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We carry out the calculation of kinematical higher-twist corrections to the cross section of γ� → M1M2γ
up to twist 4, whereMi is a scalar or pseudoscalar neutral meson. The three independent helicity amplitudes
are presented in terms of the twist-2 generalized distribution amplitudes (GDAs), which are important
nonperturbative quantities for understanding the 3D structure of hadrons. Since this process can be
measured by BESIII in eþe− collisions, we perform the numerical estimate of the kinematical higher-twist
corrections by using the kinematics of BESIII. We adopt the ππ GDA extracted from Belle measurements
and the asymptotic ππ GDA to study the size of the kinematical corrections in the case of pion meson pair,
and a model ηηGDA is used to see the impact of target mass correctionsOðm2=sÞ for γ� → ηηγ. Our results
show that the kinematical higher-twist corrections account for ∼20% of the cross sections at BESIII on the
average, and it is necessary to include them if one tries to extract GDAs from experimental measurements
precisely. We also comment the case of π0η production which is important for the search of hybrid mesons.
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I. INTRODUCTION

Generalized distribution amplitudes (GDAs) [1–5] are
important nonperturbative functions which reveal the 3D
partonic structure of hadrons, and they correspond to the
amplitudes of the soft processes qq̄ → hh̄ or gg → hh̄.
GDAs were firstly investigated in γ�γ → hh̄ with large
photon virtuality and small invariant mass of hadron pair to
satisfy the QCD factorization. This process is known as the
s − t crossed channel of deeply virtual Compton scattering
(DVCS), from which generalized parton distributions
(GPDs) [6–9] are probed. Recently, measurements of
γ�γ → hh̄ were released for neutral pion pair [10] and
neutral kaon pair [11] production by the Belle
Collaboration at KEK, and the ππ quark GDA was
extracted from the cross section of γ�γ → π0π0 [12]. In
addition to γ�γ → hh̄, GDAs can also be accessed in the
crossed reaction [13],

γ�ðq1Þ → hðp1Þh̄ðp2Þγðq2Þ; ð1Þ

which may be studied in the electron-positron annihilation
process

e−ðk1Þeþðk2Þ → hðp1Þh̄ðp2Þγðq2Þ; ð2Þ

where the large scaleQ2 ¼ q21 is now timelike; a first access
to this process was released by BABAR [14] in the charged
meson channel case, and future results should be obtained
at BESIII and Belle (Belle II).
There exists a basic difference between the neutral (say

π0π0) production channel and the charged one (say πþπ−),
due to the charge conjugation property of the ππ state.
Since the πþπ− pair can be produced both with C ¼ þ and
C ¼ − charge conjugation, the QCD amplitude (1) can
interfere with the QED process, known as initial state
radiation (ISR),

e−ðk1Þ þ eþðk2Þ → γ�ðq01Þ þ γðq2Þ;
γ�ðq01Þ → hðp1Þh̄ðp2Þ; ð3Þ

where the hðp1Þh̄ðp2Þ pair is produced in a C ¼ − state.
The amplitude of the ISR process (3) does not depend
on GDAs, and is readily calculated with the help of the
measured π meson timelike electromagnetic form factor.
The ISR process turns out to dominate1 the QCD process in
most kinematics, which renders inefficient the extraction of
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1The typical parameter which controls the magnitude of the
relative contributions of both processes to the cross section is s=W2.
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GDAs from integrated πþπ− cross sections, but allows us to
extract the QCD contribution—and hence the GDAs—at
the amplitude level through cleverly defined asymmetries,
taking advantage of the different C parities of the meson
pair selected by the two processes. This is quite reminiscent
of the usual procedure in DVCS or TCS measurements
where the interference of the QCD process with the Bethe-
Heitler contribution populates interesting asymmetries. We
shall address these questions in a forthcoming study and
restrict here to the neutral pseudoscalar meson pair case,
namely π0π0, ηη and π0η channels, where the process (3)
does not contribute.
On the one hand, GDAs are important inputs for the

three-body decays of B mesons, which are used to study
the Cabibbo-Kobayashi-Maskawa (CKM) matrix [15–18].
On the other hand, GDAs and GPDs are key objects to
investigate the matrix elements of the energy-momentum
tensor (EMT) for hadrons, which are expressed in terms of
the EMT form factors. In principle, one can not measure the
EMT form factors of hadrons directly by experiment since
the gravitational interactions between hadrons and grav-
itons are too tiny to probe. However, GDAs and GPDs can
be accessed via electromagnetic interactions, as a conse-
quence, the studies of GDAs and GPDs are quite valuable.
Many important physical quantities of hadrons can be
obtained through the study of the EMT form factors, e.g.,
mass, pressure and shear force distributions of hadrons
[19–27]. Let us also note that the production of two
different mesons, for example γ� → γπη where the πη
GDA is accessed, can be also used to search for the hybrid
meson (JPC ¼ 1−þ) [28] and to investigate the shear
viscosity of quarks in hadronic matter [29].
GPDs and GDAs can currently be accessed at many

experimental facilities, but in a quite limited range of the
hard scale Q2 which is for instance the virtuality of the
incoming photon. Compared with the leading-twist cross
sections, the higher-twist corrections are thus not negligible
considering the energy scales of present and near future
experimental measurements. In order to extract GPDs
and GDAs precisely, one needs to include the higher-
twist contributions to the cross sections. However, higher-
twist GPDs and GDAs are required to describe the
higher-twist corrections, and this will make the analysis
difficult when one tries to extract GPDs and GDAs
from the experimental measurements. Recently, a
separation of kinematical and dynamical contributions in
the operator product of two electromagnetic currents
Tfjemμ ðz1xÞjemν ðz2xÞg was proven in Refs. [30–33], and
these operator results can be applied to the off-forward hard
reactions such as γ�h → γh, γh → γ�h, γ�γ → h1h2 and
γ� → h1h2γ, where GPDs and GDAs can be accessed. If
one includes the kinematical higher-twist contributions to
the leading-twist cross sections, then only the leading-twist
GPDs and GDAs are involved. This does not prevent
genuine higher-twist contributions from being potentially

important; progress in their studies is indeed much needed.
The kinematical higher-twist corrections can be considered
as a generalization of the target mass corrections [34],
which are applied to the reaction of deep inelastic scattering
(DIS), and such corrections were already included in
Ref. [35] where the parton distribution functions were
extracted. However, the kinematical higher-twist correc-
tions are more complicated in the off-forward hard reac-
tions due to the higher-twist operators which are reduced to
the total derivatives of the leading-twist ones, and these
operators do not contribute in DIS since their forward
matrix elements vanish.
The kinematical higher-twist corrections were given up

to the twist-4 accuracy for the DVCS amplitude with a
(pseudo)scalar target [36] and a spin-1=2 target [37,38].
The theoretical results were applied to the recent DVCS
measurements by the JLAB Hall A Collaboration [39].
The authors of Ref. [40,41] also estimated the kine-
matical higher-twist corrections for γ�γ → MM̄ with a
(pseudo)scalar meson pair. All these theoretical studies
suggest that the kinematical higher-twist corrections are not
negligible in realistic experiments; besides, experimental
measurements of DVCS also indicate that the kinematical
corrections are sizeable in the cross section and have to be
taken into account [42,43]. In this work, we intend to
calculate the kinematical higher-twist corrections in
γ� → M1M2γ, and this process can be measured at BESIII
in future. The kinematics of BESIII measurements on this
process will be similar to the Belle (Belle II) measurements
on γ�γ → M1M2, whose cross sections were released
recently [10,11]. In this case, the GDAs can be extracted
by combining γ� → M1M2γ and γ�γ → M1M2. Moreover,
one can study theuniversality ofGDAsbycomparing the two
processes, taking into account of the fact that the virtual
photon is timelike in the former and it is spacelike in the latter.
In Sec. II, we discuss the kinematics of γ� → MM̄γ, and

the cross section is presented in terms of helicity ampli-
tudes. We carry out a complete calculation of kinematical
higher-twist corrections to the helicity amplitudes up to
twist 4 in Sec. III, and the numerical estimate of the
kinematical higher-twist corrections are also presented.
Our results are summarized in Sec. IV.

II. KINEMATICS AND HELICITY
AMPLITUDES OF γ� → MM̄γ

If the center-of-mass energy
ffiffiffi
s

p
is large enough to satisfy

the QCD factorization in the process e−eþ → γ� → MM̄γ,
then the amplitude can be factorized into a perturbative
subprocess γ� → qq̄γ and a two-meson GDA which
describes the amplitude of qq̄ → MM̄ [13]. In Fig. 1,
we show the polar angle θ and the azimuthal angle φ in the
center-of-mass frame of the meson pair, for convenience we
choose a coordinate system with the z axis along the
direction of photons, so that the momenta of the mesons lie
in the x − z plane. The polar angle θ can be expressed as
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cos θ ¼ q1 · ðp2 − p1Þ
β0ðq1 · q2Þ

; β0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2

ŝ

r
; ð4Þ

where m is the meson mass and ŝ ¼ W2 ¼ ðq1 − q2Þ2 ¼
ðp1 þ p2Þ2. Similarly, the azimuthal angle φ is also given
in terms of Lorentz invariants,

sinφ ¼ 4ϵαβγδqα1q
β
2p

γ
1k

δ
1

β0 sin θ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
usŝðŝ − u − sÞp ð5Þ

with ϵ0123 ¼ 1, s ¼ ðk1 þ k2Þ2 and u ¼ ðk1 − q2Þ2. Two
lightlike vectors n and ñ are chosen with the help of the
momenta of the timelike virtual photon q1 and the real
photon q2,

ñ ¼ q1 − ð1þ τÞq2; n ¼ q2; ð6Þ

where τ ¼ ŝ=ðs − ŝÞ. The momentum Δ ¼ p2 − p1 can be
written as Δ ¼ ζ0ðñ − τnÞ þ ΔT , and ΔT is the transverse
component. ζ0 is a parameter which is defined as

ζ0 ¼
ðp2 − p1Þ · n
ðp2 þ p1Þ · n

; ð7Þ

and it is related to the polar angle θ as ζ0 ¼ β0 cos θ. We can
obtain Δ2

T ¼ 4m2 − ð1 − ζ20Þŝ by the on-shell condition.
To describe the process γ� → MM̄γ, one needs to define

the amplitude

Aμν¼ i
Z

d4xe−ir·xhM̄ðp2ÞMðp1ÞjTfjemμ ðz1xÞjemν ðz2xÞgj0i;

ð8Þ

where z1 and z2 are real constants with the constraint
z1 − z2 ¼ 1, and r ¼ z1q1 − z2q2 is used. This amplitude
can be further written in terms of helicity amplitudes by
considering the electromagnetic gauge invariance [36]

Aμν ¼ −Að0Þgμν⊥ þ Að1Þðñμ − ð1þ τÞnμÞΔαgαν⊥ffiffiffi
s

p

þ 1

2
Að2ÞΔαΔβðgαμ⊥ gβν⊥ − ϵαμ⊥ ϵβν⊥ Þ þ Að3Þμnν; ð9Þ

and the transverse tensors gμν⊥ and ϵμν⊥ are defined as

gμν⊥ ¼ gμν −
nμñν þ nνñμ

n · ñ
; ϵμν⊥ ¼ ϵμναβ

ñαnβ
n · ñ

: ð10Þ

The longitudinal polarization vector ϵ0 exists in addition to
the transverse ones ϵ� for the virtual photon. In the center-
of-mass frame of the meson pair as shown in Fig. 1, the
polarization vectors read

ϵμ0 ¼
1ffiffiffi
s

p ðjq31j;0;0; q01Þ; ϵμ� ¼ 1ffiffiffi
2

p ð0;∓1;−i;0Þ; ð11Þ

and the transverse polarization vectors ϵ̃� of the real photon
are the same as the ones of the virtual photon. Then, the
three independent helicity amplitudes are given by

Aþþ ¼ A−− ¼ Að0Þ; A0� ¼ −Að1ÞðΔ · ϵ∓Þ;
A�∓ ¼ −Að2ÞðΔ · ϵ�Þ2; ð12Þ

where the notation Aij ¼ ϵμi ϵ̃
�ν
j Aμν is used, and only Aþþ

can receive twist-2 contribution at leading order of αs. In
Ref. [13], Aþþ was given in terms of the ππ GDA at twist-2
for the process of e−eþ → γ� → ππγ, and the twist-2ππ
GDA is defined as [2,3]

hM̄ðp2ÞMðp1Þjq̄ðz1nÞ=nqðz2nÞj0i

¼ 2P · n
Z

dze2i½zz1þð1−zÞz2�P·nΦqðz; ζ0; ŝÞ; ð13Þ

where z is the momentum fraction of the quark, P is the
average momentum of the meson pair P ¼ ðp1 þ p2Þ=2,
and the real constants z1 and z2 do not have to satisfy
z1 − z2 ¼ 1. Note that the GDAs depend on a renormal-
ization scale μ2 which one usually takes as μ2 ¼ s.
The differential cross section can be expressed in terms

of the helicity amplitudes for e−eþ → γ� → MM̄γ,

dσ
dŝdudðcos θÞdφ ¼ α3emβ0

16πs3
1

1þ ϵ
½jAþþj2 þ jA−þj2 þ 2ϵjA0þj2 − 2sgnðτÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1 − ϵÞ

p
× ReðA�þþA0þ − A�

−þA0þÞ cosφþ 2ϵReðA�þþA−þÞ cosð2φÞ�; ð14Þ

FIG. 1. Kinematics of e−ðk1Þeþðk2Þ → γ�ðq1Þ →
Mðp1ÞM̄ðp2Þγðq2Þ in the center-of-mass frame of the meson
pair, and the direction of the photons is chosen to the z axis.
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whereMM̄ is the pseudoscalar meson pair with even charge
conjugation and the parameter ϵ is defined as

ϵ ¼ y − 1

1 − yþ y2

2

; y ¼ q1 · q2
k1 · q2

: ð15Þ

sgnðτÞ ¼ jτj=τ is the sign function with τ ¼ ŝ − s − 2u.

III. RESULTS

A. Theoretical amplitudes in terms of GDAs

Recently, Braun et al. have proved that the kinematical
contributions can be separated from dynamical ones in the
time-ordered product of two electromagnetic currents
iTfjemμ ðz1xÞjemν ðz2xÞg [30–32]. If we introduce the kin-
ematical higher-twist contributions to the twist-2 cross
sections, one can improve the description of reactions where
two photons are involved without any knowledge of the
genuine higher-twist distributions. This is very helpful when
one intends to extract the twist-2 distributions from the
measurements of the cross sections, since taking into account
of genuine higher-twist distributions would imply more
parameters to be used in the analysis. At twist-4 accuracy,
the kinematical contributions in iTfjemμ ðz1xÞjemν ðz2xÞg can
be written as [30–32]

Tμν ¼
−1

π2x4z312
fxα½SμανβVβ − iϵμανβWβ�

þ x2½ðxμ∂ν þ xν∂μÞXþ ðxμ∂ν − xν∂μÞY �g; ð16Þ

where the notation z12 ¼ z1 − z2 is used, and the tensor Sμανβ

is defined by

Sμανβ ¼ gμαgνβ − gμνgαβ þ gμβgνα: ð17Þ

Vμ andWμ contain all twists starting from twist 2 to twist 4,
whereas X and Y are purely twist-4 operators, the detailed
expressions of them can be found in the Appendix of our
previous work [40].
In this work we shall use Eq. (16) to calculate the

kinematical higher-twist contributions in the reaction
γ� → MM̄γ, where MM̄ is the scalar meson pair with even
charge conjugation. The spinor formalism [44,45] is used
for Tμν in the calculation, and it will help us to figure out
the twist of the matrix elements for the operators much
easier. Even though the final amplitudes are presented in
terms of GDAs, the double distributions [46] are used to
calculate the helicity amplitudes. Those techniques are
explained in the Appendix, and the helicity amplitudes are
written as

Að0Þ ¼ χ

��
1þ ŝ

2s

�Z
1

0

dz
Φðz; η; ŝÞ
1 − z

þ ŝ
s

Z
1

0

dz
Φðz; η; ŝÞ

z
lnð1 − zÞ

þ
�
2ŝ
s
ηþ Δ2

T

β20s
∂

∂η

�
∂

∂η

Z
1

0

dz
Φðz; η; ŝÞ

z

�
lnð1 − zÞ

2
þ Li2ð1 − zÞ − Li2ð1Þ

��
;

Að1Þ ¼ 2χ

β0
ffiffiffi
s

p ∂

∂η

Z
1

0

dzΦðz; η; ŝÞ lnð1 − zÞ
z

;

Að2Þ ¼ 2χ

β20s
∂
2

∂η2

Z
1

0

dzΦðz; η; ŝÞ 2z − 1

z
lnð1 − zÞ; ð18Þ

where η ¼ cos θ, χ ¼ 5e2=18, and Φ ¼ Φu þΦd for the
isosinglet meson pair such as ππ and ηη. In case of a charge
conjugation-even K meson pair, we just need to replace χΦ
with e2uΦu þ e2dΦd þ e2sΦs in the above amplitudes since
the GDA for s quark is also required. We note that although
Eq. (16) is dependent on z1 and z2, this dependence is
eliminated by the constraint z1 − z2 ¼ 1 in physical am-
plitudes, which indicates that translation invariance is
recovered. The existence of correction Oðŝ=sÞ is obvious
in the amplitudes, while the correction Oðm2=sÞ exists in
the term Δ2

T=s due to Δ2
T ¼ 4m2 − ð1 − ζ20Þŝ.

The general expressions of GDAs were firstly derived
in [3], in this work we only need the charge conjugation-
even ones, and they are given by

Φðz;cosθ; ŝÞ

¼ 6zð1− zÞ
X∞
n¼1
n odd

Xnþ1

l¼0
l even

B̃nlðŝÞCð3=2Þ
n ð2z− 1ÞPlðcosθÞ; ð19Þ

whereCð3=2Þ
n ðxÞ are Gegenbauer polynomials, and PlðxÞ are

Legendre polynomials with l indicates the angular momen-
tum of the scalar meson pair. The nonvanishing helicity-flip
amplitudes A−þðAð2ÞÞ and A0þðAð1ÞÞ indicate the existence
of the D-wave or higher-wave GDA. In Eq. (18), it seems
that the amplitudes are divergent if z → 0 or z → 1.
However, the singularities will be compensated by the
general expression of GDAs, since one can see
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Φðz; cos θ; ŝÞ → 0 if z → 0 or z → 1. The dependence on
energy scale s is abbreviated in Eq. (19), in the limit of
s → ∞, only the terms with n ¼ 1 survive in the GDAs [3],

Φðz; cos θ; ŝÞ
¼ 18zð1 − zÞð2z − 1Þ½B̃10ðŝÞ þ B̃12ðŝÞP2ðcos θÞ�; ð20Þ

which is the so-called asymptotic form of GDAs. The first
and second terms correspond to the S-wave and D-wave
production of a meson pair, respectively.

B. The γ� → πηγ reaction: Search for exotic
hybrid mesons and shear viscosity

The production of two different mesons, namely,
γ� → πηγ, where the πη GDAs are involved, is very
interesting from the point of view of exotic meson searches.
Indeed, in Ref. [28], the authors proposed that γ�γ → πη
can be used to search for the resonances with JPC ¼ 1−þ by
analyzing the P-wave of πη, and such resonances are
candidates of the hybrid mesons since the quantum
numbers cannot exist for an ordinary meson in the quark
model. Therefore, it is important to include the kinematical
higher-twist corrections in the helicity amplitudes of those
reactions. The theoretical results of Eqs. (14) and (18)
can be used to describe γ� → M1M2γ except for a few
replacements,

β0 → β0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
ŝ

þ ðm2
1 −m2

2Þ2
ŝ2

s
;

Δ2
T → Δ2

T ¼ 2ðm2
1 þm2

2Þ − ð1 − ζ20Þŝ;

ζ0 → ζ0 ¼ β0 cos θ þ
ðm2

2 −m2
1Þ

ŝ
; ð21Þ

where m1 and m2 denote the masses of M1 and M2,
respectively.2

There are a few candidates for the isovector hybrid
mesons, for example π1ð1400Þ [47,48], π1ð1600Þ [49–52]
and π1ð2015Þ [53], however, their existence is still con-
troversial (see [54] and [55] for a recent review), and further
confirmation is necessary. In the near future, these candi-
dates can be investigated in γ� → πηð0Þγ and γ�γ → πηð0Þ,
which are accessible at BESIII and Belle (Belle II).
Meanwhile, BESIII observed a resonance called
η1ð1855Þ from the P-wave analysis of ηη0 in the decay
of J=Ψ → ηη0γ very recently, which is a candidate of
isoscalar hybrid mesons (IGðJPCÞ ¼ ð0þÞ1−þ) [56,57]. It
will be promising to search for this resonance in γ� → ηη0γ,
since one just needs to replace J=Ψ with a timelike photon.

The asymptotic GDAs are slightly modified by the
additional P-wave term in the production of two different
scalar mesons M1 and M2 [28],

Φqðz; cos θ; ŝÞ
¼ 30zð1 − zÞð2z − 1Þ
× ½B̃10ðŝÞ þ B̃11ðŝÞP1ðcos θÞ þ B̃12ðŝÞP2ðcos θÞ�; ð22Þ

and the second term denotes the P-wave GDA, which is
related to the production of exotic hybrid mesons. We have
Φuðz; cos θ; ŝÞ ¼ Φdðz; cos θ; ŝÞ and Φuðz; cos θ; ŝÞ ¼
−Φdðz; cos θ; ŝÞ for the total isospin I ¼ 0 and I ¼ 1 of
the meson pairs, respectively. TheM1M2 GDAs can be also
used to study the matrix element of the EMT,

hM2ðp2ÞM1ðp1ÞjTμν
q j0i ∼ EqðŝÞPμΔν; ð23Þ

where EqðŝÞ is a new EMT form factor related to the shear
viscosity; its sum over quarks and gluons should be zero as
a consequence of the conserved EMT, but however, EqðŝÞ
will exist for a single flavor q on condition that there is
P-wave GDA [29]. Thus, if one observes the candidates
of the hybrid mesons in γ� → πηð0Þγ and γ�γ → πηð0Þ, the
existence of EqðŝÞ will be proved by experiment.

C. Numerical estimates of the kinematical
higher-twist contributions

In principle, the process γ� → M1M2γ can be measured
by BESIII and Belle (Belle II) in eþe− collisions. The
center-of-mass energy is

ffiffiffi
s

p ¼ 3–5 GeV at BESIII, while it
is

ffiffiffi
s

p ¼ 8–10 GeV at Belle (Belle II). It should be much
easier to measure this process at BESIII due to the larger
cross section which can be seen from Eq. (14). As a
consequence, we shall use the kinematics of BESIII in the
numerical estimate of the kinematical higher-twist contri-
butions, and the differential cross section of Eq. (14) is used
by integrating over φ,

dσ
dudW2dðcosθÞ¼

α3emβ0
8s3

1

1þϵ
½jAþþj2þjA−þj2þ2ϵjA0þj2�;

ð24Þ

where the helicity amplitudes are given by Eq. (18)
including the kinematical higher-twist contributions up
to twist 4.
We firstly calculate the cross section of e−eþ → γ� →

π0π0γ with the ππ GDA extracted from Belle measurements
[12]. In Fig. 2, the twist-2 cross sections are depicted
as dashed lines, and the solid lines include the kinematical
higher-twist contributions. The kinematics is set according
to the BESIII experiment as s ¼ 12 GeV2 and W ∈
ð0.5; 2Þ GeV. The colors of the lines (black, orange, red,
blue) represent different values of cos θ (0.2, 0.4, 0.6, 0.8),

2As for γ�γ → πη, one can also use the theoretical expressions of
Ref. [40] together with the first two replacements in Eq. (21), and
the third one is slightly modified as ζ0 → ζ0 ¼ −β0 cos θþ
ðm2

2
−m2

1
Þ

ŝ .
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and u is chosen as u ¼ −3 GeV2 and u ¼ −6 GeV2. We
can clearly see that the kinematical higher-twist corrections
are always positive in the cross section, and this is different
from the case of e−γ → e−π0π0 where the corrections
can be positive or negative [40]. In the region
W > 1 GeV, the kinematical higher-twist corrections turn
out to be important and it is thus crucial to include them to
extract in a valuable way GDAs from the cross section
of e−eþ → γ� → π0π0γ, and then access both the timelike
pion EMT form factors, and the spacelike ones, obtained
from the timelike ones by using dispersion relations

requiring reliable information atW > 1 GeV so as to make
the integrals convergent.
The ratio dσð2þ 3þ 4Þ=dσð2Þ is also shown in Fig. 3,

where dσðiÞ (i ¼ 2, 3, 4) denotes the twist-i contribution to
the cross section. The colors of the lines indicate different
values of cos θ as in Fig. 2. We can see that the kinematical
higher-twist contributions have a significant impact on the
cross section when W > 1 GeV. The ratios just slightly
change from u ¼ −3 GeV2 to u ¼ −6 GeV2, and this is
because the ratios are dependent on u through the param-
eter ϵ, namely, only the contribution from the amplitude

FIG. 2. Differential cross section of e−eþ → π0π0γ is dependent on the invariant mass of pion pair W ¼ ffiffiffî
s

p
, using the ππ GDA

extracted from Belle measurements [12]. The dashed lines are the twist-2 cross sections, and the solid lines include the kinematical
higher-twist contributions.

FIG. 3. Ratio dσð2þ 3þ 4Þ=dσð2Þ with the ππ GDA extracted from Belle measurements, same conventions as in Fig. 2.
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A0þ is affected in the ratios as one changes u. The peaks
around W ∼ 1.1 GeV and W ∼ 1.5 GeV with cos θ ¼ 0.8
in Fig. 3 are due to the fact that the twist-2 cross sections are
quite tiny in this region as indicated by Fig. 2; however, the
extracted GDA used in this estimate may not be accurate
enough due to the large uncertainties of Belle measure-
ments, and these peaks in the ratio may thus not reflect
real physics.
For comparison, we also present our results in Fig. 4

when we employ the asymptotic pion GDA in the analysis
of e−eþ → γ� → π0π0γ. In Ref. [2], the asymptotic GDA
was given when the energy scale s → ∞,

Φðz; cos θ; ŝÞ ¼ 20zð1 − zÞð2z − 1ÞRπ

×
�
−3þ β20

2
eiδ0 þ β20e

iδ2P2ðcos θÞ
�
; ð25Þ

where Rπ ¼ 0.5 is the momentum fraction carried by
quarks in the pion meson. δ0 is ππ the elastic-scattering
phase shift for S wave, and δ2 is the one for D wave
[58–60]. The asymptotic pion GDA is indeed very different
with the one extracted from Belle measurements, for
example there is no contribution of resonance f2 in the
asymptotic GDA. However, the main purpose of this work
is not to estimate cross sections accurately, but to see
whether the kinematical corrections are sizeable or not. In
Fig. 4, u is chosen as u ¼ −3 GeV2 and u ¼ −6 GeV2

together with 0.5 GeV ≤ W ≤ 2.1 GeV and s ¼ 12 GeV2.

The dashed lines represent the twist-2 cross sections, and the
solid ones include kinematical higher-twist contributions.
Black lines denote cos θ ¼ 0.2 and orange lines correspond
to cos θ ¼ 0.4, while cos θ ¼ 0.6 and cos θ ¼ 0.8 are
depicted as red and blue, respectively. We can clearly see
that the kinematical higher-twist corrections become more
and more important as one increasesW ¼ ffiffiffî

s
p

in this figure,
which is evident since the corrections are expected to be
proportional to ŝ=s. As for the case of the extracted
GDA from Belle measurements, it is thus necessary to
include the kinematical higher-twist corrections to describe
the cross section in the region of W > 1 GeV. Both GDAs
indicate a similar magnitude of the cross section for
e−eþ → γ� → π0π0γ.
In Fig. 5, the ratio of dσð2þ 3þ 4Þ=dσð2Þ is also

presented so as to see the proportion of the kinematical
higher-twist corrections in the cross section clearly. u is set
as u ¼ −3 GeV2 and u ¼ −6 GeV2 for the left panel and
right panel, respectively, and the colors of lines indicate the
values of cos θ as in Fig. 4. The ratios increase rapidly asW
goes up, and the kinematical higher-twist corrections
account for more than 40% of the cross section around
W ∼ 2 GeV, which proves that they need to be included in
any reliable GDA extraction from the cross section.
There are two types of corrections m2=s and ŝ=s in the

kinematical corrections, and only the latter contributes to
the cross section of e−eþ → γ� → π0π0γ due to the small
mass of pion meson in comparison with the value of s. In
order to see the impact of the target mass correction m2=s,

FIG. 4. Differential cross section for e−eþ → γ → π0π0γ with the asymptotic ππ GDA described in the text, same conventions
as in Fig. 2.
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we now consider the production of a pair of slightly heavier
mesons, namely ηη. However, very little information is
known about their GDAs at the current stage, and we thus
estimate the kinematical higher-twist corrections for
e−eþ → γ� → ηηγ by using a simple model GDA identical
to the asymptotic ππ GDA except that the η mass is used.
The center-of-mass energy of e−eþ is again chosen as
s ¼ 12 GeV2. In Fig. 6, the cross sections are shown with
the range of 1.2 GeV ≤ W ≤ 2.1 GeV. The colors of the
lines denote different values of cos θ as indicated on the
different panels of the figure. The dashed lines represent
the twist-2 cross sections, and the solid ones include
kinematical higher-twist contributions. The gaps between
the dashed lines and the solid ones increase along with W

as expected, and one thus cannot neglect the kinematical
higher-twist contributions in the cross section. The kinemati-
cal higher-twist contributions are always positive in the cross
section. We present the ratios of dσð2þ 3þ 4Þ=dσð2Þ in
Fig. 7. The kinematical higher-twist contributions account
for less than 40% of the cross section around W ∼ 2 GeV.
Compared with the results in Fig. 5, the ratios decrease if
one replace the mass of the π meson by the one of the η
meson, keeping the asymptotic ππ GDA as a model for the
ηη GDA; indeed, the target mass corrections are negative
and thus diminish the positive corrections of order ŝ=s in
the cross section.
We do not plot the kinematical higher-twist contributions

for the πη production case, since they depend much on the

FIG. 5. Ratio dσð2þ 3þ 4Þ=dσð2Þ with the asymptotic ππ GDA described in the text, same conventions as in Fig. 2.

FIG. 6. Differential cross section for e−eþ → γ� → ηηγ with the model ηη GDA described in the text, same conventions as in Fig. 2.

BERNARD PIRE and QIN-TAO SONG PHYS. REV. D 107, 114014 (2023)

114014-8



unknown πη GDAs. One can estimate that they are some-
what in between the relative contributions in the ππ and ηη
cases displayed in Figs. 5 and 7.

IV. SUMMARY

GDAs can be studied in both γ�γ → M1M2 and
γ� → M1M2γ. The former process has been measured by
Belle for ππ [10] and KK [11] with large uncertainties; in
the near future we can expect more precise measurements
from Belle II due to the much higher luminosity. It will be
more advantageous to measure the latter process at BESIII,
since its cross section will be suppressed by the larger
center-of-mass energy of electron-positron pair at Belle
(Belle II). In this case, the measurements of γ�γ → M1M2

at Belle and Belle II can be cross checked by the ones of
γ� → M1M2γ at BESIII due to the similar kinematics, and
the GDAs can be extracted by combining the measurements
of the two processes. Besides, since GDAs are probed by a
spacelike photon and a timelike photon in γ�γ → M1M2

and γ� → M1M2γ, respectively, we can also check the
university of GDAs.
In this work we calculate the kinematical higher-twist

corrections for γ� → M1M2γ up to twist 4, and three
helicity amplitudes are expressed in term of the twist-2
GDA. We calculated the cross section with and without the
kinematic higher-twist contributions in terms of the leading
twist GDAs. We adopt two types of GDAs to estimate
the kinematical higher-twist contributions for γ� → π0π0γ
numerically. In the calculation, the center-of-mass energy
of the electron-positron pair is chosen as s ¼ 12 GeV2,
which is typical for BESIII. All the numerical results
indicate that the kinematical higher-twist corrections have
a significant impact on the cross section of γ� → M1M2γ as
in the case of γ�γ → M1M2 [40,41]. However, the correc-
tions are always positive in the cross section of the former,
and this is different from the latter process where kin-
ematical higher-twist corrections can go both ways. A
model ηη GDA is used to see the impact of the target mass

corrections of Oðm2=sÞ, and the kinematical higher-twist
corrections account for about 20% of the cross section in
the region of 1.2 GeV ≤ W ≤ 2.1 GeV on the average,
which are not negligible. As a consequence, it is important
to use the accurate description of the cross section with
the inclusion of kinematical contributions when one tries
to extract GDAs from experimental measurements. The
extracted GDAs can be used to study the EMT form
factors of hadrons, which are important physical quan-
tities to investigate mass, pressure and shear force dis-
tributions of hadrons.
The present study was performed at lowest order in the

strong coupling, but it would be interesting to include
higher order corrections which are known—at leading
twist—to be very sensitive to the timelike vs spacelike
nature of the probe [61].
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APPENDIX: HELICITY AMPLITUDES IN TERMS
OF DOUBLE DISTRIBUTIONS

The double distributions (DDs) of a scalar meson are
defined by [46]

hM̄ðp2ÞMðp1Þjq̄ðz1nÞ=nqðz2nÞj0i

¼
Z

dβdα½fqðβ;αÞΔ ·n−gqðβ;αÞ2P ·n�e−ilz1z2 ·n; ðA1Þ

where the support region offq andgq is givenby the rhombus
jαj þ jβj ≤ 1, and the momentum lz1z2 is written as

lz1z2 ¼ ðz2 − z1Þ
�
β
Δ
2
− ðαþ 1ÞP

�
− 2z1P: ðA2Þ

FIG. 7. Ratio dσð2þ 3þ 4Þ=dσð2Þ with the model ηη GDA described in the text, same conventions as in Fig. 2.
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If one combines Eqs. (13) with (A1), the GDA can be expressed in terms of DDs,

Φqðz; ζ0; sÞ ¼ 2

Z
dβdαδðyþ α − βζ0Þ½fqðβ; αÞζ0 − gqðβ;αÞ�; ðA3Þ

where y ¼ 2z − 1. Assuming that the DDs vanish at the boundaries, Eq. (A1) can be expressed as [40]

hM̄ðp2ÞMðp1Þjq̄ðz1nÞ=nqðz2nÞj0i ¼
2i
z12

Z
dβdαϕqðβ; αÞe−ilz1z2 ·n; ðA4Þ

where the notation z12 ¼ z1 − z2 is used, and ϕqðβ;αÞ is defined by

ϕqðβ; αÞ ¼ ∂βfqðβ; αÞ þ ∂αgqðβ; αÞ: ðA5Þ

Due to even charge conjugation of the meson pair, we can have the symmetry ϕqðβ; αÞ ¼ ϕqðβ;−αÞ ¼ ϕqð−β;−αÞ, which is
used to simplify the calculation of the amplitudes.
The leading-twist operatorOt¼2þþðz1; z2Þ appears in the kinematical contributions of Eq. (16), where the separation x is not

necessarily lightlike. However, GDAs and DDs are defined by the matrix element of Oþþðz1n; z2nÞ with the lightlike
separation n as shown in Eq. (A1),

Oþþðz1n; z2nÞ ¼
X
q

e2qq̄ðz1nÞ=nqðz2nÞ: ðA6Þ

The matrix element of Ot¼2þþðz1; z2Þ is related to the one of Oþþðz1n; z2nÞ by using the leading-twist projector
Πðx; nÞ [30–32],

hM̄ðp2ÞMðp1ÞjOt¼2þþðz1; z2Þj0i ¼ Πðx; nÞhM̄ðp2ÞMðp1ÞjOþþðz1n; z2nÞj0i: ðA7Þ

If one combines Eqs. (A7) and (A4), the matrix element of Ot¼2þþðz1; z2Þ can be obtained [40],

hM̄ðp2ÞMðp1ÞjOt¼2þþðz1; z2Þj0i ¼ χ
2i
z12

Z
dβdαϕðβ; αÞ

�
e−ilz1z2 ·x þ x2l2z1z2

4

Z
1

0

dvve−ivlz1z2 ·x
�
; ðA8Þ

where ϕ ¼ ϕu þ ϕd and χ ¼ 5e2=18 for an isosinglet meson pair. Furthermore, the matrix elements of O1 and O2 can be
given by

hM̄ðp2ÞMðp1ÞjO1ðz1; z2Þj0i ¼ −χ
2i
z12

ŝ
Z

dβdαϕðβ; αÞe−ilz1z2 ·x;

hM̄ðp2ÞMðp1ÞjO2ðz1; z2Þj0i ¼ χ
2i
z12

Z
dβdαϕðβ; αÞ

�
2P · lz1z2e

−ilz1z2 ·x þ iP · xl2z1z2

Z
1

0

dvve−ivlz1z2 ·x
�
; ðA9Þ

where

O1ðz1; z2Þ ¼ ½iPμ; ½iPμ;Ot¼2þþðz1; z2Þ��;

O2ðz1; z2Þ ¼
�
iPμ;

∂

∂xμ
Ot¼2þþðz1; z2Þ

�
: ðA10Þ

The helicity amplitudes are expressed in terms of matrix elements of operators, which are shown in Eqs. (A8) and (A9).
One obtains after a lengthy calculation
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A0− ¼ −2χ
Δ · ϵþffiffiffi

s
p

Z
dβdαϕðβ; αÞβ lnðFÞ

F − 1
;

Aþ− ¼ χ
ðΔ · ϵþÞ2
2n · ñ

Z
dβdαϕðβ; αÞβ2∂F

�
1 − 2F
F − 1

lnðFÞ
�
;

Aþþ ¼ χ

Z
dβdαϕðβ; αÞ

�
2 lnðFÞ −

�
ŝ

n · ñ
ðF − αÞ þ β2Δ2

T

4n · ñ
∂F

�
1

F − 1

�
lnðFÞ
2

− Li2ð1Þ þ Li2ðFÞ
��

; ðA11Þ

where F is defined as

Fðα; βÞ ¼ α − βζ0 þ 1

2
: ðA12Þ

The helicity amplitudes can be presented in terms of the GDA using [40]

∂Φqðz; ζ0; sÞ
∂z

¼ 4

Z
dβdαδðð2z − 1Þ þ α − βζ0Þϕqðβ; αÞ: ðA13Þ
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