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The nucleon energy-energy correlator (NEEC) was proposed recently [X. Liu and H. X. Zhu, Phys. Rev.
Lett. 130, 091901 (2023)] as a new way of studying nucleon intrinsic dynamics. In this work, we present a
detailed derivation of the factorization theorem that enables the measurement of the unpolarized NEEC in
lepton-nucleon collisions. As a first step toward a precise measurement of this quantity, we obtained the
next-to-leading-logarithmic [NLL, ∼OðαnsLn−1Þ] resummation in a concise analytic form, and predicted
the analytic θ-angle distribution at Oðα2sÞ. Extending our analytic resummation formula to higher
logarithmic accuracy and the factorization theorem to hadron-hadron collisions is straightforward.

DOI: 10.1103/PhysRevD.107.114008

I. INTRODUCTION

Understanding the intricate internal structures of nucle-
ons is at the central focus of nuclear physics for decades,
and will continue to be the scientific frontier within the
Standard Model at the next generation QCD facilities such
as the upcoming electron-ion collider (EIC) [1–3]. In recent
years, our approaches to nucleon/nucleus tomography have
been substantially enriched, thanks to the introduction of
innovative ideas into the field, such as the jet-based studies
of the transverse momentum dependent (TMD) structure
functions [4–20]. However the intricate jet clustering
process usually presents challenges in achieving accurate
predictions. Recent advances in this direction can be found
in [7,21]. Alternative methods to jets, such as the energy-
energy correlator (EEC) [22–30] have also been shown to
be effective in uncovering the intrinsic transverse dynamics
[31–33] or the scales of the quark-gluon plasma [34].
Recently, a novel quantity named the nucleon energy-

energy correlator (NEEC) has been proposed as a new look

into the nucleon partonic structures [35]. The NEEC probes
the initial-final state correlation and takes the form in the
momentum fraction z space as [35,36]

fq;EECðz; θÞ

¼
Z

dy−

4π
e−izP

þy−
2 hPjχ̄nðy−Þ

γþ

2
ÊðθÞχnð0ÞjPi; ð1Þ

for the quark NEEC. The gluon NEEC will be given later.
Here χn represents the gauge invariant quark field in the
soft collinear effective theory (SCET) [37–41]. The defi-
nition is equivalent to that of QCD by noting that
χ̄nðy−Þχnð0Þ ¼ ψ̄ðy−ÞL½y; 0�ψð0Þ, where L½y−; 0� denotes
the gauge link between 0 and y−. ÊðθÞ is the asymptotic
energy flow operator that measures the energies from the
initial nucleon flowing into the calorimeters sitting far away
at angles less than θ. It is the cumulant version of the
seminal energy flow operator defined in [42–45] and is
straightforwardly obtained by integrating the energy flow
operator in [42–45] over the solid angles less than a
given value θ. The differential NEEC can be obtained
by taking the derivative of Eq. (1) with respect to the θ.
The energy flow at nonzero angles is induced by the
intrinsic transverse dynamics. In this sense, studying the
θ distribution of the NEEC allows us to extract informa-
tion on the intrinsic transverse dynamics of the nucleon/
nucleus. The Mellin moment of the NEEC is given byR
dzzN−1fEECðz; θÞ. Extension of the NEEC to multiple
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angular correlators by inserting more Ê operators at
different angles is also attainable.
In Ref. [35], the deep-inelastic scattering (DIS) process

illustrated in Fig. 1 is suggested to extract the NEEC,
in which the energy-weighted cumulant cross section is
measured such that

ΣNðQ2;θÞ ¼
X
i

Z
dσðxB;Q2;piÞxN−1

B
Ei

EP
Θðθ− θiÞ: ð2Þ

Here N > 1 is a positive power and dσ is the differential
cross section. xB is the Bjorken variable and Q2 the photon
virtuality. The polar angle θi of the calorimetry is measured
with respect to the nucleon beam. pi denotes the momen-
tum flow into the calorimetry and EP the energy of the
incoming nucleon. In this work, we follow Ref. [35] to stick
the measurement to the Breit frame. We note that exper-
imentally ΣN itself is hard to measure, but it is easy to get
the measurable θ distribution by taking the derivative with
respect to θ, dΣN=dθ.
The authors of Ref. [35] argued without proof that when

θ ≪ 1, ΣNðxB;QÞ can be factorized into the partonic DIS
cross section σ̂ and the NEEC to be probed

ΣNðQ2; θÞ ¼
Z

dxBxN−1
B

Z
1

xB

dz
z
σ̂i

�
xB
z

�
fi;EECðz; θÞ: ð3Þ

Similar measurement without the xN−1
B weight has also

been suggested as a possible access to the gluon saturation
phenomena [36] through the θ distribution of the NEEC.
However, to reliably extract the NEEC and apply it to

the nucleon/nucleus structure studies, the factorization
theorem for the ΣNðQ2; θÞ needs to be reliably established.
Meanwhile, sufficient theoretical precision is also required.
These serve as the major goals of the current work. In this
work, using the SCET framework, we derive the factori-
zation for ΣNðQ2; θÞ. As a first step toward its precision, we
carry out the analytic next-to-leading-logarithmic (NLL)
resummation for the ΣNðQ2; θÞ when θ is small and

matched onto the Oðα2sÞ fixed order θ distribution when
θ becomes large.
The manuscript is organized as follows. In Sec. II, we

show sufficient details on deriving the factorization theorem
using SCET. The section will also present the operator
definition of the NEEC fEEC. In Sec. III, we showed that
when θQ ≫ ΛQCD, the fEEC can be further matched onto the
collinear parton distribution functions (PDFs) with a per-
turbatively calculable matching coefficient. We discuss its
evolution in Sec. IV. We calculate all ingredients required for
the NLL resummation in Sec. V and predict the small θ
distribution at Oðα2sÞ. The numerical consequence of the
resummation and the fixed order α2s θ distribution are studied
in Sec. VI. We summarize in Sec. VII.

II. THE FACTORIZATION THEOREM

In this section, we derive the factorization theorem
for ΣNðQ2; θÞ when θQ ≪ Q using SCET [37–41].
Throughout the work, we stick to the Breit frame in which
the virtual photon only acquires the momentum in its z
component with q ¼ ð0; 0; 0;−QÞ and the proton carries
the momentum P ¼ Q

2xB
ð1; 0; 0; 1Þ. However, the factori-

zation theorem to be derived is applicable to arbitrary
frames.
The cumulant cross section ΣNðQ2; θÞ can be

calculated by

ΣNðQ2; θÞ ¼ α2

Q4

Z
dxBxN−1

B

X
λ¼T;L

e2qfλϵ�λ;μϵλ;ν

×
Z

d4xeiq·xhPjjμ†ðxÞÊðθÞjνð0ÞjPi; ð4Þ

where eq is the electric charge fraction of the quark
initiating the DIS process. Here, we have written the lepton

phase space integral as d3l
ð2πÞ32l0 ¼ Q2

16π2s dxBdQ
2 and up to

vanishing contribution due to the gauge symmetry, we have

X
T¼1;2

ϵ�T;μϵT;ν ¼ −gμν þ
4x2B
Q2

PμPν;

ϵ�L;μϵL;ν ¼
4x2B
Q2

PμPν; ð5Þ

with ϵμT and ϵνL the transverse and longitudinal polarized
vector of the virtual photon, respectively. The correspond-
ing flux is given by

fT ¼ 1 − yþ y2

2
; fL ¼ 2 − 2y; ð6Þ

where y ¼ Q2

sxB
. The inserted normalized asymptotic energy

flow operator ÊðθÞ measures the energy deposited in the

FIG. 1. The measurement proposed in Ref. [35] as a probe of
the NEEC, where the energy EiðθÞ in the forward detector is
recorded. Bjorken-xB and Q2 are also measured.
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detector less than a given angle θ [42–45] normalized to the
energy EP of the incoming proton,

ÊðθÞjXi ¼
X
i∈X

Ei

EP
Θðθ − θiÞjXi: ð7Þ

The normalized asymptotic energy flow operator ÊðθÞ
defined here is related to the energy flow operator defined
in [42–45]. The latter can be obtained by taking the
derivative with respect to the polar angle θ and without
integrating over the azimuthal angle ϕ. We note that if we
replace ÊðθÞ by the identity operator 1 ¼ P

X jXihXj,
Eq. (4) reduces to the definition of the standard DIS
cross section.
When θQ ≪ Q, a possible leading contribution to the

ΣNðQ2; θÞ comes from the hard degrees of freedom (H)
whose momentum scales as1 pH ¼ ðpþ

H; p
−
H; pH;tÞ∼

Qð1; 1; 1Þ, the collinear contributions (C) with momentum
pC ∼Qð1; θ2; θÞ, and the soft modes (S) with pS ∼
Qðθa; θa; θaÞ with a ≥ 1. However, we note that the energy
flow operator ÊðθÞ acts only on the collinear sector. To see
this, we first decompose the final state as jXi ¼ jXHXCXSi,
and apply the ÊðθÞ to find

ÊðθÞjXi ¼ 1

EP

X
i∈X

ðEH;iΘðθ − θH;iÞ þ EC;iΘðθ − θC;iÞ

þ ES;iΘðθ − θS;iÞÞjXH; XC; XSi: ð8Þ

Now for the hard radiations, by power counting, θH;i ∼
pH;t

pþ
H
∼ 1 ≫ θ and theΘðθ − θH;iÞwill hardly be satisfied and

therefore the first term in Eq. (8) vanishes in the small θ
limit. On the other hand, in the last term, ES;i ∼ θaQ is
also power suppressed as θ → 0 when compared with
EC;i ∼Q. In this way, up to power-suppressed corrections,
we find

ÊðθÞjXi ¼
X
i∈XC

EC;iΘðθ − θC;iÞjXHijXCijXSi

¼ ðÊðθÞjXCiÞjXHijXSi; ð9Þ

and we conclude that in the small-θ limit, the
measurement ÊðθÞ is an operator living solely in the
collinear sector and acts inclusively on the hard and
the soft radiations.
To proceed, we follow [41] to match jμ†EðθÞjν to the

SCET operators Oq and Og, with

hPjjμ†ðxÞÊðθÞjνð0ÞjPi ¼ Cμν
q hPjOqjPi þ Cμν

g hPjOgjPi;
ð10Þ

where Cμν
q=g are the hard matching coefficients to be

determined and Cμν
g starts at OðαsÞ. The SCET operators

are defined as

Oqðx; θÞ ¼ χ̄nðxÞY†ðxÞ γ
þ

2
ÊðθÞYð0Þχnð0Þ;

Ogðx; θÞ ¼ B⊥ðxÞY†ðxÞÊðθÞYð0ÞB⊥ð0Þ; ð11Þ

which contains only the gauge invariant collinear quark and
gluon fields χ and B⊥, respectively [46], which are

χnðxÞ ¼ W†
nðxÞξnðxÞ; Bμ

⊥ ¼ 1

gs
½W†

niD
μ
⊥Wn�ðxÞ: ð12Þ

We note that both χ and B⊥ scale as θ by power
counting [37]. Here the collinear Wilson lines are

WnðxÞ ¼
X
perms

exp

�
−

gs
n̄ · Pn

n̄ · AnðxÞ
�
; ð13Þ

to make χ and B⊥ gauge invariant. We also have the soft
Wilson lines Y and Y in the fundamental and the adjoint
representation, respectively. The soft Wilson lines decouple
the interaction between the collinear and the soft sectors.
Here we note that

½Ê; Y� ¼ ½Ê;Y� ¼ 0; ð14Þ

since ÊðθÞ and YðYÞ act on different sectors. Furthermore,
the collinear fields have support in the region where xμ ∼
Q−1ð1; θ−2; θ−1Þ, while the soft field within the region
xμ ∼Q−1ðθ−a; θ−a; θ−aÞ.
The hadronic matrix element in Eq. (4) is then matched

onto the SCET matrix asZ
d4xeiq·xhPjj†μðxÞÊðθÞjνð0ÞjPi

¼
Z

d4xeiq·x
�
Cμν
q ðxÞhPjχ̄nðxÞY†ðxÞγ

þ

2
ÊðθÞYð0Þχnð0ÞjPi

þCμν
g ðxÞhPjB⊥ðxÞY†ðxÞÊðθÞYð0ÞB⊥ð0ÞjPi

�
; ð15Þ

where q ∼Qð1; 1; 1Þ, and hence the x in the hadronic tensor
scales as x ∼ 1

Q ð1; 1; 1Þ, determined by the Fourier trans-

formation
R
d4xeiq·x which receives its dominant support

when x ∼ 1
Q ð1; 1; 1Þ. Physically this means a large

1Throughout this work, we use the Sudakov decomposition, in
which pþ ¼ p0 þ p3 ≡ n̄ · p and p− ¼ p0 − p3 ≡ n · p. Here
n ¼ ð1; 0; 0; 1Þ and n̄ ¼ ð1; 0; 0;−1Þ while pt · n ¼ pt · n̄ ¼ 0.
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momentum transfer Q to the nucleon probes the position
region x ∼ 1=Q inside the nucleon.
We perform a multiple expansion in the collinear fields

and the soft Wilson lines to findZ
d4xeiq·xhPjj†μðxÞÊðθÞjνð0ÞjPi

¼
Z

d4xeiq·x
�
Cμν
q ðxÞhPjχ̄nðx−ÞY†ð0Þγ

þ

2
ÊðθÞYð0Þχnð0ÞjPi

þCμν
g ðxÞhPjB⊥ðx−ÞY†ð0ÞÊðθÞYð0ÞB⊥ð0ÞjPi

�
: ð16Þ

To understand the expansion, we note that since the
momentum for the collinear fields, ϕc ¼ χ or B⊥, scales
as pμ ∼Qð1; θ2; θÞ, it follows that ∂μϕc ∼Qð1; θ2; θÞ with
respect to ϕc. While since x ∼ 1

Q ð1; 1; 1Þ, it is immediately

realized that ϕcðxÞ ≈ ϕcðx−; 0Þ þ x⊥ · ∂⊥ϕc þ xþ
2
∂−ϕc ¼

ϕcðx−Þ þOðθÞ þOðθ2Þ. A similar analysis applies to
the soft Wilson line Y, which leads to Y†ðxÞ≈
Y†ð0Þ þ x · ∂Y† ¼ Y†ð0Þ þOðθαÞ.
Now we use the commutation relation between YðYÞ and

E in Eq. (14) and the identity Y†Y ¼ Y†Y ¼ 1 to reachZ
d4xeiq·xhPjj†μðxÞÊðθÞjνð0ÞjPi

¼
Z

d4xeiq·x
�
Cμν
q ðxÞhPjχ̄nðx−Þ

γþ

2
ÊðθÞχnð0ÞjPi

þ Cμν
g ðxÞhPjB⊥ðx−ÞÊðθÞB⊥ð0ÞjPi

�
: ð17Þ

From the derivation, we see clearly that in the small-θ limit,
the measurement is fully inclusive of the soft radiations,
and therefore the soft modes do not lead to any logarithmi-
cally enhanced contributions. This is different from the
conventional TMD measurement, where the soft radiations
contribute to the leading region which eventually gives rise
to the perturbative Sudakov factor that suppresses the small
transverse momentum region exponentially.
Now we plug the hadronic tensor into Eq. (4) to find the

weighted cross section ΣN takes the form

ΣNðQ2;θÞ¼ α2

Q4

Z
dxBxN−1

B

X
λ¼T;L

e2qfλϵ�λ;μϵλ;ν

×
Z

d4xeiq·x
�
Cμν
q ðxÞhPjχ̄nðx−Þ

γþ

2
ÊðθÞχnð0ÞjPi

þCμν
g ðxÞhPjB⊥ðx−ÞÊðθÞB⊥ð0ÞjPi

�
: ð18Þ

We further manipulate the ΣNðQ2; θÞ by inserting the
complete set 1 ¼ jXCihXCj of the collinear sector into the
hadronic tensor, and then perform the translation operation

in x−, i.e. hPjχ̄nðx−ÞjXCi ¼ hPjT†Tχ̄nðx−ÞT†TjXCi ¼
hPjeiPþx−

2 χ̄nð0Þe−iPþ
C
x−
2 jXCi, where T is the translational

operator in x− and Pþ
C is the large component of the

momentum for the collinear radiations, to find

ΣNðQ2; θÞ

¼ α2

Q4

Z
dxBxN−1

B

X
λ¼T;L

e2qfλϵ�λ;μϵλ;ν

× Pþ
Z

dzδðð1 − zÞPþ − Pþ
CÞ

Z
d4xeiq·xeiðPþ−Pþ

C Þx
−
2

×

�
Cμν
q ðxÞhPjχ̄nð0Þ

γþ

2
ÊðθÞjXCihXCjχnð0ÞjPi

þ Cμν
g ðxÞhPjB⊥ð0ÞÊðθÞjXCihXCjB⊥ð0ÞjPi

�
; ð19Þ

where we have inserted the identity PþR dzδðð1−zÞPþ−
Pþ
CÞ to define the variable z. Here Pþ

C is the large
component of the momentum for the collinear radiations.
Now we replace ðPþ − Pþ

CÞ x
−

2
in the exponent by zPþ x−

2
¼

zP · x, where we have used P ∼ Pþ nμ
2

up to OðΛQCD

Q Þ
corrections. With further noticing that δðð1−zÞPþ−Pþ

CÞ¼R dy−

4π e
i½ð1−zÞPþ−Pþ

C �y
−
2 , and by applying the translation oper-

ation on hPj…jXCi, we find the ΣNðQ2; θÞ possesses the
factorized form

ΣNðQ2;θÞ¼
Z

dxBxN−1
B

Z
dzðHqðz;xB;Q2Þfq;EECðz;PþθÞ

þHgðz;xB;Q2Þfg;EECðz;PþθÞÞ; ð20Þ

where the hard coefficients Hq and Hg are defined as

Hq ¼
α2

Q4

X
λ¼T;L

e2qfλϵ�λ;μϵλ;ν

Z
d4xeiðqþzPÞ·xCμν

q ðxÞPþ;

Hg ¼
α2

Q4

X
λ¼T;L

e2qfλϵ�λ;μϵλ;ν

Z
d4xeiðqþzPÞ·xCμν

g ðxÞ: ð21Þ

And the collinear functions are

fq;EECðz; PþθÞ

¼
Z

dy−

4π
e−izP

þy−
2 hPjχ̄n

�
y−

2
nμ
�
γþ

2
ÊðθÞχnð0ÞjPi ð22Þ

for the quarks, and

fg;EECðz; PþθÞ

¼
Z

dy−

4π
e−izP

þy−
2 PþhPjB⊥

�
y−

2
nμ
�
ÊðθÞB⊥ð0ÞjPi

ð23Þ
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for the gluon. These furnish the operator definition for the
quark and gluon nucleon energy-energy correlator in the
momentum space, respectively.
We can further derive the hard coefficientsHq andHg by

noting the following:
(i) The above derivation follows closely the SCET

derivation of the DIS cross section in [41], except
for the existence of the collinear operator ÊðθÞ.

(ii) Once replacing ÊðθÞ by the identity operator
1 ¼ P

X jXihXj within the NEEC fi;EEC, we recover
the operator definition for the collinear PDF fiðzÞ.
Meanwhile, Eqs. (4) and (20) reduce to the standard
inclusive DIS cross section.

(iii) The hard coefficients are independent of the details
of the collinear sector, and therefore unaffected
whether we place the ÊðθÞ or the identity operator
in the collinear function.

Immediately, we reach the conclusion that the hard func-
tions satisfy

Hq ¼
1

z
σ̂q

�
xB
z
;Q2

�
; Hg ¼

1

z
σ̂g

�
xB
z
;Q2

�
; ð24Þ

and are nothing but the DIS partonic cross sections. And
therefore

ΣNðQ2; θÞ

¼
X
i¼q;g

Z
dxBxN−1

B

Z
dz
z
σ̂i

�
xB
z
;Q2

�
fi;EECðz; PþθÞ:

ð25Þ

One can observe from the factorization theorem that the θ
dependence of ΣNðQ2; θÞ is entirely through the fEEC,
and thus measuring ΣNðQ2; θÞ directly probes the NEEC.
The derivation also holds for the measurement without the
xN−1
B weighting, as proposed in Ref. [36], and the factori-
zation is similar to what we have obtained by taking out
the integral over xB, which is nothing but the second line of
the above equation.
When θPþ ≫ ΛQCD, as shown in the following section,

the NEEC can be matched onto the collinear PDFs, with all
θ dependence occurring only in the perturbative matching
coefficients. In this way, since fEEC is dimensionless, the
Pþθ will show up in the form of ln Pþθ

μ . Therefore, ΣN could
also be written as2

ΣNðQ2; θÞ ¼
X
i¼q;g

Z
duuN−1σ̂iðu;Q2Þfi;EEC

�
N; ln

Qθ

uμ

�
;

ð26Þ

where u ¼ xB
z and we have used the fact that Pþ ¼ Q

xB
¼ Q

zu

in the Breit frame. The μ dependence in other forms
through the strong coupling and the collinear PDFs are
suppressed in the fi;EEC, where fi;EECðN; ln Qθ

uμÞ is the
NEEC in the Mellin space,

fi;EEC

�
N; ln

Qθ

uμ

�
¼

Z
1

0

dzzN−1fi;EEC

�
z; ln

Qθ

zuμ

�
: ð27Þ

To simplify the notation, we introduce the ⊙ product,
defined as

h1 ⊙ h2… ⊙ hn ⊙ fðuÞ

¼
Z Yn

i

duiuN−1
i hiðuiÞfðN; uu1u2…unÞ; ð28Þ

therefore, Eq. (26) is written as ΣNðQ2;θÞ¼ σ̂i⊙fi;EECð1Þ,
and we will always drop the “(1)” to write

ΣNðQ2; θÞ ¼ σ̂i ⊙ fi;EEC: ð29Þ

III. MATCHING ONTO THE COLLINEAR PDF
WHEN θQ ≫ ΛQCD

When θQ ≫ ΛQCD, the collinear modes can be further
split into the hard collinear fields (C1) with momentum
scaling pC1

∼Qð1; θ2; θÞ and the C2 modes in SECTII with

pC2
∼Qð1; λ2; λÞ with λ≡ ΛQCD

Q ≪ θ. The SCET operators
in Eq. (11) can be further matched onto the SCETII
operators such that

Oiðx−Þ ¼
X
j¼q;g

Cjðx−ÞOj;IIðx−Þ; ð30Þ

where the operators on the left-hand side of the equation
are those that appeared in matrix elements of Eqs. (22)
and (23), and the Oi;II is the SCETII operators which have
the exact same form as Oi but without the energy operator
ÊðθÞ and is made out of the C2 fields.
We pause here to study first the effects when ÊðθÞ is

acting on jXi ¼ jXC1
; XC2

i. From the definition, we have

ÊðθÞjXC1
; XC2

i

¼
X
i∈XC1
j∈XC2

�
Ei

EP
Θðθ − θiÞ þ

Ej

EP
Θðθ − θjÞ

�
jXi: ð31Þ

2Due to the flux term fλðyÞ term from Eq. (6) in the partonic

cross section σ̂i with y ¼ Q2

xBs
¼ Q2

s
1
uz, Eq. (26) should be written as

a linear combination of different effective weights N − i, for
each yi. However, terms with one power higher in y will be

suppressed by Q2

s for Q2 ≪ s.
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We note that since by definition, for particles from the C2

modes, the polar angle scales as θj ∼ λ ≪ θ, the second Θ
function will be always satisfied and can be replaced by 1.
Therefore we find

ÊðθÞjXC1
; XC2

i

¼
�X

i∈XC1

−
Ei

EP
Θðθi − θÞ þ EX

EP

�
jXC1

; XC2
i ð32Þ

where EX ≡P
i∈XC1

;j∈XC2
Ei þ Ej and we have used

Θðθ − θiÞ ¼ 1 − Θðθi − θÞ.
The EX term in Eq. (32) acts on both C1 and C2 modes

simultaneously and contributes to the fEEC in the way that

fi;EEC ⊃
X
X

EX

EP
hPjOijXihXjOijPiδðð1 − zÞPþ − Pþ

X Þ

¼ ð1 − zÞ
X
X

hPjOijXihXjOijPiδðð1 − zÞPþ − Pþ
X Þ

¼ fiðzÞ − zfiðzÞ; with i ¼ q; g; ð33Þ

where fiðzÞ is the collinear PDF. In the first line we have
inserted the complete set

P
X jXihXj into Eqs. (22) and (23)

and applied Eq. (32) but only kept the EX term. We
performed the translation operation in the nμ direction
before we integrate over y−. Here, we have also used the
definition of the collinear PDF

fiðzÞ ¼
X
X

hPjOijXihXjOijPiδðð1 − zÞPþ − Pþ
X Þ

¼
Z

dy−

4π
e−izP

þy−
2 hPjOi

�
y−

nμ

2

�
OijPi: ð34Þ

The − EiΘðθi − θÞ term in Eq. (32) acts only on the C1

modes. Therefore when matching onto SCETII, together
with the coefficient Cjðx−Þ in Eq. (30), it gives the
matching coefficient. The matching procedure is similar
to what we did in the previous section and we will not
repeat it here. The final contribution from the −EiΘðθi − θÞ
term then reads

fi;EEC ⊃ −
X
j

Z
1

z

dξ
ξ
I0ij

�
z
ξ
; ln

zQθ

xBμ

�
½ξfjðξÞ�; ð35Þ

where the additional ξ in front of fðξÞ originates from
Ei=EP. Here I0ij is the matching coefficient that can be
calculated perturbatively and starts from OðαsÞ.
Gathering all pieces, the matching of the NEEC fi;EEC to

the collinear PDFs when θQ ≫ ΛQCD is given by

fi;EEC

�
z; ln

Qθ

uμ

�
¼ fiðzÞ −

Z
1

z

dξ
ξ
Iij

�
z
ξ
; ln

Qθ

uμ

�
ξfjðξÞ;

ð36Þ

where IijðzÞ ¼ δð1 − zÞ þ I0ijðzÞ. It will be interesting to
note that the θ dependence is solely within the ξfjðξÞ term
where Iij, as we will show, is determined by the splitting
function Pðzi;…Þ, and involves the factor ziPðzi;…Þ.
Here, the zi factor originated from the energy weight of
parton i. Therefore, from Eq. (36), we can interpret
dfEEC=dθ as the parton energy density at the angle θ for
the given incoming parton energy density ξfðξÞ.
Written in the Mellin space, we have

fi;EEC

�
N; ln

Qθ

uμ

�
¼ fiðNÞ − Iij

�
N; ln

Qθ

uμ

�
fjðN þ 1Þ;

ð37Þ

where IijðNÞ is the Mellin moment of IijðzÞ.
For later use, we define the �-product by

I � f ¼ IðNÞfðN þ 1Þ: ð38Þ

With this notation, Eq. (37) is written as

fi;EEC ¼ fi −
X
j

Iij � fj: ð39Þ

We note the difference between fi ¼ fiðNÞ and
1 � fi ¼ fiðN þ 1Þ.

IV. EVOLUTION EQUATIONS

From the factorization theorem in Eqs. (25), (26), and the
consistency relation

d
d ln μ2

ΣNðQ2; θÞ ¼ 0; ð40Þ

we deduce that the NEEC satisfies the modified
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equation

d
d ln μ2

fi;EEC

�
z; ln

Qθ

zuμ

�
¼

X
j

Z
1

z

dξ
ξ
Pij

�
z
ξ

�
fj;EEC

�
ξ; ln

Qθ

zuμ

�
ð41Þ

in the momentum space. The inclusion of z, as an argument
of the function fj;EEC indicates that (41) cannot be
considered a conventional convolution beyond LL accu-
racy. The presence of this extra dependency arises from the
inherent angular nature of NEEC, which results in its
reliance on the frame of reference in which the observation
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is made. An analogous situation is observed in the case of
the final state EEC, as discussed in [29]. It is interesting to
note that the form of the evolution that governs the θ
distribution is similar to the modified leading logarithmic
approximation [47]. The mechanism behind this similarity
could be worth further investigation in the future. In the
Mellin space, the evolution of the NEEC follows

d
d ln μ2

fi;EEC

�
N; ln

Qθ

uμ

�
¼

X
j

Z
dξξN−1PijðξÞfj;EEC

�
N; ln

Qθ

ξuμ

�
¼ Pij ⊙ fj;EECðuÞ; ð42Þ

where PijðξÞ is the vacuum splitting function and the ⊙
notation follows Eq. (28). Note that the additional ξ within
the logarithm is due to the specific structure of the Mellin
transformation for fEEC in Eq. (27).
In the momentum space, the solution to the evolution

equation (42) can be solved numerically using HOPPET [48]
or APFEL++ [49] with the initial condition at μ0 ∼Qθ to
be determined later in Sec. V B. The solution in the
Mellin space is slightly more involved and we solve it
in Appendix A. Its analytic form will be given in Sec. V C.
In practice, it is useful to introduce for the NEEC fEEC

the flavor singlet and nonsinglet distributions, where the
singlet part is given by

FS
q ¼

X
i

ðfqi;EEC þ fq̄i;EECÞ; FS
g ¼ fg;EEC; ð43Þ

and the nonsinglet part is defined as

FNS
i ¼ NFðfqi;EEC þ fq̄i;EECÞ − FS

q: ð44Þ

The definition follows directly those of the collinear
PDFs [50,51]. We note that

fqi;EEC þ fq̄i;EEC ¼ 1

NF
ðFNS

i þ FS
qÞ; fg;EEC ¼ FS

g: ð45Þ

Since the fEEC behaves exactly like the collinear PDF, by
the flavor and charge conjugation symmetry, the nonsinglet
distribution for the NEEC evolves as [50,51]

d
d ln μ2

FNS
i

�
N; ln

Qθ

uμ

�
¼ Pþ

NS ⊙ FNS
i ðuÞ; ð46Þ

with no mixing with the singlet distributions FS
q and FS

g .
Here “⊙” follows Eq. (28). The singlet distributions
evolve as

d
d ln μ2

"
FS
q

FS
g

#
¼

"
PS
qq PS

qg

PS
gq PS

gg

#
⊙

"
FS
q

FS
g

#
ðuÞ: ð47Þ

Here PS
gg ¼ Pgg, PS

qg ¼ 2NFPqg, PS
gq ¼ Pgq, and

PS
qq ¼ Pþ

NS þ Pps ð48Þ

are defined in Refs. [50,51]. The nonsinglet and the pure
singlet splitting kernels Pþ

NS and Pps can also be found
therein. At order αs, P

þ
NS ¼ Pqq and Pps ¼ 0. The Oðα2sÞ

results are given in the Appendix B.
The evolution of the matching coefficient Iij can be

directly derived from Eqs. (36) and (37) along with the
evolution of the fEEC in Eq. (41) to Eq. (42). For practical
use, we note that by the charge conjugation and flavor
symmetry, the matching coefficient Iij for the quark can
always be written as

Iqiqj ¼ Iq̄iq̄j ¼ INS
qq δij þ IPSqq ;

Iqiq̄j ¼ Iq̄iqj ¼ INS
qq̄ δij þ IPSqq̄ ; ð49Þ

where IPS is flavor independent. In this way, we find

FNS
i ¼ fNS

i − ðINS
qq þ INS

qq̄ Þ � fNS
i ≡ fNS

i − INS � fNS
i ; ð50Þ

and the pure quark contribution to FS
q is

FS
q ¼ fSq − ðINS

qq þ INS
qq̄ þ NFðIPSqq þ IPSqq̄ ÞÞ � fSq

≡ fSq − ISqq � fSq; ð51Þ

where we follow Eq. (38) to use “�” as the shorthand
notation for the product in Eq. (37). Up to order αs,
IPSqq ¼ IPSqq̄ ¼ INS

qq̄ ¼ 0, and thus INS ¼ ISqq ¼ INS
qq up to this

order. Here

fNS
i ¼ NFðfqi þ fq̄iÞ −

X
k

ðfqk þ fq̄kÞ ð52Þ

is the singlet PDF distribution and

fSq ¼
X
i

fqi þ fq̄i ; fSg ¼ fg ð53Þ

are the nonsinglet distributions. They satisfy the same
DGLAP evolution in Eqs. (46) and (47) after replacing ⊙
by the product, for the singlet and the nonsinglet PDFs,
respectively.
It is immediately realized that

d
d ln μ2

INSðN; uÞ ¼ Pþ
NS ⊙ INSðuÞ − INS � Pþ

NS; ð54Þ
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and

d
d ln μ2

ISijðN; uÞ ¼ PS
ik ⊙ ISkjðuÞ − ISik � PS

kj: ð55Þ

Here i ¼ q, g. Here summation over the repeat indices is
assumed.

V. MATCHING COEFFICIENTS AT NLO
AND THE NLL RESUMMATION

In this section, we calculate the cumulant cross section

ΣNðQ2; θÞ ¼
X
i¼q;g

bσi ⊙ fi;EEC ð56Þ

to NLO in αs in the small θ limit. The ⊙-product follows
Eq. (28). The OðαsÞ calculation allows us to realize the
NLL resummation for ΣNðQ2; θÞ, which in turn will allow
us to predict the complete α2s distribution d

dθ2 ΣNðQ2; θÞ
when θ is small.

A. NLO hard function

For the NLL resummation, we need the DIS partonic
cross section at NLO. The NLO partonic cross section
σ̂ðz;Q2Þ is well known [52–54] and we present the results
in the Appendix C. Here we supply the cross section in the
Mellin space, which can be written as

σ̂ðN;Q2Þ ¼ 4πα2

Q4

XNF

i¼−NF

X
c¼q;g

X
λ¼T;L

e2qifλσ̂c;λðNÞ; ð57Þ

where

σ̂c;λðNÞ ¼
X
n¼0

�
αs
2π

�
n
σ̂ðnÞc;λ ðNÞ; ð58Þ

in which at LO

σ̂ð0Þq;T ¼ 1; σ̂ð0Þq;L ¼ σ̂ð0Þg;T ¼ σ̂ð0Þg;L ¼ 0: ð59Þ

To obtain compact results for σð1Þc;λðNÞ at NLO,
we introduce the S�m and S�m1;m2;… functions [50,51]
defined as

S�mðNÞ ¼
XN
i¼1

ð�1Þi
im

ð60Þ

and

S�m1;m2;…;mk
ðNÞ ¼

XN
i¼1

ð�1Þi
im1

Sm2;…;mk
ðiÞ; ð61Þ

and we introduce N�kSm⃗ðNÞ ¼ Sm⃗ðN � kÞ raise/lower the
argument by k. We abbreviate Sm⃗ðNÞ ¼ Sm⃗. Some useful
formulas are presented in the Appendix D.
We thus find the quark contribution to σ̂ð1Þ reads

σ̂ð1Þq;L ¼ CFð−Þð1 − N̂þÞS1; ð62Þ

for the longitudinal part, where we have used 1 ¼ ð1 −
zÞP∞

i¼0 z
i anywhere necessary to get the results, and

σ̂ð1Þq;T ¼ CF

��
3

2
− ðN̂− þ N̂þÞS1

�
ln
Q2

μ2

þ ðN̂− þ N̂þÞðS1;1 − S2Þ þ
π2

3

þ 3

2
ðN̂−ÞS1 − 3ðN̂− − 1ÞS1 −

�
9

2
þ π2

3

��
: ð63Þ

The gluon channel is given by

σ̂ð1ÞL;g ¼ TRð−2Þð1 − 2N̂þ þ N̂þ2ÞS1; ð64Þ

and

σ̂ð1ÞT;g ¼ TR

�
ð−N̂− þ 3 − 4N̂þ þ 2N̂þ2ÞS1 ln

Q2

μ2

þ ðN̂− − 3þ 4N̂þ − 2N̂þ2ÞðS1;1 − S2Þ

þ ð−5þ N̂− þ 8N̂þ − 4N̂þ2ÞS1
�
; ð65Þ

where a factor of 1=2 has been multiplied into the gluon
channel to match with the flavor summation in Eq. (57).

B. NLO matching coefficient for Iij
The matching coefficients Iij in Eq. (37) can be obtained

by calculating the difference between the NEEC defined
in Eqs. (22), (23) and the collinear PDF in Eq. (34), using
the SCET Feynman rules. To perform the matching, the
external hadronic states jPi and jXi can be replaced by the
partonic degrees of freedom, using on-shell quarks and
gluons. In dimensional regularization, the higher-order
corrections to Eq. (34) are dimensionless and vanish
identically. Therefore, the Iij is determined by calculating
the matrix elements in Eqs. (22) and (23). At NLO, this
results in evaluating the phase space integrals of the form

fi;EEC ¼ −Pþ
Z

dzzN−1
Z

dξδððξ − zÞPþ − gþÞ

×
Z

ddg
ð2πÞd−1 δðg

2Þ
�
1 −

z
ξ

�
ξΘðθg − θÞ

× ð8παsÞμ2ϵ
1 − z

ξ

g2t
Pð0Þ
ij

�
z
ξ
; ϵ

�
fjðξÞ; ð66Þ
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where gμ is the momentum of the detected parton, and gt is
its transverse component. ξ is the momentum fraction

carried by the incoming parton. Here Pð0Þ
ij are the OðαsÞ

splitting kernels, which are

Pð0Þ
qq ðz; ϵÞ ¼ CF

�
1þ z2

1 − z
− ϵð1 − zÞ

�
;

Pð0Þ
gq ðz; ϵÞ ¼ CF

�
1þ ð1 − zÞ2

z
− ϵz

�
;

Pð0Þ
qg ðz; ϵÞ ¼ TRðz2 þ ð1 − zÞ2 − 2ϵzð1 − zÞÞ;

Pð0Þ
gg ðz; ϵÞ ¼ 2CA

�
z

1 − z
þ 1 − z

z
þ zð1 − zÞ

�
: ð67Þ

To evaluate the integral, we parametrize the phase
space as

ddg
ð2πÞd−1δðg

2Þ¼ 1

16π2
ð4πÞϵ

Γð1−ϵÞ
dgþ

gþ

�
gþ

2

�
2−2ϵ

dθ2gθ−2ϵg ; ð68Þ

where we have used gt ¼ θg
gþ
2
. We thus find the NLO result

of Eq. (37) is

fi;EEC ¼ fiðNÞ −
�
δij þ

αs
2π

Ið1Þij ðNÞ
�
fjðN þ 1Þ; ð69Þ

where the unrenormalized NLO matching coefficient is

Ið1Þij ¼ 1

ϵ

1

Γð1 − ϵÞ
�
4πμ2

ðQθ
2uÞ2

�
ϵ

×
Z

dzzN−1
�

z
1 − z

�
2ϵ

ð1 − zÞPð0Þ
ij ðz; ϵÞ: ð70Þ

Plugging the splitting functions in Eq. (67), we find the
NLO unrenormalized matching coefficients

Ið1Þij;un ¼ Sϵ

�
1

ϵ
þ ln

μ2

Q2

4u2 θ
2

�h
Pð0Þ
ij ðNÞ − Pð0Þ

ij ðN þ 1Þ
i

þ dð1Þij ðNÞ − dð1Þij ðN þ 1Þ; ð71Þ

where the angular factor Sϵ ¼ ð4πÞϵ
Γð1−ϵÞ. P

ð0Þ
ij ðNÞ are the OðαsÞ

splitting functions in Mellin space, which are

Pð0Þ
qq ðNÞ ¼ CF

�
3

2
− ðN̂þ þ N̂−ÞS1

�
;

Pð0Þ
gq ðNÞ ¼ CFð−2N̂−2 þ 4N̂− þ N̂þ − 3ÞS1;

Pð0Þ
qg ðNÞ ¼ TRð−N̂− − 4N̂þ þ 2N̂þ2 þ 3ÞS1;

Pð0Þ
gg ðNÞ ¼ 2CA½−N̂−2 þ 2ðN̂− þ N̂þÞ − N̂þ2 − 3�S1 þ

β0
2
;

where β0 ¼ 11
3
CA − 4

3
NFTR. The splitting functions in the z

space are well known and can be found in the Appendix B.
The NLO θ independent constant terms are calculated to

find the general form

dð1Þij ðzÞ ¼ 2pð0Þ;0
ij ðzÞ ln z

1 − z
þ pð0Þ;1

ij ðzÞ ð72Þ

and

dð1Þij ðNÞ ¼
Z

dzzN−1dð1Þij ðzÞ; ð73Þ

where pð0Þ;k
ij ðzÞ are the coefficients of the ϵk with k ¼ 0, 1

in the splitting kernels Pð0Þ
ij ðz; ϵÞ of Eq. (67). Here All

divergences for z → 1 are understood in the sense
of þ-distributions.
Evaluating the Mellin integral, we find

dð1Þqq ðNÞ ¼ 2CF

�
ðN̂þ þ N̂−ÞðS2 − S1;1Þ −

π2

3

þ ðN̂þ þ N̂− − 2Þ S1
2

�
;

dð1Þgq ðNÞ ¼ 2CF

�
ð2N̂−2 − 4N̂− þ 3 − N̂þÞðS2 − S1;1Þ

þ ð1 − N̂þÞ
S1
2

�
;

dð1Þqg ðNÞ ¼ 2TR½ðN̂− − 3þ 4N̂þ − 2N̂þ2ÞðS2 − S1;1Þ
þ ð1 − 2N̂þ þ N̂þ2ÞS1�;

dð1Þgg ðNÞ ¼ 4CA

�
ð3 − 2ðN̂þ þ N̂−Þ

þ ðN̂þ2 þ N̂−2ÞÞðS2 − S1;1Þ −
π2

6

�
: ð74Þ

The NLO renormalized matching coefficient in Eq. (37)
is then

Iij ¼ δij þ
αs
2π

�
− ln

Qθ

2uμ

�
2Pð0Þ

ij ðNÞ − 2Pð0Þ
ij ðN þ 1Þ

	
þ dð1Þij ðNÞ − dð1Þij ðN þ 1Þ

�
: ð75Þ

The NLO calculation explicitly verified the evolution
equation derived via the consistency condition in Sec. IV.
From the calculation, we can also read the singlet and the
nonsinglet terms introduced in Sec. IV, which are

INS ¼ ISqq ¼ Iqq; ISgg ¼ Igg;

ISqg ¼ 2NFIqg; ISqg ¼ Iqg: ð76Þ
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C. NLL resummation for ΣN

When αs ln θ2 ∼ 1, the logarithmic terms are large and
should be resummed to all orders; the NLO calculations in
the previous section allow us to realize the NLL resum-
mation for the NEEC, namely the resummation of αks lnk θ2

and αks lnk−1 θ2 series.
One way to perform the resummation is to evaluate the

partonic cross section σ̂c;λ and the PDFs fi at scale μ ∼Q,
and evolve the matching coefficient I from μ0 ∼Qθ to
μ ∼Q following the resummation equation in Eqs. (54)
and (55) in Sec. IV.
Equivalently, we can also set the scales for both the

collinear PDFs fNS
qi , f

S
j , and the matching coefficients INS,

ISij at μ0 ∼Qθ, to evaluate the NEEC and evolve the NEEC
from μ0 to μ to realize the resummation. In the z space, the
evolution is identical to the collinear PDFs and can be
achieved numerically by HOPPET [48] or APFEL++ [49]. In
the Mellin space, the resummation follows the evolution
equations in Eqs. (46) and (47) for both FNS

qi and FS
i . We

solve the equations iteratively in Appendix A, and find that
the NLL NEEC receives the compact analytic form

fi;EECðμÞ
¼ fiðN;μÞ−DN

ikðμ;μ0ÞIkjðuμ0ÞfjðN þ 1;μ0Þ

−
αsðμ0Þ
2π

N ik½2Pð0Þ
kj ðNÞ − 2Pð0Þ

kj ðN þ 1Þ�fjðN þ 1;μ0Þ:

The resummed form holds for both the singlet FS and
nonsinglet distributions FNS. Here Iijðuμ0Þ is the NLO
matching coefficient in Eq. (75) evaluated at scale μ0, and
the evolution factor DN

ijðμ; μ0Þ is nothing but the DGLAP
evolution in the Mellin space,

DN
ijðμ; μ0Þ ¼ exp

�Z
μ

μ0

d ln μ2PðN; μÞ
�
ij

: ð77Þ

To realize the NLL resummation, we need PijðNÞ at LO
and NLO within the evolution factor DN

ij. The LO results
have been presented in Eq. (72), and the NLO moments
can be found in Refs. [50,51] and are also given in the

Appendix B. Note that we need to divide the γð1Þij ’s therein

by a factor (−4) to get Pð1Þ
ij ðNÞ in our normalization.

The correction to the DGLAP evolution starts from
αnsLn−1 order, in which

N ij ¼
Z

μ

μ0

d ln μ21D
N
ikðμ; μ1ÞP̃klðN; μ1ÞDN

ljðμ1; μ0Þ; ð78Þ

originated from the− αs
2πP ⊙ ln uwhere the ln u term comes

from the NLOmatching coefficient Iij. We note that bothD
and N can be integrated analytically using the formula in
Eqs. (B5) and (B6). Here we have defined

P̃ijðNÞ≡
Z

dzzN−1PijðzÞ ln z ¼ ∂NPijðNÞ: ð79Þ

Note that the derivative of the Mellin moment has also
appeared in the solution of small angle EEC [29]. For the
NLL resummation, we need

P̃ð0Þ
qq ðNÞ ¼ CF

�
ðN̂þ þ N̂−ÞS2 −

π2

3

�
;

P̃ð0Þ
qg ðNÞ ¼ TRðN̂− − 3þ 4N̂þ − 2N̂þ2ÞS2;

P̃ð0Þ
gq ðNÞ ¼ CFð2N̂−2 − 4N̂− þ 3− N̂þÞS2;

P̃ð0Þ
gg ðNÞ ¼ 2CA

�
½N̂þ2 þ N̂−2 − 2ðN̂þ þ N̂−Þ þ 3�S2 −

π2

6

�
:

ð80Þ

If we take the evolution of the fjðN þ 1; μ0Þ ¼
D−1

jk ðN þ 1ÞfkðN þ 1; μÞ into account, we can derive the
evolution for the matching coefficient Iij at NLL, which is

IijðuμÞ
¼DN

ikðμ;μ0ÞIklðuμ0ÞDN
ljðμ0;μÞ

þ αsðμ0Þ
2π

N ik

h
2Pð0Þ

kl ðNÞ− 2Pð0Þ
kl ðNþ 1Þ

i
DNþ1

lj ðμ0;μÞ:

We note that the analytic form for NLL we derived can
be straightforwardly generalized to higher logarithmic
accuracy.
In practice, to implement the resummation, we use the

fact that σqi is identical to σqi to recast the cross section as

ΣN ¼ 4πα2

Q4

XNF

i¼1

e2qi

�
σ̂q ⊙

1

NF
ðFNS

qi þ FS
qÞ þ 2σ̂g ⊙ FS

g

�

¼ 1

NF

4πα2

Q4

XNF

i¼1

e2qi σ̂q ⊙ FNS
qi þ σ̂Sq ⊙ FS

q þ σ̂Sg ⊙ FS
g:

ð81Þ

Here we introduced σ̂Sq ¼ 4πα2

Q4
1
NF

PNF
i¼1 e

2
qi σ̂q and σ̂Sg ¼

4πα2

Q4
1
NF

PNF
i¼1 e

2
qið2NFσ̂gÞ. Inserting the resummed formula

Eq. (78) for FNS and FS, we realize the NLL resummation
of ΣNðQ2; θÞ.

D. dΣN=dθ2 distribution at Oðα2
s Þ

The NLL resummation for ΣN allows us to predict the
complete dΣN=dθ2 spectrum up to α2s order by expanding
the resummation results in terms of the coupling αs. Here
we list the results.
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The distribution can be written as

1

σ0

dΣN

d ln θ2
¼

�
αs
2π

Σð1Þ
N;j þ

α2s
4π2

X
⃗i

Σ⃗i
N;j

�
fjðN þ 1Þ ð82Þ

where σ0 ¼ 4πα2e2q
Q4 . Here ⃗i ¼ ði1; i2; i3; i4Þ satisfies i1 þ i2 þ

i3 þ i4 ¼ 2 and ik ≥ 0.
At OðαsÞ, the distribution is given by

Σð1Þ
N;j ¼ Pð0Þ

qj ðNÞ − Pð0Þ
qj ðN þ 1Þ: ð83Þ

At Oðα2sÞ, we have contributions coming from the αs
running, which are

Σð0;0;1;1Þ
N;j ¼ − ln

θ2Q2

4μ2
β0
2

�
Pð0Þ
qj ðNÞ − Pð0Þ

qj ðN þ 1Þ
	
; ð84Þ

and

Σð0;1;0;1Þ
N;j ¼ β0

2

�
dð1Þqj ðNÞ − dð1Þqj ðN þ 1Þ

	
: ð85Þ

In addition, we have

Σð1;0;1;0Þ
N;j ¼ σð1Þi ðNÞ

�
Pð0Þ
ij ðNÞ − Pð0Þ

ij ðN þ 1Þ
	
; ð86Þ

which is essentially the product of the OðαsÞ hard function
in Sec. VA and the OðαsÞ NEEC in Sec. V B.
The one-loop DGLAP evolution contributes as

Σð0;0;2;0Þ
N;j ¼

�
Pð1Þ
qj ðNÞ − Pð1Þ

qj ðN þ 1Þ
	
: ð87Þ

Here, the moment of the NLO splitting function can
be found in Refs. [50,51] and is also provided in the
Appendix B.
The product of the LO DGLAP and the NLO matching

coefficient contributes to both the double and single logs.
The double logarithmic term reads

Σð0;1;1;0Þ
N;a;j ¼ − ln

θ2Q2

4μ2

h
Pð0Þ
qk ðNÞ

�
Pð0Þ
kj ðNÞ − Pð0Þ

kj ðN þ 1Þ
	

−
�
Pð0Þ
qk ðNÞ − Pð0Þ

qk ðN þ 1Þ
	
Pð0Þ
kj ðN þ 1Þ

i
;

ð88Þ

while the single log contribution is

Σð0;1;1;0Þ
N;b;j ¼ Pð0Þ

qk ðNÞ
�
dð1Þkj ðNÞ − dð1Þkj ðN þ 1Þ

	
−
�
dð1Þqk ðNÞ − dð1Þqk ðN þ 1Þ

	
Pð0Þ
kj ðN þ 1Þ: ð89Þ

There is one additional term that originated from the ⊙
structure, which is a single log term from Pð0Þ

Σð0;1;1;0Þ
N;c;j ¼ 2P̃ð0Þ

qk ðNÞ
�
Pð0Þ
kj ðNÞ − Pð0Þ

kj ðN þ 1Þ
	
; ð90Þ

where P̃ð0Þ
ij ðNÞ is defined in Eqs. (79) and (80).

VI. NUMERICAL RESULTS

In this section, we examine the numerical consequence
of the NLL resummation. We use the kinematics that
EP ¼ 275 GeV for the incoming proton and El ¼
18 GeV for the electron. We work in the Breit frame
and choose N ¼ 3, Q2 ¼ 100 GeV2 and fix μ ¼ Q and
μ0 ¼ Qθ

2
for implementing resummation.

First, we validate the factorization formalism by com-
paring the singular ln θ contributions predicted by the
factorization theorem with the complete αs and α2s calcu-
lations of the distribution dΣN=dy, where y ¼ lnðtan θ

2
Þ.

As θ (y) becomes small, the ln θ terms will dominate the
dΣN=dy distribution, and the singular contribution should
coincide with the full calculation.
We perform this comparison in Fig. 2. The full fixed

order calculations (in dots) are obtained numerically using
NLOJET++ [55] and the log terms have been calculated in
Sec. V D. From Fig. 2, we observed very good agreements
in the small y region between the complete calculation and
the singular terms predicted by factorization and resum-
mation, in both the magnitude and shape. The comparison
serves as a nontrivial validation of the factorization theorem
derived in this work.
Now we present the numerical results for the resumma-

tion in Fig. 3. The analytic formula Eq. (78) is checked
against the numerical resolution of Eq. (42) using Euler’s
method to find perfect agreement. We further matched the
resummation to the fixed order calculation by removing the

8. 6. 4. 2. 0. 2. 4.
10 2

10 1

100

y ln tan 2

d
N
dy

s
2 nlojet

s

s Logs

s
2 Logs

FIG. 2. A comparison between the ln θ singular contributions
with the full fixed order calculations. Very good agreements are
found for small values of θ (y).
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singular terms that have been resummed, from the
fixed order cross section in the small y region, and
replacing them with the NLL results. In Fig. 3, we show
the NLLþ αs and NLLþ α2s in the orange square and red
circular dots, respectively. Compared with the fixed order
results in Fig. 2, we see that the resummation effects are
significant in the small angle region, which enhances
the distribution by several times with respect to the α2s
calculation for y around −2. It is also interesting to point
out that, as obvious in Fig. 3, the distribution in the small
angle is not suppressed due to the absence of the Sudakov
factor. This feature of the NEEC is very different from
the TMD PDFs in which the small transverse momentum
region is exponentially suppressed by the Sudakov factor.
When y < −2, for the kinematics we chose, Qθ

2
is

comparable with ΛQCD and we start to probe the non-
perturbative region. The perturbative calculation is no
longer valid in this regime and future experimental mea-
surements at HERA or EIC are required to understand the
nonperturbative behavior of the NEEC fEECðθÞ in this
range, which in turn can teach us about the nucleon intrinsic
transverse dynamics, as suggested by Ref. [35].
We further compare the NLLþ fixed order distributions

with the PYTHIA8.2 simulation [56] which implements the
leading logarithmic resummation. For this comparison, we
have turned off hadronization in PYTHIA. In the small θ (y)
region (near-side region), the analytic NLL resummation
agrees reasonably well with the partonic PYTHIA simula-
tion. For 0: < y < 1.0 (π

2
< θ ≲ 0.8π), the NLLþ αs agrees

better with PYTHIA and both are lower than the NLLþ α2s
prediction, due to the missing higher order corrections
in PYTHIA and the NLLþ αs. For larger values of ywhere θ
is approaching π (away-side region), the fixed order

calculations differ substantially from the PYTHIA simula-
tion. In this region, the detected particles are almost back-
to-back against the incoming proton. Now, the distribution
becomes highly sensitive to the soft radiations (as well as
the initial state collinear radiations), and we are essentially
probing the small transverse momentum and therefore
the TMD PDF. Therefore, in this region, additional
TMD resummation is required for reliable predictions
which we leave for future studies.

VII. SUMMARY

In this work, we demonstrate the factorization theorem
for the nucleon energy-energy correlator measurement
in lepton-nucleon collisions proposed in [35]. Our main
results are presented in Eq. (25), where the energy-
weighted cross-section ΣNðQ2; θÞ is factorized into the
partonic DIS cross section and the NEEC fEECðz; θÞ. The
operator definition of the NEEC is given by Eqs. (22)
and (23). The factorized form in the Mellin space can be
found in Eq. (26). The factorization theorem has a similar
structure to the DIS cross section, except that the collinear
PDF is replaced by the NEEC. Moreover, the factorization
theorem can be easily generalized to the hadron-hadron
collisions at the Large Hadron Collider by appropriately
substituting the PDF with the NEEC when similar
measurements are performed. For instance, if the proton
NEEC is measured in the prompt photon production
in pA collisions pA → γ þ X, then the factorization is
the same as the inclusive photon production with the
replacement of the proton PDF fi=PðzÞ with its correspond-
ing NEEC fi;EECðz; θÞ.
When Qθ ≫ ΛQCD, we showed in Eq. (36) that the fEEC

can be further matched onto the collinear PDF, with
perturbatively calculable matching coefficients determined
by the QCD splitting functions. In this region, the factori-
zation formalism Eq. (36) suggests that the dfEEC=dθ
describes the θ correlation between the outgoing parton
energy density and the initial incoming parton energy
density. The factorization theorem is validated by the
excellent agreements between the Oðα2sÞ prediction of
the factorization and the complete NLO calculation of
dΣNðQ2; θÞ=dθ2. The next-to-leading logarithmic resum-
mation has also been carried out for the NEEC.
In the momentum space, the NEEC evolves in a similar

way as the collinear PDFs. More specifically, it is
interesting to note that the evolution equation is similar
to the modified leading logarithmic approximation
equation. In this work, we focused more on the Mellin
space evolution of the NEEC. We obtained a fully
analytic solution to the evolution equation in Eq. (78)
and supplied all of the necessary ingredients for the
NLL resummation. The analytic formula can be easily
extended to higher logarithmic accuracy. The numerical
evaluation of the NLL resummation is found to agree with

2. 1. 0. 1. 2. 3. 4.

10 2

10 1

100

y ln tan 2

d
N
d
y

NLL s
2

NLL s

PYTHIA8.2

FIG. 3. Comparison of the NLLþ αs, NLLþ α2s and the
PYTHIA simulation at partonic level. Reasonable agreement is
found in the small θ (y) region (near side) between the analytic
NLL resummation and the PYTHIA simulation. We stop the
resummation at y ¼ −2, after which one probes the nonpertur-
bative region. Additional TMD resummation is required for
θ → π (large y, away side).
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the PYTHIA simulation reasonably well. Furthermore, the
NLL calculation also supports the recent idea of using the
NEEC to look for the gluon saturation in lepton-ion
collisions [36], where the θ distribution predicted by the
collinear factorization is not suppressed in the small θ
region contrary to the expectation of the color glass
condensate effective framework. The NNLO calculation
of the fEEC in the perturbative region should be feasible
with current computational techniques, which would
enable us to perform NNLL resummation for the fEEC.
We have not studied nonperturbative effects in this work

and we plan to do so in future work. We hope our current
work serves as a first step toward the precision meas-
urement of fEEC and stimulates further theoretical and
experimental investigations.
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APPENDIX A: SOLVING THE RG EVOLUTION

In this section, we solve Eq. (42), which can be written as

fEEC

�
N; ln

Qθ

uμ

�
¼ fEEC

�
N; ln

Qθ

uμ0

�
þ
Z

μ

μ0

d ln μ02
Z

dξξN−1PðξÞfEEC
�
N; ln

Qθ

ξuμ0

�
: ðA1Þ

For simplicity, we have suppressed the subscripts. The product of the P’s should be treated as the matrix product.
We write the ansatz solution to Eq. (A1) as

fEEC

�
N; ln

Qθ

uμ

�
¼ Dðμ; μ0ÞfEEC

�
N; ln

Qθ

uμ0

�
þ Rðμ; μ0Þ; ðA2Þ

where D and R are to be determined and satisfy Dðμ0; μ0Þ ¼ 1 and Rðμ0; μ0Þ ¼ 0.
We plug the ansatz back into Eq. (A1), to find

Dðμ; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
þ Rðμ; μ0Þ ¼ fEEC

�
N; ln

Qθ

uμ0

�
þ
Z

μ

μ0

d ln μ02PðN; μ0ÞRðμ0; μ0Þ

þ
Z

μ

μ0

d ln μ02
Z

dξξN−1PðξÞDðμ0; μ0ÞfEEC
�
N; ln

Qθ

ξuμ0

�
: ðA3Þ

To realize the NLL resummation, we use the NLO NEEC as the initial input at μ0, and manipulate Eq. (A3) as

Dðμ; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
þ Rðμ; μ0Þ

¼ fEEC

�
N; ln

Qθ

uμ0

�
þ
Z

μ

μ0

d ln μ02PðN; μ0Þ
�
Dðμ0; μ0ÞfEEC

�
N; ln

Qθ

uμ0

�
þ Rðμ0; μ0Þ

�
−
αsðμ0Þ
2π

Z
μ

μ0

d ln μ02P̃ðN; μ0ÞDðμ0; μ0Þ½2PðNÞ − 2PðN þ 1Þ�fðN þ 1; μ0Þ; ðA4Þ

where we have used the property that at NLO, the initial condition satisfies

fEEC

�
N; ln

Qθ

ξuμ0

�
¼ fEEC

�
N; ln

Qθ

uμ0

�
−
αsðμ0Þ
2π

ln ξ½2PðN; μ0Þ − 2PðN þ 1; μ0Þ�fðN þ 1; μ0Þ: ðA5Þ

and we applied the definition

P̃ðNÞ ¼
Z

1

0

dξξN−1PðξÞ ln ξ: ðA6Þ
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Now we repeat the above procedure, to replace the Dðμ0; μ0ÞfEECðN; ln Qθ
ξuμ0

Þ þ Rðμ0; μ0Þ using Eq. (A3) to find

Dðμ; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
þ Rðμ; μ0Þ

¼ fEEC

�
N; ln

Qθ

uμ0

�
þ
Z

μ

μ0

d ln μ02PðN; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
þ
Z

μ

μ0

d ln μ02PðN; μ0Þ
Z

μ0

μ0

d ln μ002PðN; μ00ÞRðμ00; μ0Þ

þ
Z

μ

μ0

d ln μ02PðN; μ0Þ
Z

μ0

μ0

d ln μ002PðN; μ00ÞDðμ00; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
−
αsðμ0Þ
2π

Z
μ

μ0

d ln μ02PðN; μ0Þ
Z

μ0

μ0

d ln μ002P̃ðN; μ00ÞDðμ00; μ0Þ½2PðNÞ − 2PðN þ 1Þ�fðN þ 1; μ0Þ

−
αsðμ0Þ
2π

Z
μ

μ0

d ln μ02P̃ðN; μ0ÞDðμ0; μ0Þ½2PðNÞ − 2PðN þ 1Þ�fðN þ 1; μ0Þ; ðA7Þ

which can be organized as

Dðμ; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
þ Rðμ; μ0Þ

¼
Z

μ

μ0

d ln μ02PðN; μ0Þ
Z

μ0

μ0

d ln μ002PðN; μ00Þ
�
Dðμ00; μ0ÞfEEC

�
N; ln

Qθ

uμ0

�
þ Rðμ00; μ0Þ

�
þ
�
1þ

Z
μ

μ0

d ln μ02PðN; μ0Þ
�
fEEC

�
N; ln

Qθ

uμ0

�
−
αsðμ0Þ
2π

Z
μ

μ0

d ln μ02
�
1þ

Z
μ

μ0
d ln μ002PðN; μ00Þ

�
P̃ðN; μ0ÞDðμ0; μ0Þ½2PðNÞ − 2PðN þ 1Þ�fðN þ 1; μ0Þ ðA8Þ

where in the last line, we have switched the order of the integrations, usingZ
μ

μ0

dμ0Aðμ0Þ
Z

μ0

μ0

dμ00Bðμ00Þ ¼
Z

μ

μ0

dμ00Bðμ00Þ
Z

μ

μ00
dμ0Aðμ0Þ: ðA9Þ

Iterating the procedure, we will arrive at

Dðμ; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
þ Rðμ; μ0Þ

− lim
n→∞

Z
μ

μn−1

d ln μ2nPðN; μnÞ…
Z

μ

μ1
d ln μ22PðN; μ2Þ

�
Dðμ1; μ0ÞfEEC

�
N; ln

Qθ

uμ0

�
þ Rðμ1; μ0Þ

�
¼ Dðμ; μ0ÞfEEC

�
N; ln

Qθ

uμ0

�
−
αsðμ0Þ
2π

Z
μ

μ0

d ln μ02Dðμ; μ0ÞP̃ðN; μ0ÞDðμ0; μ0Þ½2PðN; μ0Þ − 2PðN þ 1; μ0Þ�fðN þ 1; μ0Þ;

ðA10Þ

where D ¼ exp ½R μ
μ0
d ln μ02PðN; μ0Þ� is defined in Eq. (77). We note that

lim
n→∞

�
minμPðN; μÞ

n

�
n−1

fEEC

�
N; ln

Qθ

uμ0

�
→ 0

< lim
n→∞

Z
μ

μn−1

d ln μ2nPðN; μnÞ…
Z

μ

μ1
d ln μ22PðN; μ2Þ

�
Dðμ1; μ0ÞfEEC

�
N; ln

Qθ

uμ0

�
þ Rðμ1; μ0Þ

�
< lim

n→∞

�
maxμPðN; μÞ

n

�
n−1

fEEC

�
N; ln

Qθ

uμ0

�
→ 0: ðA11Þ

Here we have assumed that the moment of the PDF is bounded and thus the limit vanishes as n → ∞.
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Therefore, we conclude that

fEEC

�
N; ln

Qθ

uμ

�
¼ Dðμ; μ0ÞfEEC

�
N; ln

Qθ

uμ0

�
þ Rðμ; μ0Þ

¼ Dðμ; μ0ÞfEEC
�
N; ln

Qθ

uμ0

�
−
αsðμ0Þ
2π

Z
μ

μ0

d ln μ02Dðμ; μ0ÞP̃ðN; μ0ÞDðμ0; μ0Þ½2PðN; μ0Þ − 2PðN þ 1; μ0Þ�fðN þ 1; μ0Þ: ðA12Þ

Since fEECðN; ln Qθ
uμ0

Þ and R are independent and the solution should hold for arbitrary constant in fEECðN; ln Qθ
uμ0

Þ, we then
can identify

D ¼ D ¼ exp

�Z
μ

μ0

d ln μ02PðN; μ0Þ
�
;

R ¼ −
αsðμ0Þ
2π

Z
μ

μ0

d ln μ02Dðμ; μ0ÞP̃ðN; μ0ÞDðμ0; μ0Þ½2PðN; μ0Þ − 2PðN þ 1; μ0Þ�fðN þ 1; μ0Þ: ðA13Þ

The derivation is applicable to higher logarithmic accuracy by suitably adjusting the relation in the initial condition of
Eq. (A5) at higher αs orders.

APPENDIX B: CONSTANT AND FUNCTION

In this appendix, we list the QCD color constants and splitting functions that are present in the main text.
In QCD, the running of the strong coupling constant αs follows

dαs
d ln μ

¼ β½αs�; ðB1Þ

where the β function can be expanded in terms of αs as

β½αs� ¼ −2αs
X

βn

�
αs
4π

�
nþ1

; ðB2Þ

with

β0 ¼
11

3
CA −

4

3
NFTR; β1 ¼

34

3
C2
A −

20

3
CATRNF − 4CFTRNF: ðB3Þ

Here CA ¼ NC ¼ 3, TR ¼ 1
2
and CF ¼ N2

C−1
2NC

. NF is the number of quarks.
It is useful to note that [57]

αsðμÞ
2π

−
αsðμ0Þ
2π

¼ 1

2

α2s
4π2

β0 ln
μ20
μ2

þ � � � ; ln

�
αsðμÞ
αsðμ0Þ

�
¼ β0

2

αsðμÞ
2π

ln
μ20
μ2

þ α2s
32π2

�
2β1 ln

μ20
μ2

− β20ln
2
μ20
μ2

�
þ � � � ðB4Þ

and Z
μ

μ0

�
P0

αs
2π

þ P1

α2s
4π2

�
d ln μ2 ¼ −

2

β0

�
P0 ln

αsðμÞ
αsðμ0Þ

þ ð2P1 − r1P0Þ
αsðμÞ − αsðμ0Þ

4π
þ � � �

�
ðB5Þ

where ri ¼ βi
β0
. Here the first term on the right-hand starts from the LL (∼OðαsLÞ) and the second term contributes to the

NLL (∼OðαsL2Þ).
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Also, we have

Z
μ

μ0

d ln μ02
�
αsðμÞ
αsðμ0Þ

�
− 2
β0
Pð0Þ
ii αsðμ0Þ

2π
P̃ð0Þ
ij

�
αsðμ0Þ
αsðμ0Þ

�
− 2
β0
Pð0Þ
jj ¼ P̃ð0Þ

ij

Pð0Þ
ii − Pð0Þ

jj

��
αsðμÞ
αsðμ0Þ

�
− 2
β0
Pð0Þ
ii

−
�
αsðμÞ
αsðμ0Þ

�
− 2
β0
Pð0Þ
jj
�
: ðB6Þ

The collinear splitting function PijðzÞ that governs the PDF DGLAP evolution

d
d ln μ2

fiðz; μÞ ¼ Pij ⊗ fjðz; μÞ ðB7Þ

can be written as the power series in αs, which reads

PijðzÞ ¼
X
L¼0

�
αs
2π

�
Lþ1

PðLÞ
ij ðzÞ: ðB8Þ

In practice, it is always useful to consider the singlet and the nonsinglet splitting functions PS
ij for i ¼ q, g, and Pþ

NS. Here
the singular splitting functions are defined as

PS
qq ¼ Pþ

NS þ Pps; PS
gg ¼ Pgg;

PS
qg ¼ 2NFPqg; PS

gq ¼ Pgq: ðB9Þ

In the z-space, at the LO

Pþ;ð0Þ
NS ðzÞ ¼ Pð0Þ

qq ðzÞ ¼ CF

�
1þ z2

1 − z

�
þ
; Pð0Þ

ps ¼ 0;

PS;ð0Þ
gq ¼ Pð0Þ

gq ðzÞ ¼ CF
1þ ð1 − zÞ2

z
; PS;ð0Þ

qg ¼ 2NFP
ð0Þ
qg ðzÞ ¼ 2NFTRðz2 þ ð1 − zÞ2Þ;

PS;ð0Þ
gg ¼ Pð0Þ

gg ðzÞ ¼ 2CA

�
z

ð1 − zÞþ
þ 1 − z

z
þ zð1 − zÞ

�
þ β0

2
δð1 − zÞ: ðB10Þ

In the Mellin space, we have

Pþ;ð0Þ
NS ¼ CF

�
3

2
− ðN̂þ þ N̂−ÞS1

�
ðB11Þ

and

Pþ;ð1Þ
NS ¼ CFCA

�
−2N̂þS3 þ

17

24
þ 2S−3 þ

28

3
S1 − ðN̂− þ N̂þÞ

�
151

18
S1 þ 2S1;−2 −

11

6
S2

��
þ CFNF

�
−

1

12
−
4

3
S1 þ ðN̂− þ N̂þÞ

�
11

9
S1 −

S2
3

��
þ C2

F

�
−4S−3 − 2S1 − 2S2 þ

3

8

− N̂−½S2 þ 2S3� þ ðN̂− þ N̂þÞ½S1 þ 4S1;−2 þ 2S1;2 þ 2S2;1 þ S3�
�

ðB12Þ

Pð0Þ
ps ðNÞ ¼ 0; ðB13Þ

Pð1Þ
ps ðNÞ ¼ CFNF

�
20

9
ðN̂− − N̂−2ÞS1 þ ðN̂þ − N̂þ2Þ

�
56

9
S1 þ

8

3
S2

�
þ ðN̂þ − 1Þ½8S1 − 4S2�

þ ðN̂− − N̂þÞ½2S1 þ S2 þ 2S3�
�
; ðB14Þ
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PS;ð0Þ
qg ¼ 2NFP

ð0Þ
qg ¼ 2NFTRð−N̂− − 4N̂þ þ 2N̂þ2 þ 3ÞS1; ðB15Þ

PS;ð1Þ
qg ¼ −CANF

�
20

9
ðN̂−2 − N̂−ÞS1 − ðN̂− − N̂þÞ½2S1 þ S2 þ 2S3� − ðN̂þ − N̂þ2Þ

�
218

9
S1 þ 4S1;1 þ

44

3
S2

�
þ ð1 − N̂þÞ½27S1 þ 4S1;1 − 7S2 − 2S3� − 2ðN̂− þ 4N̂þ − 2N̂þ2 − 3Þ½S1;−2 þ S1;1;1�

�
− CFNF

�
2ðN̂þ − N̂þ2Þ½5S1 þ 2S1;1 − 2S2 þ S3� − ð1 − N̂þÞ

�
43

2
S1 þ 4S1;1 −

7

2
S2

�
þ ðN̂− − N̂þÞ

�
7S1 −

3

2
S2

�
þ 2ðN̂− þ 4N̂þ − 2N̂þ2 − 3Þ

�
S1;1;1 − S1;2 − S2;1 þ

1

2
S3

��
; ðB16Þ

PS;ð0Þ
gq ¼ Pð0Þ

gq ¼ CFð−2N̂−2 þ 4N̂− þ N̂þ − 3ÞS1; ðB17Þ

PS;ð1Þ
gq ¼ −CACF

�
2ð2N̂−2 − 4N̂− − N̂þ þ 3Þ½S1;1;1 − S1;−2 − S1;2 − S2;1� þ ð1 − N̂þÞ½2S1 − 13S1;1 − 7S2 − 2S3�

þ ðN̂−2 − 2N̂− þ N̂þÞ
�
S1 −

22

3
S1;1

�
þ 4ðN̂− − N̂þÞ

�
7

9
S1 þ 3S2 þ S3

�
þ ðN̂þ − N̂þ2Þ

�
44

9
S1 þ

8

3
S2

��
− CFNF

�
ðN̂−2 − 2N̂− þ N̂þÞ

�
4

3
S1;1 −

20

9
S1

�
− ð1 − N̂þÞ½4S1 − 2S1;1�

�
− C2

F

�
ð2N̂−2 − 4N̂− − N̂þ þ 3Þ½3S1;1 − 2S1;1;1� − ð1 − N̂þÞ

�
S1 − 2S1;1 þ

3

2
S2 − 3S3

�
− ðN̂− − N̂þÞ

�
5

2
S1 þ 2S2 þ 2S3

��
; ðB18Þ

PS;ð0Þ
gg ¼ Pð0Þ

gg ¼ 2CAð−N̂−2 þ 2N̂− þ 2N̂þ − N̂þ2 − 3ÞS1 þ
β0
2
; ðB19Þ

PS;ð1Þ
gg ¼ −CANF

�
2

3
−
16

3
S1 −

23

9
ðN̂−2 þ N̂þ2ÞS1 þ

14

3
ðN̂− þ N̂þÞS1 þ

2

3
ðN̂− − N̂þÞS2

�
− C2

A

�
2S−3 −

8

3
−
14

3
S1 þ 2S3 − 4ðN̂−2 − 2N̂− − 2N̂þ þ N̂þ2 þ 3Þ½S1;−2 þ S1;2 þ S2;1�

þ 8

3
ðN̂þ − N̂þ2ÞS2 − 4ðN̂− − 3N̂þ þ N̂þ2 þ 1Þ½3S2 − S3� þ

109

18
ðN̂− þ N̂þÞS1 þ

61

3
ðN̂− − N̂þÞS2

�
− CFNF

�
1

2
þ 2

3
ðN̂−2 − 13N̂− − N̂þ − 5N̂þ2 þ 18ÞS1 þ ð3N̂− − 5N̂þ þ 2ÞS2 − 2ðN̂− − N̂þÞS3

�
: ðB20Þ

APPENDIX C: PARTONIC CROSS SECTION IN THE z SPACE

Here we list the DIS partonic cross section in the z space, which can be written as

σ̂ðz;Q2Þ ¼ 4πα2

Q4

XNF

i¼−NF

X
c¼q;g

X
λ¼T;L

e2qifλσ̂c;λðzÞ ðC1Þ

where σ̂c;λðzÞ can be expanded in a power series of the strong coupling constant αs,

σ̂c;λðzÞ ¼
X
n¼0

�
αs
2π

�
n
σ̂ðnÞc;λ ðzÞ: ðC2Þ
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At LO

σ̂ð0Þq;T ¼ δð1 − zÞ; σ̂ð0Þq;L ¼ σ̂ð0Þg;T ¼ σ̂ð0Þg;L ¼ 0: ðC3Þ

The σ̂ð1Þ’s have been known for a long time. The quark
cross section reads

σ̂ð1Þq;LðzÞ ¼ CFz; ðC4Þ

for the longitudinal part, and

σ̂ð1Þq;TðzÞ ¼ CF

��
1þ z2

1 − z

��
ln
Q2

μ2
þ ln

1 − z
z

�
−

3

2ð1 − zÞ þ 3 − δð1 − zÞ
�
9

2
þ π2

3

��
; ðC5Þ

where þ-distributions to regulate all divergences for z → 1
are implied.
The gluon channel is given by

σ̂ð1ÞL;g ¼ TR½2zð1 − zÞ�; ðC6Þ

and

σ̂ð1ÞT;g ¼ TR

�
ð1 − 2zþ 2z2Þ lnQ

2

μ2
þ ð1 − 2zþ 2z2Þ ln 1 − z

z

− 1þ 4zð1 − zÞ
�
: ðC7Þ

APPENDIX D: USEFUL FORMULAS

The following formulas are useful for deriving theMellin
transformation:

S2ð∞Þ ¼ π2

6
;Z

1

0

dzzm ln z ¼ −1
ðmþ 1Þ2 ;Z

1

0

dzzm lnð1 − zÞ ¼ −1
ðmþ 1Þ S1ðmþ 1Þ;Z

1

0

dzzN−1
�
lnð1 − zÞ
1 − z

�
þ
¼ N̂−S1;1;Z

1

0

dzzN−1 z
1 − z

ln z ¼ S2 −
π2

6Z
1

0

dzzN−1 1 − z
z

ln z ¼ ðN̂−2 − 2N̂− þ 1ÞS2Z
1

0

dzzN−1zm ln z ¼ ½N̂þm−1 − N̂þm�S2; m ∈ N:

ðD1Þ
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