its total 17 independent characters for which we denote as
y» with r =1,2,...,17. These 17 characters are linearly
related to a subset of SU(3) characters y(;,) that are
organized by two non-negative integers] A and p,

1= Zmr,u.ﬂv{(z,ﬂ), (1)
(Ap)

where m,. ;) are a set of integers systematically obtainable
by matching the character definitions of the two groups.
The explicit linear relations between y. and X (i) are given
in Table I for r =1,2,...,9,12, ..., 17.

It is worth nothing that although y/, + ¥/, is expressible
in terms of y(; ) in a simple fashion as given in Table I,
individual expressions for x|, and y/, in terms of SU(3)

'We note that, in Ref. [22], another notation was adopted for
general SU(N) characters labeled by N integers {1;, 45, ..., Ay}
with 4; > 2, > -+ > Ay. For the special case of SU(3) that is our
sole interest throughout this paper, all characters can be denoted
by only two non-negative integers (A, u) [64]. We employ the
(4,p) convention hereafter.

characters are rather lengthy. We note that, in practice, y},
and y{, always appear together as y, + x}, and thus the
absence of their expressions individually leads to no issues
in our derivations.

On the other hand, in order to obtain the action of x/,
and y}, on all V elements, we exploit the orthonormality
condition of the character representation, allowing us to fix
the last elements in the character table in Table II. We point
out that the conjugacy classes Cg and Cy, both of which are
composed of traceless V elements, are distinguishable only
through these two characters y}, and y},, as can be read
from Table IL

ITII. CHARACTER EXPANSION OF
WILSON ACTION

In this section, we first carry out the character expansion
for the Boltzmann weight using the Wilson action to
sufficiently high orders in SU(3). The domain of the
resulting expansion is then reduced from SU(3) to V with
the help of Eq. (1) of which the lowest-weight characters
are found in Table I. Clearly, this step lowers the theory
complexity at the cost of approximation errors which are
quantifiable through theoretical and/or numerical means
(e.g., [22]). Finally, we derive the effective action S(u) over
V by matching e=5*) onto the corresponding character
expansion.

We start with the pure gauge Wilson action,

S(U) = —Z%ReTr(Up), Uesu@B3), (2

where the summation runs over all plaquettes. U, denotes
a product of gauge links in the adjoint representation of
SU(3). The resulting Boltzmann weight, e=5(V), can be
decomposed into the orthonormal SU(3) characters basis,

e_S(U) = Zﬁ(l,;t))((/l,ﬂ) (U)v (3)
(A1)

giving rise to a series of character coupling constants f3; .
The resulting partition function central to the classical
lattice calculation can therefore be presented as

ZE/DUe—SW) —Z/DUﬁuMu.ﬂ)(U)- (4)
(Ap)

For the Wilson action defined in Eq. (2), the explicit form
of f(; ) can be written as an infinite sum in terms of Bessel
functions [64],
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TABLE 1. Character expansion of V characters in terms of SU(3) characters and in trace representation.
7 of V D) MG X () Trace representation
)(/1(”) )((0,0)(“) 1
75 (1) X0y (1) tr(u)
x5(u) o (u) tr(u’)
x4 (1) xan(u) tr(u)tr(u’) — 1
x5(u) X(20)(1) (o (u) + tr(u?))
26(u) X02)(u) 3 (e (u) + tr(u™))
25 (u) X (u) Ler(u®) (% (u) + tr(u?)) — tr(u)
yao) x(12)(u) 2tr(ue) (02 (u”) + tr(u')) —tr(u’)
Xo(u) 23.0) (1) St (u) + 2tr(u?) + 3tr(u)tr(u?))
Yiow) + 1, () x.0)(W) + 100 (1) =1+ (o () (u”) + 2 (u)tr(u'?) + o2 (uh)r(u?) + w(u')(u?))
+x .0 (1) = x a1 (u) — o tr(uh) (r () + 6t (w)tr(u?) + 3t (u?) + 8tr(u)tr(u?) + 6tr(u*))
+ 3 (tr (u) 4 3tr(u)tr(u?) + 2tr(u?))
X (u) X0y (1) +x22) (1) —tr()tr(u’) — 3 (o (u") + tr(u™)) (0 (u) + tr(u?))
2 (1) =233 (1) + 1 () (u) + 2 (u)tr(u™?) + o2 (uF)tr(u?) + tr(u?)(u'?))
+ 3¢ (2 (u") + Btr(u")er(u?) + 2ur(u3)) (0 () + 3tr(u)te(u?) + 2te(u?))
+ g tr(u”) (% (u) + 62 (u)tr(u?) + 3 (u?) + 8tr(u)tr(u?) + 6tr(ut))
X3(u) )W) = Zrao(u) 1= (uh) +tr(u+2))(tf2(u) + tr(u?)) +%(—tf (u) = 3tr(u)t (u?) = 2r(u))
X 2) () + 233 (u +i (= ()t () — e ()tr(u’?) — e ()t (?) — tr(u?)tr(u?))
+ 3¢ (02 (u") + Btr(u”)er(u?) + 2ur () (0 () + 3tr(u)te(u?) + 2te(u?))
Xa(u) X)) = x.2)(u) 6 (0 () + 2r () + 3tr(w? e (u) r(u’) =5 (0% (u) + tr(u?))
—Jtr(u)(tr? (u”) + tr(u'?)) 4 tr(u’)
Xhs(u) 23 () =y (u) (ria(u))”
Zie(u) x62) () = x 2.1y (1) — () (o () + tr(u?)) 4 75 (2 (1) + r((u")?)) (03 () + 3tr(u)tr(u?) + 2tr(u?))
213 (1) —%tr(u"')(trz(u) +tr(u?)) + tr(u) — é (tr® (u) + 2tr(u™) + 3tr(u'?)er(u’))tr(u)
+ 3 (2 (u”) + tr(u'?))
X7 (u) X23)(1) = x.2)(u) (rie(u))”

—){(3,1)(“)

I/)+n (g) Io’—l+n <§> In—2 (

Z det Ip+1+ %) 0+n (i) 1y (/3_}> ’
p

3

n=—oo
I/)+2+ g) 6+1+n (g) In <

where p = 1+ u, 0 = p, and I is the Bessel function of the
first kind [64]. Explicit expressions of 3, ,,) that are relevant
for our current study are collected in Table III in the form of
Taylor series of 5. In practice, we found that taking |n| < 40
in Eq. (5) is sufficient numerically.

We are now ready to extract the effective action over V,
the finite discrete crystal subgroup of SU(3). The starting
point of our procedure is to substitute U € SU(3) on the rhs

of Eq. (3) by u €V, effectively reducing the domain of the
character expansion. The SU(3) characters y ;) (U) are
then mapped to their V counterparts y)(u) using either
Eq. (1) or Table II by solving a system of 17 linear
equations. Subsequently, the SU(3) character couplings
Py are also rearranged into V character couplings B
Detailed relations between f. and P are collected in
Table IV. The resulting V character expansion is finally
matched onto the V effective action S(u) as follows:

e=Sw Zﬁr;{r( ),  uEeV. (6)

We emphasize that once the order of truncation for
the SU(3) character expansion is determined, the rhs of
Eq. (6) is completely fixed through Eq. (1) (or Table I).
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TABLEII. Character table for V [63]. y; = (1 = v/5)/2; 4» = (1 +V/5)/2, @ = (1 +iv/3)/2, o* = (1 —i\/3)/2. The integer in the
second row indicates the number of elements in each class, and the letter behind denotes the cycle induced by the class elements.

Class: Cl C2 C3 C4 C5 C(, C7 Cg

Go

ClO

Cll C12 C13 Cl4 CIS Cl6 Cl7

1E T2¢s 90c, 45c¢ 45c; T2ci5  72c¢)5 120c3 120y 90ci, 90c), 72¢5 72c¢i5 72c¢)5 45¢, 1) 1%’

Aw 11 11 1 1 1 1
o) 3 m 1 w 0 e —p o 0
o) 3w 1 w* © @t o 0
xa(w) 8 pup 00 0 H Hi -1
xs(u) 6 1 0 20 20 -0 0 0
xeu) 6 1 0 20 200 -0 -0 0
yhw) 15 0 -1 ® o* 0 0 0
ysw) 15 0 -1 o ® 0 0 0
xo(uw) 10 0 o -2 =2 0 0 1
o) s 0 -1 1 1 0 0 -1
Aiw s 0 -1 1 1 0 0 2
Kpu) 8 w0 0 0 H2 H2 -1
Asw) 9 -1 1 1 1 -1 -1 0
Yuw) 9 -1 1 -0 -0 o ® 0
Yis(w) 9 -1 1 -0 -0 ® * 0
Xe() 3 1 % O Y 0
2ip(u) 3w 1 w” ®  —ppo" —po 0

1

0

0
-1

N - O O O O

-1

S O o o O

1

1 1 1 1 1 1 1
-0 Y —pot —wpo -1 Bo" 3w
-0*  u o —wo't -1 Bo 30"

0w H2 H2 0 8 8

0 1 - —0* 2 —60w 60"

0 1 —w* - 2 —60* —6w

) 0 0 0 -1 —150* -15w
w* 0 0 0 -1 —-150 -150*

0 0 0 0 -2 10 10
-1 0 0 0 1 5 5
-1 0 0 0 1 5 5

0 H2 Hi Hi 0 8 8

1 -1 -1 -1 1 9 9
-t -1 0] w* 1 90 —Yo*
-0 -1 o 0] 1 —-90* Yo
-0, -t —upo -1 Bo" 3w
-0 p o —pot -1 30 30"

The relations between f, and f,,) given in Table IV
provide a complete basis for SU(3) character y; ,) expan-
sionup to 0 < A+ p < 6. Itis also important to remark that

TABLE III. ~ Series expansions of f3,, x = /6 up to O(x?).

(4, 1) Bow
0,0 S R SR D P
©.0) I=x"+ 5= t ot
1.0 P I PN § E AT § ) E A ) A
(1.0) X+5-x 5 T 24 T80 — 70 "m0
(1,1) 2 AT 13
180 T 120

2,0 ST SIS D § ESITNE ST 1.3 A 12 A T
(2.0) st~ T30t e T35 im0 T
2,1 SRR TR VPSR P T VL
@1 T~ % T T s 72 os T
3,0 ST SN SR TP AT O K ST
G0 ct T T Tt w6 T

4 6 8 10
(2,2) 00 27 18Tal

4740 320 10080

EU S T
(4,0) §+%_%_%+...
(3.2) i‘_5+%_%_%+...
4,1) _g_%+%+%+.“
(5,0) %+%+%_%+...
(3,3) _§ﬁ+%+...

4,2) %+;€;_%+...

5.1 _%_%+%+...

(6,0) %+%+%+...

here we have systematically neglected the contribution of
SU(3) elements which are absent in V, effectively provid-
ing us with a “leading-order” approximation. Such approx-
imations are improvable systematically by parametrizing
U = eu [22], yielding

TABLE IV. f, as linear combinations of f, ).

B
By
B
A
/
Ps
Bs
p
By
By
/
10
/
11
!
12
/
13
/
14
/
15
!
16

/
17

Bo.0) + 2.0
Baoy +Bi0) + B
P
Baay +2Bur) + B + 260
B0yt Buo) +2Bu2 + B
Bs
By +Ben + 2832 +Bi.0) +2Bu) + 265
Iz
2fGo) + 2B + 2833
Ba) + B3 + 2Pk
10
P2y +2bur) + ks
B2y + 2By + 2833 + 2660
Byt Buo) + Bnzy + 2Bu2) + Bisa
14
B+ B0

/
16
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Z= ZZ / DeP i x o (€u),

ueV ﬂ ”

—ZZM

ME\/ j,ll

X (1)), (7)
where

/ Dez (€)= F(Vip st o (0) = E(Vigb(w).  (8)

We have schematically applied relations in Tables I or 11
at the second equality in Eq. (8), and V, =

ﬁ Jo DeRey(; ) (€), where d;, is the dimension of

the character y(;,) as defined in [64]. The function
F(Vu: X)), Which is linear in y(;,), is obtainable
through systematic albeit tedious algebraic manipulations
as explicitly demonstrated in [22]. At higher orders,
however, it is more advantageous to derive the y)(u)
dependence of F(V',x.(u)) numerically by solving a
system of 17 linear equations, generated by u € V from
17 different conjugacy classes. The domain of Eq. (7)
hence reduces to V leading to

17

= Z C&#))(lr- (9)

r=1

X (p)

With the determined values of /], we can now reexpo-
nentiate to obtain the effective action S(u) in Eq. (6).
Rewriting the effective action S(u) as an expansion in
terms of y., we obtain the following matching formula
from which the coefficients y; are fixed to the targeted
order” in f,

exp(—S(u)) —eXp< Zm,) Zﬁ,;(,, (10)

which implies

17 17
-3 r=log (1 > -
i=1 i=1

Coefficients y; are then extracted by expanding the rhs
with respect to z and matching onto the lhs in terms of
the 17 characters, the completeness of y} as a character
representation of V validates

1> =log(l1+z). (11)

XX = Zcijk)(;o (12)
k=1

*Both #, and y; are /3 dependent.

TABLE V. y; computed in terms of g to O(f°) with repar-
ametrization invariance.

71 - % #* —0.003086424*

72 %ﬂ +0.009259264* + 0.001746834°

73 72

V4 - 11—8 £* —0.003086424* — 0.0003643694°
s —0.0002572024*

76 75

Y7 0.009259264° — 0.0002572024* + 0.005240493°
78 77

79 —0.000728738°

Y10 —0.003086423*

711 Y10

712 —0.00308642* — 0.000364369/8°

713 Y12

714 —0.000257202* 4 0.00174683

715 Y14

Y16 0.001746834°

717 Y16

with ¢;;; being integers easily calculable from Table II by
solving a system of 17 linear equations with 17 unknowns.

Substituting Eq. (12) into Eq. (11) then yields all the
coefficients y; as polynomials of the strong coupling f.
Explicit expressions with parametrization invariance, a
general principle for constructing effective actions which
we explain below, are summarized in Table V.

Finally, it is important to notice that the original
Wilson action S(U) is invariant under reparametrization
{B,U} = {p/c,cU} with ¢ # 0 being an arbitrary con-
stant. This property, which we call reparametrization
invariance, is no longer present when the character
expansion is truncated at finite orders. We explicitly
reintroduce it to remove finite order terms in the effective
action S(u) that are destined to sum up to zero. This not
only gives us a much simpler expression for the effective
action but also helps reduce the computational cost in
lattice simulations and should improve agreement with
the SU(3) action.

The effective action we have derived from the character
expansion in terms of the y; in Table V can be compared to
the group decimated action, Sgp, defined by the couplings
in Table III of [22]. S;p was only calculated to O(f°) and
thus the scaling behavior for certain y). are unknown. In
contrast, using the character expansion we can determine
the leading power of g for all y..

Between the two schemes, there are different # depend-
ences. In particular, y} in the character expansion contains
only odd powers of  while S;p generates all new terms at
all orders. When comparing the two ad hoc modified V
actions which individually added y} [65] and y% [20,62],
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the group decimation procedure suggested no preference—
they both are generated at O(f?). Within the character
expansion, only y, appears at O(f?). y. only arises

at O(p*).

IV. NUMERICAL RESULTS

In order to gauge the effectiveness of our approxima-
tions, the effective V action induced by character expansion
was simulated at each order in f. For these computations
10? configurations separated by 10? sweeps were collected
on a 4* lattice. The average energy per plaquette (E;)
versus f is plotted in Fig. 1.

If the effective action behaved as the continuous group
action, (Ej;) would be observed to be monotonic in  and be
gapless. Note that with the truncation in £" and imposing
the reparametrization invariance condition, the connection
between the Wilson action f and the f used in the V
simulations is not linear. For all orders in the character
expansion, we find that a gap—corresponding to entering
the frozen phase—exists. This is in contrast to the group
decimation approximations of [22] where higher orders
never entered the frozen phase. We observe though that,
when including O(f?) or higher terms, instead of just
entering the frozen phase as in the trajectories of a, b, ¢ in
Fig. 2, these trajectories appear to experience a large drop
in (E,) and then rise again and asymptote to a fixed value.
We interpret this as the character expansion approximation
producing trajectories of the form d in Fig. 2. At suffi-
ciently high order, or with resummation, the trajectory
should change to follow e, but clearly a fifth order is
insufficient for this. The convergence to the continuous
group results is slow and alternating with . Despite this,
higher-order effective action seems to correspond to a wider
range of (E;) being accessible. We take (E,) = (Ey(a)) to
be a simplistic proxy for the obtainable lattice spacing in a

FIG. 1. Average energy per plaquette, (Ej) = 1 —Re(Tru,)/3,
vs f on a 4* lattice for V action with corrections of: (Brown
square) O(f'), (Blue circle) O(f?), (Yellow triangle) O(B?),
(Green inverted triangle) O($*), and Pink rhombus O(f°). The
black line is the SU(3) result.

Frozen Phase

oo
5 Lon® .,
et -,
PP\ ) b
---- S c

o
“
-
\ &~ : A c
., \* i
N '~
& i RS
~.
h b ~%
. . - ST
. ) \\N
=) Y LS
. R \ \\ ~.
. \ \v

Bo

FIG. 2. Pictorial examples of possible trajectories that could
manifest in simulation in a 2D plane labeled with some
projected couplings {Bo,/?l}. In the unfrozen phase, the lines
of constant lattice spacing are represented by the 45° gray lines
and the color gradient. (a) crosses into the frozen phase at larger
lattice spacing compared to (b) which is the O(f') result which
replaces SU(3) by V. (¢) also enters the frozen phase, but at a
smaller a—thus improving the approximation; (d) describes the
behavior observed in Fig. 1 where the trajectory enters and
leaves the frozen phase. The curve (e) remains in the unfrozen
phase forever, and asymptotes to a finite a, e.g. the ad hoc
trajectory of [20]. The final trajectory (f) where the trajectory
diverges from the frozen phase has been observed in the group
space decimation method [22].

discrete group action. While this is not a definitive scale
setting, it serves as a first test that without success no
further ones should be made. If interpreted this way,
(Ey) = 0 corresponds to the frozen phase and should be
avoided. We observe that while all actions are bounded by
(Eo) €10, 1], the values within this range that are unob-
tainable shrink as higher " are included. For the O(f°)
action, it was found to be possible to obtain 0.1 <
(Ey) < 0.5. These results are promising in that they naively
suggest that the action might allow for smaller lattice
spacing than the unmodified one—including physics
within the scaling regime although scale setting and other
observables would be necessary to prove this.

It should be noted that the behavior observed by this
expansion is qualitatively different from that of the group
decimation procedure of [22]. In that work, the effective
actions obtained at various orders of f were found to lack
the first-order phase-transition behavior of a discrete group,
but the range of (E,) was limited to much larger values of
0.5-1 in the small § region.

V. CONCLUSION

In this work, we used the character expansion to develop
a systematic method for improving lattice actions that
replace continuous gauge group SU(3) by its discrete
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subgroup V. Moreover, this method can be generalized to
any continuous gauge group SU(N). We also spell out a
new principle called reparametrization invariance as a
guideline for constructing effective actions, allowing to
reduce the cost of computation and match the original
action more closely at the same time. This is the ongoing
effort toward developing efficient digitization schemes on
quantum computers.

We computed to O(f°) for the single-plaquette V action
as an approximation of the Wilson action of SU(3). These
higher-order terms suggest a different scaling with f
compared to previous expansions based on group decima-
tion [22] which leads to qualitatively different behavior
along the trajectories predicted. While neither method is
sufficient to give a monotonic trajectory into the scaling
regime, new insight into the relative contribution of new
representations into the action have been gained. The
higher-order [O(f?)] result in this work does not take into
account the contribution of quantum fluctuations around V
elements. So as expected it deviates from the SU(3) result
with a hard truncation in the character expansion. It would
be beneficial to include the quantum fluctuation through
Table I in future work to achieve better approximations.

Moreover, while the group decimation procedure was
observed to suggest the necessity of introducing two
characters at O(f3%), the character expansion only requires
the adjoint character to be present.

The most immediate next steps are to compute more
Euclidean observables (i.e. Wilson flow parameter and

pseudocritical temperature and etc.) from the character
expansion action to determine the lattice spacings achiev-
able and to compare them to [20,62]. Given the large
corrections order by order for V and the interesting even
versus odd behavior, additional work should be devoted to
computing the higher order contributions and corrections
induced by fluctuations around V elements—potentially via
some resummation technique.

Another obvious step in studying the feasibility of this
procedure is to derive the modified Hamiltonian, and explic-
itly construct the primitive quantum gates a la [66,67].
Together with classical lattice results, this would allow
for complete resource counts for extracting continuum
physics.
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