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We calculate radiative decay rates of mesons and glueballs in the top-down holographic Witten-Sakai-
Sugimoto model with finite quark masses. After assessing to what extent this model agrees or disagrees
with experimental data, we present its predictions for so far undetermined decay channels. Contrary to
widespread expectations, we obtain sizeable two-photon widths of scalar, tensor, and pseudoscalar
glueballs, suggesting in particular that the observed two-photon rate of the glueball candidate f0ð1710Þ is
not too large to permit a glueball interpretation, but could be even much higher. We also discuss the so-
called exotic scalar glueball, which in the Witten-Sakai-Sugimoto model is too broad to match either of the
main glueball candidates f0ð1500Þ and f0ð1710Þ but might be of interest with regard to the alternative
scenario of the so-called fragmented scalar glueball. Employing the exotic scalar glueball for the latter,
much smaller two-photon rates are predicted for the ground-state glueball despite a larger total width;
relatively large two-photon rates would then apply to the excited scalar glueball described by the
predominantly dilatonic scalar glueball. In either case, the resulting contributions to the muon g − 2 from
hadronic light-by-light scattering involving glueball exchanges are small compared to other single meson
exchanges, of the order of ≲10−12.
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I. INTRODUCTION AND SUMMARY

Glueballs, bound states of gluons without valence
quarks, have been proposed as a consequence of QCD
from the start [1–4], but it is still a widely open question
how they manifest themselves in the hadron spectrum
[5–9]. Lattice QCD [10–14], mostly in the quenched
approximation, provides more or less clear predictions
for the spectrum, with a lightest glueball being a scalar,
followed by a tensor glueball with an important role as the
lightest state associated with the pomeron [15], a pseudo-
scalar glueball participating in the manifestation of the
Uð1ÞA anomaly responsible for the large mass of the η0
meson [16], and towers of states with arbitrary integer spin
as well as parity. However, it has turned out to be difficult to
discriminate glueball states from bound states of quarks
with the same quantum numbers with which they can mix,
since the various available phenomenological models give
strongly divergent pictures, in particular for the lightest
glueballs. For the ground-state scalar glueball, the initially
favored scenario that the isoscalar meson f0ð1500Þ con-
tains the most glue content while being strongly mixed with

quarkonia [17–19] is contested by models which identify
the f0ð1710Þ as a glueball candidate [20–22] with more
dominant glue content. The latter also appears favored by
its larger production rate in supposedly gluon-rich radiative
J=ψ decays [23], but there it was proposed that the glue
content might rather be distributed over several scalars
involving a new meson f0ð1770Þ previously lumped
together with the established f0ð1710Þ [8,24,25].
In order to clarify the situation, dynamical information

on decay patterns is required from first principles, which is
difficult to extract from Euclidean lattice QCD. Analytical
approaches always involve uncontrollable approximations,
albeit recently interesting progress has been made using
Schwinger-Dyson equations [26].
In this work we continue the analytical explorations

made using gauge/gravity duality, which has been
employed for studying glueball spectra in strongly coupled
non-Abelian theories shortly after the discovery of the
AdS=CFT correspondence [27–31], inspiring phenomeno-
logical “bottom-up” model building for glueball physics
[32–38]. Of particular interest here is the top-down con-
struction of a dual to low-energy QCD in the large-Nc limit
from type-IIA string theory by Witten [39], where the
glueball spectrum has been obtained in [40,41]. Sakai and
Sugimoto [42,43] have extended this model by a D-brane
construction introducing Nf chiral quarks in the ’t Hooft
limit Nc ≫ Nf, which turns out to reproduce many features
of low-energy QCD and chiral effective theory, not only
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qualitatively, but often semi-quantitatively, while having a
minimal set of free parameters.
Glueball decay patterns were first studied in the Witten-

Sakai-Sugimoto (WSS) model for the scalar glueball in [44]
and revisited and extended in [45]. This involves a so-called
exotic scalar glueball [40] for which it is unclear whether it
should be identifiedwith the ground-state glueball inQCDor
instead be discarded together with the other states that more
evidently do not relate to states in QCD.
Assuming that the ground-state scalar glueball corre-

sponds to the predominantly dilatonic bulk metric fluctua-
tions which do not involve polarizations in the extra
Kaluza-Klein dimension employed for supersymmetry
breaking, [46,47] found that the resulting decay pattern
could match remarkably well the one of the f0ð1710Þ
meson when effects of finite quark masses are included (or
f0ð1770Þ when this is split off from a tetraquark f0ð1710Þ
[24]). Instead of the chiral suppression postulated for flavor
asymmetries of scalar glueball decay [48], a nonchiral
enhancement of decays into heavier pseudoscalars was
obtained, which is correlated with a reduction of the ηη0
decay mode [47]. This mechanism of flavor symmetry
violation is absent for the tensor glueball, whose hadronic
decays have been worked out also in [45]; hadronic decays
of pseudoscalar and pseudovector glueballs have been
studied in [49–51].
In the present paper, we revisit and extend the study of

glueball decay patterns of [45–47] to also include radiative
decays. As discussed already in [43], the WSS model
naturally incorporates vector meson dominance (VMD),
crucially involving an infinite tower of vector mesons.
After assessing the predictions of the WSS model with
regard to radiative decays of ordinary pseudoscalar and
(axial) vector mesons, we analyze its corresponding results
for glueballs.
Contrary to widespread expectations, the WSS model

predicts that glueballs can have sizeable radiative decay
widths in the keV range, exceeding even the claimed
observation of two-photon rates for f0ð1710Þ by the
BESIII Collaboration [52], which was taken as evidence
against its glueball nature.
In this context we also reconsider the exotic scalar

glueball, which differs from the dilatonic one in that it
has smaller couplings to vector mesons as well as photons,
while having a total width in excess of the one of either
f0ð1500Þ or f0ð1710Þ, when its mass is suitably adjusted.
As such it may instead be a candidate for the so-called
fragmented scalar glueball proposed in [8,24,25], which is
a wider resonance distributed over f0ð1710Þ, a novel
f0ð1770Þ, f0ð2020Þ, and f0ð2100Þ, without showing up
as an identifiable meson on its own.
In the case of the tensor glueball, where the WSS model

is unequivocal in identifying the ground state, even though
its mass also needs correction, we find again two-photon
rates in the keV region, larger than the old predictions of

Kada et al. [53], but comparable to those obtained by
Cotanch and Williams [54] using VMD. (The latter have
obtained even larger two-photon rates for the scalar glueball,
which are an order of magnitude above the WSS results.)
The next heavier glueball, the pseudoscalar glueball,

which plays an important rule in the realization of the
Uð1ÞA anomaly [50], is also found to have two-photon rates
in the keV region.
Because of their sizeable two-photon coupling in the

WSS model, we consider also the effect the lightest three
glueballs may have as single-meson contributions to
hadronic light-by-light scattering, which is an important
ingredient of the Standard Model prediction of the anoma-
lous magnetic moment of the muon [55] aμ ¼ ðg − 2Þμ=2.
With the dilatonic scalar glueball as ground state, we find
results of aGμ ¼ −ð1…1.6Þ × 10−12, and one order of
magnitude smaller when the exotic scalar glueball is used
instead with mass raised to the value of the fragmented
glueball of [24]. With its larger mass and comparable
two-photon rate, the tensor glueball is bound to contribute
less than the dilatonic scalar glueball. The pseudoscalar
glueball, which contributes with a different sign, yields
aGPS
μ ¼ þð0.2…0.4Þ × 10−12 depending on its actual mass.

All of these results are thus safely smaller than the current
uncertainties in the hadronic light-by-light scattering con-
tributions to aμ.

II. THE WITTEN-SAKAI-SUGIMOTO MODEL
AUGMENTED BY QUARK MASSES

The Witten-Sakai-Sugimoto (WSS) model [42,43] is
constructed by placing a stack of Nf flavor probe D8
and D8-branes into the near-horizon double Wick rotated
black D4-brane background proposed in [39] as a super-
gravity dual of four-dimensional UðNc → ∞Þ Yang-Mills
(YM) theory at low energies, where supersymmetry and
conformal symmetry are broken by compactifications. It
thus serves as a model for the low-energy limit of large Nc
QCD with Nf ≪ Nc, corresponding to a quenched
approximation when extrapolated to Nf ¼ Nc ¼ 3. The
background geometry is given by the metric

ds2 ¼
�

U
RD4

�
3=2

½ημνdxμdxν þ fðUÞdτ2�

þ
�
RD4

U

�
3=2

�
dU2

fðUÞ þ U2dΩ2
4

�
;

eϕ ¼ gs

�
U
RD4

�
3=4

; F4 ¼ dC3 ¼
ð2πlsÞ3Nc

V4

ϵ4;

fðUÞ ¼ 1 −
U3

KK

U3
; ð2:1Þ

with dilaton ϕ and Ramond-Ramond three-form field C3, a
solution of type IIA supergravity, whose bosonic part of the
action reads
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Sgrav ¼
1

2κ210

Z
d10x

ffiffiffiffiffiffi
−g

p

×

�
e−2ϕðRþ 4ð∇ϕÞ2Þ − 1

2
jF4j2

�
: ð2:2Þ

The Nc D4-branes extend along the directions para-
metrized by the coordinates xμ, μ ¼ 0; 1; 2; 3 and another
spatial dimension with coordinate τ, while U corresponds
to the radial (holographic) direction transverse to the
D4-brane. The remaining four transverse coordinates span
a unit S4 with line element dΩ2

4, volume form ϵ4 and
volume V4 ¼ 8π2=3. The τ-direction is compactified to a
supersymmetry breaking S1, whose period is chosen as

τ ≃ τ þ δτ ¼ τ þ 2πM−1
KK; MKK ¼ 3

2

U1=2
KK

R3=2
D4

; ð2:3Þ

to avoid a conical singularity at U ¼ UKK. The radius RD4
is related to the string coupling gs and the string length ls
through R3

D4 ¼ πgsNcl3s , and the ’t Hooft coupling of the
dual four-dimensional Yang-Mills theory is given by

λ ¼ g2YMNc ¼
g25
δτ

Nc ¼ 2πgslsMKKNc: ð2:4Þ

The flavor D8 and D8-branes extend along xμ,U, and the
S4. They are placed antipodally on the τ-circle to join at
UKK. In adopting the probe approximation, i.e. Nc ≫ Nf

for the Nf D8-branes, one can ignore backreactions from
the D8-branes to the D4-brane background. The gauge
fields on the D8-branes, which are dual to left and right
chiral quark currents separated in the Kaluza-Klein (τ)
direction, are governed at leading order by a Dirac-Born-
Infeld (DBI) plus Chern-Simons (CS) action

SDBI ¼ −T8

Z
d9xe−ϕTr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det ðgMN þ 2πα0FMNÞ

p
;

SCS ¼ T8

Z
D8

C ∧ Tr

�
exp

�
F
2π

�� ffiffiffiffiffiffiffiffiffiffiffi
ÂðRÞ

q
; ð2:5Þ

where ÂðRÞ is the so-called A-roof genus [56,57].
Considering only SO(5)-invariant excitations and

restricting to terms quadratic in the field strength, the
nine-dimensional DBI action can be reduced to a five-
dimensional Yang-Mills theory with action [42,43]1

SDBID8 ¼ −κ
Z

d4xdzTr

�
1

2
K−1=3F2

μν þM2
KKKF2

μz

�
; ð2:6Þ

with

κ≡ λNc

216π3
; KðzÞ≡ 1þ z2 ¼ U3=U3

KK: ð2:7Þ

To identify the four-dimensional meson fields, we make the
ansatz

Aμðxμ; zÞ ¼
X∞
n¼1

BðnÞ
μ ðxμÞψnðzÞ;

Azðxμ; zÞ ¼
X∞
n¼0

φðnÞðxμÞϕnðzÞ ð2:8Þ

for the five-dimensional gauge field using the complete sets
fψnðzÞgn≥1 and fϕnðzÞgn≥0 of normalizable functions of z
with normalization conditions

κ

Z
dzK−1=3ψmψn ¼ δmn;

κ

Z
dzKϕmϕn ¼ δmn; ð2:9Þ

satisfying the completeness relations

κ
X
n

K−1=3ψnðzÞψnðz0Þ ¼ δðz − z0Þ;

κ
X
n

KϕnðzÞϕnðz0Þ ¼ δðz − z0Þ: ð2:10Þ

With this ansatz, the fields BðnÞ
μ and φðnÞ have canonical

kinetic terms; the eigenvalue equation

−K−1=3
∂zðK∂zψnÞ ¼ λnψn; ð2:11Þ

which can be used to relate the two complete sets via

ϕnðzÞ ∝ ∂zψnðzÞ for (n ≥ 1), yields a mass term for BðnÞ
μ .

The remaining massless mode is given by ϕ0ðzÞ ¼
1=ð ffiffiffiffiffi

πκ
p

MKKKðzÞÞ.
Inserting the separation ansatz (2.8) into the DBI action

(2.6) and integrating over z, we obtain

SDBID8 ¼ −Tr
Z

d4x

�
ð∂μφð0ÞÞ2 þ

X∞
n¼1

�
1

2
ð∂μBðnÞ

ν − ∂νB
ðnÞ
μ Þ2

þm2
nðBðnÞ

μ −m−1
n ∂μφ

ðnÞÞ2
��

þ ðinteraction termsÞ:

ð2:12Þ

The scalar fields φðnÞ with (n ≥ 1) can be absorbed by the

fields BðnÞ
μ , which are interpreted as (axial) vector meson

fields, with masses mn ¼
ffiffiffiffiffi
λn

p
MKK determined by the

eigenvalue equation for the normalizable modes (2.11).

1Note that in (2.6) one uses the Minkowski metric ημν, in the
mostly plus convention, to contract the four-dimensional space-
time indices.
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The lightest vector mesons, identified with the rho and
omega mesons, have mρ ¼ m1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.669314

p
MKK, with

the traditional value [42,43] of MKK ¼ 949 MeV corre-
sponding to mρ ¼ 776.4 MeV.
The remaining field φð0Þ is identified as the multiplet of

massless pion fields produced by chiral symmetry break-
ing, which is realized geometrically by D8 and D8-branes

joining at z ¼ 0, with the UðNfÞ-valued Goldstone boson
field given by the holonomy

UðxÞ ¼ eiΠ
aðxÞλa=fπ ¼ P exp i

Z
∞

−∞
dzAzðz; xÞ; ð2:13Þ

where λa ¼ 2Ta are Gell-Mann matrices including
λ0 ¼ ffiffiffiffiffiffiffiffiffiffiffi

2=Nf

p
1. For Nf ¼ 3 we have

ΠðxÞ≡ ΠaðxÞTa ¼ 1

2

0
B@

π0 þ η8=
ffiffiffi
3

p þ η0
ffiffiffiffiffiffiffiffi
2=3

p ffiffiffi
2

p
πþ

ffiffiffi
2

p
Kþ

ffiffiffi
2

p
π− −π0 þ η8=

ffiffiffi
3

p þ η0
ffiffiffiffiffiffiffiffi
2=3

p ffiffiffi
2

p
K0

ffiffiffi
2

p
K−

ffiffiffi
2

p
K̄0 −2η8=

ffiffiffi
3

p þ η0
ffiffiffiffiffiffiffiffi
2=3

p

1
CA: ð2:14Þ

The pion decay constant is determined by

f2π ¼
λNcM2

KK

54π4
; ð2:15Þ

with the choice fπ ≈ 92.4 MeV one obtains λ ≈ 16.63.
Following [45], we shall also consider the smaller value
λ ≈ 12.55 obtained by matching the large-Nc lattice result
for the string tension obtained in Ref. [58] (resulting in
fπ ≈ 80.3 MeV). A smaller ’t Hooft coupling has also been
argued for in Ref. [59] from studies of the spectrum of
higher-spin mesons in the WSS model. The downward
variation of λ ≈ 16.63…12.55 will thus be used as an
estimate of the variability of the predictions of this model.

A. Pseudoscalar masses

In the WSS model, the Uð1ÞA flavor symmetry is broken
by an anomalous contribution of order 1=Nc due to the C1

Ramond-Ramond field, which gives rise to a Witten-
Veneziano [60,61] mass term for the singlet η0 pseudo-
scalar with [42]

m2
0 ¼

2Nf

f2π
χg ¼

Nf

27π2Nc
λ2M2

KK; ð2:16Þ

where χg is the topological susceptibility.
For Nf ¼ Nc ¼ 3, one has m0 ¼ 967…730 MeV for

λ ¼ 16.63…12.55, which is indeed a phenomenologically
interesting ballpark when finite quark masses are added to
the model by the addition of an effective Lagrangian

LM
m ∝ TrðMUðxÞ þ H:c:Þ;

M ¼ diagðmu;md;msÞ: ð2:17Þ

This deformation can be generated by either worldsheet
instantons [62,63] or nonnormalizable modes of bifunda-
mental fields corresponding to open-string tachyons
[64–67]. Assuming for simplicity isospin symmetry,
mu ¼ md ¼ m̂, this leads to masses [47]

m2
η;η0 ¼

1

2
m2

0 þm2
K

∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

0

4
−
1

3
m2

0ðm2
K −m2

πÞ þ ðm2
K −m2

πÞ2
r

ð2:18Þ

for the mass eigenstates

η ¼ η8 cos θP − η0 sin θP;

η0 ¼ η8 sin θP þ η0 cos θP; ð2:19Þ

with mixing angle

θP ¼ 1

2
arctan

2
ffiffiffi
2

p

1 − 3
2
m2

0=ðm2
K −m2

πÞ
: ð2:20Þ

Using m2
π ¼ m2

π0 ≈ ð135 MeVÞ2 and

m2
K ¼ 1

2
ðm2

K� þm2
K0
Þ − 1

2
ðm2

π� −m2
π0Þ ≈ ð495 MeVÞ2

ð2:21Þ

as isospin symmetric parameters, the WSS result m0 ≈
967…730 MeV for λ ¼ 16.63…12.55 leads to θP≈
−14°…− 24° and mη≈ 520…470, mη0 ≈1080…890MeV.
In the following we shall consider this range of mixing
angles in conjunction with the variation of λ, but we shall
fixmη andmη0 to their experimental values when evaluating
phase space integrals. In the radiative decay rates consid-
ered below, the explicit quark masses will not modify the
(chiral) results for the couplings; they only appear in phase
space factors.

B. Hadronic vector and axial vector meson decays

Vertices for the hadronic decays of vector and axial
vector meson involving pseudoscalar mesons are contained
in the second term of the DBI action (2.6). For the ρmeson,
this contains the term (with indices restricted to the first two
quark flavors)
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Lρππ ¼ −gρππεabcð∂μπaÞρbμπc;

gρππ ¼
Z

dz
1

πK
ψ1 ¼ 33.98λ−

1
2N

−1
2

c ; ð2:22Þ

yielding Γρ→ππ ¼ 98.0…130 MeV for λ ¼ 16.63…12.55,
which somewhat underestimates the experimental result
of ≈150 MeV.
There is also a vertex involving one vector, one axial

vector, and one pseudoscalar meson, which for the ground-
state isotriplet mesons reads

La1ρπ ¼ ga1ρπεabca
a
μρ

bμπc;

ga1ρπ ¼ 2MKK

ffiffiffi
κ

π

r Z
dzψ 0

2ψ1 ¼ −34.43λ−1
2N

−1
2

c MKK:

ð2:23Þ

In the WSS model, the predicted mass of the a1 meson,
1186.5 MeV, is rather close to the experimental result [68]
of 1230(40) MeV. The predicted width for a1 → ρπ
(already studied in [43]) is 425…563 MeV, which is
within the experimental result for the total width of
250…600 MeV [average value 420(35) MeV], but accord-
ing to [69] only 60% of the three-pion decays are due to
S-wave ρπ decays, whereas the latter saturate the hadronic
decays in the WSS model.
For the light quark flavors, these results for the decay

rates of ρ and a1 seem to indicate that the WSS model is
working quite well. When the mass of the strange quark is
included, a shortcoming of the model, which is shared by
many bottom-up holographic QCD models (see e.g. [70]),
is that the ϕmeson remains degenerate with ρ and ω. In the
following we shall nevertheless also consider K� and ϕ
mesons by simply raising their masses in the resulting phase
space factors while keeping their vertices such as gK�Kπ ¼
gϕKK ¼ gρππ unchanged. The resulting widths, ΓðK� →
KπÞ ¼ 28…37 MeV and Γðϕ→KK̄Þ¼2.12…2.82MeV,
are between 40% and 20% too small. These deviations are at
least not dramatically larger than the one for the ρ width,
which amounts to 33%…12%; all appear to remain in the
range to be expected for a large-N approach.

III. RADIATIVE MESON DECAYS

Before considering radiative decays of the experimen-
tally elusive glueballs, we shall evaluate the predictions of
the WSS model with nonzero quark masses for radiative
decay widths of regular mesons and compare with exper-
imental data as far as available. As discussed extensively in
the second paper of Sakai and Sugimoto [43], holographic
QCD models naturally provide a realization of vector
meson dominance [71–74] involving an infinite tower of

vector mesons. There it was already observed that the chiral
WSS model yields a result for Γðω → π0γÞ which is
roughly consistent with the experimental value. In the
following we shall recapitulate the results of [43] and
extend them to the WSS model including quark masses and
the Witten-Veneziano mass term.

A. Vector meson dominance

According to the holographic principle, non-normalizable
modes are interpreted as external sources. This permits one
to study electromagnetic interactions to leading order by
setting asymptotic values of the gauge field Aμ on the
D8-branes according to [43]

lim
z→�∞

Aμðx; zÞ ¼ AL;RμðxÞ ¼ eQAem
μ ðxÞ; ð3:1Þ

where e is the electromagnetic coupling constant and Q is
the electric charge matrix, given as

Q ¼ 1

3

0
B@

2

−1
−1

1
CA ð3:2Þ

for the Nf ¼ 3 case. The ansatz (2.8) changes to

Aμðxμ; zÞ ¼ ALμðxμÞψþðzÞ þ ARμðxμÞψ−ðzÞ

þ
X∞
n¼1

vnμðxμÞψnðzÞ; ð3:3Þ

with the functions ψ�ðzÞ defined as

ψ�ðzÞ≡ 1

2
ð1� ψ0ðzÞÞ; ψ0ðzÞ≡ 2

π
arctan z: ð3:4Þ

They satisfy (2.11) as non-normalizable zero modes,
because ∂zψ�ðzÞ ∝ ϕ0ðzÞ ∝ 1=KðzÞ.
To distinguish between vector and axial-vector fields we

introduce the notation

Vμ ≡ 1

2
ðALμ þ ARμÞ; Aμ ≡ 1

2
ðALμ − ARμÞ;

vnμ ≡ Bð2n−1Þ
μ ; anμ ≡ Bð2nÞ

μ ; ð3:5Þ

so that

Aμðxμ; zÞ ¼ VμðxμÞ þAμðxμÞψ0ðzÞ

þ
X∞
n¼1

vnμðxμÞψ2n−1ðzÞ þ
X∞
n¼1

anμðxμÞψ2nðzÞ:

ð3:6Þ
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The first term in (2.6) can then be expanded as

κ

2

Z
dzK−1=3F2

μν ¼
aVV
2

trð∂μVν − ∂νVμÞ2 þ
aAA

2
trð∂μAν − ∂νAμÞ2 þ

1

2
trð∂μvnν − ∂νvnμÞ2 þ

1

2
trð∂μanν − ∂νanμÞ2

þ aVvn trðð∂μVν − ∂νVμÞð∂μvnν − ∂νvnμÞÞ þ aAanðð∂μAν − ∂νAμÞð∂μanν − ∂νanμÞÞ
þ ðinteraction termsÞ; ð3:7Þ

with coupling constants

aVvn ¼ κ

Z
dzK−1=3ψ2n−1; aVV ¼ κ

Z
dzK−1=3;

aAan ¼ κ

Z
dzK−1=3ψ2nψ0; aAA ¼ κ

Z
dzK−1=3ψ2

0; ð3:8Þ

mixing the photon field V with every vector meson vn. The
coefficients aVV and aAA are divergent, since the external
fields correspond to non-normalizable modes in the radial
direction, and need to be renormalized to canonical values.
The photon field V does not appear in the interaction terms
of this model and can only couple via the mixing (3.8), fully
realizing VMD. Alternatively, it is possible to perform a
field redefinition to diagonalize the action and to get rid of
the mixing terms, thus producing new interaction terms
coupling mesons to photons.

B. Radiative decays of pseudoscalars
and vector mesons

The relevant vertices for radiative decays of pseudosca-
lars and (axial) vector mesons come from the Chern-
Simons term

SCS ⊃ T8

Z
trðexp ð2πα0F2 þ B2Þ ∧ C3Þ

⊃
Nc

96π2
ϵμνρσz

Z
trð3AzFμνFρσ − 4Aμ∂zAνFρσÞ; ð3:9Þ

where we have used partial integration.
Inserting the mode expansion (3.6) and integrating over

the radial coordinate we obtain for the interaction term
involving two vectors and one pseudoscalar

LΠvmvn ¼
Nc

4π2fπ
cvnvmϵμνρσtrðΠ∂μvnν∂ρvmσ Þ; ð3:10Þ

with coupling constants

cvnvm ¼ 1

π

Z
dzK−1ψ2n−1ψ2m−1 ¼

�
1350.83
λNc

;…

�
ð3:11Þ

as studied in [43], where numerical results for the coef-
ficients beyond cv1v1 given above can be found.

1. Vector meson 1γ-decays

Using VMD, we can calculate the interaction term for the
radiative decay of a vector meson into a pseudoscalar and
one photon as

LΠVvn ¼
Nc

4π2fπ
cVvnϵμνρσtrðΠ∂μvnν∂ρVσ þ Π∂μVν∂ρvnσÞ;

ð3:12Þ

with coupling

cVvn ¼
X
m

cvnvmaVvm ¼ 1

π

Z
dzK−1ψ2n−1

¼ f33.9839;…gðNcλÞ−1=2; ð3:13Þ

where we have used the completeness relation (2.10) to
eliminate the summed-over modes.
Performing the polarization sums we get

jMðvn→ΠVÞj2 ¼
X
ðvnÞ

X
ðVÞ

1

3
ϵðv

nÞ
μ ϵðv

nÞ�
ν ϵðVÞρ ϵðVÞ�σ

×Mμρ
ðΠvnVÞM

νσ�
ðΠvnVÞ

¼ c2Vvne
2N2

c

96π4f2π
ðtrðTΠTvnQÞ þ trðTΠQTvnÞÞ2

× ðm2
Π −m2

vnÞ2:

The partial width then reads

Γvn→Πγ ¼
1

8π
jMðvn→ΠVÞj2

jpvj
m2

v
: ð3:14Þ

2. Pseudoscalar meson 2γ-decays

Employing VMD a second time, we can derive the
interaction term for a decay of a pseudoscalar meson in two
photons
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LΠVV ¼ −
Nc

4π2fπ
cVVϵμνρσtrðΠ∂μVν∂ρVσÞ; ð3:15Þ

where the sum over the entire tower of vector mesons yields

cVV ¼
X
m

cVvmaVvm ¼ 1

π

Z
dzK−1 ¼ 1; ð3:16Þ

leading to the standard result

ΓΠ→γγ ¼
1

8π
jMðΠ→VVÞj2

jpγj
m2

Π

1

2
ð3:17Þ

with

jMðΠ→VVÞj2 ¼
e4N2

c

4π4f2π
ðtrðTΠQ2ÞÞ2m4

Π: ð3:18Þ

The numeric results for the various radiative decays
involving one pseudoscalar and two vector particles are
summarized in Table I for λ ¼ 16.63…12.55. As men-
tioned above, λ ¼ 16.63 is the traditional [42,43] value
matching fπ ¼ 92.4 MeV, whereas λ ¼ 12.55 is an alter-
native choice matching the large-N string tension at the
expense of fπ . The decay rate for π0 is therefore close to
the experimental value only for the first value of λ, but the

partial widths of the decays ρ and ω into πγ are reproduced
by an intermediate value of λ.
In processes involving η and η0, we have used the

pseudoscalar mixing angle following from (2.20), which
varies as θP ≈ −14°… − 24° when λ ¼ 16.63…12.55,
which enters the flavor matrix TΠ in (3.18). Here the
dependence on λ is nonmonotonic, because also fπ in the
prefactor depends on λ; Table I also gives the extremal
values attained at intermediate values of λ.
The vector couplings in the WSS model augmented by

quark masses according to (2.17) are flavor-symmetric, but
we distinguish ϕ and ω mesons through their experimental
masses. The undetermined mixing of ϕ and ω could be
fixed by fitting for example the small ratio of the widths for
their decays into π0γ, 5.6=725, which yields a mixing angle
close to ideal mixing, θV ¼ θidealV þ 3.32°, as in [76].
However, here and in the following we shall assume
completely ideal mixing for simplicity, which eliminates
ϕ → πγ but does not change the other partial widths of ϕ
significantly. This gives generally good results for decays
involving ω, but larger discrepancies with experiment for ϕ
mesons irrespective of the precise value of θV .

2 Note that
the standard value of MKK ¼ 949 MeV, which we are
using, is chosen such that the ρ mass is reproduced, which
is rather close to the mass of the ω meson, but less suitable
for the ϕ meson.

C. Radiative axial-vector decays

From the five-dimensional CS term (3.9) we can also
extract a term including two vector mesons and one axial-
vector meson

Lvmvnap ¼ −
Nc

4π2
dvmvnapϵμνρσtrðvmμ apν ∂ρvnσÞ; ð3:19Þ

with

dvmvnap ¼
Z

dzψ2m−1ψ
0
2n−1ψ2p; ð3:20Þ

where we again made use of partial integration.
As noted already in [43] and observed before in other

holographic models [77–79] as well as in the hidden local
symmetry approach of [80], the vertex for the decay of an
axial vector meson into a pseudoscalar and a photon, which
would have to come from the DBI part of the action,
vanishes,3 even though there is a nonvanishing vertex for
a�1 → π�ρ0, see (2.23). But the corresponding coupling for
an on-shell photon is obtained by replacing ψ1 therein by a
unity, leading to

TABLE I. Results for various radiative decay widths of pseu-
doscalar and vector mesons involving vector and pseudoscalar
mesons, with ’t Hooft coupling λ ¼ 16.63…12.55 (λ ¼ 16.63 is
the traditional [42,43] value matching fπ ¼ 92.4 MeV; λ ¼
12.55 an alternative choice matching the large-N string tension
at the expense of fπ). For nonmonotonic dependence on λ
intermediate extremal values are also given. Ideal mixing is
assumed for ω and ϕ, fixing the WSS result for ϕ → π0γ to zero.
Experimental results are from the PDG [68] except for the π0

width, which is from [75].

Γexp :½keV� ΓWSS½keV�
π0 → 2γ 0.00780(12) 0.00773…0.0102
η → 2γ 0.515(18) 0.480…0.978
η0 → 2γ 4.34(14) 5.72…5.87…5.75

ρ0 → π0γ 70(12) 56.2…98.6
ρ� → π�γ 68(7) 56.2…98.6
ρ0 → ηγ 45(3) 40.3…90.5
ω → π0γ 725(34) 521…915
ω → ηγ 3.9(4) 4.87…10.9
η0 → ρ0γ 55.4ð1.9Þfit; 68ð7Þav: 54.1…59.2…58.5
η0 → ωγ 4.74ð20Þfit; 5.8ð7Þav: 5.37…5.89…5.81
ϕ → π0γ 5.6(2) 0
ϕ → ηγ 55.3(1.2) 84.7…92.8…91.6
ϕ → η0γ 0.264(10) 0.525…1.18
K�0 → K0γ 116(10) 124…218
K�� → K�γ 50(5) 31.0…54.5

2With a ϕ − ω mixing angle of 3.32° above ideal mixing [76],
we would have ΓWSSðϕ → πγÞ ¼ 4…7 keV, consistent with
experiment; the result for ω → ηγ would be somewhat closer
to the experimental value, but the one for η0 → ωγ further off.

3In the hidden local symmetry approach, a1 → πγ has been
included by adding higher-derivative terms to the action [81].
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ga1πV ¼ 2MKK

ffiffiffi
κ

π

r Z
dzψ 0

2 ¼ 0; ð3:21Þ

implying a cancellation between the contribution from the
lowest vector meson and the remaining tower. Indeed, the
experimental result for a�1 → π�γ is much smaller than
expected from naive VMD [82].

1. Axial-vector 1γ decays

Employing VMD once we obtain for the interaction
between one axial vector meson, one vector meson and one
photon

LVvnap ¼ −
Nc

4π2
dVvnapϵμνρσtrðvnμapν ∂ρVσÞ; ð3:22Þ

with

dVvnap ¼
Z

dzψ 0
2n−1ψ2p ¼ f−2497.14;…gN−1

c λ−1;

ð3:23Þ

where we had to sum over the radial mode without the
derivative to get a nonvanishing result since the bulk-to-
boundary propagator associated to an on-shell photon is
constant. The amplitudes for the decay a → vV for the
different combinations of polarizations read

jMap→vnV
−101 j ¼ dVvnapðm2

ap −m2
vnÞNc

8mvnπ
2

trðeQTapTvnÞ;

jMap→vnV
−110 j ¼ dVvnapðm2

ap −m2
vnÞNc

8mapπ
2

trðeQTapTvnÞ; ð3:24Þ

which yields

jMap→vnV j2 ¼
1

3
ð2jMap→vnV

−101 j2 þ 2jMap→vnV
−110 j2Þ

¼ d2Vvnapðm2
ap −m2

vnÞ2ðm2
ap þm2

vnÞN2
c

96π4m2
apm

2
vn

× ðtrðeQTapTvnÞÞ2: ð3:25Þ

The decay width is given by

Γap→vnγ ¼
1

8π
jMap→vnV j2

jpV j
m2

ap
; ð3:26Þ

and the numerical results are listed in Table II.
The PDG [68] gives experimental results only for the f1

mesons, which in the WSS model have the same mass as
the a1 meson. Besides extrapolating to their experimental
masses we consider also two possible values (motivated
below) for the mixing angle for the f1 and f01 mesons using
the convention

jf1ð1285Þi ¼ cos θfjn̄ni − sin θfjs̄si;
jf1ð1420Þi ¼ sin θfjn̄ni þ cos θfjs̄si ð3:27Þ

so that ideal mixing corresponds to θf ¼ 0.
In Table II, the ϕ-ω mixing is again assumed to be ideal.

A value a bit above ideal mixing increases somewhat the
branching ratio of ϕγ over ωγ for f1ð1285Þ, while decreas-
ing it for f1ð1420Þ.

2. Axial-vector 2γ decays

As mentioned above, the radial derivative of the bulk-to-
boundary propagator for a photon vanishes for on-shell
photons, which implies that in accordance with the Landau-
Yang theorem at least one photon in the two-photon decay
of an axial vector meson has to be off-shell. Denoting the
virtual photon by v� we have

dVv�ap ¼
Z

dzJ 0ψap ; ð3:28Þ

where we have introduced the (off-shell) bulk-to-boundary
propagator J defined by

ð1þ z2Þ1=3∂z½ð1þ z2Þ∂zJ � ¼ Q2

M2
KK

J : ð3:29Þ

Since we are only interested in the low Q regime we make
the ansatz

J ðQ; zÞ ¼ 1þ Q2

M2
KK

αðzÞ þOðQ4Þ ð3:30Þ

satisfying

ð1þ z2Þ1=3∂z½ð1þ z2Þ∂zα� ¼ 1: ð3:31Þ

With the solution

TABLE II. Radiative axial-vector meson decay with λ ¼
16.63…12.55 and two values of the f1 mixing angle
θf ¼ 20.4°j26.4°. Experimental values are from the PDG [68]
with the exception of the lower values for f1ð1285Þ → ργ, which
are from VES [83]; Zanke et al. [84] propose here an exper-
imental average 950(280) keV.

Γexp½keV� ΓWSS½keV�
a1ð1260Þ → ργ 28.9…50.8
a1ð1260Þ → ωγ 247…434
f1ð1285Þ → ργ 1380(300)…640(240) 295…518j270…473
f1ð1285Þ → ωγ 31.3…54.9j28.6…50.2
f1ð1285Þ → ϕγ 17(7) 2.44…4.29j3.97…6.98
f1ð1420Þ → ργ 73.0…128j119…209
f1ð1420Þ → ωγ 7.80…13.7j12.7…22.3
f1ð1420Þ → ϕγ 164(55) 52.9…92.9j48.3…84.8
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∂zα ¼ z
ð1þ z2Þ 2F1

�
1

3
;
1

2
;
3

2
;−z2

�
ð3:32Þ

we obtain for the relevant coupling constant

dVv�ap ¼
Q2

M2
KK

Z
dzα0ψap þOðQ4Þ

¼ Q2

M2
KK

cVv�ap þOðQ4Þ ð3:33Þ

with

cVv�ap ¼ 101.309N−1=2
c λ−1=2: ð3:34Þ

The decay widths then read

Γðfð1285Þ → γ�LγTÞ ¼
2

3

�
cVv�am2

aNc

8π2M2
KK

�
2 1

8π

jpj
m2

a

×

�
5e2

18
cos θf −

e2

9
ffiffiffi
2

p sin θf

�
2

Q2

þOðQ4Þ;
Γðfð1285Þ → γ�TγTÞ ¼ OðQ6Þ: ð3:35Þ

and

Γðfð1420Þ → γ�LγTÞ ¼
2

3

�
cVv�am2

aNc

8π2M2
KK

�
2 1

8π

jpj
m2

a

�
5e2

18
sin θf

þ e2

9
ffiffiffi
2

p cos θf

�
2

Q2 þOðQ4Þ:

ð3:36Þ

In the literature one usually finds the values for the so-
called equivalent photon rate

Γ̃γγ ¼ lim
Q2→0

m2
a

Q2

1

2
Γða → γ�LγTÞ; ð3:37Þ

which are listed in Table III.
The mixing angle is inferred from

tan2
�
θf − arctan

ffiffiffi
2

p

5

�
¼

�
mf1

mf0
1

�
1þξ Γ̃f0

1
exp

γγ

Γ̃f1 exp
γγ

; ð3:38Þ

where the usual assumption of ξ ¼ 0 leads to θf ¼ 26.4°,
corresponding to the central value of θA ¼ 62ð5Þ° in [84].
However, in the WSS the coupling dVv�ap is proportional to
1=M2

KK, which leads to a scaling of Γ̃γγ with four additional
powers of ma, i.e. ξ ¼ 4, resulting in θf ¼ 20.4°.
In Tables II and III we consider two possible extrapo-

lations to axial vector mesons with realistic masses. In the
first we keep the parameters of the theory unchanged in the

expressions for the couplings and use the measured masses
only in kinematical factors, which leads to ξ ¼ 4 and
θf ¼ 20.4°; in the second we rescale MKK proportional to
mexp

a =mWSS
a such that ξ ¼ 0 and θf ¼ 26.4°.

While the predictions for the equivalent photon rate for
the f1 mesons (shown in Table III) agree well with the
experimental result for the standard choice of λ ¼ 16.63
and θf ¼ 20.4°, the 1γ decay rates are significantly under-
estimated. In contrast to the radiative decays of vector
mesons, lowering λ does not increase the rates sufficiently
to cover the experimental results. Unfortunately no exper-
imental results are available for isotriplet axial vector
mesons, where the WSS model is generally perform-
ing best.

IV. GLUEBALLS IN THE WITTEN-SAKAI-
SUGIMOTO MODEL

Glueballs are realized in the WSS model as fluctuations
of the background in which the probe D8-branes are placed,
where certain superselection rules are applied. In particular
states with odd parity in the extra circle along τ are
discarded, as well as Kaluza-Klein modes of the compact
S1 and S4 subspaces. The resulting glueball spectrum was
discussed in [41], where the lift of (2.1) to 11-dimensional
supergravity is used. In the following we shall consider
scalar, tensor, and pseudoscalar glueballs, for which had-
ronic decays have been worked out in the WSS model in
[44–47,50] and which we review and update in Appendix A
in some detail for the scalar and tensor glueballs.
The lift of a type IIA string-frame metric to 11-dimen-

sional supergravity is given by the relation

ds2 ¼ GMNdxMdxN

¼ e−2ϕ=3gABdxAdxB þ e4ϕ=3ðdx11 þ ABdxBÞ2; ð4:1Þ

with M;N ¼ 0;…10 and A;B ¼ 0;…9, omitting the
eleventh index. By introducing the radial coordinate r
related to U by U ¼ r2

2L, we get the lifted metric

TABLE III. Equivalent photon rates of axial vector mesons for
two values of the f1 mixing angle θf ¼ 20.4°j26.4° [in the latter
case withMKK rescaled such thatma is raised to the experimental
value which reduces ξ in (3.38) to zero]; the range denoted by
dots corresponds again to λ ¼ 16.63…12.55, where only the first
value is matching the axial anomaly exactly. Experimental values
from L3 [85,86], see also [84].

Γ̃exp
γγ ½keV� Γ̃WSS

γγ ½keV�
a1ð1260Þ 1.60…2.12j1.39…1.85

f1ð1285Þ 3.5(8) 3.84…5.09j2.39…3.17
f1ð1420Þ 3.2(9) 3.50…4.64j2.19…2.90
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ds2 ¼ r2

L2
½fðrÞdx24 þ ημνdxμdxν þ dx211�

þ L2

r2
dr2

fðrÞ þ
L2

4
dΩ2

4; ð4:2Þ

and the field strength Fαβγδ ¼ 6
L

ffiffiffiffiffiffi
gS4

p
ϵαβγδ, which are

solutions to the equations of motion following from the
unique supergravity action

2κ211S11 ¼
Z

d11x
ffiffiffiffiffiffiffi
−G

p �
R −

1

2
jF4j2

�

−
1

3!

Z
A3 ∧ F4 ∧ F4: ð4:3Þ

Scalar and tensor glueball modes appear as normalizable
modes of metric fluctuations δG, which translate to
perturbations of the type-IIA string metric and dilaton
through

gμν ¼
r3

L3

��
1þ L2

2r2
δG11;11

�
ημν þ

L2

r2
δGμν

�
;

g44 ¼
r3f
L3

�
1þ L2

2r2
δG11;11 þ

L2

r2f
δG44

�
;

grr ¼
L
rf

�
1þ L2

2r2
δG11;11 þ

r2f
L2

δGrr

�
;

grμ ¼
r
L
δGrμ;

gΩΩ ¼ r
L

�
L
2

�
2
�
1þ L2

2r2
δG11;11

�
;

e4ϕ=3 ¼ r2

L2

�
1þ L2

r2
δG11;11

�
: ð4:4Þ

Inducing these metric fluctuations to the world volume of
the D8-brane system described by the action (2.5),
Ref. [44] calculated interaction vertices of the lightest
scalar glueball with mesons, which was revisited and
extended in [45].
Pseudoscalar, vector, and pseudovector glueballs appear

as fluctuations of the type-IIA form fields; glueballs with
higher spin would need a stringy description beyond the
supergravity approximation [87].

A. Exotic and dilatonic scalar glueballs

Superficially, the emerging glueball spectrum resembles
the one found in lattice calculations (see Fig. 1 in [47]),
containing a lightest scalar glueball with a mass below that
of the tensor glueball, whereas most other holographic
models have the scalar glueball degenerate with the tensor.
This is achieved by an “exotic” polarization of the bulk
metric involving the extra compact dimension (τ) separat-
ing the D8-branes,

δGττ ¼ −
r2

N EL2
fðrÞS4ðrÞGEðxσÞ;

δGμν ¼
r2

N EL2
S4ðrÞ

�
1

4
ημν −

�
1

4
þ 3r6KK
5r6 − 2r6KK

�
∂μ∂ν

M2

�

×GEðxσÞ;

δG11;11 ¼
r2

N E4L2
S4ðrÞGEðxσÞ;

δGrr ¼ −
L2

N Er2fðrÞ
3r6KK

5r6 − 2r6KK
S4ðrÞGEðxσÞ;

δGrμ ¼ δGμr ¼
90r7r6KK

N EM2L2ð5r6 − 2r6KKÞ2
S4ðrÞ∂μGEðxσÞ;

ð4:5Þ

with eigenvalue equation [41]

d
dr

ðr7 − rr6KKÞ
d
dr

S4ðrÞ

þ
�
L4M2

Er
3 þ 432r5r12KK

ð5r6 − 2r6KKÞ2
�
S4ðrÞ ¼ 0: ð4:6Þ

However, withME ¼ 855 MeV its mass is only a bit higher
than that of the ρ meson, whereas the predominantly
dilatonic mode that is the ground state of another tower
of scalar modes with respect to 3þ 1 dimensions is only
a little lighter than the traditional glueball candidates
f0ð1500Þ and f0ð1710Þ. This mode is degenerate with
the tensor mode and involves only metric fluctuations
δG11;11 and δGμν, see (A1).
The exotic scalar glueball, denoted by GE in the

following, turns out [45] to have a relative width Γ=M
that is much higher than that of the predominantly dilatonic
scalar glueball (GD), but only the latter has a Γ=M in the
ballpark of f0ð1500Þ and f0ð1710Þ.
It was therefore proposed in [45] to discard GE from the

spectrum of glueballs of the WSS model as a spurious
mode that perhaps disappears in the inaccessible limit
MKK → ∞, where the supergravity approximation breaks
down. Already in [40] it was speculated that only one of the
two scalar glueball towers might correspond to the glue-
balls in QCD. Since it appears somewhat unnatural that an
excited scalar glueball should have a smaller width than
the ground-state scalar glueball, Ref. [45] preferred the
dilatonic scalar glueball as a candidate for the actual
ground state.
Indeed, the dilatonic scalar glueball turns out to have a

decay pattern that can match surprisingly well the glueball
candidate f0ð1710Þ, in particular when including additional
couplings associated with the quark mass term [46,47].
This may actually apply instead to f0ð1770Þ, which was
proposed originally in [88] as an additional f0 resonance
between 1700 and 1800 MeV and more recently in [24] in
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radiative J=ψ decays, where it appears dominantly as the
most glue-rich resonance.4

The fact that the ratio Γf0→KK̄=Γf0→ππ is significantly
higher for f0ð1710Þ [68] (or for f0ð1770Þ according to
[24]) than expected from a flavor-symmetric glueball
coupling can be attributed to the fact that dilaton fluctua-
tions couple naturally to quark mass terms, similar to, but
more pronounced than, in a model by Ellis and Lanik [89].
There is therefore no need to invoke the previous conjecture
of chiral suppression of scalar glueball decay [48,90,91],
which was questioned in [92].
In the following we shall mainly explore the conse-

quences of this identification of the scalar glueball. In the
radiative decay rates considered here, the explicit quark
masses will however not modify the (chiral) results for the
couplings; they are only included in phase space factors.
We shall however need to make assumptions on how to

extrapolate to realistic glueball masses, which we describe
in more detail below. While the mass of f0ð1710Þ is not too
much above the original mass of GD in the WSS model,
larger extrapolations are required for the tensor and
pseudoscalar glueballs when comparing to the various
glueball candidates or lattice results.
As an alternative scenario, we shall also consider the

option of keeping the exotic scalar glueball modeGE, whose
relative decay width Γ=M is much too large to be identified

with the traditional glueball candidates f0ð1510Þ or
f0ð1710Þ with total width 112(9) MeV and 128(18) MeV,
respectively, see Table IV. It would in fact fit better to the
proposal in [8,24,25] of a relatively broad fragmented
glueball of mass 1865 MeV and a width of 370 MeV that
does not show up as a separate meson but only as admixture
in the mesons f0ð1710Þ, a novel f0ð1770Þ, f0ð2020Þ, and
f0ð2100Þ. Of course, this requires a drastic rise of the original
mass of GE by a factor of over 2, but also the mass of the
tensor mode GT would have to be raised by a factor of 1.6
to match the expectation of mT ∼ 2400 MeV from lattice
QCD; the mass of GD, which would then be identified with
the first excited scalar glueball, would need to be raised
somewhat more, as lattice results point to a mass above
the tensor glueball, from around 2670 MeV [11] to around
3760 MeV [13].

B. Extrapolations to realistic glueball masses

In the WSS model, the masses of glueballs are given by
pure numbers times MKK, which is also the case for the
(axial) vector mesons. However, whenMKK has been fixed
by the mass of the ρ meson, the glueball masses appear to
be too small compared to lattice QCD results.
In order to predict decay rates for different glueball

candidates we manually change the masses of glueball
modes in amplitudes and phase space integrals, which could
be viewed as assuming a different scaleMKK for the glueball
sector. The coupling constants involving glueballs are all
inversely proportional to MKK and we interpret this appear-
ance ofMKK to be tied to the mass scale of glueballs, which
shows up also in their normalization factors N , whereas
explicit appearances ofMKK in theDBI action of theD-brane
are considered as being fixed like the mass of the ρ meson.
When upscaling glueball masses, we have therefore corre-
spondingly reduced the dimensionful glueball-meson/
photon coupling constants. [Without such a rescaling, the
results for all glueball decay rates and the glueball contri-
butions to aμ presented in Sec. Vextrapolated to some mass
MG would be simply larger by a factor ðMG=MWSS

G Þ2.]
We consider this rescaling plausible in that the overlap

integrals of glueball and meson holographic profiles should
become smaller when glueball and meson modes are
separated further in energy. It may well be, however, that
this reduction is only insufficiently accounted for by the
overall change of the mass scale in the glueball coupling
constants; thus our numerical results should be considered
as somewhat rough estimates.

V. RADIATIVE GLUEBALL DECAYS

In the following we shall concentrate on glueball inter-
actions involving vector mesons which through VMD also
give rise to glueball-photon vertices. Other hadronic inter-
actions of glueballs are reviewed in Appendix A.
We shall consider the first three lightest glueball states,

scalar, tensor, and pseudoscalar in turn, choosing the

TABLE IV. Total decay widths of the exotic and the dilatonic
scalar glueball GE and GD with original masses of 855 and
1487 MeV, respectively, and also with extrapolations to the
masses of the glueball candidates f0ð1510Þ or f0ð1710Þ and the
fragmented glueball of [8,24,25], for two choices of the extra
coupling parameter x associated with the quark mass term as
defined in [47]. The range of results corresponds again to
λ ¼ 16.63…12.55. In addition to the two-body decays reviewed
in Appendix A, the decays GD → ρππ → 4π which interfere
destructively with GD → ρρ → 4π have been taken into account
here.

ME Γx¼0
GE

½MeV� Γx¼1
GE

½MeV�
855 72…96 85…113
1506 286…383 430…570
1712 351…469 483…640
1865 398…530 521…691

MD Γx¼0
GD

½MeV� Γx¼1
GD

½MeV�
1487 19…26 80…106
1506 19…27 80…106
1712 88…113 139…180
1865 151…197 198…259

4The next (2023) update of the PDG [68] will in fact
include f0ð1770Þ as a separate resonance (C. Amsler, private
communication).
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dominantly dilatonic scalar glueball over the exotic scalar
glueball, since the former has been found to match remark-
ably well to the decay pattern of the glueball candidate
f0ð1710Þ. The more unwieldy results for the exotic scalar
glueball are worked out in Appendixes A and B.

A. Dilatonic scalar glueball decays

Inducing the fluctuation (A1) in the D8-brane action
(2.5) we obtain the interaction terms of the dilatonic scalar
glueball with two vector mesons as

LGDvmvn ¼ tr
Z

d4xðdmn
3 ηρσFm

μρFn
νσ þ dmn

2 M2
KKv

m
μ vnνÞ

×

�
ημν −

∂
μ
∂
ν

□

�
GD; ð5:1Þ

where the coupling constants are given by

dmn
2 ¼ κ

Z
dzKψ 0

2n−1ψ
0
2m−1HD ¼ f4.3714;…g 1

λ
1
2NcMKK

;

dmn
3 ¼ κ

Z
dzK−1=3ψ2n−1ψ2m−1HD

¼ f18.873;…g 1

λ
1
2NcMKK

: ð5:2Þ

Restricting to the ground-state vector mesons
(m ¼ n ¼ 1), the amplitudes for the decay of the dilatonic
scalar glueball into vector mesons with transverse and
longitudinal polarizations read

jMðGD→v1v1Þ
T j ¼

�
d113

�
2m2

v1 −
3M2

D

4

�
− d112 M2

KK

�
;

jMðGD→v1v1Þ
L j ¼

�
d112 M2

DM
2
KK

4m2
v1

þ d113 m2
v1

�
; ð5:3Þ

in terms of which the partial decay width is given by

ΓGD→v1;av1;b ¼
1

S
ð2jMðGD→v1v1Þ

T j2 þ jMðGD→v1v1Þ
L j2Þ jpv1 j

8πM2
D
;

ð5:4Þ

where S equals 2 for identical particles (a ¼ b) and 1
otherwise.
In the narrow-resonance approximation, this vanishes for

the WSS model mass MD ¼ 1487 MeV, which is below
the threshold of two ρ mesons. However, when MD is
manually adjusted to the mass of f0ð1710Þ, which we
assume as 1712 MeV (the average of the T-matrix pole
results of [93,94]), the decay GD → ρρ becomes the largest
channel, exceeding even the dominant pseudoscalar chan-
nel GD → KK (see Appendix A, Table VIII).
As discussed in [45], the holographic prediction for the

total rate GD → 4π is somewhat reduced by a destructive
interference fromGD → ρππ, rendering the partial width of

GD → 4π similar to and slightly less than GD → KK [46].
Remarkably, data from radiative J=ψ decays [95] for
f0ð1740Þ (or f0ð1770Þ in [24]) seem to be fairly consistent
with this result.

1. Dilatonic scalar glueball 1γ decays

From the interaction terms (5.1) we can also derive the
interactions including photons by using VMD. Replacing
one vector meson by a photon we find

LGDVvm ¼ 2dmV
3 ηρσtrðFm

μρFV
νσÞ

�
ημν −

∂
μ
∂
ν

□

�
GD; ð5:5Þ

with

dmV
3 ≡ κ

Z
dzK−1=3ψ2m−1HD

¼ f0.46895;…g 1

MKK
ffiffiffiffiffiffi
Nc

p : ð5:6Þ

The other coupling dmV
2 vanishes for an on-shell photon,

since at zero virtuality its radial mode is constant and drops
out in the replacement ψ 0 → J 0 ¼ 0.
In radiative decays, only the transverse amplitude

remains, which reads

jMðGD→VvmÞ
T j ¼ dmV

3 ðm4
v − 4m2

vM2
D þ 3M4

DÞ
2M2

D
trðeQTvÞ;

ð5:7Þ
yielding

ΓGD→vmγ ¼ 2jMðGD→VvmÞ
T j2 jpV j

8πM2
D
: ð5:8Þ

The results are displayed in Table V for two mass
parameters corresponding to f0ð1500Þ and f0ð1710Þ,
where ideal mixing was assumed for the ω and ϕ mesons.

TABLE V. Radiative scalar glueball decay with GD identified
alternatively with f0ð1500Þ and f0ð1710Þ with masses 1506 and
1712 MeV, respectively, for λ ¼ 16.63…12.55.

ΓGD
½keV�

f0ð1500Þ → ργ 184
f0ð1500Þ → ωγ 19.9
f0ð1500Þ → ϕγ 14.1
f0ð1500Þ → γγ 1.74…1.32

f0ð1710Þ → ρρ ð53.5…71.0Þ × 103

f0ð1710Þ → ωω ð16.6…22.0Þ × 103

f0ð1710Þ → ργ 276
f0ð1710Þ → ωγ 30.1
f0ð1710Þ → ϕγ 29.4
f0ð1710Þ → γγ 1.98…1.50
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The latter implies that ργ and ωγ decay rates are very close
to the ratio 9∶1. The ratio of decay rates ϕγ and ωγ, which
would be 2∶1 with equal masses, is, however, significantly
reduced by the larger ϕ mass.5

2. Dilatonic scalar glueball 2γ decays

Replacing the second vector meson by a photon by
means of VMD, we obtain the 2γ interactions

LGDVV ¼ dVV3 ηρσtrðFV
μρFV

νσÞ
�
ημν −

∂
μ
∂
ν

□

�
GD; ð5:9Þ

with

dVV3 ≡ κ

Z
dzK−1=3HD ¼ 0.0130195λ1=2M−1

KK ð5:10Þ

which gives

jMðGD→VVÞ
T j ¼ 3

2
dVV3 M2

Dtrðe2Q2Þ: ð5:11Þ

The resulting width

ΓGD→γγ ¼
1

8π
jMðGD→VVÞ

T j2 jpV j
M2

D
ð5:12Þ

is again displayed in Table V for the two mass parameters
corresponding to f0ð1500Þ and f0ð1710Þ, which in both
cases is above 1 keV.
This is larger than the old prediction by Kada et al. [53],

but an order ofmagnitude smaller than theVMDbased result
of Cotanch and Williams [54], who obtained 15.1 keV for a
scalar glueball with mass 1700 MeV after correcting their
previous result of 2.6keVin [96] (note that the corresponding
preprint has erroneously 2.6 eV instead). Also all other
radiative decay rates obtained in [53] are about an order of
magnitude larger than ours (not uniformly so, however, but
varying between a factor of 7 to 26, thereby deviating from
the ratios discussed at the end of Sec. VA 1).
On the other hand, the two-vector meson decay rates

obtained in [96] (44.4 MeV for ρρ and 34.6 MeV for ωω)
are not very far from our results. In fact, our holographic
prediction for f0ð1710Þ → ωωwith f0ð1710Þ as a (predomi-
nantly dilaton) glueball appears to be in the right ballpark
considering the measured branching ratios of radia-
tive J=ψ decays in γf0ð1710Þ → γKK̄ and γf0ð1710Þ→
γωω [68] [which according to [24]maybe insteadf0ð1770Þ].
The PDG [68] quotes two results for BðKK̄Þ: a BNL
measurement [97] from 1986 with BðKK̄Þ ¼ 0.38þ0.09

−0.19

and a phenomenological analysis [98] concluding 0.36
(12), which both are consistent with theWSS result obtained
in [46] as approximately 0.35.UsingBðKK̄Þ ¼ 0.36ð12Þ and
the total decay width of f0ð1710Þ [68] of 123(18) MeV
lead to a partial decay width for f0ð1710Þ → ωω of about
15(8) MeV, for which the holographic prediction from
GD amounts to 16.6…22.0 MeV.
No experimental results for single-photon decays of

f0ð1710Þ appear to be available, but in [52] the BELLE
Collaboration reports ameasurement of f0ð1710Þ → γγwith
the result ΓγγBðKK̄Þ ¼ 12þ3þ227

−2−8 eV, with the stated con-
clusion that thef0ð1710Þmesonwas unlikely to be a glueball
because of a width larger than that expected (“much less than
1 eV”) for a pure glueball state. However the holographic
prediction for ΓγγBðKK̄Þ ≈ 690…520 eV is 3 − 2σ above
the upper limit of the BELLE result.6 Ironically, the BELLE
result for the two-photon rate appears to be rather too small
for a pure (predominantly dilaton) glueball interpretation of
f0ð1710Þ within the WSS model.7 The central value of the
BELLE result for Γγγ of only a few tens of eV would thus
seem to indicate that VMD does not apply for radiative
decays of f0ð1710Þ.
In Appendix B we also evaluate radiative decays of the

exotic glueball of the WSS model. The two-photon decay
width of GE is considerably smaller than that of GD,
87…65 eV, when the mass of GE is extrapolated to that of
f0ð1710Þ. However, the decay pattern of GE does not fit to
either f0ð1500Þ or f0ð1710Þ when extrapolating to their
masses.

B. Tensor glueball decays

The holographic mode functions associated with tensor
glueballs are reviewed in Appendix A 3 together with the
results of hadronic two-body decays.
Radiative decays of tensor glueballs can be derived from

the interaction terms with two vector mesons, which are
given by

LGTvmvn ¼ tr½t2M2
KKv

m
μ vnνG

μν
T þ t3Fm

μρF
nρ
ν Gμν

T �; ð5:13Þ

with

tmn
2 ¼

Z
dzKψ 0

2m−1ψ
0
2n−1T ¼ 2

ffiffiffi
3

p
dmn
2 ; ð5:14Þ

tmn
3 ¼

Z
dzK−1=3ψ2m−1ψ2n−1T ¼ 2

ffiffiffi
3

p
dmn
3 ; ð5:15Þ

5A more realistic value for the ϕ-ω mixing angle of 3.32°
above ideal mixing [76] increases the partial width for ωγ by
about 17% and decreases the one for ϕγ by about 8.5%. This also
holds true for all the other glueball decay widths below.

6Older upper limits for ΓγγBðKK̄Þ are 480 eV from ARGUS
[99], 200 eV from CELLO [100], and 560 eV from TASSO [101].
(The latter two are quoted by the PDG [68] with lower values,
110 and 280 eV, respectively, corresponding however to the
assumption of helicity 2 which leads to smaller upper limits.)

7Assuming a tensor glueball f2ð1720Þ, [53] predicted
ΓγγBðKK̄Þ ≈ 95 eV.
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and dmn
2;3 as given in (5.2). (Note that due to a different

normalization of the tensor field, the tensor coupling
constants differ from those in [45] by a factor

ffiffiffi
2

p
; all

other glueball coupling constants are defined as in [45].)
The decay rate of a tensor glueball into two vector

mesons reads

ΓGT→vv ¼
1

S

�
t22
120

M4
KK

m4
v
ðM4

G þ 12m2
vM2

G þ 56m4
vÞ

þ 2

3
t2t3M2

KKðM2
G −m2

vÞ

þ t23
10

ðM4
G − 3m2

vM2
G þ 6m4

vÞ
� jpvj
8πM2

G
; ð5:16Þ

where S is again the symmetry factor for identical particles.

1. Tensor glueball 1γ decays

Through VMD (5.13) leads to a coupling of the tensor
glueball with one photon and one vector meson with
interaction Lagrangian

LGTvnV ¼ 2tVn3 Gμν
T ηρσtrðFV

μρFn
νσÞ; ð5:17Þ

with

tVn3 ¼
Z

dzK−1=3ψ2n−1T ¼ 2
ffiffiffi
3

p
dVn3 ð5:18Þ

and dVn3 as given in (5.6).
This yields

ΓGT→vγ ¼
1

15M4
G
ðtrðeQTvÞÞ2ðM2

G −m2
vÞ2ð6M4

G þ 3M2
Gm

2
v

þ 2m4
vÞ

jpvj
8πM2

G
: ð5:19Þ

2. Tensor glueball 2γ decays

Similarly (5.13) leads to

LGTVV ¼ tVV3 Gμν
T ηρσtrðFV

μρFV
νσÞ; ð5:20Þ

with

tVV3 ¼
Z

dzK−1=3T ¼ 2
ffiffiffi
3

p
dVV3 ð5:21Þ

and dVV3 as given in (5.10).
The resulting two-photon decay width of the tensor

glueball is given by

ΓGT→γγ ¼
1

5
½tVV3 M2

Gtrðe2Q2Þ�2 jpγj
8πM2

G
: ð5:22Þ

The resulting partial widths are listed in Table VI for
three values of the mass of the tensor glueball, the
unrealistically small WSS model mass value 1487 MeV
as well as two higher values motivated by pomeron
physics [15]8 and QCD lattice studies [11], respectively,
assuming ideal mixing of ω and ϕ mesons. With
increasing mass of the glueball, the partial decay widths
for ργ, ωγ, and ϕγ gradually approach the ratios 9∶1∶2
for degenerate vector meson masses; again, a more
realistic value of θV changes the ωγ and ϕγ results only
slightly (cf. footnote 5).
The radiative decay widths obtained for the tensor

glueball turn out to be comparable with those for the
dilatonic scalar glueball for equal glueball mass, rising
approximately linear with glueball mass (due to the
rescaling described in Sec. IV B).
Our prediction of the two-photon width of ∼2–3 keV

is significantly larger than the old prediction of Kada
et al. [53] who have values in the range of hundreds of
eV, and also higher than the more recent prediction in
[103], where Γf2ð1950Þ→γγ ¼ 960ð50Þ eV was obtained.
Cotanch and Williams [54], on the other hand, have
also results above 1 keV, ΓGT ð2010Þ→γγ ¼ 1.72 keV and
ΓGT ð2300Þ→γγ ¼ 1.96 keV, by using VMD. Also their
results for single-photon decays are comparable with
ours, even though their results for decays into two vector
mesons are significantly smaller than ours. A particular
point of disagreement is their result for a relatively large

TABLE VI. Radiative tensor glueball decays and decays into
two vector mesons for λ ¼ 16.63…12.55. Besides the pristine
results for the WSS model mass of 1487 MeV, their extrapola-
tions to glueball masses of 2000 and 2400 MeV are given.

ΓGWSS
T

½keV� ΓGT ð2000Þ½keV� ΓGT ð2400Þ½keV�
GT → ρρ ð270…358Þ × 103 ð382…507Þ × 103

GT → ωω ð88.2…117Þ × 103 ð127…169Þ × 103

GT → K�K� ð240…318Þ × 103 ð417…552Þ × 103

GT → ϕϕ ð76.7…102Þ × 103

GT → ργ 260 522 716
GT → ωγ 28.3 57.5 79.1
GT → ϕγ 24.7 81.1 127

GT → γγ 1.84…1.39 2.47…1.86 2.97…2.24

8A candidate for a tensor glueball around 2000 MeV is the
broad resonance f2ð1950Þ, which has recently also been argued
for in [102] on the basis of a chiral hadronic model. The latter
turns out to yield a dominance of the decay modes into two vector
mesons, in qualitative agreement with the WSS model, which in
fact predicts a very broad tensor glueball (see Appendix A 3).
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ωϕ decay mode, which in the WSS model is absent. As
noted in [104], this is possible only by allowing for a
rather strong deviation from the large-Nc limit.

C. Pseudoscalar glueball decays

In the WSS model, the pseudoscalar glueball is repre-
sented by a Ramond-Ramond 1-form field C1, which has a
kinetic mixing with the singlet η0 given by [50]

η0 → η0 þ ζ2GPS ¼ η0 þ 0.01118
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nf=Nc

p
λGPS; ð5:23Þ

with GPS remaining unchanged to leading order inffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nf=Nc

p
(formally treated as a small quantity because

of the probe brane approximation). In contrast to the
conventional mixing scenarios of Refs. [16,105] mass
mixing is absent here, while the mass of the pseudoscalar
glueball is raised by a factor ð1þ ζ22Þ from 1789 MeV to
ð1819.7…1806.5Þ MeV for λ ¼ 16.63…12.55. Lattice
QCD (in the quenched approximation), however, typically
finds values around 2600 MeV, so we also consider the
latter in our extrapolations.9

Through (5.23) the pseudoscalar glueball acquires the
same interactions as η0, and the same form of transition
form factors, only with correspondingly modified coupling
constants. Thus the formulas given in Sec. III B for the
decays of pseudoscalars in vector mesons or photons
remain essentially unchanged, but the higher mass of the
pseudoscalar glueball permits also decays into pairs of
vector mesons.
The resulting interaction Lagrangian reads

LGPSvv=vV=VV ¼ GPSϵ
μνρσtr½kvv1 ∂μvν∂ρvσ

þ 2kvV1 ∂μvν∂ρVσ þ kVV1 ∂μVν∂ρVσ� ð5:24Þ

with10

kv
1v1

1 ¼ 19.6184N−1
c λ−1=2M−1

KK; ð5:25Þ

kv
1V

1 ¼ 0.493557N−1=2
c M−1

KK; ð5:26Þ

kVV1 ¼ 0.0145232λ1=2M−1
KK: ð5:27Þ

The various resulting partial widths are listed in Table VII.
In the WSS model, all other hadronic decay channels of

the pseudoscalar glueball, such as those considered in
[109,110], turn out to be very weak compared to two-
vector-meson decays [50]. The relative strength of the latter

entails correspondingly important radiative decay modes,
and a two-photon partial width in the keV range. Note,
however, that these results have been obtained from the first
term in a formal expansion in

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nf=Nc

p
, which is not a

small parameter in real QCD. It might nevertheless be
meaningful, since the parameter ζ2 in (5.23) is reasonably
small, 0.19…0.14 for λ ¼ 16.63…12.55.

VI. GLUEBALL CONTRIBUTIONS
TO HADRONIC LIGHT-BY-LIGHT

SCATTERING AND THE MUON g− 2
In order to calculate the contribution of the glueball

exchange diagram in the light-by-light scattering ampli-
tude, which enters the muon-photon vertex at two loop
order, the above results for the vertices of a glueball with
two on-shell photons need to be generalized to nonzero
photon virtualities.
In the case of the dilatonic scalar glueball GD, this

involves two interaction terms that are obtained by
replacing vμ in (5.1) by eQAe:m:

μ and the holographic
profile functions ψðzÞ in (5.2) by the bulk-to-boundary
propagator J ðQ; zÞ defined in (3.29), yielding two form
factors,

dVV2 ðQ2
1; Q

2
2Þ≡ κ

Z
dzK∂zJ ðQ1; zÞ∂zJ ðQ2; zÞHDðzÞ;

dVV3 ðQ2
1; Q

2
2Þ≡ κ

Z
dzK−1=3J ðQ1; zÞJ ðQ2; zÞHDðzÞ;

ð6:1Þ

in place of the coupling constants d2 and d3.
The exotic scalar glueball GE has more complicated

interactions with two vector fields, written out in (B1),
with five coupling constants (B2). The latter are gen-
eralized in a completely analogous manner to form

TABLE VII. Radiative pseudoscalar glueball decay and decays
into two vector mesons λ ¼ 16.63…12.55. Besides the WSS
model result for the pseudoscalar mass, MG ¼ 1813� 7 MeV,
an extrapolation to 2600 MeV (motivated by lattice results) is
considered.

ΓGWSS
PS

½keV� ΓGPSð2600Þ½keV�
GPS → ρρ ð36.8…45.0Þ × 103 ð190…248Þ × 103

GPS → ωω ð11.3…13.8Þ × 103 ð62.2…81.3Þ × 103

GPS → ϕϕ ð29.2…38.2Þ × 103

GPS → K�K� ð2.69…1.81Þ × 103 ð188…246Þ × 103

GPS → ργ 272…263 536…528
GPS → ωγ 29.8…28.9 59.2…58.3
GPS → ϕγ 35.6…34.1 95.4…94.0

GPS → γγ 1.75…1.30 2.49…1.86

9Note that historically the pseudoscalar glueball was expected
to be the lightest glueball, with ηð1405Þ a prominent candidate
after ιð1440Þ [106] was split into ηð1405Þ and ηð1475Þ. This is
still occasionally considered a possibility, see for example
[107,108].

10The couplings differ by a factor of 2 from [50] since we use
SU(3) generators Ta ¼ λa=2.
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factors cVVi ðQ2
1; Q

2
2Þ with i ¼ 2; 3; 4, and c̆VVj ðQ2

1; Q
2
2Þ

with j ¼ 2; 3.
Following the notation of [111], the result for the matrix

element of a scalar glueball with two electromagnetic
currents jμemðxÞ can be written in terms of two transition
form factors F S

1;2 defined by

Mμνðp → q1; q2Þ ¼ i
Z

d4xeiq1·xh0jjμemðxÞjνemð0ÞjGSðpÞi

¼ F S
1ðq21; q22Þ
MS

Tμν
1 þ F S

2ðq21; q22Þ
M3

S

Tμν
2

ð6:2Þ

with

Tμν
1 ¼ q1 · q2gμν − qμ2q

ν
1;

Tμν
2 ¼ q21q

2
2g

μν þ q1 · q2q
μ
1q

ν
2 − q21q

μ
2q

ν
2 − q22q

μ
1q

ν
1: ð6:3Þ

For the dilatonic scalar glueball we obtain

FD
1 ¼ −2

dVV3 ðQ2
1;Q

2
2ÞtrQ2

MD
½ðq21 þ q22Þ þ ðq1 · q2Þ þ 2M2

DÞ�

−
dVV2 ðQ2

1;Q
2
2ÞM2

KKtrQ
2

MD
; ð6:4Þ

FD
2 ¼ −2dVV3 ðQ2

1; Q
2
2ÞtrQ2MD þ d2ðQ2

1; Q
2
2ÞM2

KKtrQ
2MD

q21q
2
2

× ½ðq1 · q2Þ þM2
DÞ�; ð6:5Þ

and for the exotic scalar glueball

FE
1 ¼ −2

trQ2

ME

�
cVV3 ðQ2

1; Q
2
2Þððq21 þ q22Þ þ ðq1 · q2Þ þM2

EÞ − c̆VV3 ðQ2
1; Q

2
2ÞM2

E

þ cVV2 ðQ2
1; Q

2
2ÞM2

KK −
3

2
ðcVV4 ðQ2

1; Q
2
2Þ þ cVV4 ðQ2

2; Q
2
1ÞÞ

�
; ð6:6Þ

FE
2 ¼ −2trQ2ME

�
cVV3 ðQ2

1; Q
2
2Þ − cVV2 ðQ2

1; Q
2
2ÞM2

KK
ðq1 · q2Þ
q21q

2
2

þ c̆VV2 ðQ2
1; Q

2
2Þ
M2

EM
2
KK

q21q
2
2

−
3

2
M2

KK
cVV4 ðQ2

1; Q
2
2Þq21 þ cVV4 ðQ2

2; Q
2
1Þq22

q21q
2
2

�
; ð6:7Þ

where q1 · q2 ¼ − 1
2
ðq21 þ q22MD=EÞ and trQ2 ¼ 2=3 for

Nf ¼ 3.
We have used these results to estimate the glueball

contribution to the muon anomalous magnetic moment
aμ ¼ ðg − 2Þμ=2 in a narrow-width approximation by
inserting the above expressions in the two-loop expression
for the muon-photon vertex.
In the scenario where the exotic scalar glueball is

discarded from the spectrum and GD is identified with
the ground-state scalar glueball, we obtain for MD ¼
1506 MeV and MD ¼ 1712 MeV corresponding to the
glueball candidates f0ð1500Þ and f0ð1710Þ

aGDð1506Þ
μ ¼ −1.62 × 10−12;

aGDð1712Þ
μ ¼ −1.01 × 10−12: ð6:8Þ

While the former result is approximately identical to the
unmodified WSS result, since MWSS

D ¼ 1487 MeV, the
latter depends on the specific extrapolations laid out in
Sec. IV B. Had we only raised the mass, it would have been
somewhat larger, −1.35 × 10−12, but in this case the rather
good agreement of the hadronic decay pattern obtained for
GDð1712Þ with the experimental results for the glueball

candidate f0ð1710Þ (or f0ð1770Þ according to [24]) would
have deteriorated.
If the exotic scalar glueball is not discarded from the

spectrum but identified with the ground-state scalar glue-
ball, its mass needs to be raised substantially to match the
predictions from lattice QCD. Its decay pattern and in
particular its large width then does not fit to either f0ð1500Þ
and f0ð1710Þ; it might instead be identified with the broad
“fragmented” glueball Gð1865Þ proposed in [8,24,25].
Raising the mass of GE artificially to this glueball, we
obtain for its aμ contribution

aGEð1865Þ
μ ¼ −0.10 × 10−12; ð6:9Þ

which is an order of magnitude smaller in accordance with
the much smaller two-photon rate of GE. Since in this case
the narrow-width approximation is rather questionable, we
have also considered the spacelike Breit-Wigner function
proposed in [112]. However, this changes the result (6.9)
only by about 2%.
In [112] the authors consider scalar resonances including

f0ð1500Þ, which is assumed to have a sizeable photon
coupling while being a glueball-like state, with a coupling
constant similar to the one obtained for f0ð980Þ, leading to
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Γf0ð1500Þ→γγ ≈ 0.79 keV. The assumed transition form fac-
tors therein yield aμ ¼ −ð1.3…2Þ × 10−12. This is com-
parable to our results, even though the two-photon rate
obtained with GD is about twice as large.
In the WSS model, tensor glueballs have two-photon

decay rates comparable to GD with similar values of
Γγγ=MG. We have not evaluated their contribution to aμ,
but we expect that they will be smaller than those of GD by
some power of the ratio MGT

=MGD
.

We have however evaluated the contribution of
pseudoscalar glueballs, which contribute with a positive
sign. With the WSS model mass of 1789 MeV we find

a
GWSS

PS
μ ¼ 0.39 × 10−12, and when extrapolated to a value

typically found in quenched lattice QCD calculations of
2600 MeV this reduces to

aGPSð2600Þ
μ ¼ 0.19 × 10−12: ð6:10Þ

This is about an order of magnitude smaller than the
pseudoscalar contribution called G=η00 in the bottom-up
holographic model of [113], aη

00
μ ≈ 2 × 10−12. In this more

realistic model, the pseudoscalar glueball mixes not only
with η0 but also with excited ηð0Þ mesons (which are absent
in our simple extension of the WSS model to massive
pseudoscalars).
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APPENDIX A: HADRONIC DECAYS OF THE
SCALAR AND TENSOR GLUEBALLS

In the following we review the hadronic decays of scalar
and tensor glueballs in the WSS model as worked out in
[45–47], including additional subdominant decay channels
neglected therein, in particularG → a1π. The latter has been
emphasized in the phenomenological analysis of [114],
where it was providing the largest partial decay width of a
pure glueball (177 MeV for a glueball mass of 1600 MeV).
While their results for decays of a scalar glueball into two
vector mesons are remarkably compatible with the WSS
result forGD when themass is raised to 1500–1700MeV, the
WSS prediction for G → a1π turns out to be fairly small,
≲1 MeV, in stark contrast to the model of [114].11

We also review the dependence on the so far uncon-
strained extra coupling to be associated with the quark
mass term that we have added to the chiral WSS model
(parametrized by x in Table IV). As discussed in [47], this
correlates the flavor asymmetries in the decay pattern in
two pseudoscalars with the ηη0 partial width. Good agree-
ment of the decay pattern of GD with f0ð1710Þ [or
f0ð1770Þ] is obtained only for small or vanishing ηη0
decay rates. Here a new experimental result has been
published in [116]: Bðf0ð1710Þ → ηη0Þ=Bðf0ð1710Þ →
ππÞ < 1.61 × 10−3, contradicting [24,25] where this ratio
is ∼1 for f0ð1710Þ and ∼0.1 for f0ð1770Þ.

1. Dilatonic scalar glueball

The scalar glueball fluctuation which in [45] is referred
to as (predominantly) dilatonic scalar glueball, reads

δGμν ¼
r2

N DL2
T4ðrÞ

�
ημν −

∂μ∂ν

□

�
GDðxσÞ;

δG11;11 ¼ −3
r2

N DL2
T4ðrÞGDðxσÞ; ðA1Þ

with an undetermined normalization parameterN D. To be a
solution of the Einstein equations, the radial function T4ðrÞ
has to satisfy the differential equation

d
dr

ðr7 − rr6KKÞ
d
dr

T4ðrÞ þ L4M2
Dr

3T4ðrÞ ¼ 0; ðA2Þ

with boundary conditions T4ðrKKÞ ¼ 1 and T 0
4ðrKKÞ ¼ 0,

and therefore is normalizable for a discrete set of mass
eigenvaluesMD. In the following, we will only consider the
lightest mode with MD ¼ 1.567MKK ¼ 1487 MeV.
The kinetic and mass term for GD reads

L4jG2
D
¼ C

Z
dr

3r3T4ðrÞ2
L3N 2

D
GDð□ −M2

DÞGD ðA3Þ

with the constant

C ¼
�
L
2

�
4

Ω4

1

2κ211
ð2πÞ2R4R11: ðA4Þ

The radial integration for the lightest mode yields the
constant

Z
dr

r3T4ðrÞ2
L3

¼ 0.22547½T4ðrKKÞ�2
r4KK
L3

: ðA5Þ

To get a canonically normalized kinetic term

L4jG2
D
¼ 1

2
GDð□ −M2

DÞGD; ðA6Þ

we have to set

11For f0ð1500Þ the experimental value from [115] is 12(5)% of
Γ4π , i.e., ∼7 MeV; for f0ð1710Þ no corresponding experimental
results seem to be available.
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N D ¼ 0.0335879λ
1
2NCMKK: ðA7Þ

Inducing the fluctuation (A1) in the D8-brane action
(2.5) we obtain the derivative coupling of two pseudoscalar
mesons to GD as

LGDΠΠ ¼ d1tr∂μΠ∂νΠ
�
ημν −

∂
μ
∂
ν

□

�
GD ðA8Þ

where

d1 ¼
17.2261ffiffiffi
λ

p
MKKNc

ðA9Þ

(see [45] for further couplings).
Already in the chiral WSS model, a mass term arises for

the singlet component of Π through the Uð1ÞA anomaly
[42]. The latter requires a redefinition of the Ramond-
Ramond 2-form field strength F2 which is associated with a
θ term. The bulk action is thus given by

SC1
¼ −

1

4πð2πlsÞ6
Z

d10x
ffiffiffiffiffiffi
−g

p jF̃2j2; ðA10Þ

where

F̃2 ¼
6πUKK

U4MKK

�
θ þ

ffiffiffiffiffiffiffiffiffi
2Nf

p
fπ

η0

�
dU ∧ dx4; ðA11Þ

from which one obtains the Witten-Veneziano mass as [42]

m2
0 ¼

Nf

27π2Nc
λ2MKK: ðA12Þ

Inducing the metric fluctuations gives rise to an addi-
tional coupling between the scalar glueballs and η0. For the
dilatonic glueball it is given by [46,47]

Lη0 ⊃
3

2
m2

0η
2
0d0GD; ðA13Þ

with (HD ≡ T4=N D)

d0¼ 3U3
KK

Z
∞

UKK

dUHDðUÞU−4 ≈
17.915ffiffiffi
λ

p
NcMKK

: ðA14Þ

Massive quarks can be introduced by worldsheet instan-
tons [62,63,117] or tachyon condensation [65,66,118],
which give

LM
m ∝

Z
d4xTrðMUðxÞ þ H:c:Þ; ðA15Þ

where

UðxÞ ¼ P exp i
Z

dzAzðz; xÞ ¼ eiΠ
aλa=fπ : ðA16Þ

Expanding the mass term with M ¼ diagðm̂; m̂; msÞ
leads to

LM
m ¼ −

1

2
m2

ππ
2
0 −m2

ππ
þπ− −m2

KðK0K̄0 þ KþK−Þ

−
1

2
m2

1η
2
0 −

1

2
m2

8η8 þ
2

ffiffiffi
2

p

3
ðm2

K −m2
πÞη0η8; ðA17Þ

with

m2
π ¼ 2m̂μ; m2

K ¼ ðm̂þmsÞμ;

m2
1 ¼

2

3
m2

K þ 1

3
m2

π; m2
8 ¼

4

3
m2

K −
1

3
m2

π; ðA18Þ

and μ being the overall scale. We also note a sign error in
the η0η8 mixing term in [46]. With

η ¼ η8 cos θP − η0 sin θP; η0 ¼ η8 sin θP þ η0 cos θP;

ðA19Þ

the mass term is diagonalized by

θP ¼ 1

2
arctan

2
ffiffiffi
2

p

1 − 3
2
m2

0=ðm2
K −m2

πÞ
ðA20Þ

leading to

m2
η;η0 ¼

1

2
m2

0 þm2
K

∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

0

4
−
1

3
m2

0ðm2
K −m2

πÞ þ ðm2
K −m2

πÞ2
r

ðA21Þ

for the η and η0 meson, respectively.
As in [46,47], we assume a scalar glueball coupling to

the quark mass terms of the form (correcting a typo in [47])

LGDqq̄ ¼ −3dmGDLM
m ðA22Þ

with dm being of the same order as d0, i.e.

dm ¼ xd0; x ¼ Oð1Þ: ðA23Þ

This leads to a GDηη
0 interaction given by

LGDηη
0 ¼ −

3

2
ð1 − xÞd0 sinð2θPÞm2

0GDηη
0: ðA24Þ

With these modifications we obtain the coupling of the
dilaton glueball to ηη as
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LGDηη ¼
3

2
d0m2

0ð1 − xÞ sin θ2PGDηηþ
3

2
d0xm2

ηGDηη

þ d1
2
∂μη∂νη

�
ημν −

∂
μ
∂
μ

□

�
GD: ðA25Þ

For the coupling to the η0 meson we get cos θ2P instead
of sin θ2P.
The partial decay width for GD decaying into two

identical pseudoscalar mesons becomes

ΓGD→PP ¼ nPd21M
3
D

512π

�
1 − 4

m2
P

M2
D

�
1=2

�
1þ α

m2
P

M2
D

�
2

;

ðA26Þ

where P refers to pions (nP ¼ 3), kaons (nP ¼ 4) or ηð0Þ
(nP ¼ 1) mesons, and

α ¼ 4

�
3
d0
d1

x − 1

�
ðA27Þ

for pions and kaons, and

α ¼ 4

�
3
d0
d1

�
xþ m2

0

m2
P
sin2θPð1 − xÞ

�
− 1

�
ðA28Þ

for ηη, and with the replacement sin θP → cos θP for η0η0.
There is also a trilinear coupling of a dilatonic scalar

glueball with one axial vector and one pseudoscalar meson,
which has been neglected in [45], given by

LGDΠam ¼ −2dm6 MKKtrð∂μΠamν Þ
�
ημν −

∂
μ
∂
ν

□

�
GD; ðA29Þ

with

dm6 ≡
ffiffiffi
κ

π

r Z
dzψ 0

2mHD

¼ f11.768; 7.809; 2.350; :::::g 1

MKKNc

ffiffiffi
λ

p : ðA30Þ

Restricting ourselves to two-body decays, for which the
relevant vertices for vector mesons are given in Sec. VA, the
resulting partial decay widths are collected in Table VIII.

2. Exotic scalar glueball

The lighter exotic scalar glueball fluctuation with mass
ME ¼ 0.901MKK ¼ 855 MeV, which we have discarded
from the spectrum when identifying the dilatonic scalar
glueball with the ground-state glueball of QCD, is given by
(4.5) with eigenvalue equation (4.6). This mode involves the
metric component hττ, which has no analogue in other
holographic QCD models, and has therefore been termed
“exotic” in [40]. Its canonical normalization is obtained from

L4jG2
E
¼ C

Z
dr

r3S4ðrÞ2
2L3N 2

E

5

8
GEð□ −M2

EÞGE

¼ 1

2
GEð□ −M2

EÞGE; ðA31Þ

with
Z

dr
r3S4ðrÞ2

L3
¼ 0.09183½S4ðrKKÞ�2

r4KK
L3

ðA32Þ

and

N E ¼ 0.008751λ
1
2NCMKK: ðA33Þ

Derivative couplings of pseudoscalars toGE are given by

LGE
⊃ −tr

�
c1

�
∂μΠ∂νΠ

∂
μ
∂
ν

M2
E
GE þ

1

2
ð∂μΠÞ2

�
1−

□

M2
E

�
GE

�

þ c̆1∂μΠ∂μΠGE

�
ðA34Þ

with c1 and c̆1 as in [45].

TABLE VIII. Hadronic two-body decays of the dilatonic scalar glueball GD with WSS model mass and extrapolated to the masses of
f0ð1500Þ, f0ð1710Þ, and M ¼ 1865 MeV, for λ ¼ 16.63…12.55. In decays into two pseudoscalar mesons, the two sets of values
correspond to x ¼ 0 and x ¼ 1 in the coupling to the quark mass term (A22).

ΓWSS
GD

½MeV� ΓGDð1506Þ½MeV� ΓGDð1712Þ½MeV� ΓGDð1865Þ½MeV�
GD → ππ 12.4…16.5j15.2…20.1 12.6…16.7j15.4…20.4 14.6…19.3j17.0…22.5 16.1…21.3j18.3…24.2
GD → KK 4.16…5.51j50.5…67.0 4.43…5.87j50.4…66.8 7.49…9.93j49.4…65.4 9.87…13.1j48.8…64.7
GD → ηη 1.85…3.71j14.1…18.7 1.93…3.82j14.1…18.7 2.77…4.96j13.9…18.4 3.38…5.75j13.7…18.1
GD → ηη0 0.29…0.30j0 4.35…4.54j0 4.19…4.38j0
GD → a1π 0.14…0.18 0.17…0.23 0.66…0.87 1.08…1.43
GD → ρρ 53.5…71.0 90.1…119
GD → ωω 16.6…22.0 28.7…38.1
GD → K�K� 42.6…56.4

Sum 18.6…25.9j79.9…106 19.4…26.9j80.0…106 100…133j151…200 196…260j243…322

RADIATIVE MESON AND GLUEBALL DECAYS IN THE WITTEN- … PHYS. REV. D 107, 114020 (2023)

114020-19



In the Witten-Veneziano mass term for η20, inducing the
metric fluctuations leads to additional couplings between
the scalar glueballs and η0. For the exotic scalar glueball it
is given by

Lη0 ⊃ −
5

2
m2

0η
2
0c̆0GE; ðA35Þ

with (HE ≡ S4=N E)

c̆0 ¼
3

4
U3

KK

Z
∞

UKK

dUHEðUÞU−4 ≈
15.829ffiffiffi
λ

p
NcMKK

ðA36Þ

as previously studied in [47].
Assuming the coupling of the exotic scalar glueball to

quark masses to be of the form

LGEqq̄ ¼ 5c̆mGELM
m ðA37Þ

with c̆m being of the same order as c̆0, i.e.

c̆m ¼ xc̆0; x ¼ Oð1Þ; ðA38Þ
we get

LGEηη
0 ¼ 5

2
ð1 − xÞc̆0 sinð2θPÞm2

0GEηη
0: ðA39Þ

All together we obtain the coupling of the exotic scalar
glueball to ηη as

LGEηη ¼
5

2
c̆0m2

0ðx − 1Þ sin θ2PGEηη −
5

2
c̆0xm2

ηGEηη

−
c1
2
∂μη∂νη

�
1

2
ημν

�
1 −

□

M2
E

�
þ ∂

μ
∂
ν

M2
E

�
GE

−
c̆1
2
∂μη∂

μηGE: ðA40Þ

For pions and kaons we have

jMGE→PPj ¼
1

4
j20c̆0m2

Pxþ 2c̆1ðM2
E − 2m2

PÞ þ c1M2
Ej
ðA41Þ

and for η

jMGE→ηηj ¼
1

4
j − 20c̆0m2

0ðx − 1Þ sin θ2P þ 20c̆0m2
Px

þ 2c̆1ðM2
E − 2m2

PÞ þ c1M2
Ej; ðA42Þ

from which the η0 amplitude is obtained by the replace-
ment sin θP → cos θP.
In both cases the decay width is given by

ΓGE→PP ¼ nP
2

1

8π
jMGE→PPj2

jpPj
M2

E
: ðA43Þ

The coupling of the exotic scalar glueball to one axial
vector meson and one pseudoscalar meson is given by

LGEΠam ¼ 2cm6 MKKtrð∂μΠamν Þ
∂
μ
∂
ν

M2
E
GE; ðA44Þ

with

cm6 ¼
ffiffiffi
κ

π

r Z
dzψ 0

2m

�
1

4
þ 3

5K − 2

�
HE

¼ f57.659; 72.057; 65.190;…g 1

MKKNc

ffiffiffi
λ

p : ðA45Þ

Restricting ourselves to two-body decays, for which the
relevant vertices for vector mesons are given separately in
Appendix B, the resulting partial decay widths are collected
in Table IX.

3. Tensor glueball

The tensor glueball fluctuations read

hμν ¼ qμν
r2

L2N T
T4ðrÞGTðxσÞ; ðA46Þ

where qμν is a symmetric transverse traceless polarization
tensor, which we normalize such that qμνqμν ¼ 1, differing
from [45].

TABLE IX. Hadronic two-body decays of the exotic scalar glueball GE with WSS model mass 855 MeV and extrapolated to the
masses of f0ð1500Þ, f0ð1710Þ, and the scalar glueball at 1865 MeV proposed in [24], for λ ¼ 16.63…12.55. In decays into two
pseudoscalar mesons, the two sets of values correspond to x ¼ 0 and x ¼ 1 in the coupling to the quark mass term (A37).

ΓWSS
GE

½MeV� ΓGEð1506Þ½MeV� ΓGEð1712Þ½MeV� ΓGEð1865Þ½MeV�
GE → ππ 72.2…95.7j84.9…113 135…179j142…189 154…205j161…213 169…224j175…231
GE → KK 120…158j229…304 152…202j255…338 176…233j273…362
GE → ηη 31.3…45.4j57.7…76.4 40.0…56.9j65.1…86.3 45.9…64.6j69.8…92.5
GE → ηη0 0.21…0.22j0 3.12…3.26j0 3.01…3.14j0
GE → a1π 0.06…0.08 0.55…0.73 1.36…1.80
GE → ρρ 0.77…1.02 2.91…3.86
GE → ωω 0.19…0.26 0.84…1.12
GE → K�K� 0.15…0.20

Sum 72.2…95.7j84.9…113 286…383j430…570 351…469j483…640 398…530j521…691
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T4ðrÞ satisfies the same eigenvalue equation as in the
case of the dilatonic scalar glueball, (A2), but it acquires a
different normalization. The Lagrangian reads

L4jG2
T
¼ C

Z
dr

r3T4ðrÞ2
4L3N 2

T
GTð□ −M2ÞGT

¼ 1

2
GTð□ −M2ÞGT; ðA47Þ

with

Z
dr

r3T4ðrÞ2
2L3

¼ 0.112735½T4ðrKKÞ�2
r4KK
L3

ðA48Þ

and

N T ¼ 0.00969598λ
1
2NCMKK ¼ 1

2
ffiffiffi
3

p N D: ðA49Þ

This leads to

LGTΠΠ ¼ t1trð∂μΠ∂νΠÞGμν
T ðA50Þ

with (T ≡ T4=N T)

t1 ¼
1

π

Z
dzK−1T ¼ 59.6729ffiffiffi

λ
p

MKKNc

¼ 2
ffiffiffi
3

p
d1: ðA51Þ

Here no additional couplings arise from the mass terms of
the pseudoscalars, because the tensor glueball fluctuations
are traceless.
There is also a coupling of the tensor glueball to one

axial vector and one pseudoscalar meson,

LGTΠam ¼ −2t6MKKtrð∂μΠamν ÞGμν
T ðA52Þ

with

t6¼
ffiffiffi
κ

π

r Z
dzψ 0

2mT¼f40.764;27.050;8.140;…g 1

MKKNc

ffiffiffi
λ

p :

ðA53Þ

Restricting ourselves to two-body decays, for which the
relevant vertices for vector mesons are given in Sec. V B,
the resulting partial decay widths are collected in Table X.
Recently, Ref. [102] calculated branching ratios of tensor

glueball decays in a chiral hadronic model, the so-called
extended linear sigma model, where the ratios of all the
decay modes of Table X can be obtained, although not their
absolute magnitudes. In that model a similar dominance of
decays into two vector mesons (when kinematically
allowed) has been obtained, which is numerically even
more pronounced.12 The authors of Ref. [102] also gave a
rough estimate of ΓðGT → ππÞ ∼ 15 MeV, which turns out
to be comparable with the WSS result.

APPENDIX B: RADIATIVE DECAYS OF THE
EXOTIC SCALAR GLUEBALL

The exotic glueball interactions contain the vertices

LGEvmvn ¼ −tr
�
cmn
2 M2

KK

�
vmμ vnν

∂
μ
∂
ν

M2
E
GE þ 1

2
vmμ vnμ

�
1 −

□

M2
E

�
GE

�

þ cmn
3

�
ηρσFm

μρFn
νσ
∂
μ
∂
ν

M2
E
GE −

1

4
Fm
μνFnμν

�
1þ □

M2
E

�
GE

�
þ 3cmn

4

M2
KK

M2
E
vnμFmμν

∂νGE

þ c̆mn
2 M2

KKv
m
μ vnμGE þ 1

2
c̆mn
3 Fm

μνFnμνGE;

�
ðB1Þ

with coupling constants

TABLE X. Hadronic two-body decays of the tensor glueballGT
with WSS model 1487 MeV mass and extrapolated to masses of
2000 and 2400 MeV, for λ ¼ 16.63…12.55. In decays involving
f1 we additionally vary θf ¼ 20.4°…26.4°. Partial decay widths
much smaller than 1 MeV are left out.

ΓWSS
GT

½MeV� ΓGT ð2000Þ½MeV� ΓGT ð2400Þ½MeV�
GT → ππ 19.9…26.3 27.7…36.8 33.8…44.7
GT → KK 6.66…8.83 19.2…25.4 29.2…38.6
GT → ηη 1.02…1.35 3.97…5.26 6.48…8.58
GT → a1π 0.53…0.71 5.12…6.78 8.00…10.6
GT → ρρ 270…358 382…507
GT → ωω 88.2…117 127…169
GT → K�K� 240…318 417…552
GT → f1η 0.98…1.71 3.97…6.89
GT → η0η0 0.92…1.22
GT → ϕϕ 76.7…102

Total 28.1…37.2 655…869 1084…1437

12For example, while in the WSS model the branching ratio ρρ∶ππ is around 10–11 for a tensor glueball mass between 2000 and
2400 MeV, in Ref. [102] it varies between 60 and 50. Also the branching ratio ρρ∶a1π is 6–5 times larger there for this mass range.
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cmn
2 ¼ κ

Z
dzKψ 0

2m−1ψ
0
2n−1H̄E ¼ f7.116; :::::g

MKKNc

ffiffiffi
λ

p ;

cmn
3 ¼ κ

Z
dzK−1=3ψ2m−1ψ2n−1H̄E ¼ f69.769; :::::g

MKKNc

ffiffiffi
λ

p ;

cmn
4 ¼ κ

Z
dz

20zK
ð5K − 2Þ2 ψ2m−1ψ

0
2n−1HE ¼ f−10.5798; :::::g

MKKNc

ffiffiffi
λ

p ;

c̆mn
2 ¼ κ

4

Z
dzKψ 0

2m−1ψ
0
2n−1HE ¼ f2.966; :::::g

MKKNc

ffiffiffi
λ

p ;

c̆mn
3 ¼ κ

4

Z
dzK−1=3ψ2m−1ψ2n−1HE ¼ f18.122; :::::g

MKKNc

ffiffiffi
λ

p ; ðB2Þ

where H̄E ¼ ½1
4
þ 3

5K−2�HE.

Calculating the amplitude for different polarizations we get

jMðGE→v1v1Þ
T j ¼ 1

2
½c3ðM2

E − 4m2
vÞ − 6c4M2

KK − 4c̆2M2
KK − 2c̆3ðM2

E − 2m2
vÞ�

jMðGE→v1v1Þ
L j ¼ c2M2

KKðM2
E − 4m2

vÞ þ 2c̆2M2
KKðM2

E − 2m2
vÞ þ 6c4M2

KKm
2
v þ 4c̆3m4

v

2m2
v

: ðB3Þ

1. Exotic scalar glueball 1γ decays

For the decay in one vector meson and one photon, we use

LGEVvm ¼ −tr
�
cmV
3

�
2ηρσFm

μρFV
νσ
∂
μ
∂
ν

M2
E
GE −

1

2
Fm
μνFVμν

�
1þ □

M2
E

�
GE

�

þ 3cVn4
M2

KK

M2
E
vnμFVμν

∂νGEþc̆mV
3 Fm

μνFVμνGE

�
; ðB4Þ

with

cmV
3 ¼ κ

Z
dzK−1=3ψ2m−1H̄E ¼ f1.551; :::::g

MKKN
1
2
c

;

cVm4 ¼ κ

Z
dz

20ZK
ð5K − 2Þ2 ψ

0
2m−1HE ¼ f−0.262; :::::g

MKKN
1
2
c

;

c̆mV
3 ¼ κ

4

Z
dzK−1=3ψ2m−1HE;¼

f0.425; :::::g
MKKN

1
2
c

to obtain

jMðGE→vmVÞ
T j ¼ ðM2

E −m2
vÞ

2M2
E

j3cVn4 M2
KK þ 2c̆mV

3 M2
E þ cmV

3 ðm2
v −M2

EÞjtrðeQTvmÞ: ðB5Þ

2. Exotic scalar glueball 2γ decays

The two-photon decay rate is obtained from

LGEVV ¼ −tr
�
cVV3

�
FV
μρF

Vρ
ν

∂
μ
∂
ν

M2
E
GE −

1

4
FV
μνFVμν

�
1þ □

M2
E

�
GE

�
þ 1

2
c̆VV3 FV

μνFVμνGE

�
ðB6Þ

with
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cVV3 ¼ κ

Z
dzK−1=3H̄E ¼ 237.587κ

MKKNcλ
1=2 ¼ 0.0355

λ
1
2

MKK
;

ðB7Þ

c̆VV3 ¼ κ

4

Z
dzK−1=3HE ¼ 71.18κ

MKKNcλ
1=2 ¼ 0.0106

λ
1
2

MKK
;

ðB8Þ
yielding

jMðGE→VVÞ
T j ¼ M2

E

2
ðcVV3 − 2c̆VV3 Þtrðe2Q2Þ: ðB9Þ

In Table XI the results for the partial widths for the
radiative and two-vector decays of the exotic scalar glueball
are given when the above amplitudes are substituted in the
respective formulas for the dilaton scalar glueball, (5.4),
(5.8), and (5.12). Again, these are evaluated for the WSS
model mass, which is only 855 MeV for the exotic scalar
glueball, as well as for three higher masses, corresponding
to the glueball candidates f0ð1500Þ, f0ð1710Þ, and the one
proposed in [24]. While the total decay width of GE is
much larger than that of GD at equal mass, see Table IV, the
radiative and two-vector widths of GE are much smaller
than those of GD, see Table V.
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