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We study the electromagnetic (EM) decays of Xð3823Þ as the ψ2ð13D2Þ state by using the relativistic
Bethe-Salpeter method. Our results are Γ½Xð3823Þ → χc0γ� ¼ 1.2 keV, Γ½Xð3823Þ → χc1γ� ¼ 265 keV,
Γ½Xð3823Þ → χc2γ� ¼ 57 keV, and Γ½Xð3823Þ → ηcγ� ¼ 1.3 keV. The ratio B½Xð3823Þ → χc2γ�=
B½Xð3823Þ → χc1γ� ¼ 0.22, agrees with the experimental data. Similarly, the EM decay widths of
ψ2ðn3D2Þ, n ¼ 2, 3, are predicted, and we find the dominant decays channels are ψ2ðn3D2Þ → χc1ðnPÞγ,
where n ¼ 1, 2, 3. The wave function include different partial waves, which means the relativistic effects
are considered. We also study the contributions of different partial waves.
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I. INTRODUCTION

The bound state of charm and anticharm quarks (char-
monium) is significant in our knowledge of quantum
chromodynamics (QCD). It is a double-heavy meson,
but not heavy enough that its relativistic corrections are
still large [1]. Then the charmonium is crucial to test the
validity of phenomenological models, such as the quark
potential model, which already foresee a rich and mean-
ingful quarkonium spectra [2]. More charmonia and char-
moniumlike states have been discovered experimentally in
the last decade, such as the Xð3872Þ [3], Xð3915Þ [4],
χc2ð3930Þ [5], ψð4160Þ [6], Yð4260Þ [7], Zcð3900Þ [8], and
Zcsð3985Þ [9], and these new states have stimulated great
interests of studies, more details can be found in the review
papers [10–13].
Recently, a new bound state Xð3823Þ has been observed,

which is considered to be a good candidate for spin triplet
D wave charmonium ψ2ð13D2Þ. The Belle Collaboration

first observed Xð3823Þ in the B → χc1γK decay with
a statistical significance of 3.8σ [14]. The BESIII
Collaboration confirmed this particle in the process
eþe− → πþπ−χc1γ with a statistical significance of 6.2σ
[15] and in process eþe− → πþπ−ψ2ð3823Þ followed by
ψ2ð3823Þ → χc1γ with a statistical significance greater than
5σ [16]. Its decay to πþπ−J=ψ also observed by the LHCb
Collaboration [17]. The mass of this particle is measured to
be 3821.7� 1.3� 0.7 MeV, and the decay width is less
than 16 MeV at the 90% confidence level [15].
At present, the experimental data of Xð3823Þ is still

relatively sparse. However, the experimental results
obtained have raised some theoretical concerns about the
properties of the particle. This particle has different pro-
duction channels, for example, it can be produced in the B
meson decay [18], Bc decay [19], Z0 decay [20], also in the
eþe− annihilation [21], etc. For its decays, theDD̄ channel is
forbidden since its mass is below the DD̄� threshold, hence
there is no Okubo-Zweig-Iizuka (OZI)-allowed channel.
Therefore, the process of single photon radiation [22], decay
into light hadrons [23,24] are important. Different models
[25–30] have studied the radiative decays of ψ2ð13D2Þ.
These studies show that as the strong candidate ofψ2ð13D2Þ,
instead of the strong decays to light hadrons and the channel
πþπ−J=Ψ, its dominate decay channel is the radiative decay
to χc1γ, which is partly confirmed by the measured branch-
ing-fraction ratio B½ψ2ð13D2Þ → χc2γ�=B½ψ2ð13D2Þ →
χc1γ� ¼ 0.28þ0.14

−0.11 � 0.02 [31]. So the radiative transitions
are crucial to study the property of Xð3823Þ.
Most existing theoretical predictions of the Xð3823Þ

EM decay are provided by nonrelativistic methods.
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However, we have found the relativistic corrections are
large for charmonia, especially for the higher excited
states [1,32], so it is necessary to study the properties of
Xð3823Þ with different methods especially relativistic
one. The Bethe-Salpeter (BS) equation is a relativistic
dynamic equation used to describe bound state [33]. The
Salpeter equation [34] is its instantaneous version which is
suitable for the heavy meson, especially the double-heavy
meson. We have solved the complete Salpeter equations
for different states, see Refs. [35,36] as examples, and we
have improved this method to calculate the transition
amplitude [37] with relativistic wave function as input,
where the transition formula is also relativistic. Using this
improved BS method, we can get relatively accurate
theoretical results, which agree well with the experimental
data [38–40].
In this paper, the Xð3823Þ as ψ2ð13D2Þ state is studied

by the improved BS method, we will focus on the
EM decay processes of Xð3823Þ. Besides the dominant
channels ψ2ð13D2Þ → χc1γ and ψ2ð13D2Þ → χc2γ, the
radiative decays χc0γ and ηcγ, whose studies are lacking
in the literature, are also calculated. We also provide the
results of ψ2ðn3D2Þ → χcJðmPÞγ, ψ2ðn3D2Þ → ηcðmSÞγ,
and ψ2ðn3D2Þ → χc2ðmFÞγ, with n ¼ 2, 3 andm ¼ 1, 2, 3.
Where χc2ðmFÞ is the F wave dominant 2þþ state, mixed
with sizable P and D partial waves [41].
This paper is organized as follows. In Sec. II, we show

theoretical method to calculate the transition matrix ampli-
tude and the form factors as well as the relativistic wave
functions of initial and final states. In Sec. III, we give the
results and compare them with other theoretical predictions
and experimental data. Finally, we give the discussion and
conclusion.

II. THE THEORETICAL CALCULATIONS

In order to avoid tediousness, we will not introduce
the BS equation and Salpeter equation, interested reader
can find them in Refs. [33,34] or our previous paper, for
example, [35].

A. Transition amplitude

Take the EM decay Xð3823Þ → χcJγ as an example, we
show how to use our method to calculate the transition
amplitude, which can be written as

hχcJðPf; ϵ2Þγðk; ϵ0ÞjXðP; ϵ1Þi
¼ ð2πÞ4δ4ðP − Pf − kÞϵ0ξMξ; ð1Þ

where ϵ0, ϵ1, and ϵ2 are the polarization vectors (tensor) of
the photon, initial, and final mesons, respectively. P, Pf,
and k are the momenta of initial meson, final meson, and
photon, respectively.
Invariant amplitude Mξ consists of two parts, corre-

sponding to the two subgraphs in Fig. 1, where photons are
emitted from quark and antiquark, respectively. The ampli-
tude can be written as

Mξ ¼
Z

d4q
ð2πÞ4

d4qf
ð2πÞ4 Tr½χ̄Pf

ðqfÞ

×Q1eγξχPðqÞð2πÞ4δ4ðp2 − p0
2ÞS−12 ð−p2Þ

þ χ̄Pf
ðqfÞð2πÞ4δ4ðp1 − p0

1ÞS−11 ðp1ÞχPðqÞQ2eγξ�;
ð2Þ

where χPðqÞ, χPf
ðqfÞ are the relativistic BS wave functions

for Xð3823Þ and χcJ, respectively. q and qf are the internal
relative momenta of the initial and final mesons, respec-
tively. p1, p2, p0

1, and p0
2 are the momenta of quark and

antiquark in the initial and final mesons, respectively. Q1

and Q2 are the electric charges (in unit of e) of quark and
antiquark, respectively. S1, S2 are the propagators for quark
and antiquark.
Since instead of the BS equation, the Salpeter

equation is solved, where we have used the instanta-
neous approximation, we need to make the same
approximation to the invariant amplitude. Here we only
show the amplitude formula we used, interested reader
can find the details in Ref. [37]. The amplitude has the
following form

FIG. 1. Feynman diagrams for the transition Xð3823Þ → χcJγ. The two diagrams show that photons come from the quark and the
antiquark, respectively.
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Mξ ¼
Z

d3q⊥
ð2πÞ3 Tr

�
Q1e

=P
M

½φ̄þþ
f ðq⊥ þ α2Pf⊥Þγξφþþ

i ðq⊥Þ þ φ̄þþ
f ðq⊥ þ α2Pf⊥Þγξψ−þ

1i ðq⊥Þ

− ψ̄−þ
1f ðq⊥ þ α2Pf⊥Þγξφ−−

i ðq⊥Þ − ψ̄þ−
1f ðq⊥ þ α2Pf⊥Þγξφþþ

i ðq⊥Þ
þ φ̄−−

f ðq⊥ þ α2Pf⊥Þγξψþ−
1i ðq⊥Þ þ φ̄−−

f ðq⊥ þ α2Pf⊥Þγξφ−−
i ðq⊥Þ�

þQ2e

�
φ̄þþ
f ðq⊥ − α1Pf⊥Þ

=P
M

φþþ
i ðq⊥Þ þ φ̄þþ

f ðq⊥ − α1Pf⊥Þ
=P
M

ψþ−
2i ðq⊥Þ

− ψ̄þ−
2f ðq⊥ − α1Pf⊥Þ

=P
M

φ−−
i ðq⊥Þ − ψ̄−þ

2f ðq⊥ − α1Pf⊥Þ
=P
M

φþþ
i ðq⊥Þ

þ φ̄−−
f ðq⊥ − α1Pf⊥Þ

=P
M

ψ−þ
2i ðq⊥Þ − φ̄−−

f ðq⊥ − α1Pf⊥Þ
=P
M

φ−−
i ðq⊥Þ

�
γξ
�
: ð3Þ

Where M is the mass of Xð3823Þ, α1 ¼ m1

m1þm2
and α2 ¼ m2

m1þm2
with the quark mass m1 ¼ mc and antiquark mass

m2 ¼ mc. φ
þþ
i;f is the positive energy wave function, φ−−

i;f is the negative energy wave function, i, f stand for initial
and final states, respectively. Pf⊥ and φ̄þþ are defined as Pμ

f⊥ ¼ Pμ
f − ðP · Pf=M2ÞPμ and φ̄þþ ¼ γ0ðφþþÞ†γ0,

respectively. In order to compare these wave functions, we give their definitions in the initial state [37]

φþþ
i ≡ Λþ

1 ðq⊥ÞηPðq⊥ÞΛþ
2 ðq⊥Þ

M − ω1 − ω2

; φ−−
i ≡ −

Λ−
1 ðq⊥ÞηPðq⊥ÞΛ−

2 ðq⊥Þ
M þ ω1 þ ω2

;

ψ−þ
i ≡ Λ−

1 ðq⊥ÞηPðq⊥ÞΛþ
2 ðq⊥Þ

M þ ω1 þ ω1f − Ef
; ψþ−

i ≡ Λþ
1 ðq⊥ÞηPðq⊥ÞΛ−

2 ðq⊥Þ
M − ω1 − ω1f − Ef

;

ψ−þ
2i ≡ Λ−

1 ðq⊥ÞηPðq⊥ÞΛþ
2 ðq⊥Þ

M − ω2 − ω2f − Ef
; ψþ−

2i ≡ Λþ
1 ðq⊥ÞηPðq⊥ÞΛ−

2 ðq⊥Þ
M þ ω2 þ ω2f − Ef

; ð4Þ

with ωi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i − q2i⊥
p

, ωif ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

if − q2if⊥

q
and Λ�

i ðq⊥Þ ¼
1
2ωi

½=PMωi� Jðmiþq⊥Þ�, where i ¼ 1, 2, J ¼ 1 for the quark
(i ¼ 1) and J ¼ −1 for the antiquark (i ¼ 2). Ef is energy
of the final meson, ηPðq⊥Þ ¼

R dk⊥
ð2πÞ3 Vðq⊥; k⊥Þφiðk⊥Þ,

where the Cornell potential Vðq⊥; k⊥Þ is chosen [35,42].
As can be seen from the definition of Eq. (4), the

numerators of these wave functions have the similar
structure and the numerator values are comparable. But
the denominator of φþþ,M − ω1 − ω2 ∼ 0, is much smaller
than others, for example the denominator of φ−−,
M þ ω1 þ ω2 ∼ 2M. So the contribution of φþþ is much
larger than others. Therefore, to simplify the calculation,
the decay amplitude in Eq. (3) can be written as

Mξ ¼
Z

d3q⊥
ð2πÞ3 Tr

�
Q1e

=P
M

φ̄þþ
f ðq⊥ þ α2Pf⊥Þγξφþþ

i ðq⊥Þ

þQ2eφ̄
þþ
f ðq⊥ − α1Pf⊥Þ

=P
M

φþþ
i ðq⊥Þγξ

�
: ð5Þ

Wewill compare the decay widths given by Eqs. (3) and (5)
in Sec. III to prove that the decay width formula retaining
only the positive wave function φþþ is simple and effective.

B. The relativistic wave functions

Though the BS equation is the relativistic dynamic
equation, it cannot provide us the form of a relativistic

wave function for a bound state. In previous studies, the
relativistic formula of the wave function for a meson with
definite JPC numbers is constructed requiring each term in
the function having the same JPC as the meson. With this
wave function formula as input, the corresponding Salpeter
equation is solved for different JPC state, for example
see Ref. [43].
Here we do not show the detail how to solve the

corresponding Salpeter equation, but only show the rela-
tivistic wave function of Xð3823Þ as a 2−− state [23]

φ2−−ðq⊥Þ ¼ iϵμναβ
Pν

M
qα⊥ϵβδq⊥δγ

μ

�
f1 þ

=P
M

f2 þ
=P=q⊥
Mmc

f2

�
;

ð6Þ

where ϵβδ is the polarization tensor of Xð3823Þ and ϵμναβ is
the Levi-Civita simbol. f1 and f2 are independent radial
wave functions and they are function of −q2⊥.
The positive energy wave function for a 2−− state is

φþþ
2−−ðq⊥Þ ¼ iϵμναβ

Pν

M
qα⊥q⊥δϵ

βδγμ
�
F1 þ

=P
M

F2 þ
=P=q⊥
M2

F3

�
;

ð7Þ

where
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F1 ¼
1

2

�
f1 −

ωc

mc
f2

�
; F2 ¼ −

1

2

�
mc

ωc
f1 − f2

�
;

F3 ¼ −
M
ωc

F1;

where ωc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

c − q2⊥
p

is the energy of charm quark.
According to the method in Ref. [41], we know that F1 and
F2 terms are dominant D partial waves which will survive
in the nonrelativistic limit, while the relativistic term
including F3 is F partial wave.
The positive energy wave function for the ηc (0−þ) is

written as [35]

φþþ
0−þðqf⊥Þ ¼

�
Af1 þ

=Pf⊥
Mf

Af2 þ
=Pf=qf⊥
M2

f

Af3

�
γ5; ð8Þ

where Af1 and Af2 terms are dominant S waves, relativistic
Af3 term is P wave, with

Af1 ¼
Mf

2

�
ωf

mf
a1 þ a2

�
; Af2 ¼

Mf

2

�
a1 þ

mf

ωf
a2

�
;

Af3 ¼ −
Mf

ωf
Af1 ;

ωf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f − q2f⊥
q

; mf ¼ mc, a1, and a2 are independent

radial wave functions, and they are function of −q2f⊥ .
The positive energy wave function for the χc0 (0þþ) is

written as [36]

φþþ
0þþðqf⊥Þ ¼ Bf1 þ

=qf⊥
Mf

Bf2 þ
=Pf=qf⊥
M2

f

Bf3 ; ð9Þ

where Bf2 and Bf3 terms are dominant P waves, relativistic
Bf1 term is S wave, with

Bf1 ¼
q2f⊥
2mf

�
b1 þ

mf

ωf
b2

�
; Bf2 ¼

Mf

2

�
b1 þ

mf

ωf
b2

�
;

Bf3 ¼
Mf

2

�
ωf

mf
b1 þ b2

�
;

b1 and b2 are independent radial wave functions.
The positive energy wave function for the 1þþ state χc1

can be written as [36]

φþþ
1þþðqf⊥Þ¼ iϵμναβ

Pν
f

Mf
qαf⊥ϵ

β
fγ

μ

�
Cf1 þ

=Pf

Mf
Cf2 þ

=Pf=qf⊥
M2

f

Cf3

�
;

ð10Þ

where Cf1 and Cf2 terms are dominant P waves, relativistic
Cf3 term is D wave, with

Cf1 ¼
1

2

�
c1 þ

ωf

mf
c2

�
; Cf2 ¼ −

1

2

�
mf

ωf
c1 þ c2

�
;

Cf3 ¼ −
Mf

ωf
Cf1 ;

c1 and c2 are independent radial wave functions.
The positive energy part of wave function for 2þþ state

χc2 can be written as [44]

φþþ
2þþðqf⊥Þ ¼ ϵf;μνq

μ
f⊥q

ν
f⊥

×

�
Df1 þ

=Pf

Mf
Df2 þ

=qf⊥
Mf

Df3 þ
=Pf=qf⊥
M2

f

Df4

�

þMfϵf;μνγ
μqνf⊥

�
Df5 þ

=Pf

Mf
Df6 þ

=Pf=qf⊥
M2

f

Df7

�
;

ð11Þ

whereDf5 andDf6 terms are P partial waves,Df1 ,Df2 , and
Df7 terms areD partial waves, whileDf3 andDf4 terms are
F partial waves, with

Df1 ¼
1

2Mfmfωf
½ωfq2f⊥d3 þmfq2f⊥d4 þM2

fωfd5 −M2
fmfd6�;

Df2 ¼
Mf

2mfωf
½mfd5 − ωfd6�; Df3 ¼

1

2

�
d3 þ

mf

ωf
d4 −

M2
f

mfωf
d6

�
;

Df4 ¼
1

2

�
ωf

mf
d3 þ d4 −

M2
f

mfωf
d5

�
; Df5 ¼

1

2

�
d5 −

ωf

mf
d6

�
;

Df6 ¼
1

2

�
−
mf

ωf
d5 þ d6

�
; Df7 ¼

Mf

2ωf

�
−d5 þ

ωf

mf
d6

�
;
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di are independent radial wave functions. 2þþ states are
very complicated, there are two typical kinds of states, one
is P wave dominant state with small amount of D and F
waves, the other is F wave dominant state but with sizable
components of P and D waves [41].
For latter use, we show the nonrelativistic forms of the

wave functions. We know that in the nonrelativistic limit,
only the lowest order q⊥ (or qf⊥) term in wave function has
contribution, and the wave function of each state contains
only one independent radial wave function. Considering
the whole wave functions, the nonrelativistic ones for 2−−,
0−þ, 0þþ, 1þþ, and 2þþ states can be written as

φþþ
2−−ðq⊥Þ ¼ iϵμναβ

Pν

M
qα⊥q⊥δϵ

βδγμ
�
1 −

=P
M

�
F1; ð12Þ

φþþ
0−þðqf⊥Þ ¼

�
1þ =Pf⊥

Mf

�
γ5Af1 ; ð13Þ

φþþ
0þþðqf⊥Þ ¼

�
=qf⊥
Mf

þ =Pf=qf⊥
M2

f

�
Bf2 ; ð14Þ

φþþ
1þþðqf⊥Þ ¼ iϵμναβ

Pν
f

Mf
qαf⊥ϵ

β
fγ

μ

�
1 −

=Pf

Mf

�
Cf1 ; ð15Þ

φþþ
2þþðqf⊥Þ ¼ Mfϵf;μνγ

μqνf⊥

�
1 −

=Pf

Mf

�
Df5 : ð16Þ

C. The form factors

Using Eq. (5), where we integrate internal q⊥ over the
initial and final state wave functions, then obtain the
amplitude described using form factors.
(1) For the channel Xð3823Þ → ηcð1S0Þγ, there are two

form factors h1 and h2,

Mξ
1 ¼ PξϵμνP

μ
fP

ν
fh1 þ ϵξμP

μ
fh2: ð17Þ

(2) For Xð3823Þ → χc0ð3P0Þγ, there is only one form
factor t1,

Mξ
2 ¼ iϵβξμνϵβαPμPf;νPα

ft1: ð18Þ

(3) For Xð3823Þ → χc1ð3P1Þγ, there are five form fac-
tors si,

Mξ
3 ¼ ϵμνPξPμ

fP
ν
fP · ϵfs1 þ ϵξνPν

fP · ϵfs2

þ ϵμνPξϵμfP
ν
fs3 þ ϵμνϵ

ξ
fP

μ
fP

ν
fs4 þ ϵξμϵ

μ
fs5;

ð19Þ

where ϵμf is the polarization vector of χc1.

(4) For Xð3823Þ → χc2ð3P2Þγ or Xð3823Þ → χc2ð3F2Þγ,
the amplitude is more complicated, which can be
represented by eight form factors gi,

Mξ
4 ¼ iϵβλPfPðϵβPf

ϵf;λPPξg1 þ ϵϕβ ϵf;λϕP
ξg2

þ ϵξβϵf;λPg3 þ ϵβPf
ϵξf;λg4Þ

þ iϵβξPfPðϵβPf
ϵf;PPg5 þ ϵϕβ ϵf;ϕPg6Þ

þ iϵβξλPðϵβPf
ϵf;λPg7 þ ϵϕβ ϵf;λϕg8Þ; ð20Þ

where ϵf;μν is the polarization tensor of χc2ð3P2Þ, and
we have used some abbreviations, for example,
ϵβλPfPϵβPf

ϵf;λP ¼ ϵβλμνPf;μPνϵβαPα
fϵf;λρP

ρ. If the
final state is 3F2 state, the definitions of the form
factors are same as those for 3P2 state. Since the
expressions of hi, si, ti, and gi are complex and long,
their specific expressions are not given here, we put
their detailed description in Appendix B.

The thing to note here is that most of these form
factors are not independent. Due to the Ward identity
ðPξ − Pf;ξÞMξ

i ¼ 0 (i ¼ 1, 2, 3, 4), they are linked by the
following constrain conditions:

h2 ¼ ðM2 −MEfÞh1; ð21Þ

s2 ¼ ðM2 −MEfÞs1 þ s4; s5 ¼ ðM2 −MEfÞs3; ð22Þ

g3 ¼ ðM2 −MEfÞg1 þ g4 þ g7; g8 ¼ −ðM2 −MEfÞg2:
ð23Þ

Other form factors such as t1, g5, and g6 are independent
and have no such constraints.
Then, the amplitude square for the EM decay of

Xð3823Þ is

jMj2 ¼ 1

2J þ 1

X
γ

εðγÞξ εðγÞξ0 M
ξMξ0 ; ð24Þ

where, εðγÞξ is the polarization vector of the final state
photon γ, J is the total angular momentum of the initial
state. For the Xð3823Þ → ηcð1S0Þγ decay channel, we have

jMj21 ¼
1

5

4e2

9
h21M

2jP⃗fj4: ð25Þ

For Xð3823Þ → χc0ð3P0Þγ

jMj22 ¼
1

5

4e2

9
t21M

2jP⃗fj4: ð26Þ

For Xð3823Þ → χc1ð3P1Þγ and Xð3823Þ → χc2ð3P2Þγ, the
modulus square of amplitudes is more complex, and for
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brevity they are placed in Appendix C for the reader’s
reference.
Finally, the two-body decay width formulation can be

written as

Γ ¼ jP⃗fj
8πM2

jMj2; ð27Þ

where, jP⃗fj ¼ ðM2 −M2
fÞ=2M.

D. Decay widths in nonrelativistic approximation

Although this article presents a relativistic calculation,
we like to give the decay width in the nonrelativistic
approximation, since the later has simplified formula and
may help to see the problem clearly. Using the non-
relativistic wave functions in Eqs. (12)–(16), we obtain
the radiative decay widths of Xð3823Þ.
For the Xð3823Þ → ηcð1S0Þγ decay channel, we have

Γ1 ¼
2αE3

γ

9MMf

�Z
q2dqd cos θ

ð2πÞ2
�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
· 1

·

�ðAf1 þ A0
f1
Þffiffiffiffiffiffiffi

Mf
p

�
ð3cos2θ − 1Þ

�
2

M1

; ð28Þ

where Eγ is the energy of emitted photon, q≡ jq⃗j, θ is the

angle between q⃗ and P⃗f. In nonrelativistic limit, since
ωc ¼ mc, wave functions F1 and Af1 are related to the
original radial wave functions directly, F1 ¼ F1ðqÞ ¼
f1 ≃ −f2, Af1 ¼ Mfa1 ≃Mfa2. Af1ðqf⊥Þ, and A0

f1
ðqf⊥Þ

correspond to the two diagrams in Fig. 1, where the
photons emitted by quark and antiquark, respectively.

Af1ðqf⊥Þ¼Af1

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2þ2α2q⃗·P⃗fþα22P⃗

2
f

q 

(where qf⊥¼

q⊥þα2Pf⊥) and A0
f1
ðqf⊥Þ¼A0

f1

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2−2α1q⃗·P⃗fþα21P⃗

2
f

q 

(where qf⊥ ¼ q⊥ − α1Pf⊥). Then it can be seen that we
have already consider the recoil effect in the transition.
In the above equation of the decay width, the repre-

sentations of the radial wave functions ð2q2F1ffiffiffiffiffi
5M

p Þ and	ðAf1
þA0

f1
Þffiffiffiffiffi

Mf

p



are based on their normalization conditions,

R d3q
ð2πÞ3

4q4F2
1
ðqÞ

5M ¼ 1 for 2−− state and
R d3qf

ð2πÞ3
4A2

f1
ðqfÞ

Mf
¼ 1 for

0−þ state. Therefore, it can be seen from the formula of
decay width that this is a M1 magnetic radiative transition,
and a subscript M1 is marked.
For Xð3823Þ → χc1ð3P0Þγ, we have

Γ2 ¼
2αE3

γ

9MMf

�
−
Z

q2dqd cos θ
ð2πÞ2

�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
· 1 ·

�
qðBf2 − B0

f2
Þffiffiffiffiffiffiffi

M3
f

q
�
ðcos3θ − cos θÞ

�
2

M2

; ð29Þ

where, subscript M2 denote the M2 magnetic radiative transitions. Normalization condition
R d3qf

ð2πÞ3
4q2fB

2
f2
ðqfÞ

M3
f

¼ 1 for 0þþ

state has been considered.
For Xð3823Þ → χc1ð3P1Þγ, we have

Γ3 ¼
7αE3

γE2
fðM þMfÞ2
36MM3

f

�
h1i2E1

þ 16MðEf − EγÞ
7MfEfðM þMfÞ

h1iE1
h2iM2

þ 4Mf

EfðM þMfÞ
· h1iE1

h3iM2

�
; ð30Þ

where

h1iE1
¼

Z
d3q
ð2πÞ3

�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
·
1

q
·

� ffiffiffi
2

p
qðCf1 þ C0

f1
Þffiffiffiffiffiffiffiffiffi

3Mf
p

�
ð3cos2θ − 1Þ; ð31Þ

h2iM2
¼

Z
d3q
ð2πÞ3

�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
· 1 ·

� ffiffiffi
2

p
qðCf1 − C0

f1
Þffiffiffiffiffiffiffiffiffi

3Mf
p

�
ð3cos3θ − cos θÞ; ð32Þ

h3iM2
¼

Z
d3q
ð2πÞ3

�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
· 1 ·

� ffiffiffi
2

p
qðCf1 − C0

f1
Þffiffiffiffiffiffiffiffiffi

3Mf
p

���
M þ Ef

Eγ
þ 3M
2Mf

− 1

�
cos3θ þ

�
1 −

M
Mf

�
cos θ

�
: ð33Þ

When giving the upper representation, the normalization condition for the 1þþ state,
R d3qf

ð2πÞ3
8q2fC

2
f1
ðqfÞ

3Mf
¼ 1 has been

concerned.
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For Xð3823Þ → χc2ð3P2Þγ, we have

Γ4 ¼
7αE3

γE2
fðM þMfÞ2
36MM3

f

��
1þ 4E2

γ

7ðM þMfÞ2
�
h4i2E1

þ 4

Eγ

�
1þ 4E2

γ

7ðM þMfÞ2
�
h4iE1

h5iM2

þ 4

7EfðM þMfÞ2
ð−8EfEγ þ 2MfEγ − 7M2 þ 3MMf þ 10M2

fÞh4iE1
h6iM2

�
; ð34Þ

where

h4iE1
¼

Z
d3q
ð2πÞ3

�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
·
1

q
·

� ffiffiffiffiffiffiffi
Mf

p
qðDf5 þD0

f5
Þffiffiffi

3
p

�
ð3cos2θ − 1Þ; ð35Þ

h5iM2
¼

Z
d3q
ð2πÞ3

�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
· 1 ·

� ffiffiffiffiffiffiffi
Mf

p
qðDf5 −D0

f5
Þffiffiffi

3
p

�
ð5cos3θ − 3 cos θÞ; ð36Þ

h6iM2
¼

Z
d3q
ð2πÞ3

�
2q2F1ffiffiffiffiffiffiffi
5M

p
�
· 1 ·

� ffiffiffiffiffiffiffi
Mf

p
qðDf5 −D0

f5
Þffiffiffi

3
p

�
ðcos3θ − cos θÞ: ð37Þ

Here,
R d3qf

ð2πÞ3
4q2fMfD2

f5
3

¼ 1 is the normalization condition of

the 2þþ state.
The nonrelativistic expression of decay widths in

Eqs. (28)–(30) and (34) can be further simplified.
Since in radiative decay, compared with initial meson mass
M, the recoil momentum jP⃗fj ¼ Eγ ≡ r is usually a
small quantity, for example, in the radiative decays of

Xð3823Þ to ηc, χc0, χc1, and χc2, the recoil momenta
are 0.746, 0.386, 0.298, and 0.256 MeV, res-
pectively. Then the wave functions, for example,
Af1ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ qr cos θ þ 0.25r2

p
Þ ¼ Af1ð rMM cos θÞ and

A0
f1
ð− r

MM cos θÞ, can be expanded in a dimensionless
quantity r

M cos θ. If the first four terms of Taylor expansion
are retained, then we have

Af1

�
r
M

cos θ

�
¼ Af1 þ

∂Af1

∂ð rM cos θÞ
�
r
M

cos θ

�
þ 1

2!

∂
2Af1

∂ð rM cos θÞ2
�
r
M

cos θ

�
2

þ 1

3!

∂
3Af1

∂ð rM cos θÞ3
�
r
M

cos θ

�
3

;

A0
f1

�
−

r
M

cos θ

�
¼ Af1 −

∂Af1

∂ð rM cos θÞ
�
r
M

cos θ

�
þ 1

2!

∂
2Af1

∂ð rM cos θÞ2
�
r
M

cos θ

�
2

−
1

3!

∂
3Af1

∂ð rM cos θÞ3
�
r
M

cos θ

�
3

:

So only the even power of r exists in

Af1 þ A0
f1

¼ 2Af1 þ
r2

M2
cos2θ

∂
2Af1

∂ð rM cos θÞ2 ;

and the odd power of r exists in

Af1 − A0
f1

¼ 2
r
M

cos θ
∂Af1

∂ð rM cos θÞ þ
1

3

r3

M3
cos3θ

∂
3Af1

∂ð rM cos θÞ3 :

Then after integrating the angle θ, the lowest order
contribution in decay width Γ1 for Xð3823Þ → ηcð1S0Þγ is

Γ1 ¼
32αr7

10125π4M6M2
f

�Z
dqq4F1

∂
2Af1

∂ð rM cos θÞ2
�

2

M1

; ð38Þ

where we can see that the leading order 2Af1 does not
contribute, which is consistent with the nonrelativistic
results in Refs. [27,45].
For Xð3823Þ → χc1ð3P0Þγ, we find that the contri-

bution of E1 transition expanded to all orders is zero,
which also confirms the results in Refs. [27,45]. Further,
only the M2 transition has contribution, and the lowest
order result is

Γ2 ¼
32αr5

10125π4M4M4
f

�Z
dqq5F1

∂Bf2

∂ð rM cos θÞ
�

2

M2

: ð39Þ

The decay widths of Xð3823Þ → χc1ð3P1Þγ and
Xð3823Þ → χc2ð3P2Þγ can be simplified as
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Γ3 ¼
56αr5ðM þMfÞ2
10125π4M4M2

f

�
r2

3M2

�Z
dqq4F1

∂
2Cf1

∂ð rM cos θÞ2
�

2

E1

þ 2

�Z
dqq4F1

∂
2Cf1

∂ð rM cos θÞ2
�

E1

×

�Z
dqq5F1

∂Cf1

∂ð rM cos θÞ
�

M2

�
; ð40Þ

Γ4 ¼
28αr5ðM þMfÞ2

10125π4M4

�
r2

3M2

�Z
dqq4F1

∂
2Df5

∂ð rM cos θÞ2
�

2

E1

−
2r
7M

�Z
dqq4F1

∂
2Df5

∂ð rM cos θÞ2
�

E1

×

�Z
dqq5F1

∂Df5

∂ð rM cos θÞ
�

M2

�
; ð41Þ

where we retain the lowest order contribution of the E1

transition and the lowest cross term between E1 and M2.
From the simplified expression of nonrelativistic decay

widths, it can be seen that, Xð3823Þ → ηcð1S0Þγ decay is
a M1 transition. For Xð3823Þ → χc1ð3P0Þγ, the E1 tran-
sition has zero contribution, then its contrition comes
from the M2 transition. While the main contributions of
Xð3823Þ → χc1ð3P1Þγ and Xð3823Þ → χc2ð3P2Þγ come

from the E1 transition, so we conclude that the decay
widths of Xð3823Þ → χc1ð3P1Þγ and Xð3823Þ → χc2ð3P2Þγ
are much larger than those of Xð3823Þ → ηcð1S0Þγ
and Xð3823Þ → χc1ð3P0Þγ.

III. RESULTS AND DISCUSSIONS

A. Masses

In our calculation, some model-dependent parameters
have been used, for example, the mass of the charm quark
is fixed at mc ¼ 1.62 GeV [1]. Since V0 in the kernel
originates from QCD nonperturbative effects, its value is to
account the states with JPC, so we fix it by fitting the
masses of the ground states. Thus the parameter V0 vary
with JPC. And we vary the free parameter V0 [43] to fit
the mass of the ground state. For example, M3D2ð1DÞ ¼
3.823 GeV [46] is actually not our prediction, but an input,
while those of the first and second radial excited states are
our predictions,

M3D2ð2DÞ ¼ 4.154 GeV; M3D2ð3DÞ ¼ 4.408 GeV: ð42Þ

For other charmonia, we have calculated the mass spectrum
in Ref. [43]. For example, the masses of some highly
excited states are predicted as,

Mηcð3SÞ ¼ 3.949 GeV; Mχc2ð1FÞ ¼ 4.038 GeV; Mχc2ð2FÞ ¼ 4.314 GeV;

Mχc0ð3PÞ ¼ 4.140 GeV; Mχc1ð3PÞ ¼ 4.229 GeV; Mχc2ð3PÞ ¼ 4.271 GeV:

It can be seen from Ref. [43], most of our predictions
about the mass spectrum consist well with experimental
data, especially the case of bottomonium. However,
there are still some states whose theoretical masses are
different from the experimental data. For example, our
prediction of Mχc1ð2PÞ ¼ 3.929 GeV [43], while the data is
MXð3872Þ ¼ 3.872 GeV, another is the mass of ηcð2SÞ, our
prediction 3.576 GeV is lower than data 3.636 GeV. To see
the difference in decays, for these two states, we use the
theoretical mass as well as the experimental data to
calculate the decay width, and give two groups of results.

B. Wave functions

We consider Xð3823Þ as the 2−− ground state ψ2ð13D2Þ.
From the Eq. (6), it can be seen that, there are two
independent radial wave functions f1 and f2. Our results
of f1 and f2 are show in Fig. 2, where instead of f1 and f2,
we show the diagrams of q⃗2f1 and q⃗2f2 since they always
appear together. From Fig. 2, we can see clearly that the
solution of the 2−− state has the property f1 ≃ f2, this is
correct, since in a nonrelativistic limit f1 ¼ f2.
We also show the numerical results of the radial wave

functions for excited statesψ2ð23D2Þ andψ2ð33D2Þ in Fig. 2.

FIG. 2. The radial wave functions of the ground, first and second excited 2−− state ψ2ð13D2Þ, ψ2ð23D2Þ and ψ2ð33D2Þ.
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In general, from the number of nodes of thewave function, we
can tellwhether the state is a ground state or anexcitedone. For
example, the radial wave function of the ground state has no
node, while that of the first excited state has one node and the
second excited state has two nodes, etc.
For the S wave states ηcðnSÞ and the P wave states

χc0ðnPÞ, χc1ðnPÞ, and χc2ðnPÞ, we have shown the 1S, 2S,

1P, and 2Pwave functions in previous paper [43], but since
the theoretical masses of 21S0 and 23P1 states are a little
different from data, which make the wave functions a little
difference from the old ones in Ref. [43], we like to show
the wave functions for all the excited S and P states one
more time in this paper. In Fig. 3, we show the radial wave
functions for ηcð2SÞ and ηcð3SÞ; in Figs. 4–6, we give

FIG. 3. The radial wave functions of the ηcð2SÞ and ηcð3SÞ.

FIG. 4. The radial wave functions of the χc0ð2PÞ and χc0ð3PÞ.

FIG. 5. The radial wave functions of the χc1ð2PÞ and χc1ð3PÞ.
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χcJð2PÞ and χcJð3PÞ, with J ¼ 0, 1, 2, respectively; and in
Fig. 7, χc2ð1FÞ and χc2ð2FÞ.
From Figs. 3–5, we can see that, similar to the 2−− case,

there are two independent radial wave functions for ηcðnSÞ,
χc0ðnPÞ and χc1ðnPÞ, n ¼ 2, 3. And they are almost
equivalent, this is also confirmed by the nonrelativistic
limit where they are the same. In Fig. 6, χc2ðnPÞ has four
independent radial wave functions d3, d4, d5, and d6, where
the pure P wave terms d5 and d6 are dominant. And the
relation d5 ≃ −d6 is also consistent with the nonrelativistic
limit d5 ¼ −d6. All other terms are relativistic corrections
and they are D and F waves. While in Fig. 7, for χc2ðnFÞ,
d3 and d4ð≃d3Þ terms are dominant F partial waves, the P
waves d5 and d6ð≃ − d5Þ terms are sizable, all other terms
which are not shown here are D partial waves.

C. EM decay widths of Xð3823Þ
as the state ψ2ð13D2Þ

If Eq. (3), the complete amplitude formula, is used,
considering Xð3823Þ as the ψ2ð13D2Þ state, the final state
are ηcð1SÞ and χc0ð1PÞ, the decay widths are

Γ½Xð3823Þ → χc0ð1SÞγ� ¼ 1.25 keV;

Γ½Xð3823Þ → ηcð1SÞγ� ¼ 1.34 keV: ð43Þ

when Eq. (5) is chosen, that is, only the positive energy
wave function contributes to the amplitude, then the decay
widths are

Γ½Xð3823Þ → χc0ð1SÞγ� ¼ 1.22 keV;

Γ½Xð3823Þ → ηcð1SÞγ� ¼ 1.30 keV: ð44Þ

From the above results, it can be seen that the contributions
of the positive energy wave functions φþþ to the decay
width are dominant, and the contributions of other terms are
about 2.4% and 3.0% for the two channels. Therefore, in
the following calculation, for simplicity, the formula Eq. (5)
of decay amplitude is adopted.
The EM decay results of other channels for Xð3823Þ

[ψ2ð13D2Þ] are

Γ½Xð3823Þ → χfc1;c2gð1PÞγ� ¼ f265; 57g keV; ð45Þ

FIG. 6. The radial wave functions of the χc2ð2PÞ and χc2ð3PÞ.

FIG. 7. The radial wave functions of the χc2ð1FÞ and χc2ð2FÞ.
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and

Γ½Xð3823Þ → ηcð2SÞγ� ¼ 0.069 keV: ð46Þ
We can see the dominant decay channel is Xð3823Þ →
χc1ð1PÞγ, and its decay width is much larger than others.
For comparison, we show our results and other model

predictions [20,25–29] in Table I. Where, RE represents a
relativistic method, NR the nonrelativistic method, GI is
the relativistic Godfrey-Isgur model,RV andRS represent the
relativistic method using vector and scalar potential, respec-
tively, whileRVS themixture of them. In our results, the value
in parentheses is calculated using the experimentalmass. It can
be seen that the decay width is insensitive to the mass of
particle. We can also see that our results of Xð3823Þ →
χfc1;c2gð1PÞγ are close to those of relativistic method RE in
Refs. [20,25] and relativistic GI model in Ref. [27].
In Table I, we also show the ratio of the decay rate

Xð3823Þ → χc2γ to that of Xð3823Þ → χc1γ, our result is

B½Xð3823Þ → χc2γ�
B½Xð3823Þ → χc1γ�

¼ 22%: ð47Þ

This result and all other theoretical predictions in Table I
are within the range of current experimental value
0.28þ0.14

−0.11 � 0.02 [31]. The consistence shows that this ratio
cancels some model dependent uncertainties, and it is more
reflective of the true value. So we also give the ratio

B½Xð3823Þ → χc0γ�
B½Xð3823Þ → χc1γ�

¼ 0.46%: ð48Þ

The result is within the experimental limit <0.24 detected
by BESIII [31]. The channel of Xð3823Þ → χc0γ was also
calculated in Ref. [47], and they gave a decay width of
1.42 keV, witch is a little bigger than ours, while their ratio
B½Xð3823Þ→χc0γ�
B½Xð3823Þ→χc1γ� ¼ 0.62% closes to ours.

D. EM decay widths of ψ2ð23D2Þ
Our predictions for the EM decay widths of the

excited state ψ2ð2DÞ and other theoretical results are
shown in Table II. The dominant decay channel is
ψ2ð2DÞ → χc1ð2PÞγ,

TABLE I. The decay widths (keV) of the radiative transition Xð3823Þ → χcJð1PÞγ (J ¼ 0, 1, 2), Xð3823Þ → ηcð1S; 2SÞγ, and the

ratio of Γðψ2ð1DÞ→χc2ð1PÞγÞ
Γðψ2ð1DÞ→χc1ð1PÞγÞ.

[20] [25] [26] [27] [28] [29] Ours

RE RE NR RV RS RVS NR GI NR1 NR2 RE NR1 NR2 RE EX [31]

Γðψ2ð1DÞ → χc1ð1PÞγÞ 250 260 297 215 215 215 307 268 307 342 208 285 296 265
Γðψ2ð1DÞ → χc2ð1PÞγÞ 60 56 62 55 51 59 64 66 64 70 55 91 96 57
Γðψ2ð1DÞ→χc2ð1PÞγÞ
Γðψ2ð1DÞ→χc1ð1PÞγÞ%

24 22 21 26 24 27 21 25 21 20 26 32 32 22 28þ14
−11 � 2

Γðψ2ð1DÞ → χc0ð1PÞγÞ 1.2
Γðψ2ð1DÞ → ηcð1SÞγÞ 1.3
Γðψ2ð1DÞ → ηcð2SÞγÞ 0.069(0.067)

TABLE II. The decay widths (keV) of the radiative transition of the ψ2ð2DÞ → χcJγ (J ¼ 0, 1, 2) and
ψ2ð2DÞ → ηcγ.

[27] [47] [29] Ours

NR GI NR1 NR2 NR3 NR1 NR2 RE

Γðψ2ð2DÞ → χc0ð1PÞγÞ 0.16
Γðψ2ð2DÞ → χc1ð1PÞγÞ 26 23 17 26 10 68 68 33
Γðψ2ð2DÞ → χc2ð1PÞγÞ 7.2 0.62 6.7 10 3.8 20 20 7.3
Γðψ2ð2DÞ → χc2ð1FÞγÞ 6.2
Γðψ2ð2DÞ → χc0ð2PÞγÞ 1.13
Γðψ2ð2DÞ → χc1ð2PÞγÞ 298 225 140 178 92 223 188 237 (230)
Γðψ2ð2DÞ → χc2ð2PÞγÞ 52 65 39 64 19 115 64 58
Γðψ2ð2DÞ→χc1ð1PÞγÞ
Γðψ2ð2DÞ→χc1ð2PÞγÞ ð%Þ 8.7 10 12 15 11 30 36 14

Γðψ2ð2DÞ→χc2ð2PÞγÞ
Γðψ2ð2DÞ→χc1ð2PÞγÞ ð%Þ 17 29 28 36 21 52 34 25

Γðψ2ð2DÞ → ηcð1SÞγÞ 2.1
Γðψ2ð2DÞ → ηcð2SÞγÞ 0.33 (0.32)
Γðψ2ð2DÞ → ηcð3SÞγÞ 0.092
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Γ½ψ2ð2DÞ → χc1ð2PÞγ� ¼ 237 keV; ð49Þ

which is close to those of the relativistic GI model
in Ref. [27] and nonrelativistic potential model NR1

in Ref. [29].
If instead of using the theoretical mass of χc1ð2PÞ, the

experimental value is used, then the decay width for
ψ2ð2DÞ → χc1ð2PÞ becomes to 230 keV, see the value
in parenthesis in Table II. Combined with the result of
ψ2ð2DÞ → ηcð2SÞ in Table II, two groups of values are also
given, we confirm the previous conclusion that the radiative
electromagnetic decay width is not very sensitive to
the mass.
The channels ψ2ð2DÞ → χc1ð1PÞγ and ψ2ð2DÞ →

χc2ð2PÞγ also have sizable contributions, so we also
calculate their decay ratios to the channel ψ2ð2DÞ →
χc1ð2PÞγ, and list them in Table II. We can see that,
unlike the case of ψ2ð1DÞ, the ratios of ψ2ð2DÞ are much
different from model to model. The reason may due to the
relativistic corrections being not included or fully consid-
ered, because in previous paper [41], we have pointed out
that higher excited states have much larger relativistic
corrections than those of lower excited and ground states.
This conclusion has been confirmed in the weak transition
process [32].

E. EM decay widths of ψ2ð33D2Þ
The predictions for the EM decay width of excited state

ψ2ð3DÞ are shown in Table III. The dominant decay
channel is ψ2ð3DÞ → χc1ð3PÞ,

Γ½ψ2ð3DÞ → χc1ð3PÞγ� ¼ 218 keV: ð50Þ

We can see that, the dominant EM decay channel for
ψ2ðnDÞ is χc1ðnPÞγ, and the second is χc2ðnPÞγ, where
n ¼ 1, 2, 3, respectively, while χc0ðnPÞγ and ηcðnSÞγ
channels always have small contributions.

F. Contributions of different partial waves

In a previous work [41], we point out that, in a complete
relativistic method, the relativistic wave function for a JP

state is not a pure wave. This conclusion is also valid for the
charmonium. For the Xð3823Þ as the 2−− state ψ2ð13D2Þ,
besides the main D wave, it also includes a small part of F
wave; for the ηcð1SÞ, it is dominated by Swave with a small

amount of P partial wave, while for the χc0ð1PÞ state, as a
P wave dominant state, it includes a small component of S
wave, etc, see the details in Sec. II.B.
In this subsection, we study the contributions of different

partial waves of the initial and finial mesons to the decay
width. The results are shown in Tables IV–IX, where
“complete” means the complete or whole wave function is
used, “S wave” means only the S partial wave has
contribution and other partial waves are deleted. From
these tables, we can see that in all the decays, the main
contribution of 2−− state ψ2 comes from its dominant
partial wave, namely D wave, which is also its non-
relativistic term, and its relativistic correction term, namely
F partial wave, has a relatively small contribution.
Table IV shows the case of ψ2ð1DÞ → ηcð1SÞγ. We

know that ηcð1SÞ is a S-wave dominant state, which only
contains a small amount of P partial wave. But from
Table IV, we can see that the contribution of Dwave →
Swave transition is suppressed, indicates that the major
contribution of this decay process is due to relativistic effect
(dominant by Dwave → Pwave transition).
Table V shows the result of ψ2ð1DÞ → χc0ð1PÞγ. This

result is similar to the case of ψ2ð1DÞ → ηcð1SÞγ, the
contribution of dominant Pwave in final state is very small,
while the contribution of the small component of S wave is
large. From the form factor formula, Eq. (B2), we can see
the origin of this result. The P wave term of the unique

TABLE III. The EM decay widths (keV) of the excited state ψ2ð3DÞ.

Initial state Final state ΓðourÞ Final state ΓðourÞ Final state ΓðourÞ
ψ2ð3DÞ χc0ð1PÞ γ 0.26 χc0ð2PÞ γ 0.54 χc0ð3PÞ γ 1.1
ψ2ð3DÞ χc1ð1PÞ γ 38 χc1ð2PÞ γ 40(41) χc1ð3PÞ γ 218
ψ2ð3DÞ χc2ð1PÞ γ 6.8 χc2ð2PÞ γ 8.3 χc2ð3PÞ γ 41
ψ2ð3DÞ χc2ð1FÞ γ 8.3 χc2ð2FÞ γ 11
ψ2ð3DÞ ηcð1SÞ γ 4.6 ηcð2SÞ γ 2.55(2.44) ηcð3SÞ γ 0.24

TABLE IV. The decay width (keV) of different partial waves
for ψ2ð1DÞ → ηcð1SÞγ.

Complete SwaveðAf1 ; Af2Þ PwaveðAf3Þ
Complete 1.3 0.0035 1.3
DwaveðF1; F2Þ 3.1 0.41 1.3
FwaveðF3Þ 0.39 0.39 0

TABLE V. The EM decay width (keV) of different partial
waves for ψ2ð1DÞ → χc0ð1PÞγ.

Complete SwaveðBf1Þ PwaveðBf2 ; Bf3Þ
Complete 1.2 1.3 0.19
DwaveðF1; F2Þ 1.3 1.4 0.19
FwaveðF3Þ 0.14 0.14 ∼0
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additive relation, F2ðBf3 þ B0
f3
Þð3cos2θ − 1Þ, is sup-

pressed due to the angle integral. The rest have subtractive
relationships, Bf2 − B0

f2
and Bf3 − B0

f3
, therefore their

contributions are also suppressed. And in the nonrelativistic
limit, the contribution of all these P wave terms is zero. So
for the EM decay ψ2ð1DÞ → χc0ð1PÞγ, the contribution of
S wave which provides the relativistic correction is greater
than the that of P wave.
Table VI show the result of ψ2ð1DÞ → χc1ð1PÞγ. We can

see that, the main contribution of the final state come from
the dominant P partial wave which provides the non-
relativistic result, and the relativistic correction (D partial
wave in 1þþ state) contribute very small. The form factors
for this decay are shown in the Appendix B, but they are
very complicated, we will not discuss the details.
Tables VII–IX show the results of ψ2ð1DÞ → χc2ð1PÞγ,

ψ2ð2DÞ → χc2ð1PÞγ, and ψ2ð2DÞ → χc2ð1FÞγ, respec-
tively, where three final mesons are all 2þþ states. The
first two are 1P wave dominant states combined with small

D and F partial waves, the third one is 1F wave dominant
state but combined with sizable P andD partial waves [41].
Tables VII and VIII show us that compared with the
dominant P wave, the contributions of D and F partial
waves in 1P dominant final state are small, and the nodal
structure in the wave function of ψ2ð2DÞ results in the
smaller decay width of ψ2ð2DÞ → χc2ð1PÞγ compared with
ψ2ð1DÞ → χc2ð1PÞγ. From Table IX, we can see that
besides the large contribution of F wave in the 1F
dominant state, the contribution of D partial wave is also
large, but those of P wave are suppressed.
If we only keep the dominant partial waves in wave

functions and ignore the small partial waves which provide
us relativistic corrections for both the initial and final states,
then we obtain the nonrelativistic results,

Γ0½Xð3823Þð1DÞ → ηcð1SÞγ� ¼ 0.41 keV; ð51Þ

Γ0½Xð3823Þð1DÞ → χfc0;c1;c2gð1PÞγ�
¼ f0.19; 211; 44g keV; ð52Þ

Compared with the complete relativistic results, the rela-
tivistic effects (defined as Γ−Γ0

Γ ) make up 68%, 84%, 20%,
23% of Xð3823Þ → ηcð1SÞγ, Xð3823Þ → χcJð1PÞγ (J ¼ 0,
1, 2), respectively. So the contribution of the relativistic
correction plays a leading role in the decay processes of
ψ2ð1DÞ → ηcð1SÞγ and ψ2ð1DÞ → χc0ð1PÞγ.

TABLE VI. The EM decay width (keV) of different partial
waves for ψ2ð1DÞ → χc1ð1PÞγ.

Complete PwaveðCf1 ; Cf2Þ DwaveðCf3Þ
Complete 265 204 4.0
DwaveðF1; F2Þ 209 211 4.2
FwaveðF3Þ 3.4 0.17 0.0056

TABLE VII. The EM decay width (keV) of different partial waves for ψ2ð1DÞ → χc2ð1PÞγ.

Complete PwaveðDf5 ; Df6Þ DwaveðDf1 ; Df2 ; Df7Þ FwaveðDf3 ; Df4Þ
Complete 57 18 1.5 0.23
DwaveðF1; F2Þ 75 44 4.9 0.70
FwaveðF3Þ 1.7 6.1 1.4 0.0057

TABLE VIII. The EM decay width (keV) of different partial waves for ψ2ð2DÞ → χc2ð1PÞγ.

Complete PwaveðDf5 ; Df6Þ DwaveðDf1 ; Df2 ; Df7Þ FwaveðDf3 ; Df4Þ
Complete 7.3 3.4 0.39 0.046
DwaveðF1; F2Þ 9.2 4.9 0.56 0.066
FwaveðF3Þ 0.38 0.24 0.037 0.00028

TABLE IX. The EM decay width (keV) of different partial waves for ψ2ð2DÞ → χc2ð1FÞγ.

Complete PwaveðDf5 ; Df6Þ DwaveðDf1 ; Df2 ; Df7Þ FwaveðDf3 ; Df4Þ
Complete 6.2 0.65 3.6 5.6
DwaveðF1; F2Þ 4.8 0.4 2.9 4.3
FwaveðF3Þ 0.55 0.055 0.12 0.46
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G. Discussion and conclusion

In a previous paper [23], we have estimated the anni-
hilation decay (including ggg and ggγ final states) width
of Xð3823Þ, which is about 9.8 keV. From Eichten’s
work [25], we can get the decay width Γ½ψ2ð3D2Þ → J=
ψππ� ≈ 45 keV. So the total decay width of Xð3823Þ can be
estimated as,

Γ½Xð3823Þ� ≈ ΓðηcγÞ þ
X

ΓðχcJγÞ þ ΓðJ=ψππÞ
þ ΓðgggÞ þ ΓðggγÞ ≈ 379 keV: ð53Þ

Therefore, the process Xð3823Þ → χc1γ whose partial width
is estimated as 265 keV, is the dominant decay channel of
Xð3823Þ. The detection of this channel in experiment is
crucial to confirm Xð3823Þ being the state ψ2ð3D2Þ.
In conclusion, we study the EM decays of ψ2ðn3D2Þ

(n ¼ 1, 2, 3) by using the relativistic Bethe-Salpeter
method, where the new particle Xð3823Þ is treated as
ψ2ð13D2Þ in this paper. We find for ψ2ðn3D2Þ, the dominant
EM decay channel is ψ2ðn3D2Þ → χc1ðnPÞγ. Our results
show that Γ½Xð3823Þ → χc1γ� ¼ 265 keV, compared with
the estimated total width Γ½Xð3823Þ� ≈ 379 keV, this is the
dominant decay channel. The decay ratio B½Xð3823Þ →
χc2γ�=B½Xð3823Þ → χc1γ� ¼ 22% is consistent with the

observation 0.28þ0.14
−0.11 � 0.02, and the decay ratio

B½Xð3823Þ → χc0γ�=B½Xð3823Þ → χc1γ� ≃ 0.46% is also
less than experimental upper limit 0.24. In addition, we
calculated the contributions of different partial waves. For
the decays Xð3823Þ → ηcð1SÞγ and Xð3823Þ → χc0ð1PÞγ,
the main contribution comes from the relativistic effect,
while for the Xð3823Þ → χcJð1PÞγ (J ¼ 1, 2) decay, the
nonrelativistic contribution is the dominant one. These
results may provide useful information to reveal the nature
of Xð3823Þ as the charmonium ψ2ð13D2Þ.
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APPENDIX A: THE INTEGRALS OVER THE
RELATIVE MOMENTUM

When calculating the integral with respect to q⊥ in the
amplitude Eq. (5), we apply the following formula

Z
d3q
ð2πÞ3 q

μ
⊥F≡ f11P

μ
f⊥ ;

Z
d3q
ð2πÞ3 q

μ
⊥qν⊥F≡ f21P

μ
f⊥P

ν
f⊥ þ f22g

μν
⊥ ;

Z
d3q
ð2πÞ3 q

μ
⊥qν⊥qα⊥F≡ f31P

μ
f⊥P

ν
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α
f⊥ þ f32ðPμ
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⊥ Þ;

Z
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f⊥P
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f⊥g
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f⊥P

α
f⊥g

μβ
⊥ þ Pν

f⊥P
β
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⊥
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f⊥P
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f⊥g

μν
⊥ Þ þ f43ðgμν⊥ gαβ⊥ þ gμα⊥ gνβ⊥ þ gμβ⊥ gνα⊥ Þ; ðA1Þ

where F ¼ Fðq2⊥; q2f⊥Þ, and we have used the following abbreviations

Pμ
f⊥ ≡ Pμ

f −
P · Pf

M2
Pμ; gμν⊥ ≡ gμν −

PμPν

M2
: ðA2Þ

The coefficient fij are calculated as

f11 ¼
Z

d3q
ð2πÞ3 F

q
r
cos θ; f21 ¼

Z
d3q
ð2πÞ3 F

q2

2r2
ð3cos2θ − 1Þ;

f22 ¼
Z

d3q
ð2πÞ3 F

q2

2
ðcos2θ − 1Þ; f31 ¼

Z
d3q
ð2πÞ3 F

q3

2r3
ð5cos3θ − 3 cos θÞ;
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Z
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q3

2r
ðcos3θ − cos θÞ; f41 ¼

Z
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q4

8r4
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f42 ¼
Z

d3q
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q4

8r2
ð5cos4θ − 6cos2θ þ 1Þ;

f43 ¼
Z

d3q
ð2πÞ3 F

q4

8
ðcos4θ − 2cos2θ þ 1Þ; ðA3Þ
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where θ is the angle between q⃗ and P⃗f, we have defined q≡ ⃗jqj and r≡ jP⃗fj.

APPENDIX B: FORM FACTORS

Here, we will give the detailed expression of the form factors in the corresponding decay channel. For the decay channel
Xð3823Þ → ηcð1S0Þγ, the form factors h1 and h2 are

h1 ¼
Z

q2dqd cos θ
ð2πÞ2 4

�
q2

MMf

�
F3

M
ðAf2 − A0

f2
Þ
�
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�
;

h2 ¼ ðM2 −MEfÞh1; ðB1Þ

where αf ¼ α1 ¼ α2 ¼ 0.5.

For the decay channel Xð3823Þ → χc0ð3P0Þγ, the form factor t1 is

t1 ¼
Z

q2dqd cos θ
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For the decay channel Xð3823Þ → χc1ð3P1Þγ, the form factors si are
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where we have defined Pfq ¼ Pf · q⊥ ¼ −jP⃗fjjq⃗j cos θ.
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For the decay channel Xð3823Þ → χc2ð3P2Þγ, the form factors gi are
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APPENDIX C: THE AMPLITUDE SQUARE

For Xð3823Þ → χc1ð3P1Þγ, the square modulus of amplitude is
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For Xð3823Þ → χc2ð3P2Þγ, the square of the amplitude is
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