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Quantum color screening in external magnetic field
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We calculate the color screening mass in thermalized and magnetized QCD matter in the frame of loop
resummation theory without restriction to the magnetic field strength. Our full calculation covers the often-
used approximations for a weak magnetic field at high temperature, and for a strong magnetic field at low
temperature. We find that while the magnetic field created in heavy ion collisions at RHIC and LHC
energies is probably the strongest one in nature, its effect on the QCD matter is still weaker in comparison
with the high temperature of the fireball, and therefore can safely be treated as a perturbation.
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I. INTRODUCTION

The color charge of a quark in a quark-gluon plasma
(QGP) will be screened by the surrounding quarks, anti-
quarks, and gluons. This phenomenon in strong interaction
is in analogy to the well-known Debye screening of an
electric charge in electrodynamic interaction. The screening
strength is normally characterized by the Debye mass m,
which is inversely proportional to the screening length rp.
When the distance between two colored quarks is larger than
the screening length, the averaged color interaction between
them disappears. For a quarkonium like J/y in a QGP, the
color screening effect reduces the potential between the
pair of heavy quarks and leads to a quarkonium suppression
in high-energy nuclear collisions [1]. In the limit of high-
temperature QGP, the hard thermal loop resummed pertur-
bation theory [2] works well and gives an analytic Debye
screening mass [3,4], m},(T) = (N./3+N/6)g°T?, where
the first term comes from gluons and ghosts and the second
term is the contribution from massless quarks, N and Ny are
the numbers of color and flavor degrees of freedom, and T
and ¢ are the plasma temperature and coupling constant in
quantum chromodynamics (QCD). The calculation has been
extended to any temperature, chemical potential, and aniso-
tropic medium [5-7].

Since the screening phenomenon happens in both strong
and electromagnetic interactions, a natural question is the
color screening in an external electromagnetic field. If the
field strength is strong enough, its effect on the color
screening may not be neglected. In fact, a hot QGP system
under a strong electromagnetic field is expected to be
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created in the early stage of high-energy nuclear collisions
at the Relativistic Heavy Ion Collider (RHIC) and the
Large Hadron Collider (LHC), where the magnetic field
may reach eB ~ 5m2 and 70m2, respectively [8—15], with
m, being the pion mass in vacuum. This is probably the
strongest magnetic field in nature and has led to a number
of interesting discussions in the study of high-energy
nuclear collisions—for instance, the effect of magnetic
catalysis or inverse magnetic catalysis on QCD phase
structure [16,17], spin-induced quantum fluctuations like
the chiral magnetic effect [18,19], the splitting of D- and
D-directed flow [20-22], and changes in quarkonium
properties and distributions [23-36]. On the electromagnetic
effect on color screening, most of the studies are in the two
limits of weak and strong magnetic field in comparison with
the medium temperature. For the former, one takes a Taylor
expansion of the field [37,38], and for the latter, the lowest
Landau level approximation is used [39—42]. In both cases,
the Debye screening mass mp increases with the magnetic
field strength. The other question we ask ourselves is about
the quark energy quantization. As is well-known in non-
relativistic quantum mechanics, the transverse energy of a
free fermion in an external magnetic field B is quantized as
€, = (2n+1)|gB|/(2m) [43], with n being a positive
integer, m the fermion mass, and ¢ the fermion electric
charge. Is there still this quantization in the quark loop
calculation?

Considering the fact that the magnetic field created in
high-energy nuclear collisions may not satisfy the condi-
tions to be weak or strong with respect to the fireball
temperature, it is necessary to go beyond the two limits and
study the magnetic field effect on the color screening
without restriction to the field strength. In this paper, we
generally calculate the color screening mass in the frame of
resummed QCD perturbation theory at finite temperature
and magnetic field. We will first introduce the quark
propagator in thermal and magnetized QGP, and then derive
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the gluon self-energy, and in turn, the color screening mass.
We will focus on the process of how the quark transverse
energy is quantized in the calculation of gluon polarization.
We will finally come back to the well-known results in the
two limits of weak and strong magnetic field. Since gluons
do not interact directly with the external magnetic field, the
field contribution to the gluon self-energy and screening
mass arises only from the quark loop.

II. QUARK PROPAGATOR

From the minimum coupling principle, the quark propa-
gator G(x, x’) in an external (classical) magnetic field along
the z axis B = Be,, derivable from the potential A, is
controlled by the equation of motion,

(iy-0+qy-A—m)G(x,x") =6(x —x). (1)

Introducing the kinematical momentum operator
ﬁﬂ = p,+qA,, as distinguished from the canonical
momentum operator p,, and solving the Dirac equation,

the operator H = —(y - )2 = —I1? — (q/2)0*F,,, with

>
F,, being the electromagnetic field tensor, satisfies the

eigenequation

constraint —p3 > 0 (in the imaginary time formalism of
finite-temperature field theory) lead to a positive definite H.

The quark propagator in the corresponding Euclidean
space can be represented in terms of H [44]:

')

- /oo ds (x| (y - TT+ m)e=(m 705 |x7),
0

(3)

Taking a transformation from the s-independent momen-
tum IT to the s-dependent momentum II(s) = U/(—s)
I10(s) through U(s) = e~ the quark propagator can
be written as

Glx,x) = - /0 " dse ™ (3 U(s) (7 TU(s) + m)l'). (4)

Similarly to the transformation from the Schrodinger
picture to the Heisenberg picture in quantum mechanics,
the s dependence of the momentum and coordinate
operators are controlled by the Heisenberg-like equations

Hlp) = (=P§ + P2 + €, )|P)- 2) 9lLy(s) = [ 1,()] = 2igFu TP (s).
05k, (s) = [H. %, (s)] = —2ilL,(s), (5)
with the Landau energy levels [43] ¢, = 2I|gB|+
[1 = [my| —sgn(q)(m; + 2m,)||gB| characterized by the  yp. ) Jead to the solutions
quantum numbers [ =0,1,...,00, m; =-1,...,0,...,1,
and my; = —1/2,1/2, and .the four—moqleytum ei'genstate fi(s) = e211(0),
|p) = |po. P2s I, my, my). It is clear that H is the difference .
between p3 and the on-shell energy square. For on-shell x(s) = 2(0) + N (s)I1(0), (6)
quarks, the difference disappears, but in a general state with
arbitrary pg, the Landau energy levels elzm,ml\. >0 and the  with the two matrices F and N (s) defined as
|
00 0 O
P B 0 0 -1 0
ST 0 1 0 o
0 0 0
2isgB 0 0 0
1 0  isinh(2¢Bs) —2sinh’(gBs) 0
N(s)=-— - - (7)
qB 0 2sinh*(gBs)  isinh(2¢Bs) 0
0 0 0 2isqgB

Combining the two solutions in Eq. (6) together, the momentum operator is represented by the coordinate operator,

M(s) = 2SN (s)[&(s) —

(0)]. (8)
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and the first matrix element in the quark propagator
[Eq. (4)] becomes

(x| O ()M (s) ') = ©)

The second matrix element satisfies the evolution equation

TSN (s) (x = x) (x| U (5) ).

A A

os(x|U(s)|x') = = (x| O(s)H|x'), (10)

which results in the solution

(x=2" VK (5) (x=x")"~In [WZ(T"\&)] +140,, F"'s

(x|U(s)]x") = To2s?

(11)

dv
|gB|

6 =- [

The magnetic field breaks down the rotational invariance.
The quark momentum p is separated into longitudinal and
transverse parts p) and p,, parallel and perpendicular to
the magnetic field. Note that, except for a Schwinger phase,
the propagator in Eq. (13) is the same as originally derived
by Schwinger 70 years ago [45,46]. Since the two phase
factors for the quark and antiquark of a loop will cancel to
each other in the calculation of color screening mass, we
will neglect the phase in the following.

III. GLUON POLARIZATION

With the known quark propagator, we can now calculate
the gluon polarization function—namely, the quark loop
J

H;w( ’

DT

npvyv,

{ P)ru(r-p)iry

2|qB|2 cosh?v;cosh?v,

{[m (7 p)y][1 — isgn(g)y 7 tanh o] —

+ [1 = isgn(q)y,7, tanh v,] (m?y,, —

(v +1;2)(m2 +w£ +p§)+(lanh ] +tanh 1:2)1;2

with
qB ! | : 1
K,u(5) =22 = TgBs)’
w(S) g<q3s tanh(gBs)’ tanh(gBs)’ ¢Bs
(12)

In the limit of s — 0, the matrix element (x|J(s)|x") goes
back to the delta function, lim,_q(x|U(s)[x') = §(x — x').

Substituting the two matrix elements [Eqgs. (9) and (11)]
into the quark propagator [Eq. (4)], taking the replacements
of s — —is, and then introducing a dimensionless variable
v = |gB|s, we obtain, after a Fourier transformation from
coordinate space to momentum space, the quark propagator
in the external magnetic field,

u p)l}e‘ﬁ[mz‘””‘“"z—?”"i . (13)

cosh?p

|
function I1,, (k). After the usually used summation over
quark loops on a chain, one can derive a nonperturbative
gluon propagator [2]. Since we are interested in the color
screening mass which is determined by the pole of the
gluon propagator, we will focus on the polarization in the
limit of zero momentum: limy_,I1,, (ko =0,k) [2].
Considering the fact that the thermal and magnetized
medium does not bring in any new divergence in the field
calculation, we directly calculate IT,, (0, 0) in the following,
and we explicitly express its temperature and magnetic field
dependence as I1,, (7T, B).

Using the invariance of the quark loop under the sub-
stitution of the integrated quark momentum p, — —p,,, the
polarization can be simplified as

WRYOYuY0 + PIV3YuY3)

L

x [1 —isgn(q)y,7, tanh Uz]n}e

with the summation and integration
the quark frequency w, = —ipy =
in Dirac space gives

npﬂlvz - nf

292T

I, (T,

4B| (14)

oo f d*p/(2n)3 fo dv,dv,, where the Matsubara summation is over
(2n + 1)zT. Using the exchange symmetry between v, and v, and computing the trace

+ m?[g,, + (Q;UU ;) tanh vy tanh v,]

2 2
e cosh“v;cosh“v,

23 {QWPLJFZ p=p)u(P =P

+ w? [g,f,, - 5,!,, - (g,,l,, + 5,!,,) tanh v; tanh v,] + p? [g,j + 5ﬂy - (gj,, - 5,!,,) tanh v, tanh vz]}

(v1 +1,2)(”,2+m]27 +p§)+(lunh vy +tanh vz)pi

X e lgB|

(15)
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with the definitions of p3 = p2+ py, Hy =diag(1,0,0,-1),

gﬂy—dlag(O,—l,—l,O), 6ﬂy = diag(1,0,0,1), and 6; =
diag(0, 1, 1,0).

It is easy to see that all the off-diagonal elements (1 # v)
of the polarization vanish automatically, and we need to
consider the diagonal elements only. We can further divide
the diagonal polarization into parallel and perpendicular
parts: TT}}, with u € {0, 3}, and I}, with x € {1,2}. Let us
first calculate the parallel part, which is directly related to
the color screening mass; see the next section. Taking into
account the rotational symmetry around the z axis, the
parallel polarization becomes

D

npuv vy

24°T

ML (T.5) = lgB*

g/mPL
cosh?v,cosh?v,

+ (1 +tanhv, tanhw,) [5,‘,‘,,(—(0,, +p?) +g,U,;m ]}

(v +vp)(m +w2+[)2) (ldnh1'1+tunh1'2)pi
X e laB] (16)
Introducing functions d,(a) defined through the
Legendre functions d,(a)=(-1)"e¢ *[L,(2a)—L,_;(2a)]

with L_;(2a)=0, the completeness relation » % d,
(a)e™2in? = e~iatanhv can alternatively be expressed as [44]

[M]s

dn (a)e—va — e—aztanhv7

Il
o

n

[s9)

a ,
E 2ndn(a)e—2m}: 5 e—ata.uhb’
‘ cosh” v

M ©

d,(a)e " = — tanh pe~*@nh?

i
(=)

by applying the replacement of v by —iv. Choosing a =
P2 /1gB| and expressing cosh v; and tanh v; withi = 1,2 by
the above summations, the parallel polarization can be
written as

24°T
- |qB|2 Z

npvvan Ny

M), (T, B)

a

+ [dy, (@)d,, (@) + d,,, (a)dy, ()]

(8l (=2 + p2) + gllm? ]}

m? +(u% +p?
laB|

% 6—2("11)1+"2”2)—(”1+”2)

with the summation > % .

We then change the transverse momentum integration
to « integration; the rotational symmetry in the transverse
planeleadsto [ d°p/(27)* = [® dp./(2x)* [dpip) =
[, dp./(2x)?|qB|/2 | da. Using the orthogonal rela-

tions for the functions d,,,

/wda—
0 o

/O ® dald, (@)d,, (@) + d) (@)d), (@) = (2= 8,,0)5nm.

:n15n1n2’

My (T.B) = ¢*T|qB| >

np,nyny

(19)
(17)
the integration over vy, v,, and a gives
|
1 1
m* 4wy + pz +2n|qB|m* + w; + p2 + 2ny|qB|
x {4ghimigB| + (2= 8,,0) 6 (=% + p2) + gu®] 81,1, (20)

with the longitudinal integration ), = [dp./(27)>.
Performing the summation over n, analytically and em-
ploying the derivative relation,

o G b aman)

a9 2 2 2

ap, \m* + w, + p; + 2n;|qB|

_ m? + @} — p?+2n|qB|
(m* + wj + p?+2n,|gB|)*’

(21)

|
the parallel polarization is finally simplified as

2T|qB|Z n1 5”# +g/|4‘ﬂ)(_w2+l’§>
(m* + w? + p?+2n,|qB|)?

np;n

Iy, (7. B)

(22)

The physics of the positive integer n; becomes now

clear. It is well known that in quantum mechanics, the

transverse Landau energy levels of a quark propagating in
the external magnetic field are
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e =2n n; =0,1,..., . (23)

We now turn to the calculation of the perpendicular polarization

Zng _p2 + 2p2
Hi T, B L i _ (1 —tanh v tanh ) N 5 N ,
( n; |:C()Sh2vlc()sh21j2 ( ann v, tan DZ)(wn Pz m )

(v1+vo)(m +w% +p§ )+ (tanh v +tanh vy )pi

X e lgB| s (24)

|

with i = 1, 2 and p; = p,, p, = p,. When the magnetic ~ This comes back to the known result at finite temperature
field disappears, it is easy to check that the perpendicular  [2—4].

polarization vanishes automatically: To see the magnetic field effect, we consider the differ-
ence between the two cases with and without magnetic
ML(T,0) — 292TZ —wh + 2p, —-p*—m field. From the exchange symmetry between p, and p,,
(0% + p* + m?)? the difference in the perpendicular polarization can be

expressed as

2

= -2¢° =0. 25
g Zap, I —I—p +m? (25)
STLL(T,B) =IL\(T. B) —IL(T.0)
Pz P2 mz+m%+lig
292T Z { wn_'_p?_’_mz) |:e—(v1+vz)q—§_ (1 _tanhvltanhUz)e—(tanhvl+tanhvz)q—{i:| }e_(vl+v2>—qg f ' (26)

npuv, vy

Similarly to the treatment for the parallel part, we again introduce the variable @ = p? /|¢B| and the sums over n; and n,
using the completeness relations [Eq. (17)]. Then, by integrating out v, v,, and a and using the orthogonal relation

/ dald, (@)d,, (@) — d, (@), (@)] = Sy ny.1- 27)

0

the difference becomes

6 0(3 0 |qB|5\n —ny|.1
SILH(T,B) = ¢*T w2+ p2+m [ moml -, ' )8
(IB)=0T 3 et p e v TP ot v alaB) o + R v aamn)
Taking the relation on the summation over n; and n, for any constant A,
io: 5|"1 .1 _ 5\11, n,l.1 ( 1 _ 1 )
n].n2:0(2+2n1)(/1+2n2) moms0 12 = 1 A+2n;  A+2n,
1 1
- Z( > = (29)
=% A+ 2n, /1+2n1+2 A
the difference vanishes:
1 1
ST (T, B) = ¢*T 2 2 2 - =0. 30
HTB) =T (@ + P2t m?) | s = e s (30)

np;

Therefore, there is no perpendicular polarization in any case, both with and without magnetic field, IT.,(0) = 0.
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IV. COLOR SCREENING MASS

At one-loop level, the gluon propagator is controlled by
not only the quark loop, but also the gluon loop and ghost
loop. Since gluons and ghosts do not carry charge, they are
not coupled to the external magnetic field, and the temper-
ature dependence of the gluon- and ghost-induced gluon
polarization IT,, (k) is well investigated in the literature [2].
After resummation over the quark loops, gluon loops and
ghost loops, one derives the total gluon propagator, and in
turn, the total screening mass:

mp(T, B) = my(T, B) + mg(T),
m (T, B) = ~Iy (T, B),
m(T) = —T1p, (7). (31)

The gluon- and ghost-loop-induced screening mass
mZ%(T), which is independent of electromagnetic interac-
tion, can be taken from Ref. [5],

N
—£ P72, (32)

mi(r) ="

and the quark-loop-induced screening mass sz(T,B) is
controlled by the parallel polarization HQO,

my (T, B)

——2TIgB| Y [(z—an,,w

np;n

m* — %+ p? + 2n,|qB|
(m* + 0% + p2 4 2n,|qB|)?

(33)

Considering the Landau energy levels as the quark trans-
verse momentum p? = 2n;|gB|, and using the trace
computation,

1 1
Tr(“r-p—myoy-p—m) N
can be

the summation over the Landau energy levels ),

effectively expressed, together with the p, integration, as a
three-dimensional integration,

m? — w? + p?
(m? + w? +p?)?

. (34)

sm3(T,B) = —ngZ {Z(

D g Bl +=
v P

= ——TZTr <70 ro—

y-p—m y-p—m

)pB(pi)»
(35)

where pp is the magnetic-field-controlled transverse
momentum distribution,

= |qB‘ Z (2 - 5n1.0)5(p
n;=0

and the 6 function means the Landau quantization: quarks
are confined on the quantum orbit in phase space
pi =2nqB.

It can be proven that this general screening mass covers
the known result in the limit of a weak magnetic field.
When the magnetic field disappears, the summation over
the Landau levels becomes an integration, according to the
Riemann summation rule:

2
l—2n1

). (36)

limp(p?) = A dés(pi —¢) = 1. (37)
We therefore go back to the familiar screening mass as a
function of temperature for massless quarks [5]:

N
—L 272, (38)

mp(T,0) = ¢

where N comes from the flavor summation.

We now subtract the pure temperature effect from the
screening mass to focus on the magnetic-field-induced
mass shift:

om3(T, B) = m%(T, B)

1
:__TZTrQOy p—m"yp- m)

x [pg(p1) = 1]. (39)

For massless quarks, by summing up the Landau levels,
one obtains the Taylor expansion of the screening mass in
terms of |¢B| in the limit of a weak magnetic field,

—m3(T,0)

w?

—(;g - |qu|2) 1 O(q,B* )}

2[48 4 T2|qu\2+(9(|qu|4) . (40)

Here, we have considered the contribution from different flavors and the flavor dependence of the quark charge ¢ — ¢ in
the quark loop calculation. This result agrees with the one derived in Refs. [37,38]. It is straightforward to calculate the

corrections from higher orders.
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For the other limit of a strong magnetic field, we can take
only the lowest Landau level (n; = 0). For massless
quarks, we analytically obtain

z'qf"B'z
cosh? ( Ipz|/ 2T))
g
ZWZVUBL
f

This result is exactly what people derived previously
[39,40]. It is straightforward to consider the correction
from higher Landau levels to the screening mass in
our frame.

We now generally calculate the mass shift 6m% (T, B)
without considering any restriction to the temperature or
magnetic field. Again, we consider massless quarks.
Summing up all the Landau levels in the quark-loop-
induced polarization [Eq. (22)] leads to

m}(T.B) =

(41)

2 2
P - p; +w;
o T,B) = = @¢T IC z , (42
g ,,Zp, |qu| (2|qu|> )

where the function K is defined as K(x) = x72/2 + x~! —
w'(x) with y(x) =T"(x)/I'(x). Note that, in the Taylor
expansion of the mass shift in terms of |g,B|, the linear term
disappears automatically [see Eq. (40)], so we can safely
subtract x~2/2 from KC(x). Taking the integrated function as
K(x) —x7%/2 and doing partial integration, we have

pz _w |:K(pz +w > _ 2|qu|2 :|
lasB] 2|qyB] (p? + @)
s 2 272 228 202
, / dg[l _lasBIE/ AT 1 29 s
0

_\qu\iz
1 — e 22212

p +n > a 2
_ 3 p
_2/0 dée” T ( F 2;25>

RO ]

(43)

_\qu\gz
1 —e 22272

which results in
pz_wn Pz +wn Pz +”§ 4
/C( ) :2/ dée  wP* | ——+ == §
lq/B] 2|q,B| 0 o¢ 2T2

|lq;B|& |q,B|&
X |:1 - 47[2T2 coth W .

(44)

Now, we can analytically sum up the Matsubara frequency
and integrate the longitudinal momentum. The mass shift is
finally written as

24T 9 0 £ lq;B|&
wiir 4 [0 (425
(45)

where 9, is the elliptic theta function 9,(u,x) =
2514372 xn(+ D) cos[(2n + 1)u), and M is defined as
M(x) =1—x*/sinh>x. Considering the relations

95(0,¢7%) = //£94(0, e /¥) and 9(0, 75 ) m \/7/&
in the limit & — 0", which corresponds to the limit of a
strong magnetic field, we obtain

Zg2T2
sm3 (T, B) = quf I+

xz/ )
% M<|61f3|52>_

472T?

Vr/¢

(46)

The numerical results for the Debye screening
mass mp(T,B) and the mass shift émp(T,B) =
\/m3(T,B) —m}(T,0) are shown in Figs. 1 and 2 as
functions of 7 and |eB|. In the frame of one-loop
resummation, the screening mass square is at the order
of ¢, and therefore the scaled mass m /g and mass shift
émp /g are coupling-constant independent. In the hot and
magnetized medium created in high-energy nuclear colli-
sions at LHC, the screening mass induced by temperature,
mp(T,0)/g=+/3/2T ~0.6 GeV at T =0.5GeV, is
much larger than the one induced by the magnetic field,
mp(0,B)/g=0.13 GeV at eB = 0.5 GeV? ~ 25m2. With
increasing temperature, the broken translation invariance
caused by the magnetic field is gradually restored by the

mp/g [GeV]
o o o o o o
o BN W os O o

0.4

bn O 3 5
0//05-,, 0.2
b4

2 0.3
0.1 T pceW)

FIG. 1. The total Debye screening mass scaled by the coupling
constant m (7T, B)/g as a function of temperature T and external
magnetic field strength |eB|.
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0.3
0.2

o CpieeV)

FIG. 2. The magnetic-field-induced mass shift scaled by the
coupling constant émp (T, B)/g as a function of temperature T
and external magnetic field strength |eB]|.

thermal motion, and the mass down
continuously.

We now take numerical comparison of our full calcu-
lation with the approximations of weak [Eq. (40)] and
strong [Eq. (41)] magnetic field in Fig. 3, where the weak
and strong limits are relative to the medium temperature.
In order to make our comparison meaningful, we take a
temperature 7 = 500 MeV corresponding to the initial
fireball in high-energy nuclear collisions at RHIC and
LHC energies where the created magnetic field is the
strongest. It is clear that while the magnetic field created
in the initial stage of heavy ion collisions is extremely
strong, its effect on the hot QCD matter can safely be
considered as a perturbation with respect to the initial

fireball temperature.

shift drops

V. SUMMARY

The color interaction is screened in QCD matter at finite
temperature and further suppressed in the external magnetic
field. We calculated in this paper the color screening mass

0.2—
o T =500 MeV
B Full calculation
L e Weak magnetic approximation
0.15— - Strong magnetic approximation
> L
L
g L
= L
s 0.1—
w L
0.05—
ol
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FIG. 3. The comparison of the full calculation (solid line) with

the limits of weak (dashed line) and strong (dotted line) magnetic
field at high temperature 7 = 500 MeV.

in the frame of resummed perturbative QCD theory without
restriction of the magnetic field strength. In the quark loop
calculation, the Landau energy levels €2 = 2n|gB| for the
propagating quark and antiquark are naturally embedded
into the screening mass. Our full calculation covers the
often-used limit of a weak magnetic field at high temper-
ature and the limit of a strong magnetic field at low
temperature. While the magnetic field created in high-
energy nuclear collisions at RHIC and LHC energies is
perhaps the strongest in nature, its effect on the formed
quark-gluon plasma is still weaker in comparison with the
temperature effect and can safely be considered as a
perturbation.
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