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We present a detailed phenomenological study of J=ψ polarization in semi-inclusive deep-inelastic
scattering processes, focusing on the kinematics accessible at the future Electron-Ion Collider. We show
theoretical estimates for the standard polarization parameters for different frames usually adopted in the
literature, in the large PT region, namely PT ≫ ΛQCD, where collinear factorization is expected to hold. We
adopt both the color singlet model and the nonrelativistic QCD approach, paying special attention to the
role of different sets of long distance matrix elements. Finally we present a preliminary analysis of some
frame independent polarization invariants.
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I. INTRODUCTION

Our understanding of the J=ψ production mechanism at
high energies has improved significantly since its discov-
ery almost 50 years ago [1,2] thanks to the combined
efforts from both the theoretical and experimental com-
munities. However, there are still major problems in the
theoretical analyses of the available data, such as the long-
standing J=ψ polarization puzzle. Namely, J=ψ polariza-
tion measurements cannot yet be explained in a way
entirely consistent with the world experimental results
for the unpolarized J=ψ yields.
The present theoretical frameworks all agree in providing

a perturbative description of the creation of the charm
quark-antiquark (cc̄) pair. The charm massmc plays the role
of the hard scale, since it is much larger than the asymptotic
scale parameter of QCD, ΛQCD. These approaches none-
theless differ in the treatment of the subsequent nonpertur-
bative transition to the hadronic bound state. For instance, in
the traditional color-singlet model (CSM) [3] the cc̄ pair is
produced at short distances directly with the quantum

numbers of the J=ψ meson, i.e., in a color-singlet (CS)
state with spin one and no orbital angular momentum. This
is possible by the emission of an additional hard gluon,
which implies the suppression of the cross section by one
power of the strong coupling constant αs. However, the
CSM cannot be considered as a complete theory, since at the
next-to-leading order P-wave quarkonia are affected by
uncanceled infrared singularities.
These singularities are properly removed in the effective

field theory approach of nonrelativistic QCD (NRQCD),
based on a rigorous factorization theorem, which was
assumed in the original paper by Bodwin, Braaten, and
Lepage [4], and later explicitly proven to next-to-next-to-
leading order [5]. NRQCD therefore implies a separation of
process-dependent short-distance coefficients, to be calcu-
lated perturbatively as expansions in αs, from long-distance
matrix elements (LDMEs), which are expected to be
universal and have to be extracted from experiments.
Scaling rules [6] predict each of the LDMEs to scale with
a definite power of the relative velocity v of the heavy
quark-antiquark pair in the quarkonium rest frame in the
limit v ≪ 1. Observables are hence evaluated by means of a
double expansion in αs and in v, with αs ≃ 0.2 and v2 ≃ 0.3
for charmonium states. An essential feature of this approach
is that the cc̄ pair at short distance can be produced in

any Fock state n ¼ 2Sþ1L½c�
J with definite orbital angular

momentum L, spin S, total angular momentum J and color
configuration c ¼ 1, 8. NRQCD hence predicts the exist-
ence of intermediate color-octet (CO) states, which sub-
sequently evolve into physical, CS quarkonia by the
emission of soft gluons. For S-wave quarkonia, the CSM
is recovered in the limit v → 0. In the specific case of J=ψ
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production, the CSM prediction is based only on the 3S½1�1

CS state, while NRQCD includes the leading relativistic
corrections as well, which at the relative order Oðv4Þ are

given by the CO states 1S½8�0 , 3S½8�1 , and 3P½8�
J with J ¼ 0, 1, 2.

The values of the CO LDMEs extracted from different fits
to data on J=ψ and ϒ yields [7–11] are not compatible with
each other, even within the large uncertainties [12–14].
Therefore, any new method to determine them with better
precision is worth exploring [15–17]. In this paper we
propose to look at the J=ψ polarization parameters in semi-
inclusive deep-inelastic scattering (SIDIS), ep → e0J=ψX,
in a kinematic region where the transverse momentum of the
J=ψ meson PT is large, namely PT ≫ ΛQCD, and collinear
factorization is expected to hold. Analyzing SIDIS at finite
values of the exchanged photon virtuality Q2 has certain
experimental and theoretical advantages as compared to
photoproduction. Namely, as Q2 increases, theoretical
uncertainties in the different frameworks decrease and
resolved photon contributions are expected to be negligible.
Moreover, background from diffractive J=ψ production is
expected to decrease with Q2 faster than the SIDIS cross
section. The distinct signature of the scattered lepton
makes the process particularly easy to detect. Clearly, cross
sections are smaller than those expected in the photo-
production case, however, considering the achievable high
luminosities, this study should be feasible at the future
Electron-Ion Collider (EIC) planned in the United States
[18–20].
So far, only a single experimental study of J=ψ polari-

zation in SIDIS has been performed, by the H1 collabo-
ration at HERA [21]. Such a measurement is limited to the
polarization parameter λ in the helicity frame. This result
turns out to be compatible with the predictions provided
in Refs. [22,23], but it can hardly discriminate among
the different models. In analogy with Refs. [22,23], our
phenomenological analysis has been carried out at the
perturbative order α2s, which has to be considered as the
state of the art for these observables. Higher-order effects
have been calculated very recently only for the unpolarized
cross section within the CSM [24]. Anyway, we expect
these effects (at least in the large Q2 region) to be small for
the observables we are investigating, because they are ratios
of cross sections. We point out that our estimates include
also the polarization parameters μ and ν, not addressed in
Refs. [22,23], which are studied in different reference
frames. Notice that while we are qualitatively in agreement
with the estimates of Ref. [22], at least within their
assumptions, concerning the results of Ref. [23], as already
pointed out in Ref. [25], we have some disagreement with
the relative normalizations of most of the contributions to
the longitudinal structure functions. Furthermore, we per-
form a preliminary study of rotational invariant combina-
tions of these parameters.

The remainder of the paper is organized as follows. In
Sec. II we recall the standard SIDIS variables and collect
the expressions of the differential cross section for
quarkonium production and its leptonic decay in terms
of the helicity structure functions and the polarization
parameters. In Sec. III we discuss the three polarization
parameters λ, μ, ν, showing their estimates in two
reference frames and paying special attention to their
energy, z and PT dependences as well as to the impact of
the LDME set adopted. To overcome the intrinsic frame
dependence of the polarization parameters, in Sec. IV we
present two classes of the so-called rotational invariant
quantities, and show, as a case of study, some results for
one of them. Finally in Sec. V we gather our conclusions.

II. KINEMATICS AND FORMALISM

In this section we provide the main analytic expressions
needed to carry out the phenomenological analysis. For
more details and the complete formalism we refer the
reader to Ref. [25]. We consider the SIDIS process

eðkÞ þ pðPÞ → e0ðk0Þ þ J=ψðPψÞ þ XðPXÞ; ð1Þ

with the subsequent J=ψ decay into a lepton pair

J=ψðPψ Þ → lþðlÞ þ l−ðl0Þ; ð2Þ

where, in brackets, we have shown the four-momenta of
each particle. The J=ψ meson is produced via the partonic
subprocess

γ�ðqÞ þ aðpaÞ → cc̄½n�ðPψÞ þ aðp0
aÞ; ð3Þ

with q2 ¼ −Q2 and P2
ψ ¼ M2

ψ ¼ ð2mcÞ2. The initial parton
momentum, pa, is related to the parent proton one, P, as

pa ¼ ξP: ð4Þ

We adopt the following three standard invariant quantities,
defined in terms of the photon and hadron momenta

xB ¼ Q2

2P · q
; y ¼ P · q

P · k
; z ¼ P · Pψ

P · q
; ð5Þ

where xB is the Bjorken variable, y is the inelasticity, and z
is the energy fraction carried out by the J=ψ (in the proton
rest frame). All these variables are constrained in the region
0 ≤ xB; y; z ≤ 1 and they are connected to other kinemati-
cal quantities of the system, like the total c.m. energy

ffiffiffi
s

p
and the virtual photon-proton c.m. energy, W.
The cross section that describes the J=ψ formation and

its decay into a lepton pair can be written as
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1

Bll

dσ
dxB dy dz d2 PT dΩ

¼ α

8yzQ2

3

8π
½WTð1þ cos2θÞ þWLð1 − cos2θÞ

þWΔ sin 2θ cosϕþWΔΔsin2θ cos 2ϕ�; ð6Þ

where PT is the J=ψ transverse momentum in the c.m.
frame of the virtual photon and the proton, Bll is the
branching ratio for the decay process J=ψ → lþl− and
Ωðθ;ϕÞ refers to the solid angle spanned by the lepton lþ

in a reference frame where the system formed by lþ and l−

is at rest. Moreover, we have introduced the following
helicity structure functions

WT ≡W11 ¼ W−1;−1;

WL ≡W00;

WΔ ≡ 1ffiffiffi
2

p ðW10 þW01Þ ¼
ffiffiffi
2

p
Re½W10�;

WΔΔ ≡W1;−1 ¼ W−1;1; ð7Þ

where the subscripts refer to the J=ψ polarization/helicity
states. More specifically,WT andWL are, respectively, the
structure functions for transversely and longitudinally
polarized J=ψ mesons, WΔ is the single-helicity flip
structure function, and WΔΔ is the double-helicity flip
one. Notice that in Eq. (6) we have introduced a proper
overall constant factor with respect to Eq. (2.35) of
Ref. [25] to ensure the normalization when integrated over
the solid angle, see Eq. (8) below. This does not affect any
conclusion of Ref. [25], where all relevant quantities are
defined as ratios of helicity structure functions.
As shown in Ref. [25], the structure functions in Eq. (7)

can be further decomposed in terms of the contributions
coming from the longitudinal (k) and transverse (⊥)
polarizations of the virtual photon. Moreover, within a
collinear factorization scheme, they are given as convolu-
tions of collinear parton distribution functions (PDFs) with
partonic helicity structure functions (weighted by proper
LDMEs). These, in turn, can be expressed as functions of
the partonic Mandelstam invariants.
The unpolarized cross section is obtained by integrating

Eq. (6) over the solid angle Ω,

1

Bll

dσ
dxB dy dz d2 PT

¼ α

8yzQ2
ð2WT þWLÞ: ð8Þ

It is then useful to introduce the ratio of polarized and
unpolarized cross sections

dN
dΩ

≡ dσ
dxB dy dz d2 PT dΩ

�
dσ

dxB dy dz d2 PT

�
−1
; ð9Þ

which can be expressed as follows

dN
dΩ

¼ 3

4π

1

λþ 3

�
1þ λcos2θ þ μ sin 2θ cosφ

þ 1

2
ν sin2 θ cos 2φ

�
; ð10Þ

where we have defined the polarization parameters

λ¼W11−W00

W11þW00

; μ¼
ffiffiffi
2

p
Re½W10�

W11þW00

; ν¼ 2W1;−1

W11þW00

;

ð11Þ

or alternatively adopting Eq. (7),

λ ¼ WT −WL

WT þWL
; μ ¼ WΔ

WT þWL
; ν ¼ 2WΔΔ

WT þWL
:

ð12Þ

The parametrizations shown in Eqs. (6) and (10) are
standard for the study of the angular distribution of a
spin-one particle decay into a lepton pair and, indeed, they
are commonly adopted in Drell-Yan processes [26] and in
J=ψ photoproduction [27].
Among the polarization coefficients, λ, μ, and ν, the most

investigated experimentally is λ. Moreover, from the
phenomenological point of view it has a very intuitive
interpretation, with λ ¼ þ1ð−1Þ describing a transverse
(longitudinal) polarization state for the J=ψ (i.e., a J=ψ
helicity equal to �1 or 0), while λ ¼ 0 for an unpolar-
ized one.
The main goal of our study is to present estimates for

these polarization quantities, within both the CSM and the
NRQCD frameworks, focusing on the kinematic region
accessible at the future EIC. As we will show in the
following, such a detailed phenomenological study could
help in disentangling among the production mechanisms.

III. ANGULAR DISTRIBUTIONS

In this section we analyze the polarization parameters
defined in Eq. (11) showing both their z and PT distribu-
tions. The explicit analytic expressions of the underlying
partonic structure functions, calculated at the perturbative
order α2s, are presented in Ref. [25] for the so-called
Gottfried-Jackson (GJ) frame, together with all prescrip-
tions needed to transform them in the other relevant frames.
For the predictions based on the NRQCD approach, in
addition to the CS contribution, given by a pure gluon
fusion channel, we consider the CO channels up to the
order v4, which involve both gluon and quark final states.
The CTEQ6L1 set [28] is used for the unpolarized parton
distribution functions. Moreover, in order to assess the
stability of our results against higher order corrections, we
produce uncertainty bands by varying the factorization
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scale μF in the range μ0=2 < μF < 2μ0, around the central

value μ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þM2

ψ

q
.

Concerning the CO LDME values, three different sets are
adopted, see Table I. Here we only recall their main features:
the C12 set [8] has been extracted simultaneously from both
polarized and unpolarized J=ψ production data in pp
collision at PT > 7 GeV, measured by the CDF (run II)
collaboration; the G13 set [29] is obtained including only
PT > 7 GeV unpolarized data from the CDF and LHCb
collaborations and then used to predict the J=ψ polarization
in pp collisions; it is in agreement with the C12 set if feed-
down contribution is negligible; the BK11 set [30] is based
on a fit without any polarization data, but starting from a
lower PT value and including both photoproduction
(PT ≥ 1 GeV) and hadroproduction (PT ≥ 3 GeV) data.
The high c.m. energy kinematical setups expected at the

EIC are an ideal environment to study J=ψ polarization
in electroproduction. Moreover, they will allow to better
explore high photon virtualities (Q), avoiding the competing

contributions from photoproduction. Furthermore, since we
are interested in the region where collinear factorization
holds, our results will be shown only for PT values above
PTmin ¼ 1 GeV. Notice that around this value we actually
enter the region where the transverse momentum dependent
(TMD) factorization could be applied and therefore our
estimates are pushed down to the overlapping region of
validity of the two factorization schemes.

A. The λ parameter

In Fig. 1 we present our predictions for λ atffiffiffi
s

p ¼ 140 GeV, as a function of both the J=ψ energy
fraction z (left panels) and its transverse momentum PT
(right panels). Two quarkonium rest frames are explicitly
considered: the Gottfried-Jackson (upper panels) and the
helicity (lower panels) ones. In this and in the following
figures, the kinematical ranges explored are indicated in the
legend boxes. For completeness we report here the corre-
sponding regions explored in xB and y at

ffiffiffi
s

p ¼ 140 GeV,

FIG. 1. Estimates for λ at
ffiffiffi
s

p ¼ 140 GeV as a function of z (left panels) and PT (right panels) for different models and LDME sets and
two reference frames: Gottfried-Jackson (upper panels) and helicity (lower panels) frames. Integration ranges are given in the light-blue
legend box. Note that the scale error bands are shown but barely visible on this scale.

TABLE I. LDME set (central) values for the J=ψ state: C12 [8], G13 [29], and BK11 [30]. For the other 3PJ states
we use the standard spin-symmetry relation hO8½3PJ�i ¼ ð2J þ 1ÞhO8½3P0�i.
LDME set hO1½3S1�i ½GeV3� hO8½1S0�i ½GeV3� hO8½3S1�i ½GeV3� hO8½3P0�i ½GeV5�
C12 1.16 0.089 0.003 0.0126
G13 1.16 0.097 −0.0046 −0.0214
BK11 1.32 0.0304 0.00168 −0.00908
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10−3 ≲ xB ≲ 0.2 and y≲ 0.5, respectively, even if the
effectively probed maximum value in xB is around 0.07.
Concerning other typical frames, like the target and

Collins-Soper ones, we only notice that the first one gives
estimates very close to those in the helicity frame, while
predictions obtained in the second one, at least for the
kinematics considered, are in general much smaller than
those in the Gottfried-Jackson frame or even close to zero.
Notice that for such observable, defined as a ratio of

cross sections, the dependence on the scale μF in the range
½μ0=2; 2μ0� is barely appreciable. Indeed, we found that the
scale variation is less then 5% for most of the cases where
the angular parameters are not compatible with zero.
The study of the λ parameter as a function of z presents

very interesting features from the phenomenological point
of view. The reasons are manifold: first of all its expected
relative large size as compared to the μ and ν parameters.
Moreover, it is experimentally under more active inves-
tigation. On the other hand, theoretical estimates for λ as a
function of z (for small and moderate values) do not vary
significantly adopting different frameworks (Fig. 1, left
panels), which implies that, in order to get information on
the quarkonium formation mechanism, one would need
highly precise measurements. The same problemwas found
in different analyses performed by the HERA collabora-
tions, Refs. [21,23].
The situation changes considerably at z > 0.6, which

represents a very interesting region from the phenomeno-
logical point of view. As is well known, NRQCD estimates
for the unpolarized cross section manifest a divergent
behavior as z → 1, due to the corresponding t̂ → 0 singu-
larities. This can potentially spoil the validity of NRQCD
factorization. As shown in Ref. [31], in order to extend the
region of applicability of NRQCD up to 1 − z ∼ v2, one can
introduce a new set of functions, the so-called shape
functions [32], that allow one to improve noticeably the
convergence for photoproduction. We expect such quan-
tities to be relevant also for the SIDIS process, together
with their TMD extensions, which have been adopted in the
study of pp collisions in Refs. [33,34] and whose pertur-
bative tails have been derived in Ref. [35] for unpolarized
and in Ref. [25] for polarized J=ψ SIDIS. On the other
hand, the impact of the shape functions on λ is expected to
be strongly reduced since λ is a ratio of cross sections. This
can be tested with future available data.
A much more powerful tool to assess the relevance of the

CO contributions is the study of the PT distribution (Fig. 1,
right panels). In the Gottfried-Jackson frame (upper panel)
we see a clear separation as well as a different behavior
between the CSM and NRQCD curves, in particular in the
region 4 < PT < 7 GeV; similarly in the helicity frame
there is a wide separation between the CSM and the
NRQCD curves, while different LDME sets give predic-
tions much closer to each other and closer to λ ¼ 0. It is
worth noticing that, even if the unpolarized cross section

decreases as PT increases, a good separation can be found
already around PT ≃ 5 GeV, which is also far away from
the TMD region.
Before concluding the analysis of λ at large c.m.

energies, a comment on the contributions from different
partonic channels and/or different NRQCD waves can be
useful.
Concerning the z distribution, we find that the main

contribution to λ comes from the (gluon) CS wave, while
the differences among NRQCD predictions, especially
around z → 0.8–0.9, are due to the gluon P wave, modu-
lated by the corresponding LDME parameter. For the PT
distribution we find, similarly, that the CS term is on the
whole the most relevant contribution, followed again by the
gluon P-wave one. In particular at PT → 1 GeV the size of
the gluon P-wave contribution becomes comparable to (or
even larger than) the CS one; moreover, since the low-PT
region dominates the integration over PT, one can also
understand why the gluon P-wave is so relevant in our
estimates vs z, with the most visible effects for z → 0.9. At
medium PT values the quark P-wave starts becoming
important and at even higher PT values it is similar in
size to the gluon one; this means that in this region, the full
P-wave contribution (gluonþ quark) dominates over the
CS one.
To better visualize these effects and clarify them, in

Fig. 2 we show the estimates of the numerator of λ, limiting
to a specific LDME set, namely the C12 one, in the two
frames and at fixed scale, μF ¼ μ0. As one can see, in the
GJ frame the z distribution (upper-left panel) is dominated
at small and moderate z values by the gluon CS contribu-

tion (red solid line), and only at z ≥ 0.7 does the gluon 3P½8�
J

wave (cyan dashed line) become important and comparable
with the previous one, with the other terms almost
negligible over the whole range. In the helicity frame
(lower-left panel) the situation is similar, with the only
difference that these two leading contributions become
comparable at larger z values. Moving to the PT distribu-
tions, GJ frame (upper-right panel), the gluon CS domi-
nates the PT region between 3 and 5–6 GeV, while the

gluon 3P½8�
J is more important in the lower PT region. For

PT ≥ 6 GeV they are comparable but opposite in sign,
leading to a relative cancelation. In the helicity frame
(lower-right panel), the gluon CS still dominates almost

over all PT values, but with the gluon 3P½8�
J term playing

some role. In all cases the quark 3P½8�
J and the full 3S½8�1

contributions are negligible.
Another interesting possibility given by the future EIC

facility is the corresponding analysis at smaller energies: in
the following we will adopt

ffiffiffi
s

p ¼ 45 GeV. In this case,
different integration ranges have been considered for W and
Q2, as reported in the legend box of Fig. 3. These, in turn,
correspond to 10−3 ≲ xB ≲ 0.5 (with an effective upper limit
around xB ≃ 0.2) and y≲ 0.8, a more valence-like region
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with respect to the previous case. Moreover, since at lower
energies it is more difficult to reach high photon virtualities,
we get contributions mostly from moderately low Q2.
Consistently we adopt a lower limit, Qmin ≃ 1.6 GeV, in
the integration. Notice that in this kinematic region, at least
for the high PT dependence of λ within the CSM, the scale
error bands are once again sizeable enough.

From Fig. 3 (left panels) we can see that the z distribution
does not depend significantly on the energy for z ≤ 0.6,
while at higher z values the estimates are closer to zero, at
variance with those at higher c.m. energy. As said, a
polarization study pushed up to this regime can suffer
from factorization breaking effects in NRQCD even if data
in this region could be relevant from the phenomenological

FIG. 3. Estimates for λ at c.m. energy
ffiffiffi
s

p ¼ 45 GeV. The integration region, different with respect to the higher-energy case, is given
in the red legend box, while curves and panels have the same meaning as in Fig. 1. The scale error bands are shown, but visible only for
the CSM prediction as a function of PT .

FIG. 2. Wave decomposition for the numerator of λ, WT −WL, at
ffiffiffi
s

p ¼ 140 GeV and μF ¼ μ0 as a function of z (left panels) and
PT (right panels) adopting the C12 LDME set and for two reference frames: Gottfried-Jackson (upper panels) and helicity (lower
panels) frames.
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point of view. We also observe a rapid variation of all
curves in the helicity frame at z ∼ 0.1. This is due to
geometrical factors that are energy dependent [see also
Eq. (A16) of Ref. [25]]. The same variation is also present
at higher c.m. energy, but for z < 0.1 (outside the range
shown in the lower-left panel of Fig. 1).
Concerning the PT dependence, Fig. 3 (right panels), we

notice that the CSM results are very different with respect
to the corresponding ones in Fig. 1, while the same is not
true for the NRQCD cases. This is related to the different
virtualities explored, on which the CSM estimates depend
heavily. This difference can be considered as an extra tool
in the quest of discerning among different frameworks.
Finally, we briefly comment on how the parton and/or

wave contributions vary with the energy. While the z
distribution manifests almost no energy dependence, the
PT spectrum presents interesting features in the two frames
considered. For the Gottfried-Jackson one the relative
contribution from the quark P-wave is widely increased
at this lower energy, making it the leading term in the
numerator at medium/high PT . Regarding the helicity frame
the situation is, potentially, even more interesting, since the
CSM and P-wave (both gluon and quark) contributions are
highly suppressed at this energy, especially at large PT . The

main role is then played by the 3Sð8Þ1 quark wave, which is
responsible for the difference among the predictions based
on the LDME sets considered. Even if in this region it is
quite hard to expect precise enough data to discriminate
between models, it is nevertheless worth stressing that it
could be very useful in constraining the nonperturbative
physics.
In Fig. 4, we show the wave decomposition of the

numerator of λ at 45 GeV, once again limiting to the C12
LDME set, in the two frames and at fixed scale, μF ¼ μ0.

Concerning the z distributions we find a very similar
situation as for the higher energy case. Moving to the PT
distributions in the GJ frame (upper-right panel) the gluon
CS is the most sizeable contribution for 3 ≤ PT ≤ 5 GeV,

while the gluon 3P½8�
J dominates the lower PT region. For

PT ≥ 6 GeV both are still important with a relative can-

cellation, while the quark 3P½8�
J term (green dot-dashed line)

starts to play a role. In the helicity frame (lower-right panel),
the gluon CS is important and dominates for PT ≤ 4 GeV,

but with the gluon 3P½8�
J term playing a non-negligible role

over the whole PT range and the 3S½8�1 piece becoming
relatively important at PT ≥ 5 GeV.

B. The μ parameter

Estimates for the μ parameter are again provided both in
the Gottfried-Jackson and in the helicity frames, as a
function of z and PT at

ffiffiffi
s

p ¼ 140 GeV, Fig. 5, andffiffiffi
s

p ¼ 45 GeV, Fig. 7.
From Fig. 5 we see that the Gottfried-Jackson frame is

the best choice to discern among the CSM and NRQCD
approach. A similar conclusion holds for the parameter ν as
well, see the discussion in Sec. III C. Indeed, in Fig. 5 the
separation between the CSM estimates and the correspond-
ing NRQCD ones are remarkably sizeable for z≳ 0.5 and
PT ≳ 5 GeV. On the contrary, estimates in the helicity
frame both with respect to z and PT are so close to each
other that one cannot draw any conclusion.
The wave/parton decomposition of the WΔ helicity

function, that is directly related to the μ numerator, allows
us to get some further insights, see below for a more
detailed discussion. The main CO contribution comes from
the P-wave term. In particular, differences in NRQCD

FIG. 4. Wave decomposition for the numerator of λ, WT −WL, at
ffiffiffi
s

p ¼ 45 GeV and μF ¼ μ0 as a function of z (left panels) and PT
(right panels) adopting the C12 LDME set for two reference frames: Gottfried-Jackson (upper panels) and helicity (lower panels) frames.
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predictions as a function of z (left panels of Fig. 5) are
driven by the gluon P-wave LDMEs. Moreover, the gluon
P-wave dominates the numerator behavior with respect to
PT too (right panels of Fig. 5). In addition, we find that the
NRQCD predictions in the Gottfried-Jackson frame receive
a significant contribution from the gluon P-wave also at
low-PT , namely PT ≲ 3 GeV. At variance with the behav-
ior in z, here the quark P-wave channel is relevant at high
PT , especially when considering the helicity frame.

Once again in Fig. 6 we show the wave decomposition
for the estimates of the numerator of μ, limiting to the C12
LDME set, at

ffiffiffi
s

p ¼ 140 GeV and at fixed scale μF ¼ μ0,
in the two frames. For the z distribution, in the GJ frame
(upper-left panel), similar considerations as for the numer-
ator of λ are valid. In the helicity frame (lower-left panel)
the gluon CS dominates over almost all z values. Moving
to the PT distributions, in the GJ frame (upper-right panel),
the gluon CS dominates up to PT ≃ 4 GeV, with the gluon

FIG. 5. Estimates for the parameter μ at
ffiffiffi
s

p ¼ 140 GeV. Paneling order is the same as in Fig. 1. Integration ranges are given in the
blue legend box. The scale error bands are also shown, but visible only for the z distribution in the helicity frame.

FIG. 6. Wave decomposition for the numerator of μ,WΔ, at
ffiffiffi
s

p ¼ 140 GeV and μF ¼ μ0 as a function of z (left panels) and PT (right
panels) adopting the C12 LDME set and for two reference frames: Gottfried-Jackson (upper panels) and helicity (lower panels) frames.
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3P½8�
J being relatively important in the lower PT region and

dominating between 4 and 5 GeV. In the helicity frame
(lower-right panel), the gluon CS gives the total contribu-

tion up to PT ≃ 4 GeV, with the gluon 3P½8�
J term becoming

comparable, and opposite in sign, at larger PT values. Also
here, in all cases the quark contribution is negligible.
Moving to the lower c.m. energy, we see that the CSM μ

estimates in the Gottfried-Jackson frame, Fig. 7 (upper
panels), vary significantly for z≳ 0.5 and PT ≳ 5 GeV, as

FIG. 7. Estimates for the parameter μ at
ffiffiffi
s

p ¼ 45 GeV. Paneling order is the same as in Fig. 1. Integration ranges are given in the red
legend box. The scale error bands are also shown, even if barely visible in most cases.

FIG. 8. Estimates for the parameter ν at
ffiffiffi
s

p ¼ 140 GeV. Paneling order is the same as in Fig. 1. Integration ranges are given in the blue
legend box. Note that the scale error bands are shown but barely visible.
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compared with what happens at
ffiffiffi
s

p ¼ 140 GeV. We
remark that this variation can also appear via a proper Q
binning in the higher c.m. energy case (

ffiffiffi
s

p ¼ 140 GeV).
In contrast, estimates within the helicity frame at lower
energies (lower panels of Fig. 7) do not present the same
energy=Q-binning dependence. The only remarkable
exception resides in the PT distribution, where CSM
predictions increase up to ∼20%, to be compared with
the

ffiffiffi
s

p ¼ 140 GeV case where the CSM result is at most
∼15%. Despite this, μ estimates in the helicity frame do not
differ enough to discern among different models.
Looking at the wave/parton decomposition, we confirm

that also for the μ numerator the role of quarks is enhanced
at lower energies. This is particularly true for the PT
dependence. Here we find that NRQCD predictions at the
higher PT values, namely PT ≳ 6 GeV, are mostly driven
by the quark P wave; moreover, in the same PT region we

observe that the 3S½8�1 quark wave is non-negligible.

C. The ν parameter

We now discuss the parameter ν, which is particularly
important in the TMD framework, since it is directly related
to the TMD distribution of linearly polarized gluons inside
an unpolarized proton, h⊥g

1 . This could play a role in the
region of moderately low PT, where the two factorization
schemes overlap.
Again, we focus initially on the higher c.m. energy

(
ffiffiffi
s

p ¼ 140 GeV), Fig. 8, and then we describe the main
differences with respect to the smaller c.m. energy
(

ffiffiffi
s

p ¼ 45 GeV), Fig. 10.
Starting from the z-dependent distribution in Fig. 8 (left

panels), we see once again that even if the estimated ν
values are potentially sizeable, at least in the helicity frame,

the separation among the different approaches is in general
very poor. Nevertheless, it is worth remarking that at high z
we find more sensitivity to the LDME sets in the NRQCD
framework. The situation is slightly different for the PT
case (right panels): if the helicity frame does not show a
promising scenario, in the Gottfried-Jackson case the
differences in the medium/high-PT region between the
two approaches are sizeable.
As said, results at high z and/or small PT are in general

promising for future analyses regarding the h⊥g
1 gluon

distribution in the TMD region. Nevertheless, it is impor-
tant to remark that for the ν parameter the shape functions
and their TMD extensions enter, potentially, in a different
way in the numerator and the denominator, and their role
could be important. This requires further investigation,
together with a full higher-order description in αs, which is
not available at present.
It is once again interesting to look into the parton and

wave decomposition. The z-dependent WΔΔ is dominated,
for almost all z values, by the CS wave; only for z → 0.9
the CS contribution becomes negligible, and the results are
driven by the CO P wave, in particular by the gluon term.
Moving to the PT dependence, we find again some
similarities with the λ case: the CS term is the relevant
contribution to the numerator over the whole PT spectrum,
together with the gluon P wave. At variance with the λ
parameter case, the quark contribution to the P wave term
starts becoming important already at small-PT values.
In Fig. 9 we show the wave/parton decomposition of the

numerator of ν, for the C12 LDME set, at
ffiffiffi
s

p ¼ 140 GeV
and at fixed scale, μF ¼ μ0, in the two frames. For the z
distribution in the GJ frame (upper-left panel) the gluon CS

and the 3P½8�
J terms are comparable up to z ≃ 0.6, with the

second one dominating at larger z values. In the helicity

FIG. 9. Wave decomposition for the numerator of ν,WΔΔ, at
ffiffiffi
s

p ¼ 140 GeV and μF ¼ μ0 as a function of z (left panels) and PT (right
panels) adopting the C12 LDME set for two reference frames: Gottfried-Jackson (upper panels) and helicity (lower panels) frames.
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frame (lower-left panel) the gluon CS dominates for the z

values below 0.7, with the 3P½8�
J becoming relevant for

z ≥ 0.8. In the GJ frame (upper-right panel) both terms are
sizeable in the PT distributions, over the whole range. In the
helicity frame (lower-right panel), the gluon CS gives
almost all the total contribution up to PT ≃ 4 GeV, with

the gluon 3P½8�
J term becoming comparable, and opposite in

sign, at larger PT values.
Moving to the lower c.m. energy, from Fig. 10 we see that

the z distribution is sensitive to the energy change in the
whole spectrum, at variancewith the λ case. The differences,
particularly noticeable in the Gottfried-Jackson frame, are
mostly in size and not in the general behavior, implying that
even in this case it would be difficult to extract any
information. Again, we remark that the rapid variation of
ν estimates at low-z values is due to a geometrical factor
[Eq. (A16) of Ref. [25]]. The PT-dependent distributions,
instead, have a quite different behavior for the two frames
displayed. The Gottfried-Jackson estimates vary signifi-
cantly in size, especially if one considers the CSM; more-
over all the LDME sets give similar predictions, compatible
with zero, for PT > 5 GeV, while predictions, in both
approaches, are sizeable (up to ∼20%) at low-PT values.
This could be very promising for further extensions to the
TMD region. The curves in the helicity frame, instead, do
not show the same dependence on the energy. In general, we
conclude that the study of the ν parameter, at least in this
frame, is not very effective. Nevertheless it becomes more
interesting when its information is combined with other

parameters, as done in the study of the invariant quantities in
the next section, Sec. IV.
Concerning the wave decomposition, we find that both

quark and gluon P-wave contributions to the PT and z
distributions are enhanced at lower energies, even if for the
latter this is true only at large z values. Notice that the
different (larger) size of the ν parameter at z → 0.9 could
also affect the TMD region, increasing the possibility of
extracting information on the linearly polarized gluon
distribution. The main source of this enhancement at

ffiffiffi
s

p ¼
45 GeV is related once again to the lower photon virtual-
ities explored. In this sense, very similar predictions might
be expected at higher c.m. energy via a binned analysis
with 1.6 GeV < Q < Mψ .

IV. ROTATIONAL INVARIANTS

The polarization parameters λ, μ, and ν, as widely
discussed in the previous sections, are frame dependent
by definition, since they are expressed with respect to the
solid angle Ω spanned by the lþ particle in the J=ψ decay
and in its rest frame. As already pointed out, the frame
choice is not unique and the results appear different from
frame to frame. On the other hand, the relations among the
most used reference frames are computable, since they
differ only in the Z-axis direction.
A complementary and powerful tool to study J=ψ

polarization, both from the experimental and the phenom-
enological points of view, is the use of rotational invariant

FIG. 10. Estimates for the parameter ν at
ffiffiffi
s

p ¼ 45 GeV. Paneling order is the same as in Fig. 1. Integration ranges are given in the red
legend box. The scale error bands are shown but sizeable only for the CSM estimates.
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parameters, that are rest-frame independent by construction.
These can be defined taking into account what follows.
For all the most common choices, the Z and X axes,

lying in the J=ψ production plane, are defined in terms of
physical momenta in the quarkonium rest frame (see
Appendix A of Ref. [25]), with the Y axis always

perpendicular with respect to this plane and always point-
ing in the same direction. This implies that two frames
(F, F0) can be connected by a simple rotation of an angle ψ
around the Y axis, and the corresponding polarization
parameters can be directly related as1

0
B@

λ

μ

ν

1
CA

F0

¼ 1

1þ ρ

0
B@

1 − 3
2
sin2 ψ 3

2
sin 2ψ 3

4
sin2 ψ

− 1
2
sin 2ψ cos 2ψ 1

4
sin 2ψ

sin2 ψ − sin 2ψ 1 − 1
2
sin2 ψ

1
CA
0
B@

λ

μ

ν

1
CA

F

; ð13Þ

with

ρ ¼ sin2 ψ
2

�
λF −

νF
2

�
− sin 2ψ

μF
2
; ð14Þ

as given in Eqs. (A.18) and (A.19) of Ref. [25], where we
have changed the rotation angle from θ to ψ to avoid any
confusion with the polar angle of the final lepton lþ.
Notice that the quantity ρ depends on the kinematics, since
the rotation angle itself depends on the partonic Mandel-
stam variables [see Eqs. (A.14)–(A.16) of Ref. [25] for
details].
From Eq. (13), one can construct several quantities that

do not change upon rotation around the Y direction. The
following relations are extremely useful in this respect:

3þλF0 ¼ 1

1þρ
ð3þλFÞ; 1−

νF0

2
¼ 1

1þρ

�
1−

νF
2

�
: ð15Þ

A group of rotational invariants, as initially proposed in
Ref. [36], can be defined in terms of two polarization
parameters, namely λ and ν,

F ðciÞ ¼
c0ð3þ λÞ þ c1ð1 − ν=2Þ
c2ð3þ λÞ þ c3ð1 − ν=2Þ ; ð16Þ

where ci are suitable free constants.
Among all possible combinations, two of them play an

important role and have received special attention [37–41]

F ≡ F ð1;−2;1;0Þ ¼
1þ λþ ν

3þ λ
ð17Þ

and

λ̃≡ F ð1;−3;0;1Þ ¼
2λþ 3ν

2 − ν
: ð18Þ

These invariants have been widely studied in pp and
heavy-ion processes [42,43].
It is worth noticing that both invariants can be similarly

defined for Drell-Yan processes, where they acquire a

constant value if the Lam-Tung relation (1 − λ ¼ 2ν)
holds [26]: FDY ¼ 1=2 and λ̃DY ¼ þ1, as pointed out
in Refs. [38,41]. Another interesting feature is that λ̃ ¼
þ1ð−1Þ is related to a natural transverse (longitudinal)
polarization [36]. It is important to stress that the constant
behavior is purely dynamical, and in particular for the
Drell-Yan case is a consequence of rotational invariance
and helicity conservation [44]. Since J=ψ couples differ-
ently in SIDIS processes, the Lam-Tung relation is
expected to be broken in this case.
Not all the invariants belong to the previous family.

Indeed, one can exploit another relation that involves all
polarization parameters in two frames and that, upon
rotation around the Y axis, reads

ðλF0 − νF0=2Þ2 þ 4μ2F0 ¼ ðλF − νF=2Þ2 þ 4μ2F
ð1þ ρÞ2 : ð19Þ

From this, one can construct an invariant quantity
involving the polarization parameters squared, as first
pointed out in Ref. [45]. As an example, we recall

λ̃0 ¼ ðλ − ν=2Þ2 þ 4μ2

ð3þ λÞ2 ; ð20Þ

as introduced in Ref. [41].
The study of rotational invariants has not only a

theoretical interest, but it is relevant also from the exper-
imental point of view, since their expected equality among
different frames is an important check of experimental
acceptances and systematics as shown, for instance, by the
ATLAS collaboration [46].
For these reasons, we consider, as a case of study, one of

these quantities at the kinematics explored by the EIC. In
Fig. 11 we show the theoretical estimates in the collinear
framework, for the invariant F , Eq. (17), as a function of z
(left panels) and PT (right panels). Once again we compute

1Here μF stands for the μ parameter in a specific frame F, not
to be confused with the factorization scale μF defined in the
previous sections.
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this quantity at two energies,
ffiffiffi
s

p ¼ 140 GeV (upper panels)
and

ffiffiffi
s

p ¼ 45 GeV (lower panels) for different approaches
and LDME sets.
From Fig. 11 we clearly see that F is not equal to 1=2, as

expected from the Lam-Tung relation. Moreover, it is
neither a constant, since its value depends on both z and
PT variables. In principle, for some LDME sets a constant
behavior could accidentally appear, but this would be
limited to a specific kinematic region.
Another interesting remark is that, while the denominator

of F is proportional to the unpolarized cross section, its
numerator is controlled by the relative size of the λ and ν
parameters. This can vary significantly, depending on the
frames and approaches adopted, as discussed in the previous
section.
From this preliminary study we can conclude that, even

if not easily accessible from the experimental point of view,
these invariant quantities could represent an invaluable tool
to learn on the J=ψ polarization mechanism.

V. CONCLUSIONS

The study of quarkonium polarization, interesting by
itself, is also a powerful tool to explore the still challenging
issue of its formation mechanism within QCD. In this spirit,
we have presented a phenomenological analysis of J=ψ
polarization in SIDIS at large PT . More specifically, we
have looked at the dilepton angular distribution in the
J=ψ → lþl− decay in terms of the associated polarization

parameters, which could be accessed at the future EIC. By
exploiting the theoretical results of Ref. [25], we have
computed the parameters, λ, μ, and ν, in different frames,
trying to emphasize whether one can use these observables
to discriminate among two well consolidated frameworks,
still under investigation: the color singlet model and the
NRQCD approach. Moreover, for the latter we have
employed three different LDME sets, based on different
extractions and assumptions, highlighting their impact on
quarkonium polarization estimates.
We have shown results both as a function of z and PT ,

adopting two quite different c.m. energies, for standard
kinematics at the EIC, together with a detailed analysis in
terms of parton and NRQCD wave contributions.
The main findings of our study can be summarized as

follows: (i) concerning the λ parameter, the large-z region,
both in the Gottfried-Jackson and the helicity frame, turns
out to be very promising, with the only caveat of possible
contributions from (TMD) shape functions (even if expected
to be reduced being λ a ratio of helicity structure functions);
similarly its PT distribution, at medium-large values, could
be an ideal ground to disentangle the formation mecha-
nisms, both at high and low energies. (ii) The μ parameter
displays some interesting features when studied in the
Gottfried-Jackson frame, namely: a clear separation among
the estimates in different frameworks at medium-large z or
as a function of PT in the high-energy setup; a different
behavior with respect to the corresponding lower-energy
estimates at medium-large z or at moderate PT . Moreover,

FIG. 11. Estimates for the invariant F , Eq. (17), as a function of z (left panels) and PT (right panels) at two c.m. energies,
ffiffiffi
s

p ¼
140 GeV (upper panels) and

ffiffiffi
s

p ¼ 45 GeV (lower panels), for different approaches and LDME sets. Kinematic ranges are given in the
legend boxes. The scale error bands are shown and are sizeable only for the CSM estimates.
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in the helicity frame at low energies one could extract
important information by looking in the large PT region.
(iii) Similarly, for the ν parameter, relevant also in the
context of the TMD framework, medium-large PT values in
the Gottfried-Jackson frame are certainly worth to be
explored.
Finally, we have discussed a selection of frame-

independent (rotational invariant) polarization parameters,
relevant not only from the theory point of view, but
extremely useful as an important check of experimental
acceptances and systematics. In particular, we have focused
on the invariant F , controlled by the relative weight of the λ
and ν parameters, that strongly depend on the frames and
frameworks adopted. As shown, this observable could
clearly help in getting information on the J=ψ formation
mechanism, both at large z (high- and low-energy setups)
and as a function of PT (at large energy).

We can certainly conclude that a study of the dilepton
angular distribution in J=ψ decay in SIDIS at the EIC could
be an invaluable tool to shed light on the J=ψ polarization
as well as on its formation mechanism.
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