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We study Wilson loops in holographic duals of the N ¼ 4 SYM quark-gluon plasma. For this we
consider the Schwarzschild-AdS5 and Kerr-AdS5 black holes, which are dual to the nonrotating and
rotating quark-gluon plasmas, correspondingly. From temporal Wilson loops we find the heavy quark
potentials in both backgrounds. For the temperature above the critical one we observe the Coulomb-like
behavior of the potentials. We find that increasing the rotation the interquark distance decreases, we also see
that the increase of the temperature yields the similar behavior. Moreover, at high temperatures values of the
potentials in Kerr-AdS5 are close to that one calculated in the Schwarzschild-AdS5 black hole. We also
explore holographic lightlike Wilson loops from which the jet-quenching parameters of a fast parton
propagating in the QGP are extracted. We find that the rotation increases the value of the jet-quenching
parameter. However, at high temperatures the jet-quenching parameters have a cubic dependence on the
temperature as for the AdS black brane.
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I. INTRODUCTION

Recently, much interest has been paid to study and
understand a rotating quark-gluon plasma (QGP). It can be
created in noncentral heavy-ion collisions, where large
initial orbital momentum of ions is partially transferred to
the created medium, that leads to the relativistic rotation
[1,2]. The spacetime structure of the vorticity field, which
also arises in noncentral heavy-ion collisions, may have
nontrivial geometrical features, like femto-vortex sheets [3]
or elliptic vortex rings [4,5]. The nonzero vorticity may
result in different effects, for instance, the chiral vortical
effect (for a review, see [6]). Unfortunately, there is no
direct way to investigate the QGP, so different probes are
used to extract the information about the plasma properties.
One of these probes is the global polarization of

Λ-hyperons. Being produced in a rotating medium, par-
ticles with spin obtain a polarization that depends on
the magnitude of rotation [7,8]. In fact, by virtue of the
P-violation in the weak decay Λ → pþ π, the angular
distribution of the detected protons depends on the ori-
entation of the Λ’s spin. In other words, measuring the
proton distributions and restoring the polarization of the

Λ-hyperons, it is possible to estimate the magnitude of the
QGP rotation. This experiment was carried out by the
STAR Collaboration [9,10]. Surprisingly, the extracted
averaged vorticity value is ω ≈ 1022 s−1, which leads to
the hypothesis that QGP is the fastest rotating fluid ever
observed in nature [10,11].
In a series of experiments [12–15] it was found that

hadron spectra with high transverse momenta pT are
suppressed in the medium. The suppression of elliptical
flows v2 was also observed. This may indicate that the
medium formed in heavy-ion collisions is dense and
nontransparent. The increase of the nuclear modification
factor RAA, which observed at experiments, also predicts
that the QGP is an opaque fluid.
Since the experiments also indicate that the quark-gluon

plasma produced in HIC is a strongly-coupled fluid [12], it
is quite reasonable to examine this system in the framework
of the holographic duality [16–18]. In this approach the
object of study is replaced by N ¼ 4 SYM plasma, that is
much more simpler and provides a qualitative insights of
the strongly-coupled regime. It worth to be noted that at
finite temperature strongly-coupledN ¼ 4 SYM and QCD
above the deconfinement temperature have much in
common. At high temperature lattice simulations show
that the stress tensor becomes traceless, which may indicate
a conformal symmetry [19].
Note that N ¼ 4 SYM defined on R ×R3 at zero

temperature does not have a confinement-deconfinement
phase transition. The holographic calculations in back-
grounds with flat boundaries also predict that there is no
confinement-deconfinement phase transition in the dual
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theory on R ×R3 [20–24]. However, the situation changes
if one discusses N ¼ 4 SYM on R × S3. In [25] it was
shown that a first-order phase transition occurs in the free
N ¼ 4 SYM on R × S3 at the Hagedorn temperature, in
[26] it was discussed for the one-loop order in the weak-
coupling expansion. Moreover, using the integrability the
Hagedorn temperature was calculated at any value of the ’t
Hooft coupling in [27].
From the holographic point of view the strongly-coupled

N ¼ 4 SYM on R × S3 at finite temperature is dual to a 5D
AdS black hole with a conformal boundary R × S3, i.e., a
spherical horizon. In turn, a 5D AdS black hole with a
conformal boundary R × S3 has the first order Hawking-
Page phase transition, which according to the holographic
dictionary corresponds to the deconfinement phase tran-
sition in dual theory [28,29]. Thus, the quark-gluon plasma
state at equilibrium can be associated to the AdS black hole
with a larger radius.
Following the holographic dictionary, a rotating AdS

black hole with a spherical horizon is a gravitational dual
to the rotating N ¼ 4 SYM plasma [30–33]. Like
Schwarzschild-AdS black holes, rotating AdS black holes
also have a Hawking-Page phase transition [34–36], which
corresponds to a phase transition in the dual theory. Note
that the phase transition in Kerr-AdS5 happens for certain
values of the rotational parameters. If at least one of the
rotational parameters is large enough then the phase
transition disappears [37]. The calculations of the critical
temperature Tc in the Kerr-AdS5 background predict that
Tc decreases with the rotation [37]. This is also observed in
other holographic backgrounds for studies of the rotating
quark-gluon plasma [38,39] and effective models [40–42].
However, it was shown in lattice calculations [43,44] that
rotating gluons increase the critical temperature, while the
rotating fermions decrease it.
In work [45] it was discussed holographic off-center

heavy-ion collisions using the 5D Kerr-AdS black hole
with two nonzero rotational parameters. In [46] the authors
extracted analytic expressions for transport coefficients (the
shear viscosity, the longitudinal momentum diffusion
coefficient, etc.) and calculated quasinormal modes for
spinning black holes. Scalar perturbations of the Kerr-AdS5
background with generic rotational parameters were also
calculated in [47], where it was shown that quasinormal
modes in Kerr-AdS5 at low temperature can be encoded by
zeros of the Painleve V tau function. In [48] circular
pulsating string solutions in the 5D Kerr-AdS black hole
with equal rotational parameters were found.
Recently, within the framework of the holographic

duality the energy loss of heavy quarks were explored in
the rotating quark-gluon plasma in [37,49,50]. In these
works a holographic description of a rotating QGP is given
by a 5D Kerr-AdS black hole, while the heavy quarks at
finite temperature are associated by endpoints of open
strings in the AdS black hole. The endpoints are located on

the conformal boundary of the black hole background, so
the string hanging down to the black hole horizon. In
[38,39,51] thermodynamic quantities, Polyakov and
Wilson loops in a holographic rotating background were
studied, which mimic results for lattice simulations for a
pure gluon rotating system and a rotating system with
N ¼ 2 flavors.
In this paper we probeN ¼ 4 SYM quark-gluon plasma

on R × S3 by Wilson loops using holography. The dual
description of the expectation value of the rectangular
Wilson loop can be done in terms of the minimized Nambu-
Goto action of a classical string, where both endpoints
attach to the conformal boundary of the AdS black hole,
while the string stretches down to the horizon [22,23]. In
this work we focus on temporal and lightlike Wilson loops.
From the expectation value of a temporal Wilson loop we
extract a heavy quark-antiquark potential and explore the
affect of the rotation on it.
The lightlike Wilson loops can be used to study the

jet-quenching phenomenon in the quark-gluon plasma,
which is of interest since high-energy particles propagat-
ing through the QGP are strongly decelerated [52,53].
Following [54,55], the so-called jet-quenching parameter
q̂ is defined as a coefficient of the L2 term in the logarithm
of a long lightlike Wilson loop of width L. It encodes the
description of energy losses for relativistic partons mov-
ing in the quark-gluon plasma. More precisely, the para-
meter q̂ gives the squared average transverse momentum
exchange between the medium and highly-energetic
parton per unit path length. In [56] the holographic
calculations for the jet-quenching parameter were gener-
alized for the case of an arbitrary diagonal metric. Using
holographic models, a modification of an ensemble of jets
was analyzed in [57,58], which propagate through a
strongly-coupled plasma. Thus, using the AdS=CFT
correspondence we are also able to find and analyze
the jet-quenching parameter. The holographic computa-
tions in the planar AdS black brane background yield the
following relation [54,55]:

q̂ ¼ π3=2Γð3
4
Þ

Γð5
4
Þ

ffiffiffi
λ

p
T3: ð1:1Þ

It is worth noting that the jet-quenching parameter q̂
in (1.1) is not proportional to the “number of scattering
centers”, which is ∝ N2

c. Moreover, the value of q̂ in QCD
is smaller than that one predicted by (1.1).
In this work we show that the jet-quenching parameters

in the Schwarzschild-AdS5 and the Kerr-AdS5 at high
temperatures have the same dependence on T as for the
AdS black brane (1.1). We also find that rotation increases
the values of q̂.
The paper is organized as follows. In Sec. II we start with

a review of the Schwarzschild-AdS5 and Kerr-AdS5 black
hole solutions. Then we briefly discuss the calculation of
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rectangular Wilson loops in holography. In Sec. III we
calculate the expectation values of temporal Wilson loops
in the Schwarzschild-AdS5 and Kerr-AdS5 black hole
backgrounds and then analyze the corresponding quark-
antiquark potentials. In Sec. IV we evaluate lightlike
Wilson loops and estimate the jet-quenching parameters
in the Schwarzschild-AdS5 and Kerr-AdS5 black holes. In
Sec. V we conclude and give a discussion.

II. SETUP

A. Gravity backgrounds

We consider a five-dimensional gravity theory with a
negative cosmological constant Λ

S ¼ 1

2κ2

Z
d5x

ffiffiffiffiffiffi
−g

p ðR5 − 2ΛÞ: ð2:1Þ

The Einstein equations following from (2.1) are

Rμν ¼
Λ
3
gμν; ð2:2Þ

where we suppose Λ ¼ −6=l2. The simplest black hole
solution of a massM and a spherical horizon to Eq. (2.2) is
the Schwarzschild-AdS5 black hole with the metric

ds2 ¼ −
fðrÞ
r2

dt2 þ r2

fðrÞ dr
2

þ r2ðdθ2 þ sin2 θdϕ2 þ cos2 θdψ2Þ; ð2:3Þ

where the function fðrÞ is

fðrÞ ¼ r2 þ l−2r4 − 2M: ð2:4Þ

In (2.3) the angular coordinates are defined as 0 ≤ θ ≤ π=2,
0 ≤ ϕ;ψ ≤ 2π. It is worth noting, that the horizon of the
black hole is defined as a greater root of the equation
fðrÞ=r2 ¼ 0, thus we have

rh ¼
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8l−2M þ 1

p
− 1

p
ffiffiffi
2

p : ð2:5Þ

The Hawking temperature of the black hole (2.3) is
given by

TH ¼ 2r2h þ l2

2πrhl2
: ð2:6Þ

Another black hole solution with a spherical horizon to
Eq. (2.2) is the Kerr-AdS5 black hole with arbitrary
rotational parameters a and b (in the static-at-infinity
frame [36])

ds2 ≃ −ð1þ y2l−2ÞdT2 þ dy2

1þ y2l−2 − 2M
Δ2y2

þ 2M
Δ3y2

× ðdT − a sin2ΘdΦ − b cos2 ΘdΨÞ2
þ y2ðdΘ2 þ sin2 ΘdΦ2 þ cos2ΘdΨ2Þ; ð2:7Þ

with

Δ ¼ 1 − a2l−2 sin2 Θ − b2l−2 cos2 Θ: ð2:8Þ

In (2.7)–(2.8) the angular coordinates run as for the
Schwarzschild-AdS5; 0 ≤ Θ ≤ π

2
, 0 ≤ Φ;Ψ ≤ 2π. The

horizon yþ of the Kerr-AdS5 black hole is a greater root
of the equation

1þ y2l−2 −
2M
Δ3y2

¼ 0: ð2:9Þ

Correspondingly, the Hawking temperature reads

TH ¼ 1

2π

�
yþð1þ y2þl−2Þ

�
1

y2þ þ a2
þ 1

y2þ þ b2

�
−

1

yþ

�
:

ð2:10Þ

It is easy to see, that for a ¼ b ¼ 0 the Kerr-AdS5 metric
(2.7) comes to the Schwarzschild-AdS5 (2.3) background,
i.e., yþja¼b¼0 ¼ rh.
The dependence of the Hawking temperature on yþ=l

(rh=l) is shown inFig. 1. The rotational parameters belong to
the range 0 ≤ a; b ≤ l, so it is useful to take a fraction ofl as
a value of a or b. We see that both the Schwarzschild-AdS5
and Kerr-AdS5 black holes have minima of the Hawking
temperature Tmin

H . In the case of the Schwarzschild-AdS5
black hole Tmin

H is defined by

Tmin
H ¼

ffiffiffi
2

p

πl
; with rh ¼

lffiffiffi
2

p : ð2:11Þ

Note that the black hole solution does not exist for T < Tmin
H .

In our calculationswe setl ¼ 0.55 fm, soTmin
H ≈ 0.16 GeV.

Above this point, there are two possible values of the
temperature, corresponding to the small (rh < l=

ffiffiffi
2

p
) and

big (rh > l=
ffiffiffi
2

p
) black holes, but only the latter is allowed as

a stable equilibrium [29]. The Hawking-Page phase tran-
sition occurs at the temperature Tc ≥ 3=ð2πlÞ ≈ 0.17 GeV.
Following the holographic dictionary the Hawking-
Page phase transition corresponds to the confinement-
deconfinement phase transition [28].
For the Kerr-AdS5 black hole the Hawking-Page phase

transition also takes place. However, the presence of
rotation changes the behavior of the temperature; below
some critical values of the rotational parameters the
temperature is three-valued function on yþ. From the other
hand, a stronger rotation leads to the absence of the
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temperature ambiguity, and, hence, the Hawking-Page
phase transition disappears [37].
In Fig. 1 we also compare the Hawking temperatures of

the 5D AdS black holes with planar and spherical horizons.
We see that for the same values of the horizons, TH of the
black hole with spherical symmetry has a greater value than
that one for the planar AdS5 black hole. The spherical AdS
black hole with a large horizon, corresponding a high
temperature, behaves similar to the planar AdS black holes.
Note that the conformal boundary for both solutions

(2.3), (2.7) is defined at infinity of the holographic
coordinates r → þ∞ (y → þ∞) and has the form1

ds2 ¼ −dt2 þ dθ2 þ sin2 θdϕ2 þ cos2 θdψ2: ð2:12Þ

B. Wilson loops in holography

Following the holographic prescription the expectation
value of the Wilson loop on the contour C can be calculated
using a Nambu-Goto action of an open string in a holo-
graphic background [20,21]

hWðCÞi ¼ e−SNG ; ð2:13Þ

where SNG is a regularized action of the string. Hence,
consider a string which is governed by the Nambu-Goto
action

SNG ¼ 1

2πα0

Z
dσdτ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgαβÞ

q
; ð2:14Þ

where σ and τ parametrized the string world sheet, ðgαβÞ is
the induced metric on the worldsheet

gαβ ¼ GMN∂αXM
∂βXN; ð2:15Þ

GMN is a spacetime metric, XM are embedding coordinates,
and α, β are world sheet indices. To consider a temporal
recangular Wilson loop, one should take one temporal and
one spacial coordinate to parametrize the string world sheet.
It’s known that the interquark potential is related to the

expectation value of the static temporal Wilson loop as
follows:

hWðCÞi ∼ e−T VðLÞ; ð2:16Þ

where the distance between quarks L and the temporal
extent of the Wilson loop T → ∞. Thus, taking into
account (2.13) the quark-antiquark potential can be found
in the following way

Vqq̄ ¼
SNG
T

����
T →∞

: ð2:17Þ

Ageneralization to the finite-temperature casewas suggested
in [22,23]. In thework [24] the quark-antiquark potential was
explored in the rotating D3-brane background.
Note that the Cornell potential [59,60] includes the

Coulomb term, which dominates at short distances, and
the linear-confining term

Vqq̄ ¼ σL −
κ

L
; ð2:18Þ

where L is the interquark distance, κ and σ are the Coulomb
strength and string tension parameters, respectively. In the
confined phase the expectation value of the Wilson loop
reproduces an area law

hWðCÞi ∼ e−σLT ¼ e−σAreaðCÞ: ð2:19Þ

Using the expectation value of the lightlike Wilson loop
on the contour C in the adjoint representation one is able to
find the jet-quenching parameter q̂ for a fast parton [54,55]

hWAðCÞi ≈ exp

�
−

1

4
ffiffiffi
2

p q̂L−L2

�
; ð2:20Þ

where L− is a large side of the rectangular contour C and L
is a short side. At the same time, the Wilson-loop operator

FIG. 1. The Hawking temperature TH as a function of yþ=l
(rh=l). The case of the Schwarzschild-AdS5 black hole
(a ¼ b ¼ 0) is shown by a blue solid curve, the Hawking
temperatures for the Kerr-AdS5 background for various values
of the rotational parameters are shown by dashed curves from top
to bottom according to increasing values of a and b. The
Hawking temperature for the AdS black hole with planar horizon
is depicted by the black solid line.

1For the Kerr-AdS5 the coordinates in (2.12) should be capital.
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in the adjoint representation is related to the Wilson-loop
operator in the fundamental representation as follows:

hWAðCÞi ≈ hWFðCÞi2: ð2:21Þ
Following the holographic dictionary (2.13), we have

hWFðCÞi ¼ e−SNG : ð2:22Þ

Taking (2.20) into account we find the relation for the jet-
quenching parameter

q̂ ¼ 4
ffiffiffi
2

p

L−L2
SNG: ð2:23Þ

III. HOLOGRAPHIC WILSON LOOPS

A. Wilson loop in Schwarzschild-AdS5 black hole

It is instructive to start with a nonrotating case of the
holographic background, so, first, we consider a holo-
graphic Wilson loop in the 5D Schwarzschild-AdS black
hole with a spherical horizon (2.3)–(2.4).
Parametrizing the world sheet of the static string in the

following way:

τ ¼ t; σ ¼ ϕ; ϕ ∈ ½0; 2πLΦ�; r ¼ rðϕÞ; ð3:1Þ

we get nonzero components of the induced metric (2.15)

gττ ¼ Gtt ¼ −
fðrÞ
r2

;

gσσ ¼ Gϕϕ þ r02Grr ¼ r2
�
sin2θ þ r02

fðrÞ
�
; ð3:2Þ

where fðrÞ is defined by (2.4) and we denoted r0 ≡ dr=dϕ.
The boundary conditions for the string endpoints are
given by

r

�
ϕ ¼ −

Lϕ

2

�
¼ r

�
ϕ ¼ Lϕ

2

�
¼ ∞: ð3:3Þ

In Fig. 2 we show the string configuration for (3.1)
and (3.3).
Equations (3.1)–(3.3) yield the following expression for

the Nambu-Goto action (2.14) of the string in the
Schwarzschild-AdS5 background

S ¼ T
2πα0

Z Lϕ
2

−
Lϕ
2

dϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞsin2θ þ r02

q
: ð3:4Þ

From (3.4) it is easy to find the integral of motion

H ¼ −
sin2 θ

ffiffiffiffiffiffiffiffiffi
fðrÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 θ þ r02

fðrÞ
q ¼ −

l
C
: ð3:5Þ

The string has a turning point, which is defined by
r0jϕm

¼ 0, thus from (3.5) we have

−
sin2 θ

ffiffiffiffiffiffiffiffiffi
fðrÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 θ þ r02

fðrÞ
q ¼ −

l
C
; ð3:6Þ

so the constant of integration is defined by

C ¼ l

sin θ
ffiffiffiffiffiffiffiffiffi
fðrÞp ����

r¼rm

ð3:7Þ

with rm ¼ rðϕmÞ. Note that rm is located above the horizon
rh, see Fig. 2.
From Eq. (3.5) we find the equation of motion repre-

sented as

r02 ¼ sin2θfðrÞ
�
C2sin2θfðrÞ

l2
− 1

�
: ð3:8Þ

Plugging (3.8) into the Nambu-Goto action (3.4) and
coming to the integration in terms of r, we obtain

SNG ¼ T
πα0

Z
∞

rm

dr
C sin θ

ffiffiffiffiffiffiffiffiffi
fðrÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2 θfðrÞ − l2

p : ð3:9Þ

From the other hand, we have the expression for the
distance between quarks Lϕ from (3.8),

Lϕ

2
¼ l

sin θ

Z
∞

rm

dr
1ffiffiffiffiffiffiffiffiffi

fðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2 θfðrÞ − l2

p : ð3:10Þ

It worth to be noted that Eq. (3.9) has a divergence at the
conformal boundary r → þ∞ of the spacetime (2.3) and
we have to regularize (3.9). The renormalization procedure
represents a subtraction of the “self-energy” of two free
static quarks, which holographically corresponds to the

FIG. 2. The schematic illustration of the holographic Wilson
loop configuration. The string endpoints are located at ϕ ¼ � Lϕ

2
.

The red dashed lines depict the configuration of the free quarks.
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action of the static straight strings stretched from the
boundary r ¼ ∞ to the horizon rh,

S0 ¼
T
πα0

Z
∞

rh

dr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−GttGrr

p
¼ T

πα0

�Z
∞

rm

drþ rm − rh

�
:

ð3:11Þ

Then, taking into account (3.11), the regularized action
takes the form

SrenNG ¼ SNG−S0

¼ T
πα0

�Z
∞

rm

dr

�
Csinθ

ffiffiffiffiffiffiffiffiffi
fðrÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2 θfðrÞ−l2

p −1

�
− rmþ rh

�
:

ð3:12Þ

One can try to estimate the relation between SrenNG (3.12)
and Lϕ (3.10). In order to find this we introduce the
following notation in Eqs. (3.10) and (3.12)

SrenNG ¼ T
πα0

I1ðrm; CÞ; Lϕ ¼ 2I2ðrm; CÞ: ð3:13Þ

The derivatives of these quantities with respect to C are
related in the following way

∂I2ðrm; CÞ
∂C

¼ C
l
∂I1ðrm; CÞ

∂C
: ð3:14Þ

Integrating lhs of Eq. (3.14), we obtain

Z
C

0

∂I2ðrm; CÞ
∂C

dC ¼ Lϕ

2
þ i
sin θ

Z
∞

rm

drffiffiffiffiffiffiffiffiffi
fðrÞp ; ð3:15Þ

at the same time using integration by parts of rhs (3.14) one
has

Z
C

0

C
l
∂I1ðrm; CÞ

∂C
dC ¼ C

l
πα0

T
SregNG −

1

l

Z
C

0

I1ðrm; CÞdC;

ð3:16Þ

where we define

Z
C

0

I1ðrm;CÞdC¼
Z

∞

rm

dr

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2 θfðrÞ− l2

p
sinθ

ffiffiffiffiffiffiffiffiffi
fðrÞp −C

�

−
il

sinθ
ffiffiffiffiffiffiffiffiffi
fðrÞp �

−Cðrm − rhÞ: ð3:17Þ

Taking into account (3.14)–(3.17) we get the following
relation between the quantities SNG and Lϕ

SregNG ¼ T
πα0

l
C

�
Lϕ

2
þ I3ðrm; CÞ

�
; ð3:18Þ

where

I3ðrm; CÞ ¼
Z

∞

rm

dr

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2 θfðrÞ − l2

p
l sin θ

ffiffiffiffiffiffiffiffiffi
fðrÞp −

C
l

�

−
C
l
ðrm − rhÞ; ð3:19Þ

and C is defined by (3.7).
Plugging (3.7), (3.18)–(3.19) into (2.17) and doing some

algebra, we find the following relation for the quark-
antiquark potential

Vqq̄ ¼
ffiffiffi
λ

p

πl2
sin θ

ffiffiffiffiffiffiffiffiffiffiffiffi
fðrmÞ

p �
Lϕ

2
þ I3

�
;

I3 ¼
1

sin θ
ffiffiffiffiffiffiffiffiffiffiffiffi
fðrmÞ

p
"Z

∞

rm

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

fðrmÞ
fðrÞ

s
− 1

!
dr

− ðrm − rhÞ
#
; ð3:20Þ

where
ffiffiffi
λ

p ¼ l2=α0 and the distance between quarks Lϕ is
given by (3.10) withC defined in (3.7).
In Figs. 3 and 4 we present the numerical studies of the

dependence of the quark-antiquark potential Vqq̄ (3.12) on
the distance Lϕ (3.10). For all plots we perform numerical
calculations at various temperatures keeping the ’t Hooft
coupling fixed as λ ¼ 6π and varying the angle θ. In order
to set the minimal Hawking temperature Tmin

H ¼ 0.16 GeV,
we put l ≈ 0.55 fm. It worth to be mentioned, that the
phase transition occurs at a slightly higher temperature,
namely, at Tc ¼ 3=ð2πlÞ ≈ 0.17 GeV.
The interquark distance Lϕ (3.10) as a function of the

integration constant C (3.7) is depicted in Fig. 3A. We
observe that Lϕ decreases as the temperature increases. One
can also see that for a fixed temperature TH the distance Lϕ

takes the smaller values while θ increases.
In Fig. 3B we show the distance between the quark-

antiquark pair Lϕ (3.10) as a function of the quantity
1 − ðrh=rmÞ4. This plot illustrates the dependence of the
interquark separation Lϕ on the turning point rm. As in the
previous plot we observe that the distance decreases with
increasing temperature TH and that the angle reduction
leads to a decrease in the distance between quarks. In
Fig. 3B we also see that Lϕ increases until it reaches its
maximal value Lϕ;max and then it decreases. It is interesting
that one is able to obtain the same value of Lϕ by tuning the
temperature TH and the angle θ.
The behavior of the quark-antiquark potential Vqq̄ on the

interquark distance Lϕ is presented in Fig. 4A. For the plot
we choose TH ¼ 0.17 GeV, that corresponds to the decon-
fined phase. We see that the quark-antiquark potential is
double valued, however, the upper branch of the potential is
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unphysical. It corresponds to an unfavorable string con-
figuration in contrast to the lower branch, which is
associated with the lower-energy string configuration.
Note that at the distance Lϕ ¼ LϕðrmÞ the potential Vqq̄

tends to be zero and the configuration of two noninteracting
straight strings is more preferable energetically. The same
holds for Lϕ > LϕðrmÞ. Thus, LϕðrmÞ can be interpreted as
the screening length [23]. In the work [61] it was argued
that the timelike screening length, which corresponds to the
mean-free path for traveling “light” (gluon) in a medium,
has the value 1=πT. As we can see from Fig. 4A, this
condition is satisfied for θ ≳ π=9.
From Fig. 4Awe see that the interquark potential has the

Coulomb-like behavior. If we estimate (3.20), we find that
Vqq̄ has the Coulomb-like term. Indeed, the numerical

evaluation of the term I3 confirms that at small distances
the contribution from I3 is inversely proportional to the
length I3 ∼ −1=Lϕ. We show the dependence I3 as a
function of 1=Lϕ in Fig. 4B. Note that I3 is double valued
because of the string configuration, see Fig. 3A. In the
deconfined phase the string term vanishes. In our work we
are able to approximate Eq. (3.20) as

Vqq̄ðLÞ ¼ −
κ

Lϕ
þ V0: ð3:21Þ

However, in [62,63] it was suggested that in addition to the
Coulomb contribution one has to include the medium-
dependent term. In Table I we present values of κ and V0,
which obtained from fitting of Vqq̄ in Fig. 4A. As one can

(a) (b)

FIG. 4. (a) The quark-antiquark potential Vqq̄ as a function of the distance Lϕ. (b) The dependence of I3 on the inverse distance 1=Lϕ.

(a) (b)

FIG. 3. (a) The distance between quark-antiquark pair Lϕ as a function of the integration constant C (3.7). (b) The distance between

quark-antiquark pair Lϕ as a function of 1 − r4h
r4m
.
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see, the constant V0 does not depend on the angle θ, but it
grows as the temperature TH increases. Surprisingly, at the
temperature just above the critical one, i.e.,
TH ≈ 0.171 GeV, the value of V0 is equal to Euler’s
number. The Coulomb strength parameter κ weakly
depends on TH and increases with decreasing angle θ.
In Fig. 5 we compare our results for the potential in the

Schwarzschild-AdS5 backgroundwithVqq̄ in the planarAdS
black hole [23]. For thiswe setR ¼ l in the planarAdSblack
hole case and fix θ ¼ π=6 for the Schwarzschild-AdS5
background. We see that for the same quark-antiquark
distance Vqq̄ in Schwarzschild-AdS5 (solid curves) takes
greater values than the potential in the planar AdS back-
ground (dotted curves) [23]. This difference becomes more
significant as the temperature increases.

B. Wilson loop in Kerr-AdS5 black hole

Now we turn to the discussion of the holographic Wilson
loop in the 5D Kerr-AdS black hole (2.7)–(2.8).

For the parametrization of the string world sheet we
employ the following gauge condition:

τ ¼ T; σ ¼ Φ; y ¼ yðΦÞ; Φ ∈ ½0; 2πLΦ�:
ð3:22Þ

The components of the induced metric (2.15) are

gττ ¼ GTT ¼ −
�
1þ y2l−2 −

2M
Δ3y2

�
;

gτσ ¼ GTΦ ¼ −
2Ma sin2Θ

Δ3y2
;

gσσ ¼ GΦΦ þ y02Gyy ¼ sin2Θ
�
y2 þ 2Ma2 sin2Θ

Δ3y2

�

þ y02

1þ y2l−2 − 2M
Δ2y2

; ð3:23Þ

where Δ is given by (2.8) and we denoted y0 ≡ dy=dΦ. We
also suppose the following boundary conditions for the
location of the string endpoints

y

�
−
LΦ

2

�
¼ y

�
LΦ

2

�
¼ ∞: ð3:24Þ

Taking into account (3.22)–(3.24) we write down the
Nambu-Goto action in the following form:

SNG ¼ T
2πα0

Z LΦ
2

−LΦ
2

dΦ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y02

fΔ3ðyÞ
fΔ2ðyÞ þ y2FΔ3ðyÞ sin2 Θ

s
;

ð3:25Þ

where for clarity we introduced the notation using dimen-
sionless functions

fΔ2ðyÞ ¼ 1þ y2l−2 −
2M
Δ2y2

;

fΔ3ðyÞ ¼ 1þ y2l−2 −
2M
Δ3y2

;

FΔ3ðyÞ ¼ fΔ3ðyÞ þ 2Ma2 sin2Θ
y4Δ3

ð1þ y2l−2Þ: ð3:26Þ

The system (3.25) has the integral of motion

H ¼ −
y2FΔ3ðyÞ sin2Θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y02 fΔ3 ðyÞ
fΔ2 ðyÞ þ y2FΔ3ðyÞ sin2Θ

r : ð3:27Þ

The turning point is defined by y0 ¼ 0, so from (3.27)
we have

FIG. 5. Vqq̄ in the Schwarzschild-AdS5 (solid curves) and in the
planar AdS (dotted curves) black holes at fixed θ ¼ π=6 and
TH ¼ 0.17, 0.30, 0.50 GeV.

TABLE I. Fitting coefficients of Vqq̄ (3.21) at temperatures
TH ¼ 0.17, 0.20, 0.30 GeV and angles θ ¼ π=6; π=9; π=12,
corresponding to Fig. 4.

TH; GeV θ κ; GeV · fm V0; GeV

0.17
π=6 0.711459 2.67669
π=9 1.04008 2.67669
π=12 1.37443 2.67669

0.20
π=6 0.707247 3.6193
π=9 1.03393 3.6193
π=12 1.3663 3.6193

0.30
π=6 0.704129 6.08073
π=9 1.02937 6.08073
π=12 1.36027 6.08073
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−y sinΘ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞ

p
jy¼ym ¼ −

l
C
; with ym ¼ yðΦmÞ:

ð3:28Þ

The equation of motion which follows from (3.27) is
given by

y02 ¼ y2FΔ3ðyÞ fΔ2ðyÞ
fΔ3ðyÞ sin

2Θ
�
C2

l2
sin2Θy2FΔ3ðyÞ − 1

�
:

ð3:29Þ

Substituting (3.29) into (3.25) and coming to the integra-
tion with respect to y one yields to the expression,

SNG ¼ T
πα0

Z
∞

ym

dy
C sinΘy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2Θy2FΔ3ðyÞ − l2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
:

ð3:30Þ

Equation (3.30) is divergent at the conformal boundary
y → þ∞ of the Kerr-AdS5 black hole.
Just like in the Schwarzschild-AdS case, the renormal-

ization procedure is a subtraction of the single quarks “self-
energy”, which is represented by the action of a static
straight string in Kerr-AdS5,

S0 ¼
T
πα0

Z
∞

yþ
dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−GTTGyy

p ¼ T
πα0

�Z
∞

ym

þ
Z

ym

yþ

�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
dy: ð3:31Þ

Subtracting (3.31) from (3.30) we get

SrenNG¼
T
πα0

�Z
∞

ym

dy

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s �
CsinΘy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2sin2Θy2FΔ3ðyÞ−l2

p −1

�

−
Z

ym

yþ
dy

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s �
: ð3:32Þ

From Eq. (3.29) we find the interquark distance LΦ,

LΦ

2
¼
Z

∞

ym

dy
l

sinΘy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2 sin2 Θy2FΔ3ðyÞ − l2
p

×

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
: ð3:33Þ

As in the previous subsection one can find the relation
between the string action (3.30) and the quark-antiquark
distance (3.33). For this reason, we define (3.32) and (3.33)

SrenNG ¼ T
πα0

I1ðym; CÞ;
LΦ

2
¼ I2ðym; CÞ: ð3:34Þ

Correspondingly, derivatives of I1ðym; CÞ and I2ðym; CÞ
(3.34) with respect to C are

∂I1ðym; CÞ
∂C

¼ −
Z

∞

ym

dy
yl2 sinΘ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp

ðsin2ΘC2y2FΔ3ðyÞ − l2Þ3=2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
; ð3:35Þ

∂I2ðym; CÞ
∂C

¼ −
Z

∞

ym

dy
yCl sinΘ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp

ðsin2ΘC2y2FΔ3ðyÞ − l2Þ3=2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
: ð3:36Þ

Comparing (3.35) with (3.36), we find the following
relation:

∂I2ðym; CÞ
∂C

¼ C
l
∂I1ðym; CÞ

∂C
: ð3:37Þ

Integrating the lhs of Eq. (3.37), we obtain

Z
C

0

∂I2ðym; CÞ
∂C

dC ¼ LΦ

2
þ IΔ3 ; ð3:38Þ

where we use the notation

IΔ3 ¼ i
Z

∞

ym

dy

sinΘy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
: ð3:39Þ

At the same time, integrating the rhs of Eq. (3.37) by parts,
we come toZ

C

0

C
∂I1ðym; CÞ

∂C
dC ¼ CI1ðym; CÞ −

Z
C

0

I1ðym; CÞdC:

ð3:40Þ
The latter integral can be easily found

Z
C

0

I1ðym;CÞdC¼
Z

∞

ym

dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2Θy2FΔ3ðyÞ−l2

p
sinΘy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp

×

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
−C
Z

ym

yþ
dy

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
−IΔ3l:

ð3:41Þ

Now collecting Eqs. (3.37)–(3.41), we get

SrenNG ¼ l
C

T
πα0

�
LΦ

2
þ I3

�
; ð3:42Þ
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where

I3¼
Z

∞

ym

dy

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 sin2Θy2FΔ3ðyÞ−l2

p
ysinΘ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðyÞp −C

�
−
C
l

×
Z

ym

yþ
dy

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ3ðyÞ
fΔ2ðyÞ

s
: ð3:43Þ

So, taking into account (3.43), we find the same expression
as (3.20) for the quark-antiquark potential

Vqq̄ ¼
ffiffiffi
λ

p

πl2
ym sinΘ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FΔ3ðymÞ

p �
LΦ

2
þ I3

�
: ð3:44Þ

Figs. 6A–6B show the dependences of the interquark
distance LΦ (3.33) on the constantC (3.28) and the quantity

(a) (b)

FIG. 6. (a) The behavior of the interquark distance LΦ on the integration constant C (3.28). (b) LΦ as a function of 1 − y4þ
y4m
.

(a) (b)

FIG. 7. (a) The dependence of the quark-antiquark potential Vqq̄ on the distance LΦ. (b) The behavior of I3 (3.43) on the inverse
length 1=LΦ.
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1 − y4þ
y4m
, respectively. In the plots, the temperature TH and the

value of the angle Θ are fixed, while we vary the rotational
parameters a and b. In both Figs. 6A and 6B we see that LΦ
decreases as the rotational parameters increase, so the
interquark distance has the bigger values for zero rotational
parameters.
The dependence of the potential Vqq̄ on the interquark

distance LΦ is shown in Fig. 7A. We set TH ¼ 0.17 GeV
and λ ¼ 6π. From Fig. 7Awe see that Vqq̄ is double valued,
but only the lower curve is significant as for the nonrotating
case. This branch corresponds to the string configuration
with the lower energy. The potential Vqq̄ crosses zero at
LΦ;m ¼ LΦðymÞ, which can be interpreted as the screening
length. The upper branch of the potential, which starts at
LΦ;m, is related to a configuration of two separated straight
strings. We can observe in Fig. 7A that at TH ¼ 0.17 GeV
the potential Vqq̄ for nonzero rotational parameters
(color solid curves) can have greater values than in
Schwarzschild-AdS5 (black solid curve). Increasing the
temperature TH ¼ 0.3 GeV the potential Vqq̄ in Kerr-AdS5
comes closer to Vqq̄ in the Schwarzschild-AdS5 black hole.
It should be noted that the same values of Vqq̄ at different
temperatures corresponds to different LΦ, which decreases
as the temperature increases.
From Fig. 7A one can see that the potential has also the

Coulomb form, which is similar to the Schwarzschild-AdS
case. This is also confirmed by the dependence of the I3-
term on the inverse interquark distance 1=L depicted in
Fig. 7B. Note that in [24] it was shown that the quark-
antiquark potential in the rotating D3-brane interpolates
between the Coulomb and confining parts.
We are able to find an approximation of Vqq̄ (3.44)

assuming that above the critical temperature TH ¼
0.17 GeV it is given by (3.21). We write down κ and V0

for various values of the rotational parameters a and b
in Table II.

We see that the Coulomb strength parameter κ weakly
depends on the rotational parameters (at least for values of
a and b under consideration) and on the temperature. On
the contrary, the term V0 strongly depends on the rotation
and TH.

IV. JET-QUENCHING PARAMETER

A. Jet-quenching parameter in the 5D
Schwarzschild-AdS black hole

In this section, we will discuss the jet-quenching
parameter in the 5D Schwarzschild-AdS background
(2.3)–(2.4) following the holographic prescription.
To find the jet-quenching parameter q̂ we have to come

to the scaled “light cone” coordinates

dxþ ¼ l2ðdt − ldϕÞ; dx− ¼ l2ðdtþ ldϕÞ: ð4:1Þ

By virtue of the transformations (4.1) we come to the
following form of the Schwarzschild-AdS5 metric (2.3)

ds2 ¼ 1

4l4

�
r2

l2
sin2θ −

fðrÞ
r2

�
½ðdx−Þ2 þ ðdxþÞ2�

−
1

2l4

�
r2

l2
sin2θ þ fðrÞ

r2

�
dx−dxþ

þ r2

fðrÞ dr
2 þ r2dθ2 þ r2cos2θdψ2; ð4:2Þ

where fðrÞ is given by (2.4). We have to study a holo-
graphic lightlike Wilson loop (2.20) in the background
(4.2). We choose the coordinates on the string world sheet
as follows:

τ ¼ x−; σ ¼ ψ : ð4:3Þ

Moreover, for the string configuration we also suppose

xμ ¼ xμðσÞ; θðσÞ ¼ const; xþðσÞ ¼ const: ð4:4Þ

Taking into account (4.3)–(4.4) we find the corresponding
Nambu-Goto action (2.14)

S ¼ L−

2πα0

Z
L=2

−L=2
dψ

r
2l2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
fðrÞ
r2

− l−2r2 sin2 θ

��
cos2 θ þ r02

fðrÞ
�s
; ð4:5Þ

TABLE II. Fitting coefficients in the (3.20) at temperatures
TH ¼ 0.17 GeV and TH ¼ 0.30 GeV, Θ ¼ π=6 and rotational
parameters are fixed as in Fig. 7A.

TH; GeV a=l b=l κ; GeV · fm V0; GeV

0.17

0 0 0.711459 2.67669
0.15 0.05 0.711887 2.95381
0.1 0.1 0.711556 3.05421
0.05 0.15 0.710322 3.23494

0.30

0 0 0.704129 6.08073
0.15 0.05 0.702162 6.39186
0.1 0.1 0.701980 6.62686
0.05 0.15 0.701468 6.96067
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where we define r0 ≡ ∂r=∂ψ . The corresponding first
integral is given by

H ¼ −
cos2 θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ − r4l−2 sin2 θ

p
2l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 θ þ r02

fðrÞ
q : ð4:6Þ

From (4.6) we find the equation of motion

r02 ¼ fðrÞ cos2 θ
4C2l6

½cos2 θðfðrÞl2 − r4 sin2 θÞ − 4C2l6�;
ð4:7Þ

where C is some constant. Plugging (4.7) into (4.5) and
integrating with respect to r the Nambu-Goto action can be
represented as

S ¼ L−

πα0

Z
∞

rhþϵ
dr

×
cos θðfðrÞl2 − r4 sin2 θÞ

2l3
ffiffiffiffiffiffiffiffiffi
fðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos2 θðfðrÞl2 − r4 sin2 θÞ − 4C2l6
p :

ð4:8Þ

The relation (4.8) is divergent on the background boundary
r → þ∞ and has to be renormalized. Moreover, since
Eq. (4.8) contains a multiplier fðrÞ−1=2 we regularize the
action on the lower bound as rh þ ϵ. The normalization of
Eq. (4.8) can be performed through the subtraction of the
static mass of the quark and antiquark, which is given by

S0 ¼
L−

πα0

Z
∞

rhþϵ
dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞl2 − r4 sin2 θ

p
2l3

ffiffiffiffiffiffiffiffiffi
fðrÞp : ð4:9Þ

With (4.9) the regularized string action is given by

Sreg ¼ S − S0 ¼
L−

πα0

Z
∞

rhþϵ
dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞl2 − r4 sin2 θ

p
2l3

ffiffiffiffiffiffiffiffiffi
fðrÞp

×

�
cos θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞl2 − r4 sin2 θ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 θðfðrÞl2 − r4 sin2 θÞ − 4C2l6

p − 1

�
:

ð4:10Þ

Expanding (4.10) for small C (in the low-energy limit)
we find

Sreg ¼ L−

πα0
l2C2

cos2 θ
I ; ð4:11Þ

where we denote by I by the following integral:

I ¼
Z

∞

rm

drffiffiffiffiffiffiffiffiffi
fðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðrÞ − r4l−2 sin2 θ
p ð4:12Þ

and rm is defined as a positive real solution to the equation

r2 þ r4l−2 cos2 θ − 2M ¼ 0: ð4:13Þ

To find the relation between L and C we remember that
rð�L=2Þ ¼ ∞ and we have

L
2
¼ 2Cl3

cosθ

Z
∞

rh

drffiffiffiffiffiffiffiffiffi
fðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos2θðfðrÞl2−r4 sin2θÞ − 4C2l6
p ;

ð4:14Þ

or for small C we get

L
2
¼ 2l2C

cos2 θ
I : ð4:15Þ

Deriving C from (4.15) and substituting into the action
(4.11) we come to

Sreg ¼ L−

πα0
L2 cos2 θ

16l2
R
∞
rm

drffiffiffiffiffiffi
fðrÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ−r4l−2 sin2 θ

p : ð4:16Þ

We note that rm ≥ rh and rm coincides with rh only for
θ ¼ 0. In this case we need to shift the turning point to
regularize the divergence near rh, i.e., rmjθ¼0 ¼ rh þ ϵ.
Taking into account (2.23) and (4.16), we find the jet-

quenching parameter

q̂ ¼
ffiffiffi
λ

pffiffiffi
2

p
π

cos2 θ
l4
R∞
rm

drffiffiffiffiffiffi
fðrÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ−r4l−2 sin2 θ

p ; ð4:17Þ

with λ ¼ l4=α02 and fðrÞ given by (2.4).
We are not able to calculate (4.17) analytically. However,

for small θ and l ¼ 1 we can estimate the expression for q̂.
First, we find the integral in the denominator of (4.17) for
l ¼ 1 and small θ
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Z
∞

rhþϵ

dr
r4 þ r2 − 2M

¼

0
BB@

ln

�
2r−

ffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Mþ1

p
−1

p
2rþ ffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8Mþ1
p

−1
p

�
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8M þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8M þ 1

p
− 1

p −

ffiffiffi
2

p
arctan

� ffiffi
2

p
rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8Mþ1
p þ1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8M þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8M þ 1

p þ 1
p

1
CCA
��������
∞

rhþϵ

¼ 1

ð1þ 2r2hÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2h

p �
arctan

�
rhffiffiffiffiffiffiffiffiffiffiffiffiffi
r2h þ 1

p �
−
π

2
−
ln
�

ϵ
ϵþ2rh

	 ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2h þ 1

p
2rh

þ lnð∞Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2h þ 1

p
2rh

�

¼
ffiffiffi
2

p

ðπ2T2
H þ πTH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2T2

H − 2
p

Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πTHð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2T2

H − 2
p

þ πTHÞ þ 1

q

×

0
BB@−arccot

�
πTH þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2T2

H − 2
p

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πTHð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2T2

H − 2
p

þ πTHÞ þ 1

q �

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πTHð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2T2

H − 2
p

þ πTHÞ þ 1

q �
lnð∞Þ − ln

�
ϵ

ϵþ2rh

	�
ffiffiffi
2

p ðπTH þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2T2

H − 2
p

Þ

1
CCA: ð4:18Þ

Thus, for high temperatures, l ¼ 1, and small θ we get
the dependence q̂ on the temperature as for the planar AdS
black brane [54]

q̂ ∼
ffiffiffi
λ

p

2π
κT3

H; ð4:19Þ

where κ is some constant.
In Fig. 8Awe show the jet-quenching parameter q̂ (4.17)

for different θ (solid curves) as a function of the temper-
ature TH.
Note that we are able to trace the behavior of q̂ starting

from the Tmin
H , since below this temperature the black hole

does not exist. From Fig. 8Awe see that for small values of
the angle θ, the parameter q̂ is quite close to the curve q̂SYM
[see Eq. (1.1)] corresponding to the planar AdS5 black
brane from [54]. It is interesting that we can find a
small value of θ, for instance θ < π=9, such that the jet-
quenching parameter q̂ is even smaller than q̂SYM for all
values of TH. Thus, we see that the value of the jet-
quenching parameter for the Schwarzschild-AdS black hole
depends on the location of the quark.
The fact that q̂ in the Schwarzschild-AdS background for

very small angles θ can lie below the curve q̂SYM in the AdS
black brane background is explained by that we have the
different contributions of the metric coefficients for the
AdS5 black holes with planar and spherical horizons.
Taking θ ∼ 0 we change the contribution from the Gx−x−

term (4.2) in the Nambu-Goto action (4.5).
It is instructive to look on the dependence of q̂=T3

H on the
ratio TH=Tmin

H . We depict this for the Schwarzschild-AdS
black hole (solid curves) andAdSblack brane (dashed curve)

in Fig. 8B. Comparing to q̂SYM=T3
H, which is constant for all

range of TH=Tmin
H , the quantity q̂=T3

H for the Schwarzschild-
AdS5 background has a nonlinear behavior onTH up to some
value of TH, abovewhich it also takes a constant value. From
this figure, one can conclude that at high temperature the jet-
quenching parameter q̂ in the AdS black hole has a generic
dependence on TH as T3

H.

B. Jet-quenching parameter in the Kerr-AdS5
background

Now we turn to the calculation of the jet-quenching
parameter q̂ in the Kerr-AdS5 background (2.7) with two
arbitrary rotational parameters. Here we use the following
“light cone” coordinates suggested in [64]

dxþ ¼ dT − adΦ; dx− ¼ dT þ adΦ: ð4:20Þ

Taking into account (4.20) and putting for simplicity l ¼ 1

the Kerr-AdS5 metric (2.7) takes the form,

ds2≃
1

4
ζðyÞðdx−Þ2þ1

4

�
ηðyÞþ 2M

Δ3y2
ð1þ sin2ΘÞ2

�
ðdxþÞ2

þ1

2

�
ξðyÞþ 2M

Δ3y2
ð1− sin4ΘÞ

�
dx−dxþ

−
2M
Δ3y2

bð1− sin4ΘÞdΨdxþ−
2M
Δ3y2

bcos4ΘdΨdx−

þ cos2Θ
�
y2þ 2M

Δ3y2
b2cos2Θ

�
dΨ2þ dy2

fΔ2ðyÞþy2dΘ2;

ð4:21Þ
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where fΔ2ðyÞ is given by (3.26), and we introduced the
following notation:

ηðyÞ ¼ 1þ y2 −
y2

a2
sin2Θ;

ξðyÞ ¼ −ð1þ y2Þ − y2

a2
sin2Θ;

ζðyÞ ¼ ηðyÞ − 2M
Δ3y2

cos4Θ: ð4:22Þ

We parametrize the string world sheet as follows:

τ ¼ x−; σ ¼ Ψ; ð4:23Þ

so L is a length along Ψ and we have L− along the light
cone direction. We also suppose that

xμ ¼ xμðσÞ; ð4:24Þ

thus the Wilson loop lies at constant xþ and Θ

ΘðσÞ ¼ const; xþðσÞ ¼ const: ð4:25Þ

We also impose the following constraint for the string
endpoints

yð�L=2Þ ¼ ∞; ð4:26Þ

and

yðσÞ ¼ yð−σÞ: ð4:27Þ

The string dynamics in the background (4.21) is gov-
erned by the Nambu-Goto action (2.14) defined as

S ¼ L−

2πα0

Z
Ψ0

0

dΨ
1

2l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y02ζðyÞ
fΔ2ðyÞ þ βðyÞ

s
; ð4:28Þ

where for simplicity we introduce

βðyÞ ¼ cos2Θ
�
ηðyÞ 2M

Δ3y2
b2 cos2 Θþ ζðyÞy2

�
ð4:29Þ

and y0 ≡ dy
dΨ. The integral of motion, which follows from

(4.28), is given by

H ¼ βðyÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðyÞ þ y02ζðyÞ

fΔ2 ðyÞ
q : ð4:30Þ

From (4.30) one obtains the equation of motion

y02 ¼ fΔ2ðyÞβðyÞ
ζðyÞ

�
βðyÞ
4C2

− 1

�
: ð4:31Þ

By owning (4.31), we find the Nambu-Goto action (4.28) in
terms of the holographic coordinate y

(a) (b)

FIG. 8. (a) The dependence of q̂ on the temperature TH for different values of θ. The case q̂SYM for the planar AdS5 black brane [see
Eq. (1.1)] is shown by the black dashed curve. (b) q̂=T3

H as a function of TH=Tmin
H for different values of θ. The case q̂SYM for the planar

AdS5 black brane is shown by the black dashed line.
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S ¼ L−

πα0

Z
∞

yþ
dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζðyÞβðyÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ2ðyÞðβðyÞ − 4C2Þ

p : ð4:32Þ

As in the nonrotating case considered in the previous
section the string action Eq. (4.32) has a divergence near
the boundary y → þ∞. To renormalize it one has to
subtract the “self-energy” of two quarks, i.e., the action
of two straight strings in the background (4.21),

S0 ¼
L−

πα0

Z
∞

yþ
dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGx−x−Gyyj

q
¼ L−

πα0

Z
∞

yþ

ffiffiffiffiffiffiffiffiffi
ζðyÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ2ðyÞp :

ð4:33Þ

The regularized Nambu-Goto action (4.32) is given by

Sreg ¼ S−S0¼
L−

πα0

Z
∞

yþ
dy

ffiffiffiffiffiffiffiffiffi
ζðyÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ2ðyÞp � ffiffiffiffiffiffiffiffiffi

βðyÞp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðyÞ−4C2

p −1

�
:

ð4:34Þ

To find a relation between the constant C and the
interquark distance L, we can use the relation (4.31),

L
2
¼
Z

∞

yþ
dy

2C
ffiffiffiffiffiffiffiffiffi
ζðyÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ2ðyÞβðyÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

βðyÞ − 4C2
p : ð4:35Þ

In the limit for small C the Nambu-Goto action (4.34) and
the distance L between string endpoints (4.35) take the
following form:

Sreg ¼ L−

πα0
C2I þOðC4Þ; ð4:36Þ

L
2
¼ 2CI þOðC3Þ; ð4:37Þ

where for convenience we introduce

I ¼
Z

∞

yþ
dy

ffiffiffiffiffiffiffiffiffi
ζðyÞp

βðyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffi
fΔ2ðyÞp ; ð4:38Þ

with fΔ2ðyÞ, ζðyÞ, and βðyÞ are given by (3.26), (4.22), and
(4.29), respectively. Finally, plugging (4.37) into (4.36) we
find that the Nambu-Goto action is

Sreg ¼ L−

πα0
L2

16I
: ð4:39Þ

Correspondingly, by owning (2.23) the jet-quenching
parameter q̂ in the Kerr-AdS5 background can be read
off as follows:

q̂ ¼
ffiffiffi
λ

pffiffiffi
2

p
πI

; ð4:40Þ

or restoring the dimension with l one can write q̂ ¼
ffiffi
λ

pffiffi
2

p
πl4I

.

In Fig. 9A we show the behavior of the jet-quenching
parameter q̂ in the Kerr-AdS5 background (4.40) as a
function of TH for different rotational parameters a and b
(color solid curves). From this figure we find that nonzero

(a) (b)

FIG. 9. (a) The jet-quenching parameter q̂ as a function of TH in the Kerr-AdS5 geometry at different rotational parameters (color solid
curves), in the AdS black hole with a planar horizon (the dashed curve) and in the Schwarzschild-AdS5 background (the solid black
curve). (b) q̂=T3

H as a function of TH=Tmin
H for different values of rotational parameters.
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rotational parameters increase q̂ comparing to q̂SYM, which
is calculated in the planar AdS black brane background.
However, it is worth noting that for a < b the value of the
jet-quenching parameter q̂ is greater than for a ≥ b. We see
that q̂ increases with the temperature faster in the Kerr-AdS
background then in the nonrotating AdS black hole, so one
can say that the rotation promotes to the energy loss.
The dependence q̂=T3

H on TH=Tmin
H ð0; 0Þ for the Kerr-

AdS5 background is depicted in Fig. 9B. We observe
that q̂=T3

H increases up to some value of TH, above which
it becomes a constant similar to the case of the
Schwarzschild-AdS black hole. Therefore, at high tem-
peratures the jet-quenching parameter q̂ is proportional to
T3
H as in the Schwarzschild-AdS5 (4.19) and the planar

cases (1.1) [54]

q̂ ∼ κrotT3
H; ð4:41Þ

where the coefficient κrot depends on values of a and b.
It is instructive to see the ratio q̂=q̂SYM in terms of a

rotational parameter. In Figs. 10A and 10B the quantity
q̂=q̂SYM is depicted as a function of one rotational param-
eter (a or b), while another rotational parameter varies. We
plot this for various values of TH. From Fig. 10A we see
that the jet-quenching parameter in the Kerr-AdS5 black
hole is larger than that one in the AdS black hole with a
planar horizon. It also can be found from Fig. 10A that q̂ in
Kerr-AdS5 with a fixed b decreases as the parameter a
increases. Fig. 10B shows that the dependence of q̂=q̂SYM

on the rotational parameter b is nonmonotonic. For some
fixed a the quantity q̂=q̂SYM increases as b increases
reaching its maximal value and then decreases. This is
related to the definition of the “light cone” coordinates
(4.20), which yields the emphasis of the parameter a.
It is interesting to compare q̂ in Kerr-AdS5 with the jet-

quenching parameter in other holographic backgrounds
with the rotation. For this we focus on the rotating D-
instanton background from [51]. The rotating D-instanton
background is characterized by the angular velocity ω and
the instanton density q. In Fig. 11 we show the ratio q̂=q̂D
as a function of TH, where q̂ is the jet-quenching parameter
in the Kerr-AdS5 black hole and q̂D is the jet-quenching
parameter in the D-instanton background. We plot q̂=q̂D in
terms of TH for different values of the angular velocity ω
and the rotational parameters a and b. From Fig. 11 we
observe that for all ω, a, and b, the ratio q̂=q̂D turns to have
a common form; it increases up to some TH, and then takes
a constant value. Thus, one can conclude that both jet-
quenching parameters q̂ and q̂D have the same behavior at
high temperatures.
We also present q̂=q̂D in terms of TH, where q̂ is taken

for the AdS black brane (black dashed line) and the
Schwarzschild-AdS5 background (black solid curve), in
these cases we set ω ¼ 0 for the D-instanton angular
velocity. Note that the values of the D-instanton density
q are taken in terms of l. In fact, we change q in Fig. 11
from 0 to l4; however, the dependence of q̂=q̂D on q is
almost negligible. We see that the ratio q̂=q̂D has a similar

(a) (b)

FIG. 10. (a) The dependence of the ratio q̂ in the Kerr-AdS5 to q̂SYM in the planar AdS black hole on the rotational parameter a for
different b and TH; TH ¼ 0.17 GeV (solid blue), TH ¼ 0.20 GeV (dashed red), TH ¼ 0.30 GeV (dotted green). (b) q̂=q̂SYM as a
function of the rotational parameter b for different a and TH. The rotational parameter a is fixed as a ¼ 0.20l for TH ¼ 0.17, 0.20,
0.30 GeV.
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dependence on TH for both the Kerr-AdS5 and the rotating
D-instanton background.

V. CONCLUSIONS AND DISCUSSION

In this paper, we have investigated holographic Wilson
loops in the Schwarzschild-AdS5 and Kerr-AdS5 black
holes. The both backgrounds have the conformal boundary
R × S3 and are holographically dual to the nonrotating and
rotating N ¼ 4 SYM quark-gluon plasma, correspond-
ingly. In particular, we have calculated the temporal and
lightlike Wilson loops in the Schwarzschild-AdS5 and
Kerr-AdS5 backgrounds.
From the holographic temporal Wilson loops we have

found the quark-antiquark potentials. We have shown that
the expressions for the potentials in both backgrounds
contain the linear and Coulomb-like terms. At temperatures
above the critical one (TH ≥ 0.17 GeV) we have observed
the Coulomb-like behavior (see Figs. 4A, 7A). We have
estimated the coefficients of the Coulomb terms both in the
Schwarzschild-AdS5 and Kerr-AdS5 backgrounds from
fitting of Vqq̄. For the nonrotating case (a ¼ b ¼ 0) we
have seen that the distance between quark-antiquark pair
can be decreased either by increasing the temperature TH or
reducing the angle θ, see Fig. 4A. The same dependence is
inherited for the nonzero rotating parameters (see Fig. 6).
Note that a similar deformation of the string profile was

also observed in [65] for rotating mesons in a static
background. We have seen that the rotation increases the
values of the quark-antiquark potential Vqq̄ compared to the
Schwarzschild-AdS5 case at the same interquark distance.
At high temperatures (TH ¼ 0.30 GeV) we have observed
that Vqq̄ in the Kerr-AdS5 background becomes closer to
Vqq̄ in the Schwarzschild-AdS5 black hole (Fig. 7A) at least
for certain values of the angle θ (Θ).
Considering the holographic lightlike Wilson loops, we

have calculated the jet-quenching parameters q̂. For the
Schwarzschild-AdS5 black hole we have found that the
analytic expression for q̂ at high temperatures and θ ∼ 0 has
a cubic dependence on TH, which is similar to that one in
the AdS black brane (with a planar horizon) [54]. We have
also observed this from the dependence of q̂=T3

H on
TH=Tmin

H ð0; 0Þ (see Fig. 8B). As we have seen for Vqq̄,
the value of the jet-quenching parameter q̂ also depends on
θ. For example, one can obtain a value of q̂ at θ < π=9,
which is smaller than in the AdS black brane.
In the case of Kerr-AdS5 we have found that the jet-

quenching parameter increases with the rotation, see
Fig. 9A. However, at high temperatures we still have the
dependence q̂ ∼ κrotT3

H with κrot defined by values of a and
b. Thus, the cubic dependence of q̂ on TH takes place at
high temperatures for the rotating and nonrotating cases.
In both cases, we have observed a strong dependence on the
angle θ (or Θ), which is related to the geometries.
Remarkably, in [51] it was found the jet-quenching
parameter in the rotating case (the rotating D-instanton
background) also takes larger values.
An interesting future direction could be the generaliza-

tion to a charged Kerr-AdS5 background [66], which
corresponds to the case with a nonzero chemical potential.
Another interesting problem would be a study of spacial
Wilson loops in the Kerr-AdS5 and the Kerr-Newmann-
AdS5 black holes and comparing the results with the lattice
results for the rotating quark-gluon plasma [43,44]. It
would be useful to consider holographic probes moving
along a circle in the rotating QGP as was discussed for
nonrotating black branes in [67,68].
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FIG. 11. q̂=q̂D as a function of TH for various values of the
angular velocity of the D-instanton ω ¼ 0.1, 0.3, 0.5 and fixed
parameters a and b of Kerr-AdS5; a ¼ b ¼ 0.1l (solid) and
a ¼ 0.15l, b ¼ 0.05l (dashed). The cases of q̂=q̂D, where q̂
corresponds to the AdS-Schwarzschild and AdS black brane are
shown by black solid curve and dashed line, correspondingly
(ω ¼ 0).
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