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Exploration of entanglement entropy (EE) and obtaining the Page curve in the context of eternal black
holes associated with top-down nonconformal holographic thermal duals at intermediate coupling has been
entirely unexplored in the literature. We fill this gap by obtaining the Page curve of an eternal neutral black
hole from a doubly holographic setup relevant to the M-theory dual of thermal QCD-like theories at high
temperatures (i.e., above Tc) and intermediate coupling (effected by inclusion of terms quartic in curvature
in M theory). Remarkably, excluding the higher derivative terms, the EE of the Hawking radiation from the
on-shell Wald entanglement entropy integral (for appropriate choices of constants of integration appearing
in the embeddings) increases almost linearly due to dominance of entanglement entropy contribution from

the Hartman-Maldacena (HM)-like surface SHM;β0

EE ; β ∼ l6p. This imparts a “Swiss-cheese” structure to

SHM;β0

EE effecting a “Large N scenario” (LNS). Then after the Page time, the EE contribution from the island

surface (IS) SIS;β
0

EE dominates and saturates the linear time growth of the entanglement entropy of Hawking
radiation and leads to the Page curve. The same is also obtained via the areas of the Hartman-Maldacena-

like/island surfaces. Requiring the (IS) EE (SIS;β
0

EE ) per unit Hawking-Beckenstein entropy (SBH) post the
Page time to be around 2, and positivity of the Page time, set respectively a lower and upper bound on the
horizon radius rh (the nonextremality parameter). Further, with the inclusion of the OðR4Þ terms in
M theory, the fact the turning point associated with the HM-like surface is in the deep IR, requires a

relationship between lp and rh along with a conjectural γ ≡ e−Oð1ÞN1=3
-suppression (motivated by the

aforementioned requirement SIS;β
0

EE
SBH

∼ 2 up to leading order). We obtain a hierarchy with respect to γ in

SHM;β0

EE ; SIS;β
0

EE and SHM;β
EE ; SHM;β

EE [atOðβÞ]. This is due to the existence of massless graviton corresponding to
a null mass eigenvalue of the Laplace-Beltrami equation in the internal space.

DOI: 10.1103/PhysRevD.107.106015

I. INTRODUCTION AND MOTIVATION

According to Hawking, black holes evolve from the pure
state to a mixed state, i.e., Hawking radiation is thermal
radiation. Evaporation of the black holes has no informa-
tion about the initial state of the black hole which
means information is lost in the black hole evaporation
process [1]. But it has to respect the fundamental principle
of quantum mechanics which is unitarity. Entanglement
entropy of the Hawking radiation starts decreasing after the
Page time [2] of the evaporating black hole and for eternal

black holes it reaches a constant value. Unitary evolution of
black holes thus for has been understood via AdS=CFT
correspondence [3]. In gauge-gravity duality, on gravity
dual side, we have black hole and on the gauge theory side
we have conformal field theory which respects unitarity.
Therefore, we can study the unitary evolution of the black
holes on the CFT side via gauge-gravity duality. A similar
construction for QCD-like theories (equivalence class of
theories which are IR confining, UV conformality and
quarks transforms in the fundamental representation) at
intermediate coupling was done in [4] where M-theory dual
OðR4Þ corrections were considered. We are studying the
black hole information paradox via gauge-gravity duality in
M-theory dual of [4]. For a review on the black hole
information paradox, see [5,6].
There is a prescription to calculate entanglement entropy

in field theories which have a gravity dual. For conformal
field theories it was given in [7] that entanglement entropy
will be given by the area of the codimension two minimal
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surface in the bulk gravity dual. Generalization of the Ryu-
Takayanagi formula for nonconformal theories was given
in [8] and used made in [9] to discuss deconfinement phase
transition in thermal QCD-like theories from entanglement
entropy point of view. Further, if we consider higher
derivative gravity theories then we can calculate entangle-
ment entropy using [10]. Authors in [11] included quantum
corrections to the Ryu-Takayanagi formula at all order in ℏ
and entanglement entropy which is known as generalized
entropy. At leading order in ℏ in generalized entropy
formula, we recover the Ryu-Takayanagi formula [7]. In
Englehardt-Wall prescription one is required to extremize
the generalized entropy, and surfaces which extremize the
generalized entropy are known as quantum extremal
surfaces (QES). The island proposal was first introduced
in [12], where the authors discussed that at late times
islands come into the picture which contribute to the
entanglement entropy. In this case, one is required to
extremize the generalized entropylike functional over all
islands which include contribution from the island
surfaces, and then minimize over all possible extrema.
Islands which extremize the aforementioned generalized
entropy-like functional are known as quantum extremal
islands (QEI).
In doubly holographic models we consider a black hole

in the gravitational dual is coupled to an external conformal
field theory (CFT) bath [13]. For example, gravity (which
contains the black hole) in d-dimensions is coupled to
external bath in d-dimensions, where d-dimensional
external bath has its own holographic dual in (dþ 1)-
dimensions. In these kinds of models we consider two
copies of the setup described earlier. We consider two kinds
of surfaces. First is the Hartman-Maldacena-like surface
[14], which starts from the point where gravity is coupled to
external bath, i.e., defect and crosses the black hole horizon
and reaches up to the defect of thermofield double of
doubly holographic models, and entanglement entropy
contribution from this surface has linear time dependence
which leads to information paradox at late times. Second, is
the island surface, which start from the external bath and hit
the Karch-Randall brane [15,16]. Entanglement entropy
contribution from the island surface is independent of time
and dominates after the Page time. After combining the
entanglement entropy contributions from both surfaces we
obtain the Page curve. Doubly holographic model with
gravitating bath was discussed in [17] and with non-
gravitating baths models were discussed in [18–21].
Page curve calculation for the neutral Gauss-Bonnet black
hole was done in [22].1

There is one more way via which information paradox
was resolved. In this approach, initially we calculate the
entanglement entropy contribution without the island

surface using Cardy’s formula [23] which depends on time
and is responsible for the appearance of information para-
dox. Later, island surfaces emerge which contribute to the
entanglement entropy and this contribution is independent
of time which dominates after the Page time. Combining
these two contributions we obtain the Page curve. Based on
this approach some examples were discussed in [24–28].
Since there is no known Cardy-like formula for non-
conformal theories therefore we are following the doubly
holographic models approach discussed earlier in our
calculations. Islands and Page curves were studied in type
IIB string theory in [29–31] and for flat space black holes,
see [32]. Page curves of the Reissner-Nordström black
hole in the presence of higher derivative terms was studied
in [33].
To study thermal QCD-like theories via gauge-gravity

duality in the UV complete type IIB holographic dual, the
authors started in [34] where they constructed type IIB
string dual of large-N thermal QCD-like theories in the
strong coupling limit. To study the finite coupling regime of
thermal QCD-like theories authors constructed type IIA
mirror of the aforementioned type IIB setup then uplifted it
to the M-theory in [35,36]. Applications of the same were
studied in [37–40]. Further, to have analytical control on
the intermediate coupling regime of thermal QCD-like
theories, the authors in [4] incorporated HD terms
on the gravity dual side. We are working with [4] too in
this paper to obtain the Page curve of a neutral black hole in
the presence of higher derivative terms. The model [4] has
been reviewed in [9,41] and the latter references are
applications of the same. One of us (GY) studied the effect
of rotation on the deconfinement temperature of thermal
QCD-like theories at intermediate coupling from M-theory
in [42].
In this paper we are calculating the Page curve of a

neutral black hole where we have a nonconformal bath. In
our case, on the gravity dual side we have M-theory dual
inclusive of higher derivative terms and on the gauge
theory side we have thermal QCD-like theories at inter-
mediate coupling which is a nonconformal theory. In this
paper we are considering a doubly holographic setup
similar to [18,19] where on the gauge theory side authors
have a conformal theory but the story is different in our
setup because we have a nonconformal theory. Similar to
[18,19], we consider two kinds of candidate surfaces:
Hartman-Maldacena-like surface and island surface.
Hartman-Maldacena-like surface is responsible for the
linear time growth of the entanglement entropy of
Hawking radiation [14]. After the Page time, the entan-
glement entropy contribution from the island surface
dominates which is independent of time and we obtain
the Page curve from M-theory dual inclusive of OðR4Þ
corrections.
We have organized the paper in the following way. In

Sec. II via two subsections II A and II B, we have described
1One of us (GY), thanks R. X. Miao to bring their work to our

attention.
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the holographic dual of thermal QCD-like theories from
top-down approach in subsection II A and construction
of doubly holographic setup in M-theory dual in
subsection II B. Section III is devoted to discussion of
end-of-the-world (ETW) “brane” embedding in the
M-theory dual. First, we have discussed that ETW-“brane”
has constant embedding at the level of Einstein gravity in
III A and then we have shown in III B that when restricted
to the aforementioned constant ETW-“brane” embedding,
there are no boundary terms generated from the most
dominant J0 terms at OðR4Þ in the “MQGP limit” in the
eleven dimensional supergravity action that would have
covariant derivatives of the metric variation, and hence
would have required suitable boundary terms to be con-
structed to cancel the same (much like the GHY boundary
terms to cancel off similar terms in the EH action in
Einstein gravity). Section IV is divided into three sub-
sections. Subsections IVA and IV B involve calculations of
the entanglement entropy of the Hawking radiation from
the areas of Hartman-Maldacena-like and island surfaces,
and in subsection IV C we have obtained the Page curve of
eternal neutral black hole in the absence of higher deriva-
tive terms in eleven dimensional supergravity action. We do
the Page curve calculation of the neutral black hole in the
presence of higher derivative terms in Sec. V via four
subsections VA, V B, V C and VD. In Secs. VA and V C
we obtain the entanglement entropies of the Hawking
radiation for the Hartman-Maldacena-like and island sur-
faces in the presence of higher derivative terms, and then
we obtain the Page curve in Sec. V D. In Sec. V B we
discuss the “Swiss-cheese” structure of entanglement
entropy contribution from the Hartman-Maldacena-like
surface. Section VI has a discussion on showing the
existence of massless graviton by showing the existence
of a null eigenvalue of the Laplace-Beltrami differential
equation for the graviton wave function along the internal
coordinates and hence provide a physical reason for the
exponential-in-N suppression of entanglement entropies in
particular for the Island Surface. We discuss our results and
conclusion in Sec. VII.
Additionally there are four appendices. By dividing the

appendix A into two parts, we have computed angular
integrals used in this paper in A 1 and turning point of the
island surface in A 2. In appendix B we have listed various r
dependent functions in entanglement entropy expression of
the HM-like surface at Oðβ0Þ and OðβÞ, apart from that we
have also computed EOMof the HM-like surface embedding
in the same appendix. In appendix C we have listed r
dependent functions appearing in the OðβÞ term of the
entanglement entropy of island surface and then computed
the derivatives of the Lagrangian with respect to embedding
function and derivatives of the embedding function. In
appendix D, we have listed all the possible terms that we
obtain in the holographic entanglement entropy for Hartman-
Maldacena-like and island surfaces in D 1 and D 2.

II. SETUP

In this section we will first summarize (in II A) the type
IIB/IIA mirror dual of thermal QCD-like theories (i.e.,
IR-confining, UV-conformal with quarks in the fundamen-
tal representation of flavor and color) and its no-braner
M-theory uplift worked out in [4,34,36]. We will then
discuss (in II B) the doubly holographic setup in the
M-theory uplift.

A. Top-down UV-complete holographic dual of thermal
QCD-like theories

From the point of view of construction of a string/
M-theory holographic dual truly close to realistic thermal
QCD-like theories, one needs to consider finite gauge
coupling (gs) and finite number of colors (N). From the
point of view of gauge-gravity duality, this entails
looking at the strong-coupling limit of string theory—M
theory—the same was dubbed as the “MQGP limit”
in [36] wherein gs ≲ 1; Nf ≡Oð1Þ; ðN;MÞ ≫ 1 such that
gsM2

N ≪ 1.
(1) Brane configuration of [34]: Brane setup of [34] has

N D3-branes, M D5-branes and M D5-branes, Nf

D7-branesNf D7-branes.World volume coordinates
are the aforementioned D-branes are summarized in
Table I.MD5-branes andMD5-branes arewrapping
the same vanishing two cycle S2ðθ1;ϕ1Þ but located
at antipodal points (average separation isRD5=D5

) of

resolving S2aðθ2;ϕ2Þ. RD5=D5
is the boundary be-

tween UV (r > RD5=D5
) and IR (r < RD5=D5

) on the
gravity dual side in terms of radial coordinate. Flavor
D7-branes were embedded holomorphically [43] in
the resolved conifold geometry (1):

ðr6þ9a2r4Þ14ei
2
ðψ−ϕ1−ϕ2Þ sin

�
θ1
2

�
sin

�
θ2
2

�
¼ μOuyang;

ð1Þ

whereμOuyang is theOuyangembedding parameter.Nf

D7-branes are present only in the UV and UV-IR
interpolating regionwhereasNf D7-branes are present
in the UV, UV-IR interpolating region and in the IR
too. This provides a realization of chiral symmetry
breaking in the setup and UV conformality in the
theory which we will explain in the next point.

(2) Based on earlier discussion, we can see that product
color and flavor gauge groups are SUðN þMÞ ×
SUðN þMÞ and SUðNfÞ × SUðNfÞ when we are in
the UV, i.e., r > RD5=D5

. When one is going from
UV (r > RD5=D5

) to IR (r < RD5=D5
) via RG group

flow then SUðNfÞ × SUðNfÞ changes into SUðNfÞ
(because there are no Nf D7-branes in the IR). This
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process can be interpreted as chiral symmetry break-
ing in the setup. Effect of transition from UV to IR at
r ¼ RD5=D5

on the product color gauge group is that
it changes SUðN þMÞ × SUðN þMÞ to SUðN þ
MÞ × SUðNÞ (because no M D5-branes in the IR).
This triggers Sieberg-like duality in the setup and if
we perform repeated Sieberg-like dualities then in
the IR we will be left with SUðMÞ gauge theory
where M can be identified with number of colors in
the theory andM can be set to 3 [44] in the “MQGP”
limit discussed later in this subsection.

(3) Now let us see how we can say that the theory is
nonconformal. This can be seen from the following
RG-flow equations of the gauge couplings of the
product gauge group:

4π2
�

1

g2SUðNþMÞ
þ 1

g2SUðNÞ

�
eϕ ∼ π;

4π2
�

1

g2SUðNþMÞ
−

1

g2SUðNÞ

�
eϕ ∼

1

2πα0

Z
S2
B2: ð2Þ

If
R
S2 B2 ¼ 0, then we will have a conformal theory

and this is true in the UV in this setup because of
presence of M D5-branes in the UV. In the IR,R
S2 B2 ≠ 0, which implies nonconformality in the
theory from (2). Nf D7-branes cancels the net Nf

flavor D7-branes charges in the UV which corre-
sponds to constancy of dilaton in the UV.

(4) String dual of thermal QCD-like theories [34]: On
the gauge theory side we want to have finite temper-
ature QCD. As we know that there are two phases of
QCD: confining phase (T < Tc) and the deconfined
phase (T > Tc). In the deconfined phase, finite
temperature can be introduced by a black hole in
the holographic dual side and in the confining phase,
finite temperature can be introduced by a thermal
background in the holographic dual side. In addition
to finite temperature there is finite separation be-
tween theM D5-branes andM D5, this corresponds
to nontrivial resolution of the conifold geometry.
Further, we need IR confinement in thermal QCD
and it will be obtained on the gauge theory side by
deforming the three cycle in the gravity dual side.
From the aforementioned discussion it is clear that
gravity dual of type IIB setup is a resolved warped
deformed conifold. Further, we have fluxes [which
contains the backreaction (also in the warp factor)]
in the IR which are coming from D3-branes and the
D5-branes.

(5) Number of colors, i.e., Nc ¼ 3: Number of colors
Nc can be identified with M when Seiberg-like
duality cascade ends in the IR [44], andM can be set
to 3 in the MQGP limit. The idea is as follows: we
can write Nc as the sum of effective number of D3-
branes and D5-branes, i.e., Nc ¼ NeffðrÞ þMeffðrÞ,
where NeffðrÞ and MeffðrÞ are defined from F̃5

and F̃3:

F̃5 ≡ dC4 þ B2 ∧ F3 ¼ F 5 þ �F 5; F 5 ≡ Neff × VolðBase of Resolved Warped Deformed ConifoldÞ;

MeffðrÞ ¼
Z
S3
F̃3; ð3Þ

where F̃3ð≡F3 − τH3Þ ∝ MeffðrÞ≡M 1

1þe
αðr−R

D5=D5
Þ,

α ≫ 1 with RD5=D5
being the D5 −D5 separation along

the blown-up S2 which in turn is estimated to be
ffiffiffi
3

p
a in the

type IIB dual with the same therefore acting as
the outer boundary of the UV-IR interpolating region in
same as well as its type IIA mirror gravity dual and its
M-theory uplift, and S3 is dual to eψ ∧ ðsin θ1dθ1 ∧
dϕ1 − B1 sin θ2 ∧ dϕ2Þ, where eψ ≡ dψ þ cos θ1dϕ1þ
cos θ2dϕ2) and B1 is an “asymmetry factor” defined in
[34]. Since Neff ∈ ½NUV; 0IR� and Meff ∈ ½0UV;MIR�,
therefore Nc ¼ MIR, where MIR implies that in the IR,
number of colors is equal toM and this can be set to 3 in the
MQGP limit. Further we can also take Nf ¼ 2ðu=dÞþ
1ðsÞ. Therefore we can see that Nf

Nc
is fixed in the IR

(Veneziano-like limit [45]; but Nf and Nc remain finite
themselves).

(6) The MQGP limit, type IIA Strominger-Yau-Zaslow
(SYZ) mirror of [34] and its M-theory uplift at
intermediate gauge coupling:
(a) The MQGP limit is defined as below [35,36]:

gs ∼
1

Oð1Þ ; M;Nf ≡Oð1Þ;

N ≫ 1;
gsM2

N
≪ 1;

ðgsM2ÞgsNf

N
≪ 1:

ð4Þ

MQGP limit (4) involves finite string coupling
(intermediate gauge coupling on gauge theory
side) and finite M which is number of colors in
the IR, i.e., Nc ¼ M. Therefore M theory dual is
holographic dual of thermal QCD-like theories
at intermediate gauge coupling [4].
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(b) One can obtain the M-theory uplift of type IIB
setup by constructing the type IIA Strominger-
Yau-Zaslow (SYZ) mirror (which is obtained by
implementing triple T-duality along the three
isometry directions) setup of type IIB setup and
then uplift the type IIA mirror to M-theory.
Three isometry directions produces a local
special Lagrangian (sLag) T3–which could be
identified with the T2-invariant sLag of [46] with
a large base Bðr; θ1; θ2Þ [of a T3ðϕ1;ϕ2;ψÞ-
fibration over Bðr; θ1; θ2Þ] [35,47]2 Three isom-
etry directions are x, y, z which are toroidal
analogue of ϕ1, ϕ2, ψ .

3 From Table I we see that
T duality along the ψ direction converts the N
D3-branes, M fractional D3-branes and Nf

flavor D7-branes into N D4-branes wrapping
the ψ circle, M D4-branes straddling a pair of
orthogonal N S5-branes and Nf flavor D6-
branes. Now, from second and third T duality
along the ϕ1 and ϕ2 directions, we obtain N D6-
branes, M D6-branes and Nf D6-branes “wrap-
ping” a noncompact three-cycle Σð3Þðr; θ1;ϕ2Þ.
Now if we uplift the type IIA mirror to M-theory

then it was found that D6-branes are converted
into KK monopoles (variants of Taub-NUT
spaces). Therefore we have no branes in the
M-theory and we will be left with M-theory with
a G2-structure manifold—a no-braner uplift.

(7) M-theory uplift including OðR4Þ and G-structure
torsion classes:
One of us (AM) along with V. Yadav, worked out

Oðl6pÞ corrections to the M-theory M-theory metric
in the “MQGP” limit in [4] and using the afore-
mentioned M-theory metric, G-structure torsion
classes were worked out for the six-, seven- and
eight-folds of the M-theory uplift and summarized in
Table II. The eleven-fold M11 in the M theory uplift
obtained in [36] turns out to be a warped product of
S1ðx0Þ ×Rconformal and M7ðr; θ1;2;ϕ1;2;ψ ; x10Þ, the
latter being a cone over M6ðθ1;2;ϕ1;2;ψ ; x10Þ with
M6ðθ1;;ϕ1;2;
ψ ; x10Þ possessing the following nested fibration
structure:

M6ðθ1;2;ϕ1;2;ψ ; x10Þ ← S1ðx10Þ
↓

M5ðθ1;2;ϕ1;2;ψÞ ← M3ðϕ1;ϕ2;ψÞ
↓

B2ðθ1; θ2Þ

: ð5Þ

As shown in [36], p2
1ðM11Þ ¼ p2ðM11Þ ¼ 0 up to

Oðβ0Þ where pa is the a-th Pontryagin class ofM11.
This hence implied that X8 ¼ 0 in (14) up to Oðβ0Þ.

From the above discussions we find that the type IIB
setup has the following properties: IR confinement, UV
conformality, quarks transform in the fundamental repre-
sentation of flavor and color groups and well defined in the
confining and deconfined phases. Therefore it is an ideal
holographic dual of thermal QCD-like theories.
The type IIB setup of [34], its Strominger-Yau-Zaslow

type IIA mirror and its M-theory uplift as constructed in
[35,36] as well as [4] (M-theory uplift at intermediate
‘t Hooft coupling effected by inclusion ofOðR4Þ terms) are
summarized in Fig. 1.

TABLE I. Brane configuration of [34].

Serial number Branes World Volume

1. N D3 R1;3ðt; x1;2;3Þ × fr ¼ 0g
2. M D5 R1;3ðt; x1;2;3Þ × fr ¼ 0g × S2ðθ1;ϕ1Þ × NPS2aðθ2;ϕ2Þ
3. M D5 R1;3ðt; x1;2;3Þ × fr ¼ 0g × S2ðθ1;ϕ1Þ × SPS2aðθ2;ϕ2Þ
4. Nf D7 R1;3ðt; x1;2;3Þ ×Rþðr ∈ ½jμOuyangj23; rUV�Þ × S3ðθ1;ϕ1;ψÞ × NPS2aðθ2;ϕ2Þ
5. Nf D7 R1;3ðt; x1;2;3Þ × Rþðr ∈ ½RD5=D5

− ϵ; rUV�Þ × S3ðθ1;ϕ1;ψÞ × SPS2aðθ2;ϕ2Þ

2In [44] it was discussed in a footnote that to implement SYZ
mirror symmetry idea is similar to [48], we need to replace the
pair of S2s by pair of T2s from which we can get the correct
T-duality coordinates. After getting the type IIA mirror, similar to
the [48] pertaining toD5-branes wrapping a vanishing S2, uplift it
to M-theory with a bonafide G2-structure that is free of the
angular delocalization. One can descend back to type IIA which
will therefore be free of delocalization now.

3As explained in [49], the T3-valued ðx; y; zÞ (used for
effecting SYZ mirror in [35,36]) are defined via:

ϕ1 ¼ ϕ10 þ
xffiffiffiffiffi

h2
p ½hðr0; θ10;20Þ�14 sin θ10 r0

;

ϕ2 ¼ ϕ20 þ
yffiffiffiffiffi

h4
p ½hðr0; θ10;20Þ�14 sin θ20 r0

ψ ¼ ψ0 þ
zffiffiffiffiffi

h1
p ½hðr0; θ10;20Þ�14r0

;

h1;2;4 defined in [34], and one works up to linear order in ðx; y; zÞ.
In the IR, it can be shown [50] that θ10;20 can be promoted to
global coordinates θ1;2 in all the results in the paper.
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B. Doubly holographic setup

Let us first review the doubly holographic setup [13].
There are three equivalent descriptions of doubly holo-
graphic models which are summarized below:

(1) A bath which is a boundary CFT(BCFT) living at
the boundary of AdSdþ1 whose boundary is (d-1)
dimensional defect [51,52], to collect the Hawking
radiation.

TABLE II. IR G-structure classification of six-/seven-/eight-folds in the type IIA/M-theory duals of thermal
QCD-like theories (at high temperatures) and for r ∈ IR; ×w denotes a warped product.

Serial number Manifold G-Structure Nontrivial Torsion Classes

1. M6 ¼ non-Kähler conifold SUð3Þ TIIA
SUð3Þ ¼ W1 ⊕ W2 ⊕ W3 ⊕ W4 ⊕ W5∶ W4 ∼W5

2. M7 ¼ S1M ×w M6 G2 TM
G2

¼ W1 ⊕ W7 ⊕ W14 ⊕ W27

↓r ∼ ð1þ αaÞa, αa ∼ 0.1–0.3

W1 ¼ O
�

1
NαW1

�
, αW1

> 1,

therefore disregarded up to O
�
1
N

�
;

W7 ≈ 0

⇒ TM
G2

¼ W14 ⊕ W27

3. M8 ¼ S1t ×w M7 SUð4Þ TM
SUð4Þ ¼ W2 ⊕ W3 ⊕ W5

4. M8 Spin(7) TM
Spinð7Þ ¼ W1 ⊕ W2

FIG. 1. Type IIB dual of large-N thermal QCD like theories, its SYZ type IIA mirror and M-theory uplift.
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(2) Conformal field theory in d dimensions is coupled to
gravity on an “end-of-the-world” (ETW) brane in an
asymptotically AdSd space Md with a half-space
bath CFT coupled to Md via “transparent boundary
conditions” at the defect (the intersection of the
ETW-brane and the bath).

(3) Einstein gravity inMdþ1 asymptotic to AdSdþ1, the
holographic dual of d-dimensional BCFT, contain-
ing Md as an ETW brane [15,16,53].

Let SðRÞ be the von Neumann entropy of subregion R
defined on constant time slice in description 1. In the second
description it will be given by the island-rule (I) [12] as,

SðRÞ ¼ minIextISgenðR ∪ IÞ; ð6Þ

where generalized entropy functional is defined as [11]:

SgenðR ∪ IÞ ¼ Að∂IÞ
4GN

þ SmatterðR ∪ IÞ; ð7Þ

where the first term in the above equation is the area of the
boundary of the island surface and second term is the matter
contribution from bath as well as island regions. In the third
description, generalized entropy functional defined in semi-
classical geometry can be computed classically using the
Ryu-Takayanagi formula in (dþ 1) dimensions [7] from the
area of the codimension two minimal surface:

SgenðR ∪ IÞ ¼ AðγÞ
4Gðdþ1Þ

N

; ð8Þ

where γ is the codimension two surface in the Mðdþ1Þ
dimensional bulk space-time. Therefore one can calculate
very easily entanglement entropy of the Hawking radiation
in doubly holographic models using the classical Ryu-
Takayanagi formula in third description.
There is also a similar setup available in the literature as

constructed in [19]. In [19], authors constructed a similar
setup as discussed earlier but in this setup bath is a warped
conformal field theory(WCFT) [54] instead of CFT. This
setup has also three equivalent descriptions which are
summarized below:
(1) Boundary warped conformal field theory(BWCFT)

in two dimensions with one dimensional boundary.
(2) Two dimensional JT gravity coupled to WCFT in

two dimensions at the interface point via transparent
boundary conditions.

(3) Einstein gravity on M3 asymptote to AdS3 space
containing M2 as a Planck brane [12].

Similar to earlier discussion one can calculate the entan-
glement entropy of the Hawking radiation classically in the
third description when one has warped conformal field
theory in two dimensions as a bath using Ryu-Takayanagi
formula [7]. Doubly holographic models have been studied
in the literature mentioned in Sec. I and also in [55–66].

Motivated by these constructions we are generalizing
these kinds of setups to our case. After a double Wick-
rotation, we have QCD2þ1 at r ¼ 0, along x1;2 and Wick-
rotated x3. One can think of a fluxed ETW-hypersurface or
“brane” M10 ¼ R2ðx2;3Þ ×w M8 where M8 is the (non-
compact) SUð4Þ=Spinð7Þ-structure ([4], Table II) eight-

fold MSUð4Þ=Spinð7Þ
8 ðr; t; θ1;2;ϕ1;2;ψ ; x10Þ at x1 ¼ 0 which

has a black hole. The ETW-hypersurface can be interpreted

asR2ðx2;3Þ ×w MSUð4Þ=Spinð7Þ
8 ðt; r; θ1;2;ϕ1;2;ψ ; x10Þ contain-

ing black M5-brane at x1 ¼ 0 with world volume Σð6Þ ¼
S1ðtÞ ×w R≥0ðrÞ × Σð4Þ where Σð4Þ ¼ n1S3ðθ1;ϕ1;ψÞ ×
½0; 1�θ2 þ n2S2ðθ1;ϕ1Þ × S2ðθ2; x10Þ with n1 determined
by
R
S3×½0;1� G4 and n2 by

R
S2×S2 G4; the QCD2þ1 can be

thought of as living on M2-branes with world volume
Σð3Þðx1;2;3Þ. QCD2þ1 at r ¼ 0would interact gravitationally
via the pull-back of the ambient M11 ¼ R1;2;3 ×w M8 ¼
Rðx1Þ ×w M10 metric used to contract the non-Abelian field
strength in the gauge kinetic term obtained as part of the
M2-brane(x1;2;3) world-volume action. This has some
similarity with points 2. and 3. of the first paragraph of
this section as regards the doubly holographic setup as
described in [13]. Let us be more specific and briefly
describe the three equivalent descriptions alluded to toward
the beginning of this subsection. The doubly holographic
setup constructed from the bottom-up approach (usually
followed in the literature) as described at the beginning
of this subsection, has the following M-theory description
(the one we follow) of top-down double holography with
QCD2þ1 bath with the numbering matches the one used in
the aforementioned three equivalent description:
(1) Boundarylike description:QCD2þ1 (could be thought

of as supported on an M2-brane with world volume
Σð3Þðx1;2;3Þ, and) is living at the tip (r ¼ 0) of a
noncompact seven-fold of G2 structure which is a
cone over awarped non-Kähler resolved conifold. The
two-dimensional “defect”Σð2Þ ≅ Σð3Þðx2;3; x1 ¼ 0Þ ≅
R2ðx2;3Þ.

(2) Nonconformal bath-ETW interv cmaction description:
Fluxed end-of-the-world (ETW) hypersurface M10≅
R2ðx2;3Þ×wM

SUð4Þ=Spinð7Þ
8 ðt;r;θ1;2;ϕ1;2;ψ ;x10Þ con-

taining black M5-brane at x1 ¼ 0 coupled to
QCD2þ1 bath living on M2 brane with world
volume Σð3Þðx1;2;3Þ along the defect Σð2Þ ≅ M10 ∩
Σð3Þðx1;2;3Þjx1¼0 via exchange of massless graviton.

(3) Bulk description: QCD2þ1ðx1;2;3Þ has holographic
dual which is eleven dimensional [M11≅Rðx1Þ×w

M10≅S1ðtÞ×wR3ðx1;2;3Þ×wM
G2

7 ðr;θ1;2;ϕ1;2;ψ ;x10Þ]
M-theory background (compactified on a seven-fold
with G2 structure) containing the fluxed ETW-
hypersurface M10ðx1 ¼ 0Þ.
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The pictorial representation of the aforementioned ETW-
brane(containing a black M5-brane)/M2-brane(supporting
the nonconformal “bath”—QCD2þ1)-setup focusing
only on the x1 − r-plane, along with the Hartmann-
Maldacena-like surface and island surface, is given in
Fig. 2. Unlike [12,13,17], the (nonconformal) bath is at
r ¼ 0 instead of the UV cutoff r ¼ rUV.

4 In the high
temperature (T > Tc) M-theory dual (15), evidently r ≥ rh
[the metric component gMtt being proportional to a warp

factor eB where B ∼ log
�
1 − r4h

r4 þO
�
gsM2

N

��
from the

solutions to the supergravity EOM implies that for
B ∈ R, r ≥ rh in the MQGP limit (4)].5

If SðRÞ be the von Neumann entropy of subregion R
defined on constant time slice in description 1 then

in the second description it will be given by the island-
rule [12] as:

SðRÞ ¼ minIextISgenðR ∪ IÞ; ð9Þ

where I is the island surface and generalized entropy
functional is defined as [11]:

SgenðR ∪ IÞ ¼ Að∂IÞ
4GN

þ SmatterðR ∪ IÞ: ð10Þ

As discussed earlier that in doubly holographic models we
can calculate the generalized entropy functional defined in
semiclassical geometry using classical Ryu-Takayanagi
formula [7] in eleven dimensions in the third description
as below:

SgenðR ∪ IÞ ¼ AðγÞ
4Gð11Þ

N

; ð11Þ

where AðγÞ is the area of the minimal surface, γ, which is a
codimension two surface in the eleven dimensional bulk
space-time. By following [18] we obtain the Page curve of a
neutral black hole using (11) without higher derivative
terms in Sec. IV from M-theory dual.
For higher derivative gravity theories we can calculate

the entanglement entropy in the holographic dual theories
from the results of [10]. Since we are working with
M-theory dual therefore we can write the analogue of
the generalized entropy functional defined in Eq. (11) using
[10] as below:

SgenðR ∪ IÞ ¼ Sgravity; ð12Þ

where

FIG. 2. Doubly holographic setup in M-theory dual. ETW-black “brane” is coupled the thermal bath (at the tip of seven-fold of G2-
structure which is a cone over a warped non-Kähler resolved conifold), where the Hawking radiation is collected, which effectively is
thermal QCD2þ1 along x1;2;3 after Wick-rotation along x3 at r ¼ 0. Blue curves correspond to the island surfaces and red curve
corresponds to the Hartman-Maldacena-like surface.

4The cutoff, unlike most references in the literature is not at
infinity but is such that rUV ≲ L≡ ð4πgsNÞ1=4 thereby justifying
dropping the “1” in the 10-dimensional warp factor h in [4,34,36]
[that appears in (15)], which otherwise would have been

1þ L4

r4

h
1þO

�
gsM2

N

�i
.

5Further, as will be shown later, the area/entanglement entropy
(inclusive of OðR4Þ contributions) of the HM surface [see (48),
(52), (86), (89) and (129)] as well as the IS [see (64), (65), (118),
and (132)] are proportional to a positive power ofM—the number
of fractional D3-branes in the parent type IIB dual [34]. Now,
the contribution to r integral from r ∈ UV, i.e., r >

ffiffiffi
3

p
a ∼h

1þO
� ffiffi

β
p
N

�
þO

�
gsM2

N

�i
rh ∼ ð1þ ϵÞrh; jϵj ≪ 1 [41] will in-

volve replacing M by MUV ≡Meffðr ∈ UV ⇔ r >
ffiffiffi
3

p
aÞ—the

UV-valued effective number of fractional D3-branes in the
aforementioned parent type IIB dual—which is vanishing small
[see the discussion beneath (3)] ensuring UV conformality.
Therefore all integrals

R
rUV
r� or rT

of integrands relevant to the
HM/IS areas or entanglement entropies, will vanish as r�;T >
rh though being nearer to rh than

ffiffiffi
3

p
a.
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Sgravity ¼
SEE

4Gð11Þ
N

; ð13Þ

where SEE can be calculated using [10]. We will use
Eq. (12) to obtain the Page curve from M-theory dual in
the presence of higher derivative terms in Sec. V. The idea
is that we need to calculate Eq. (12) for the Hartman-
Maldacena-like surface which may produce a linear time
growth of entanglement entropy of the Hawking radiation
and for the island surface which dominates after the Page
time. Combining these two contributions will generate the
analog of the Page curve.

III. ETW-“BRANE” EMBEDDING

In the doubly-holographic approach, end of the
world (ETW)-“brane” embedding is an important issue

related to the existence of islands. The issue is well
understood at the level of Einstein gravity at LO (i.e.,
Einstein-Hilbert(EH) action and the boundary Gibbons-
Hawking-York surface terms), but not much is known for
higher derivative gravity, e.g., D ¼ 11 supergravity at
OðR4Þ; in top-down models such as the one considered
by us, the ETW-“brane” would be a fluxed hyper-
surface W.6 We will now address this issue in this section
as two subsections—in the first we will obtain the
ETW embedding at the level of EHþ GHY action, and
in the second we will show that in the MQGP
limit (4), the aforementioned LO embedding receives
no corrections.
The N ¼ 1, D ¼ 11 supergravity action without higher

derivative terms is given by:

S ¼ 1

2κ211

Z
M11

ffiffiffiffiffiffiffiffiffiffiffiffi
−GM

p �
R�11 ∧ 1 −

1

2
G4 ∧ �11G4 −

1

6
C ∧ G ∧ G

�
þ 1

κ211

Z
r¼rUV

d10x
ffiffiffi
h

p
K þ 1

κ211

Z
W
d10x

ffiffiffi
γ

p ðK − 9TÞ:

ð14Þ

γ, K and T in (14) are the induced metric, trace of extrinsic curvature (Kmn) and tension of the ETW brane (W:
∂M11 ¼ fr ¼ rUVg ∪ W). Metric for the M-theory dual when T > Tc on gauge theory side is given by:

ds211 ¼ e−
2ϕIIA

3

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hðr; θ1;2Þ
p �

−gðrÞdt2 þ ðdx1Þ2 þ ðdx2Þ2 þ ðdx3Þ2
�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðr; θ1;2Þ

q �
dr2

gðrÞ þ ds2IIAðr; θ1;2;ϕ1;2;ψÞ
��

þ e
4ϕIIA

3

�
dx11 þ A

FIIB
1

þFIIB
3

þFIIB
5

IIA

�
2

; ð15Þ

where A
FIIB
i¼1;3;5

IIA are the type IIA RR 1-forms obtained from
the triple T/SYZ-dual of the type IIB FIIB

1;3;5 fluxes in the

type IIB holographic dual of [34], and gðrÞ ¼ 1 − r4h
r4. Near

the ψ ¼ 2nπ, n ¼ 0, 1, 2-coordinate patch, we can write the
metric (15) in the following form (explicit form of the
metric in terms of the parameters of the model can be read
off from the appendix A of [9]):

ds2 ¼ αðrÞ½−gðrÞdt2 þ σðrÞdr2 þ dxμdxμ� þ gmndxmdxn;

ð16Þ

where xμ (μ ¼ 1, 2, 3) represent spatial coordinates, r is the
radial coordinate and xm (m ¼ 5, 6, 7, 8, 9, 10) represent
six angular coordinates ðθ1;2;ϕ1;2;ψ ; x10Þ in the conifold
geometry. The volume of the compact six-fold can be
obtained by the following equation:

V int ¼
Z Y

m

dxm
ffiffiffiffiffiffi
−g

p
: ð17Þ

On comparing Eqs. (15) and (16), we obtain:

αðr; θ1;2Þ ¼
e−

2ϕIIA

3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðr; θ1;2Þ

p ;

σðr; θ1;2Þ ¼
hðr; θ1;2Þ
gðrÞ ; ð18Þ

where ϕIIA is the type IIA dilaton profile and can be defined

as GM
x10x10 ¼ e

4ϕIIA

3 . For M-theory dual, the expressions for
αðr;θ1;2Þ;σðr;θ1;2Þ;Hðr;θ1;2Þ≡V2

intðr;θ1;2Þαðr;θ1;2Þ3 can
be easily read off from (15) and (18).
The ETW-“brane” W∶ AdS∞4 ×w M6 with G4 fluxes

threading a homologous sum of four-cycles S3 × ½0; 1�
and S2 × S2 in M6 ¼ M5ðθ1;2;ϕ1;2;ψÞ × S1ðx10Þ ↪
MSUð4Þ=Spinð7Þ

8 ðt; r; θ1;2;ϕ1;2;ψ ; x10Þ (in the large-N MQGP
limit) implies: ∂M11¼fr¼ rUVg∪W. Assuming the ETW-
“brane” embedding,

6One of us (GY) would like to thank C. F. Uhlemann for a brief
clarification on this point.
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x1 ¼ x1ðrÞ; ð19Þ

and substituting the same into (16) yields:

ds2 ¼ αðrÞ
�
−gðrÞdt2 þ

�
σðrÞ þ

�
dx1

dr

�
2
�
dr2

þ
X3
μ¼2

dxμdxμ
�
þ gmndxmdxn: ð20Þ

A. At Oðβ0Þ
Assuming T to be the tension of the ETW-“brane,” and if

K and Km̃ ñ; m̃; ñ ¼ r, t, μ, m are respectively the extrinsic
curvature scalar and tensor on the ETW-brane, then [67],

Kmn −Khmn ¼ −9Thmn; ð21Þ

where hmn is the induced metric on the ETW-brane. Let
us look at the rr-component of (21) in the IR. One can
argue that in the IR, the embedding function x1ðrÞ ¼ xðrÞ
always appears as x0ðrÞ, x00ðrÞ in (21), and writing a ¼
ðbþOðgsM2

N ÞÞrh [47], the terms LO and NLO in N and

KðN; gs; rhÞ ∼ −κK
ð3b2 − 1Þ ffiffiffiffiffi

rh
p ðlogN − 9 logðrhÞÞffiffiffiffi

gs4
p ffiffiffiffi

N4
p ffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p ðð3b2 − 1Þ logN þ 9 logðrhÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NfðlogN − 3 logðrhÞÞ3

p
KrrðN;M;Nf; gs; rh; x0ðrÞ; x00ðrÞÞ ∼ −κð1ÞKrr

ffiffiffiffiffiffiffiffi
gsN

p
Σðrh;N;NfÞ

rhðr − rhÞ2
þ κð2ÞKrr

gs3M2Nf logðrhÞðlogN − 12 logðrhÞÞΣðrh;N;NfÞ
rh2

ffiffiffiffiffiffiffiffi
gsN

p ðr − rhÞ2

þ κð3ÞKrr

rhx0ðrÞΣðrh;N;NfÞffiffiffiffiffiffiffiffi
gsN

p þ κð4ÞKrr

rh2x00ðrÞΣðrh;N;NfÞffiffiffiffiffiffiffiffi
gsN

p ;

hrrðN;M;Nf; gs; rh; x0ðrÞÞ ∼ −2κð1ÞKrr

ffiffiffiffiffiffiffiffi
gsN

p
Σðrh;N;NfÞ

rhðr − rhÞ
− κð3ÞKrr

rh2x0ðrÞΣðrh;N;NfÞffiffiffiffiffiffiffiffi
gsN

p

− 2κð2ÞKrr

3gs3M2Nf logðrhÞðlogN − 12 logðrhÞÞΣðrh;N;NfÞ
rh

ffiffiffiffiffiffiffiffi
gsN

p ðr − rhÞ
; ð22Þ

wherein Σðrh;N;NfÞ≡ ð6 logNNf − 3Nf log ð9a2rh4þ
rh6ÞÞ2=3 the numerical pre-factors are respectively
collected in κK; κKði¼1;2;3;4Þ

rr
. As b ¼ 1ffiffi

3
p þ ϵ, (e.g., in the

ψ ¼ 2nπ; n ¼ 0, 1, 2-coordinate patches, jϵj ∼ r2h
ðj log rhjÞ9=2N−9=10−αb , αb > 0 [4]), one can approximate
(21) by Kmn ∼ −9Thmn. Looking then at m ¼ n ¼ r
component of the same, one notes that unlike KrrðN;
M;Nf; gs; rh; x0ðrÞ; x00ðrÞÞ, hrrðN;M;Nf; gs; rh; x0ðrÞÞ
does not have an x00ðrÞ term. Therefore,

x00ðrÞ ¼ 0: ð23Þ

Further, we note that the LO-in-N terms in the IR
(r ¼ Oð1Þrh of) KrrðN;M;Nf; gs; rh; x0ðrÞ; x00ðrÞÞ are pro-
portional to hrrðN;M;Nf; gs; rh; x0ðrÞÞ with a proportion-
ality constant -2 resulting in the ETW-brane tension

T ∼
1

rh
: ð24Þ

But, at NLO in N, the coefficients of the same are
proportional to each other but with a proportionality
constant that is −1. These two can be reconciled by
x0ðrÞ ¼ 0, i.e.,

x1ðrÞ ¼ constant; ð25Þ

and we take the constant to be zero.

B. No boundary terms generated at OðR4Þ
Eleven dimensional supergravity action includingOðR4Þ

terms is given by:

S ¼ 1

2κ211

Z
M11

ffiffiffiffiffiffiffiffiffiffiffiffi
−GM

p �
R �11 1 −

1

2
G4 ∧ �11G4 −

1

6
C ∧ G ∧ G

�
þ 1

κ211

Z
r¼rUV

d10x
ffiffiffi
h

p
K

þ 1

ð2πÞ432213
�
2π2

κ211

�1
3

Z
M11

d11x
ffiffiffiffiffiffiffiffiffiffiffiffi
−GM

p �
J0 −

1

2
E8

�
þ
�
2π2

κ211

�Z
C3 ∧ X8 þ

1

κ211

Z
W
d10x

ffiffiffi
γ

p ðK − 9TÞ; ð26Þ

where:
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J0 ¼ 3 × 28
�
RHMNKRPMNQRH

RSPRQ
RSK þ 1

2
RHKMNRPQMNRH

RSPRQ
RSK

�
E8 ¼

1

3!
ϵABCM1N1…M4N4ϵABCM0

1
N0

1
…M0

4
N0

4
RM0

1
N0

1M1N1
…RM0

4
N0

4M4N4
;

κ211 ¼
ð2πÞ8l9p

2
; ð27Þ

κ211 being related to the eleven-dimensional Newtonian coupling constant, and G ¼ dC with C being the M-theory three-
form potential with the four-form G being the associated four-form field strength. Givent the hierarchy jt28G2R3j < jE8j <
jJ0j [4] in the MQGP limit (4), we will only work with J0; γ, K and T in (26) are defined earlier.
From [4],

δJ0 ∼ −δgM̃ Ñ

�
gMM̃RHÑNK þ gNÑRHMM̃K þ gKM̃RHMNÑ

�
χ̃HMNK

−
1

2

�
gHH̃

�
D½N1

�
DK1�δgM1H̃ þDM1

δgjK1�H̃ −DH̃δgjK1�M1

��
χM1N1K1

H

�
; ð28Þ

where,

χ̃HMNK ≡ RPMNQRH
RSPRQ

RSK −
1

2
RPQKNRH

RSPRQ
RSM;

χM1N1K1

H ≡ RP
M1N1

QRH
RSPRQ

RS
K1

−
1

2
RPQ

M1N1RH
RSPRQ

RS
K1 : ð29Þ

We thus see that a typical boundary term involving
covariant derivatives of the metric variations that one
would need to cancel out by an appropriate boundary term
(using Stokes theorem) is

Z
W
D½K1jδgM1H̃χ

H̃M1½N1K1�dΣjN1�

¼
Z
W
D½K1jδgM1H̃χ

H̃M1½N1K1�ηjN1�
ffiffiffiffiffiffi
−h

p
d10y: ð30Þ

The (dual to the) unit normal vector to W given by:

ηM ¼ ðηr; ηx; ηM≠r;xÞ ¼
�
− dx1ðrÞ

dr

ffiffiffiffiffiffiffiffi
Grr

M

p
;
ffiffiffiffiffiffiffiffiffiffi
Gx1x1

M

q
; 0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðGxx

MÞ2 þ ðGrr
MÞ2

�
dx1ðrÞ
dr

�
2

r :

ð31Þ
Therefore,

ηMjx1ðrÞ¼constant ¼
�
0;

ffiffiffiffiffiffiffiffi
Gxx

M

p
; 0
�
: ð32Þ

What we will now show that the ETW embedding (25)
continues to hold even with the inclusion of Oðl6pÞ
corrections. From (32), one sees that one will be required
to consider χHM½x1N�. Using that the only linearly indepen-
dent nonvanishing Riemann curvature tensor for the metric
(16) with one index along x1 is Rx1tx1t, and (29), one
obtains:

χtx
1tx1 ¼ 1

2
ðgMx1x1Þ2ðRt

x1x1tÞ2Rtx1x1t: ð33Þ

7We therefore see from (30) (χttx
1t ¼ χx

1x1x1t ¼ 0):

7Using

Rx1x1t
t ∼−

ð9a2þrh2Þ
Nfrh2ð6a2þrh2ÞðlogN−3 logðrhÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12π
gs
þ3 logNNf−9Nf logðrhÞ3

q ;

Rtx1tx1 ∼
ð9a2ðgs logNNfþ4πÞ−3gsNfð9a2þrh2Þ logðrhÞþgs logNNfrh2Þffiffiffiffi

gs
p

Nf
3rh3ð6a2þrh2Þðr−rhÞðlogN−3 logðrhÞÞ3

:

We therefore see that up to LO in N and logN, j log rhj, and in the IR (near r ¼ rh)

βχtx
1tx1 jx1¼constant ∼

β

N
1ffiffiffiffi

gs
p

N25=3
f r3hðr − rhÞðlogN − 3j log rhjÞ10=3

:
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Z
W
D½K1jδg

M
M1H̃

χH̃M1½N1K1�dΣjN1�j
x1¼constant

∼
Z
W
Dtδg

M
x1t
χtx

1½x1t�ηx1
ffiffiffiffiffiffi
−h

p
d10y: ð34Þ

Now, gMx1t ¼ 0. We therefore see that restricted to x1 ¼
constant, there is no surface term generated if one chooses
δgM

x1t
¼ 0—we will assume to do so in the rest of the paper.

IV. PAGE CURVE WITHOUT HIGHER
DERIVATIVE TERMS

To obtain the page curve we are required to calculate
the entanglement entropy contribution from Hartman-
Maldacena-like surface and island surface and then we
have to see behavior of these entropies as function of time.
In this section we are going to perform this analysis in a

M-theory uplift of type IIB setup [34] without inclusion of
higher derivative terms in eleven dimensional supergravity
action, i.e., up to Oðβ0Þ term (14), which is holographic
dual of thermal QCD-like theories in four dimensions at
finite coupling. We are following [18] to obtain the Page
curve of an eternal black hole by computing areas of the
Hartman-Maldacena-like and Island surfaces. We are con-
sidering the doubly holographic setup as discussed in
Sec. II. We are collecting the radiation of a black hole
in a bath (which is effectively a thermal QCD-like theories
in 2þ 1D). In this setup we have two kinds of extremal
surfaces- Hartman-Maldacena-like surface and island sur-
face. In Sec. IVA we will calculate entanglement entropy
contribution from Hartman-Maldacena-like surface and in
Sec. IV B we will calculate entanglement entropy contri-
bution from island surface. Wewill obtain the Page curve of
an eternal neutral black hole in the absence of higher
derivative terms in Sec. IV C by combining the entangle-
ment entropies of Hartman-Maldacena-like and island
surfaces.

A. Entanglement entropy contribution
from Hartman-Maldacena-like surface

In this subsection we are going to compute the entan-
glement entropy of the Hartman-Maldacena-like surface by
computing area of the codimension two surface in the bulk
similar to [18].
To compute the time dependent entanglement entropy of

Hartman-Maldacena-like surface, we consider induced
metric on constant x1 slice and can be obtained from
Eq. (16) as below:

ds2jx1¼xR ¼ αðrÞ½ð−gðrÞ_tðrÞ2 þ σðrÞÞdr2
þ ðdx2Þ2 þ ðdx3Þ2� þ gmndxmdxn: ð35Þ

Area density functional of Hartman-Maldacena-like
Surface can be obtained from Eq. (35) as:

AHMðtbÞ ¼
A
V2

¼
Z

dt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−gðrÞHðrÞ þ σðrÞHðrÞ_rðtÞ2Þ

q
≡
Z

dtL; ð36Þ

where HðrÞ ¼ V2
intαðrÞ3 and V2 ¼

R R
dx2dx3. Due to

absence of explicit t dependence in the Lagrangian, we
have constant of motion E (which is the energy of the
minimal surface):

E ¼ ∂L
∂_rðtÞ _rðtÞ − L; ð37Þ

where _rðtÞ ¼ drðtÞ
dt . Therefore using Eq. (36) we can

simplify the above equation as,

E ¼ gðrÞHðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−gðrÞHðrÞ þ σðrÞHðrÞ_rðtÞ2Þ

p : ð38Þ

On solving the above equation for _rðtÞ, we get:

_rðtÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
gðrÞ
σðrÞ

�
1þ gðrÞHðrÞ

E2

��s
ð39Þ

If there is a surface at r ¼ r� at which,

_rðtÞjr¼r� ¼ 0 ð40Þ

Then Eq. (39) will be simplified as,

gðr�Þ
σðr�Þ

�
1þ gðr�ÞHðr�Þ

E2

�
¼ 0: ð41Þ

From the above equation we get:

E2 ¼ −gðr�ÞHðr�Þ; ð42Þ

r� is the maximum value of r for a surface with energy E. In
the full geometry Hartman-Maldacena-like surface can be
viewed as a surface which starts at x1 ¼ xR reaches up to r�
and then goes to its thermofield double partner.
Equation (36) can be rewritten as:

AHMðtbÞ ¼
Z

dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
gðrÞHðrÞ
_rðtÞ2 þ σðrÞHðrÞ

s
: ð43Þ

From Eqs. (39) and (43), we get:

AHMðtbÞ ¼ 2

Z
r�

rh

dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σðrÞgðrÞp

HðrÞ
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þ gðrÞHðrÞ

E2

�r : ð44Þ

Let us define time using the following integral:
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Z
r�

rh

dr
_rðtÞ ¼ t� − tb; ð45Þ

where t� ¼ tðr�Þ and tb is the boundary time at r ¼ rh.
From Eqs. (39) and (45) we obtain the boundary time in
terms of energy as:

tb ¼ −P
Z

r�

rh

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðrÞ
σðrÞ
�
1þ gðrÞHðrÞ

E2

�r : ð46Þ

Therefore entanglement entropy of the Hartman-
Maldacena-like surface is

SHMðtbÞ ¼
AHMðtbÞ
4Gð11Þ

N

: ð47Þ

1. Hartman-Maldacena-like surface
analytics/numerics

The area of the Hartman-Maldacena-like surface after
integrating out the angular coordinates and therefore
incorporating a ð2πÞ4 arising from integration with respect
to ϕ1;2;ψ ; x10, and is thus given as:

AHM ∼ ð2πÞ4
Z

r�

rh

drðπ9EM2
ffiffiffiffi
N10

p
log2 ð2Þðlogð64Þ − 1Þ2N4

fg
9=4
s log2 ðrÞðlogðNÞ − 3 logðrÞÞ4

× ðNfgsðr2ð2 logðNÞ − 18 logðrÞ þ 3Þ − 2r2hðlogðNÞ − 54r logðrÞÞÞ þ 8πr2hÞ2Þ: ð48Þ

Assuming j log rhj ≫ logN [68] in (A4), one obtains:

AHM ∼Oð1Þ × 105M2
ffiffiffiffi
N10

p
N6

fg
17=4
s r4hðr� − rhÞ log4 ðrhÞðlogðNÞ − 3 logðrhÞÞ4: ð49Þ

Now, tb is given by the principal value of the following integral:

tb ∼ P
Z

r�

rh

dr

�
E2

ffiffiffiffi
N

p
r2

ffiffiffiffi
gs

p ðNfgsðr2ð2 logðNÞ − 18 logðrÞ þ 3Þ − 2r2hðlogðNÞ − 54r logðrÞÞÞ þ 8πr2hÞ2
ðr4 − r4hÞðNfgsðð2r2 − 6a2Þ logðNÞ þ 3rð108a2 logðrÞ þ r − 6r logðrÞÞÞ þ 24πa2Þ2

�

∼ lim
ϵ1→0

2644π33=2E2 ffiffiffiffi
gs

p ffiffiffiffi
N

p
0B@logðrh − rÞ

4rh
−
logðrþ rhÞ

4rh
þ
tan−1

�
r
rh

�
2rh

1CA
375
r¼r�

r¼rhþϵ1

−
E2 ffiffiffiffi

gs
p ffiffiffiffi

N
p ðlogð−ϵÞ − logðrh − r�ÞÞ

rh
þ π33=2E2 ffiffiffiffi

gs
p ffiffiffiffi

N
p ðr� − rhÞ

2rh2
þOððr� − rhÞ2Þ: ð50Þ

The principal value requires: r� ¼ rh þ ϵ1. Writing

a ¼
�

1ffiffi
3

p þ ϵ
�
rh, up to leading order in ϵ, one obtains:

tb ¼
E2π33=2

ffiffiffiffi
N

p ffiffiffiffi
gs

p ðr� − rhÞ
2r2h

: ð51Þ

Writing ϵ1 ¼ ϵ̃1rh, one sees that for (i) ϵ̃1 ∼ 0.5, one will
have to include terms up to Oðϵ̃21Þ in tb, (ii) ϵ̃1 ∼ 1ffiffi

2
p ,

one will have to include terms up toOðϵ̃31Þ in tb, (iii) ϵ̃1 ∼ 1,
one will have to include terms up to Oðϵ̃41Þ in tb, and
(iv) ϵ̃1 ∼

ffiffiffi
5

p
, one will have to include terms up to Oðϵ̃51Þ in

tb. We see that up to the Page time, ϵ̃1 ≪ 1 and therefore
one is justified in retaining terms only linear in ϵ̃1 as in (51).
From Eqs. (49) and (51), one obtains the entanglement

entropy corresponding to Hartman-Maldacena-like sur-
face as:

Sβ
0

HM ¼ AHM

4Gð11Þ
N

∼
Oð1Þ × 10−4M2N6

fg
15=4
s r6h log

4 ðrhÞðlogðNÞ − 3 logðrhÞÞ4
E2Gð11Þ

N N2=5
tb: ð52Þ

We therefore obtain a linear growth of the entanglement entropy corresponding to Hartman-Maldacena-like surface
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B. Entanglement entropy contribution from island
surface

In this subsection we compute the entanglement entropy
corresponding to the island surface by computing area of
the codimension two surface in the bulk by following [18].
Embedding for the island surface is xðrÞ.
To compute the entanglement entropy of island surface

we consider constant t slice. Therefore using Eq. (16), we
can write induced metric of the island surface in the
following form:

ds2jconstt−time ¼ αðrÞ½ðσðrÞ þ _xðrÞ2Þdr2 þ ðdx2Þ2
þ ðdx3Þ2� þ gmndxmdxn; ð53Þ

here we have represented x1ðrÞ by xðrÞ and _xðrÞ≡ dxðrÞ
dr .

Now we can calculate area density functional of the island
surface as given below:

AIS ¼ A
V2

¼
Z

dr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðHðrÞσðrÞ þHðrÞ_xðrÞ2Þ

q
≡
Z

drL;

ð54Þ

where,

HðrÞ ¼ V2
intαðrÞ3: ð55Þ

Since xðrÞ is cyclic coordinate therefore conjugate momen-
tum corresponding to xðrÞ, i.e., pxðrÞ ¼ ∂L

∂_xðrÞ is constant of
motion:

pxðrÞ ¼ C; ð56Þ

where C is a constant. Using Eq. (54) we simplify the
Eq. (56) as

HðrÞ_xðrÞ
L

¼ C: ð57Þ

On solving the above equation for _xðrÞ, we obtained:

_xðrÞ ¼ �C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σðrÞ

HðrÞ − C2σðrÞ

s
ð58Þ

Let us assume that there is a turn around point at r ¼ rT at
which island surface satisfies following condition:�

dr
dx

�
r¼rT

¼ 0: ð59Þ

From Eqs. (58) and (59), constant C can be obtained which
is given below:

C ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
HðrTÞ
σðrTÞ

s
: ð60Þ

Using the aforementioned value of C, Eq. (57) simplifies to
the following form:

dxðrÞ
dr

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

HðrTÞσðrTÞ
HðrÞσðrTÞ −HðrTÞσðrÞ

s
: ð61Þ

Now from Eqs. (54) and (61) area density functional of the
island surface simplifies as,

AIS¼2

Z
rT

rh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HðrÞσðrÞþ HðrÞHðrTÞσðrÞ

HðrÞσðrTÞ−HðrTÞσðrÞ

s
: ð62Þ

Therfore entanglement entropy contribution from the island
surface is:

SIS ¼
AIS

4Gð11Þ
N

ð63Þ

From the above equation it is clear that entanglement
entropy contribution from island surface is independent of
time. Therefore entropy contribution to the Hawking-
radiation from island surface will be constant all the time.

1. Island surface analytics

The entanglement entropy upon evaluation of (62)
yields:

AIS ¼
Z

rT

rh

 
2
ffiffiffi
2

p
πMN3=10rN2

fg
11=8
s logðrÞðlogðNÞ − 3 logðrÞÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r4 − r4h
p

× ðNfgsðr2ð2 logðNÞ − 18 logðrÞ þ 3Þ − 2r2hðlogðNÞ − 54r logðrÞÞÞ þ 8πr2hÞ
!
; ð64Þ

which hence obtains:
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SIS ∼
1

4Gð11Þ
N

"
MN3=10N3

fg
19=8
s logðrhÞðlogðNÞ− 3 logðrhÞÞ2

 
216rhr̃T logðrhÞ2F1

�
−
1

4
;
1

2
;
3

4
;
1

r̃4T

�

− rh

 
logðNÞ

 
2 log

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

1

r̃4T

s
þ 1

!
− log

�
1

r̃4T

�!
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r̃4T − 1

q
ð18 logðrhÞ − 2 logðNÞ− 3Þ þ 73

ffiffiffi
π

p
rh logðrhÞ

!!#
;

ð65Þ

where r̃T ≡ rT
rh
> 1; rT is estimated in (A5)–(A7) (and the

text containing the same).

C. Page curve at Oðβ0Þ from areas of Hartman-
Maldacena-like and island surfaces

In this subsection we will obtain the Page curve of an
eternal neutral black hole in the absence of higher
derivative terms in the eleven dimensional supergravity
action, explicitly by using the results of previous two
subsections.
From (52), for the aforementioned values of gs, M, Nf,

N, rh, SHMEE ¼ 5×10−4tb
E2 , and from Eq. (65) we see that

entanglement entropy contribution of the island surface
is independent of time, and for the aforementioned values,
is given by 421. This contribution dominates after the Page
time. As we saw in Sec. IVA that entanglement entropy
of the Hartman-Maldacena-like surface has linear time
dependence therefore when we combine both the contri-
butions then we will find that initially entanglement
entropy of the Hawking radiation will increase with

boundary time then after the Page time it is the island
surface contribution that dominates therefore entanglement
entropy will stop increasing and reach a constant value.
Therefore we will obtain the Page curve of an eternal black
hole in the absence of higher derivative terms from a doubly
holographic setup where gravity dual is M-theory. The
same is plotted in Fig. 3. The Page time is given by:
tPage ¼ 8.5 × 105E2. To obtain the same tPage after inclu-
sion of OðβÞ “anomaly terms” as will be obtained in V D,
E ¼ 1.1. With this tPage, one sees that ϵ̃1 ∼ 10−5 ≪ 1, as
stated beneath (51). We have also plotted the Page curve in
Sec. V in Fig. 7 where we have done our calculations in the
presence of higher derivative terms.

V. PAGE CURVE WITH HIGHER DERIVATIVE
TERMS

In this section we are going to obtain the Page curve of a
neutral black hole in the presence of higher derivative terms
which are quartic in Riemann curvature tensor. We have
divided this section into four subsections. In Sec. VA, we
will compute the entanglement entropy of the HM-like
surface, in Sec. V B, we will discuss the “Swiss-cheese”
structure of the same, in Sec. V C, we will compute the
entanglement entropy of the island surface and then finally
in Sec. V D, we will obtain the Page curve of an eternal
black hole using the results obtained in previous
subsections.
We will perform the same analysis as we did in previous

section. In the presence of higher derivative terms we will
compute entanglement entropy of Hartman-Maldacena-like
surface and island surface using [10].
Holographic entanglement entropy in general higher

derivative gravity theories can be calculated using the
following formula inAdSdþ2=CFTdþ1 correspondence [10]:

SEE ¼
Z

ddy
ffiffiffiffiffiffi
−g

p �
∂L

∂Rzz̄zz̄

þ
X
α

�
∂
2L

∂Rzizj∂Rz̄mz̄l

�
α

8KzijKz̄ml

ðqα þ 1Þ
�
; ð66Þ

FIG. 3. Page curve up to Oðβ0Þ of an eternal black hole from
doubly holographic setup in M-theory dual. Blue line in the graph
corresponds to the entanglement entropy contribution from the
Hartman-Maldacena-like surface’s area, and orange line corre-
sponds to the entanglement entropy contribution from the island
surface’s area; E in (52) is set to be 1.1 to get the same order of
magnitude of tPage as in Fig. 8.
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where g is the determinant of the induced metric on codi-
mension two surface, ða; bÞ are along the normal directions,
ði; j; k; lÞ are along tangential directions, Kzij ¼ 1

2
∂zGij and

its trace is defined as Kz ¼ KzijGij. First term in the above
equation is Wald entanglement entropy and to calculate the
second term one is required to go through the following steps:

(i) Label each term as α after differentiating twice the
Lagrangian with respect to Riemann tensor.

(ii) Do the following transformations of the specific
components of Riemann tensors in each term.

Rabij ¼ rabij þ gmlðKajmKbil − KaimKbjlÞ
Raibj ¼ raibj þ gmlKajmKbil −Qabij

Rijml ¼ rijml þ gabðKailKbjm − KaijKbmlÞ; ð67Þ

where Qabij ¼ ∂aKbij.
(iii) In the αth term, let number of Qaaij and Qbbij be γ

and number of Kaij, Rabci, and Raijk be δ. Then qα
for the αth term is defined as:

qα ¼ γ þ δ

2
: ð68Þ

(iv) By using Eq. (67) one can then obtain values of rabij,
raibj, rijml and then substitute back in Eq. (66). By
doing so we will obtain the entanglement entropy
expression in terms of original Riemann tensors, i.e.,
in terms of Rabij, Raibj etc.

Let us outline that how we can calculate the holographic
entanglement entropy (66) in general higher derivative gravity
theories:

(i) If holographic dual is (dþ 1) dimensional gravita-
tional background then obtain the induced metric for
the codimension two surface, i.e., in (d − 1) dimen-
sions in terms of the embedding function.

(ii) Calculate (66) for the aforementioned induced met-
ric. By doing so we will obtain the holographic
entanglement entropy in terms of embedding func-
tion and its derivatives.

(iii) Work out the equation of motion of the embedding
function and find its solution.

(iv) Substituting the solution obtained in previous step
into the action will give the holographic entangle-
ment entropy in higher derivative gravity theories.

Contribution from J0 term:
We obtain the four terms from Wald entanglement

entropy formula, i.e., ∂J0
∂Rzz̄zz̄

for both the extremal surfaces.

which are listed in appendix D 1 for Hartman-Maldacena-
like surface and in D 2 for the island surface.

∂J0
∂Rzz̄zz̄

¼ −4x2
�

∂J0
∂Rtxtx

�
: ð69Þ

To calculate the second term in Eq. (66), we are required
to calculate the four kinds of differentiations for Hartman-
Maldacena-like and island surfaces as given below:

�
∂
2J0

∂Rzizj∂Rz̄mz̄l

�
KzijKz̄ml ¼

�
∂
2J0

∂Rxixj∂Rxmxl
þ x4

∂
2J0

∂Rtitj∂Rtmtl
− 2x2

∂
2J0

∂Rtitj∂Rxmxl
þ 4x2

∂
2J0

∂Rtixj∂Rxmtl

�
×

�
1

x2
KtijKtml þ KxijKxml −

i
x
KtijKxml þ

i
x
KxijKtml

�
; ð70Þ

Coefficient appearing in the numerator and denominators
of the above equation is x ¼ xR for Hartman-Maldacena-
like surface and x ¼ xðrÞ for the island surface. We
have calculated and listed all four kinds of differentiations
appearing in Eq. (70) for Hartman-Maldacena-like
surface in appendix D 1 and for the island surface in
appendix D 2.

A. Entanglement entropy contribution from
Hartman-Maldacena-like surface

In this subsection we will be calculating the entangle-
ment entropy corresponding to the Hartman-Maldacena-
like surface using Dong’s formula (66).
In M-theory dual, Hartman-Maldacena-like surface is a

codimension two surface which is located at x1 ¼ xR.

Therefore using Eq. (66) we can write expression for the
entanglement entropy for Hartman-Maldacena-like surface
in the following form:

SEE ¼
Z

drdx2dx3dθ1dθ2dxdydzdx10

×
ffiffiffiffiffiffi
−g

p �
∂L

∂Rzz̄zz̄
þ
X
α

�
∂
2L

∂Rzizj∂Rz̄mz̄l

�
α

8KzijKz̄ml

ðqα þ 1Þ
�
;

ð71Þ

where g is the determinant of the induced metric (35) on the
codimension two surface.
Contribution fromOðβ0Þ action: For the metric (35) first

term in Eq. (71) simplifies to the following form for the
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Oðβ0Þ term in action (26):

Z
dV9

ffiffiffiffiffiffi
−g

p �
∂R

∂Rzz̄zz̄

�
¼
Z

dV9LHM
0 ∼

Z
dr

0B@x2RλðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞ

�
σðrÞ −

�
1 −

r4h
r4

�
t0ðrÞ2

�s 1CA; ð72Þ

where xR is constant and αðrÞ, σðrÞ, λðrÞ are given in (B1).
Contribution from OðβÞ term: At OðβÞ, one is required to calculate two type of terms, first one is Wald entanglement

entropy term and the second one is the anomaly term.

Wald entanglement entropy term, i.e.,
�

∂J0
∂Rzz̄zz̄

�
:

For a Hartman-Maldacena-like surface, we obtain:

∂J0
∂Rzz̄zz̄

¼ −4x2R
∂J0
∂Rtxtx

: ð73Þ

Out of four terms that we have listed for ∂J0
∂Rtxtx

in appendix D 1, most dominant terms that contribute to the Lagrangian in the
large N limit are given below [which have been calculated for the metric (35)].

Z
dV9

ffiffiffiffiffiffi
−g

p ∂J0
∂Rzz̄zz̄

¼
Z

dV9LHM
W ¼

Z
dr

0B@−4x2Rðλ1ðrÞ þ λ2ðrÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞ

�
σðrÞ −

�
1 −

r4h
r4

�
t0ðrÞ2

�s 1CA; ð74Þ

where λ1;2ðrÞ are given in (B2).
Anomaly term: Using Eq. (70) and appendix D 1, we find that following are the possible most dominant terms in the

large-N limit that contribute the Lagrangian from second term in Eq. (71):

Z
dV9LHM

A ¼
Z

dV9

ffiffiffiffiffiffi
−g

p �
∂
2J0

∂Rzizj∂Rz̄mz̄l
KzijKz̄ml

�
¼
Z

dV9

ffiffiffiffiffiffi
−g

p �
∂
2J0

∂Rzizj∂Rz̄mz̄l

KtijKtml

x2R

�
;Z

dV9LHM
A ¼

Z
dr

1

x2R
ðZðrÞL1 þ x4RWðrÞL2 − 2x2RUðrÞL3 þ 4x2RðUðrÞ þ 2VðrÞÞL4Þ; ð75Þ

where L1;3 are given in (B3), ZðrÞ, WðrÞ, UðrÞ, VðrÞ are
given in (B7), and use has been made of (B4).
From Eqs. (72), (74), (75), and (B3), total holographic

entanglement entropy corresponding toHartman-Maldacena-
like surface can be written as:

Stotal;HMEE ¼
Z

drLHM
Total¼

Z
drðLHM

0 þLHM
W þLHM

A Þ ð76Þ

Using (B8)–(B11), and writing tðrÞ ¼ t0ðrÞ þ βt1ðrÞ, the
EOM up to Oðβ0Þ is:

N3=10ðr − rhÞ5=2p1ðrhÞt000ðrÞ

þ 5

2
N3=10ðr − rhÞ3=2p1ðrhÞt00ðrÞ ¼ 0: ð77Þ

The solution to (77) will be given by:

t0ðrÞ ¼ c2 −
2c1

3ðr − rhÞ3=2
: ð78Þ

Substituting (78) into (B11), one obtains:

t1ðrÞ ¼ c3 þ
2r3=2h

ffiffiffiffiffi
κσ

p ð11rh7ðpβ
8ðrhÞ þ pβ

9ðrhÞÞ − 3ðr − rhÞ7ðpβ
8ðrhÞ þ pβ

9ðrhÞÞ − 11c13c2p1ðrhÞÞ
33c13MN5=3

f g7=3s ðr − rhÞ3=2 ffiffiffiffiffi
κα

p
κλ logðrhÞðlogðNÞ − 9 logðrhÞÞðlogðNÞ − 3 logðrhÞÞ5=6

: ð79Þ
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Retaining the term up to leading order in N we can write
embedding function tðrÞ as:

tðrÞ ¼ c2 −
2c1

3ðr − rhÞ3=2
þ β

�
c3 −

2c2
3ðr − rhÞ3=2

�
; ð80Þ

where it is understood that tðr ¼ rhÞ≡ tb is evaluated as
tðrh½1þ 1

Nntb
�Þ; ntb ≡Oð1Þ, in the large-N limit. Since (in

RD5=D5
¼ 1-units) c1

r3=2h

∼ c2, i.e., c1 ∼ rαhc2 implying

α ¼ 3=2, i.e., l6p ∼ r3=2h or lp ∼ r1=4h i.e.,

lp ∼
�
g
4
3
sα0 2

�
rh

RD5=D5

��1
4

: ð81Þ

To determine the turning point i.e., r� of the Hartman-
Maldacena-like surface we need to impose the following
condition:�

1

t0ðrÞ
�

r¼r�
¼ ðr� − rhÞ5=2

c1
−
βc2ðr� − rhÞ5=2

c12
¼ 0; ð82Þ

Since c1
r3=2h

∼ c2, therefore (82) can be approximated by the

following equation for the purpose of estimating r�:

ðr� − rhÞ3=2 − βκβr� ¼ 0; ð83Þ

whose solution is

r� ¼ rh þ β2=3ðκβr� Þ2=3 ð84Þ

Now we can calculate the entanglement entropy of the
Hawking radiation for the Hartman-Maldacena-like surface
as follow:

Sβ
0;HM

EE ¼
Z

r�

rh

dr

 
λðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞ

�
σðrÞ −

�
1 −

r4h
r4

�
t00ðrÞ2

�s !
;

ð85Þ

using Eqs. (B1) and (78) above equation can be rewritten as

Sβ
0;HM

EE ∼
Z

r�

rh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr− rhÞrh
p

logðrhÞðlogðNÞ− 9 logðrhÞÞðlogðNÞ− 3 logðrhÞÞ5=6
r3h

ffiffiffiffiffi
r2h

p �

×

�
−
25=6MN13=10 logð2Þðlogð64Þ− 1ÞN5=3

f g10=3s
ffiffiffiffiffi
κα

p
κλ

ffiffiffiffiffi
κσ

p

8132=3π11=12

�
∼
2ðr� − rhÞ3=2 logðrhÞðlogðNÞ− 9 logðrhÞÞðlogðNÞ− 3 logðrhÞÞ5=6

3r7=2h

×

�
−
25=6MN13=10 logð2Þðlogð64Þ− 1ÞN5=3

f g10=3s
ffiffiffiffiffi
κα

p
κλ

ffiffiffiffiffi
κσ

p

8132=3π11=12

�
∼
2ðβ2=3ðκβr� Þ2=3Þ3=2 logðrhÞðlogðNÞ− 9 logðrhÞÞðlogðNÞ− 3 logðrhÞÞ5=6

3r7=2h

×

�
−
25=6MN13=10 logð2Þðlogð64Þ− 1ÞN5=3

f g10=3s
ffiffiffiffiffi
κα

p
κλ

ffiffiffiffiffi
κσ

p

8132=3π11=12

�

∼−
225=6βgs10=3

ffiffiffiffiffi
κα

p
κβr�κλ

ffiffiffiffiffi
κσ

p
MN13=10 logð2Þðlogð64Þ− 1ÞN5=3

f logðrhÞðlogðNÞ− 9 logðrhÞÞðlogðNÞ− 3 logðrhÞÞ5=6
24332=3π11=12r7=2h

ð86Þ

If tb ¼ tðr ¼ rh þ ϵÞ where ϵ ¼ rh
Nntb

, ntb ≡Oð1Þ then

tb0 ¼ c2 −
2c1N

3ntb=2

3r3=2h

; ð87Þ

we obtain the rh from the above equation as below:
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rh ¼
�
2
3

�
2=3

�
ðc2−tb0 ÞN

−
3ntb
2

c1

�2=3 ð88Þ

It will be argued when discussing the computation of the entanglement entropy corresponding to the island surface, that β
turns out to be related to black hole horizon radius [see the discussion around (123)]. If j logðrhÞj ≫ logðNÞ then Eq. (86),
using (123), can be approximated by

Sβ
0;HM

EE ∼ e−
3κlp N

1
3

2

MN13=10N5=3
f ðj logðrhÞjÞ17=6
r2h

: ð89Þ

Since 1
r2h
∼
�
c2
c1
− tb0

c1

�
4=3

N−2ntb ¼
�
c2
c1

�
2=3
�
1− tb0

c2

�
4=3

N−2ntb . For tb0 ≪ c2,
1
r2h
∼
�
c2
c1

�
4=3
�
1 − 4tb0

3c2

�
N−2ntb . Therefore,

Sβ
0;HM

EE ∼ e−
3κlp N

1
3

2 MN13=10N5=3
f

�
1 −

4tb0
3c2

��
2

3
log
�
c2 − tb0

c1

�
− ntb logðNÞ

�17
6

≈ e−
3κlp N

1
3

2 MN13=10N5=3
f

�
1 −

4tb0
3c2

��
2

3
log

�
c2
c1

�
− ntb logðNÞ

�17
6

; ð90Þ

when c1, c2 < 0. The Fig. 4 for N ¼ 103.3, M ¼ Nf ¼ 3, gs ¼ 0.1, c1 ¼ −103, c2 ¼ −108, ntb ¼ 1 obtained from (91),
shows the linearization assumed in obtaining the last line of (90), can be approximately justified. In it,

SEEHM1 ∼ 51.024

�
tb0

7.5 × 107
þ 1

��
2

3
log

�
tb0 þ 108

103

�
− 7.6

�17
6

;

SEEHM2 ∼ 51.024

�
tb0
108

þ 1

�
4=3
�
2

3
log

�
tb0 þ 108

103

�
− 7.6

�17
6

;

SEEHM3 ∼ 0.0354

�
tb0

7.5 × 107
þ 1

�
: ð91Þ

From Eq. (90) we see that entanglement entropy of the
Hawking radiation coming from the Hartman-Maldacena-
like surface has linear time dependence. Therefore it is
increasing with time and diverges at late times, i.e., when
tb0 → ∞.

B. “Swiss-cheese” structure of Sβ
0;HM

EE
in a large-N-scenario

In this subsection we discuss the “Swiss-cheese” struc-
ture of entanglement entropy of the Hawking radiation
corresponding to the Hartman-Maldacena-like surface
at Oðβ0Þ.
The expression for Sβ

0;HM
EE in (90) for the values of

constants of integration c1;2 used beneath the same,
suggests the following hierarchy:

jc2j ∼ eκc2 jc1j
1=3
; jc1j ∼ N: ð92Þ

Further, assuming c1;2 < 0, (90) can be rewritten as:

Sβ
0;HM

EE ∼ e−
3κlp N

1
3

2 MN13=10N5=3
f

�
1þ 4tb0

3jc2j
�

×

�
2

3
log

�jc2j þ tb0
jc1j

�
− ntb logðNÞ

�17
6

: ð93ÞFIG. 4. Hartman-Maldacena-like surface entanglement entropy
as a function of tb0 .
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We thus see,

∂Sβ
0;HM

EE

∂jc2j
∼ e−

3κlp N
1
3

2 MN13=10N5=3
f

�
−

4tb0
3jc2j2

�
2

3
log

�jc2j þ tb0
jc1j

�
− ntb logðNÞ

�17
6

þ 17

6

2

3jc2j
�
1þ 4tb0

3jc2j
��

2

3
log

�jc2j þ tb0
jc1j

�
− ntb logðNÞ

�11
6

�
: ð94Þ

For N ¼ 103.3, M ¼ Nf ¼ 3, gs ¼ 0.1, c1 ¼ −103, c2 ¼ −108, ntb ¼ 1 as in the previous subsection, as tb ≤ tPage ∼ 106,

∂Sβ
0;HM

EE

∂jc2j
∼ e−

3κlp N
1
3

2 MN13=10N5=3
f ½− ≤ 106−16 ×Oð1Þ þOð1Þ ×Oð1Þ × 10−8� ≈ Oð1Þ × 10−8

∼ e−
3κlp N

1
3

2 MN13=10N5=3
f Oð1Þ × 10−8 > 0: ð95Þ

Similarly,

∂Sβ
0;HM

EE

∂jc1j
∼ −e−

3κlp N
1
3

2 MN13=10N5=3
f

��
1þ 4tb0

3jc2j
�

1

jc1j
�
< 0:

ð96Þ

We also note that in the jc2j ≫ jc1j-limit and assuming
jc1j ∼ N,

Sβ
0;HM

EE ∼ e−
3κlp N

1
3

2 MN13=10N5=3
f ðlog jc2jÞ11=6

× ð12 log jc2j − ð34þ 51ntbÞ log jc1jÞ; ð97Þ

which mimics a Swiss-cheese volume written out in terms
of a single “large divisor” volume log jc2j and a single
“small divisor” volume log jc1j (with 12 and 34þ 51ntb
encoding information about some version of “classical
intersection numbers” of these “divisors”). Alternatively,

defining Sβ
0;HM

EE ≡ e−
3κlp N

1
3

2 MN13=10N5=3
f S̃HMEE , one can think

of (97) as an open Swiss-cheese surface (in the same
sense as (96) and (97), i.e., S̃HMEE decreases as jc1j increases
and S̃HMEE increases as jc2j increases) in R≥0ðS̃HMEE Þ×
R2þðjc1j; jc2jÞ—see Fig. 5.
Therefore, (92) along with (95), (96) and (97), suggests

very curiously a “Swiss-cheese” structure of Sβ
0;HM

EE in a
large N scenario (reminiscent of the “large volume sce-
nario” in moduli stabilizations in string theory [69,70]).

C. Entanglement entropy contribution
from island surface

In this subsection we are calculating the entanglement
entropy corresponding to the island surface using Dong’s
formula (66).
Similar to Hartman-Maldacena-like surface, island

surface is also a codimension two surface and located at
constant time slice. Therefore we can write the
expression for the holographic entanglement entropy sim-
ilar to Hartman-Maldacena-like surface in the following
form:

SEE ¼
Z

drdx2dx3dθ1dθ2dxdydzdx10

×
ffiffiffiffiffiffi
−g

p �
∂L

∂Rzz̄zz̄
þ
X
α

�
∂
2L

∂Rzizj∂Rz̄mz̄l

�
α

8KzijKz̄ml

ðqα þ 1Þ
�
;

ð98Þ

where all the quantities in the above equation are same
as Eq. (71).
Contribution from Oðβ0Þ term: Holographic entangle-

ment entropy contribution to the Lagrangian (26) from the
induced metric (53) for the island surface atOðβ0Þ turns out
to be

FIG. 5. Plot of S̃HMEE as a bifunction of ðjc1j; jc2jÞ at
t ¼ tPage ¼ 106.

GOPAL YADAV and AALOK MISRA PHYS. REV. D 107, 106015 (2023)

106015-20



Z
dV9

ffiffiffiffiffiffi
−g

p �
∂R

∂Rzz̄zz̄

�
¼
Z

dV9LIS
0 ¼

Z
dr
�
4λ5ðrÞxðrÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

q �
; ð99Þ

where,

λ5ðrÞ ¼ κλ5
MN17=10N4=3

f g5=2s r2h logðNÞ logðrÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrÞ3

p
r4α3θ1α

2
θ2

∼
MN21=20 logð2Þðlogð64Þ − 1ÞN4=3

f g13=4s r2hκλ5 logðNÞ logðrÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrÞ3

p
r4

; ð100Þ

where κλ5 is the numerical factor. Angular integrations in
Eqs. (100), (C1), and (C2) have been performed using (A2)
and (A3).
Contribution from OðβÞ term: At OðβÞ we are required

to calculate the two terms to obtain the holographic
entanglement entropy (98). First term is coming from�

∂J0
∂Rzz̄zz̄

�
and is given below:

∂J0
∂Rzz̄zz̄

¼ −4xðrÞ2 ∂J0
∂Rtxtx

; ð101Þ

from appendix D 2 we find that following terms are the
most dominant terms in the large-N limit:

Z
dV9

ffiffiffiffiffiffi
−g

p ∂J0
∂Rzz̄zz̄

¼
Z

dV9LIS
W

¼
Z

dr
�
4xðrÞ2ðλ3ðrÞ þ λ4ðrÞÞ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

q �
; ð102Þ

where λ3;4 are given in (C1). We obtain the second term in
Eq. (98) using (70) and appendix D 2. For the island
surface, most dominant terms in the large-N limit that
contribute to the Lagrangian are given below:

Z
dV9LIS

A ¼
Z

dV9

ffiffiffiffiffiffi
−g

p �
∂
2J0

∂Rzizj∂Rz̄mz̄l
KzijKz̄ml

�
¼
Z

dV9

ffiffiffiffiffiffi
−g

p �
∂
2J0

∂Rzizj∂Rz̄mz̄l
KxijKxml

�
;

¼
Z

drðZ1ðrÞL1 þ xðrÞ4W1ðrÞL2 − 2xðrÞ2U1ðrÞL3 þ 4xðrÞ2ðU1ðrÞ þ 2V1ðrÞÞL4Þ; ð103Þ

where,

L1 ¼ L2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
ðα0ðrÞðσðrÞ þ x0ðrÞ2Þ þ αðrÞðσ0ðrÞ þ 2x0ðrÞx00ðrÞÞÞ2

x0ðrÞ2ðσðrÞ þ x0ðrÞ2Þ4 ;

L3 ¼ L4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
x0ðrÞ2 ; ð104Þ

and various r dependent functions appearing in Eq. (103) are given in (C2). From Eqs. (99), (102), and (103), we find that
total holographic entanglement entropy from Oðβ0Þ and OðβÞ terms for the action (26) corresponding to island surface is
given by:

StotalEE ¼
Z

drLIS
Total ¼

Z
drðLIS

0 þ LIS
W þ LIS

AÞ: ð105Þ

Using appendix C, xðrÞ EOM δLIS
Total

δxðrÞ −
d
dr

�
δLIS

Total
dx0ðrÞ

�
þ d2

dr2

�
δLIS

Total
δx00ðrÞ

�
¼ 0, turns out to be,

−
N3=10xðrÞðF1ðrhÞð4ðr − rhÞx0ðrÞ2 þ xðrÞð2ðr − rhÞx00ðrÞ þ x0ðrÞÞÞ − 2Nf1ðrhÞÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p

þ β

4N7=10ðr − rhÞ3=2x0ðrÞ4
h
2N7=10Fβ

4ðrhÞxðrÞð4ðrh − rÞx0ðrÞ2 þ xðrÞð6ðr − rhÞx00ðrÞ þ x0ðrÞÞÞ

þ ðr − rhÞx0ðrÞ4ð3F β
1ðrhÞ þ 3F β

2ðrhÞ þ 4N2xðrÞY1ðrhÞÞ
i
¼ 0: ð106Þ
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Writing xðrÞ ¼ x0ðrÞ þ βx1ðrÞ, and making an ansatz:

x0ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2

þ r
r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F1ðrhÞ
Nf1ðrhÞ

s
: ð107Þ

Defining XðrÞ≡ x0ðrÞ
ffiffiffiffiffiffiffiffiffiffi
F1ðrÞ

Nf1ðrhÞ

q
ffiffi
2

p , one notes that XðrÞ must satisfy:

XðrÞð2ðr − rhÞX00ðrÞ þ X0ðrÞÞ þ 4ðr − rhÞX0ðrÞ2 − 1 ¼ a3ða21a2 − 2Þ þ a2ð2rða21a2 − 1Þ − a21a2rhÞ
2ða2rþ a3Þ

¼ 0: ð108Þ

If a21a2 ¼ 2, then the left-hand side (lhs) of (108) becomes proportional to r−rh
a3
a2
þr
, which in the deep IR, i.e., r ∼ rh becomes

negligible if a3
a2r

≫ 1. Therefore,

x0ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2

þ r
r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F1ðrhÞ
Nf1ðrhÞ

s
: ð109Þ

One therefore sees,

x1ðrÞ ¼
N3=10

2
ffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p
h
2Nf1ðrhÞx1ðrÞ − F1ðrhÞ

�
x0ðrÞð2ðr − rhÞð2x1ðrÞx000ðrÞ þ x0ðrÞx100ðrÞÞ þ x0ðrÞx10ðrÞÞ

þ 2x0ðrÞx00ðrÞð4ðr − rhÞx10ðrÞ þ x1ðrÞÞ þ 4ðr − rhÞx1ðrÞx00ðrÞ2
�i

¼ 2a2N2f1ðrhÞ2x1ðrÞ − F1ðrhÞ2ðx10ðrÞð5a2r − 4a2rh þ a3Þ þ 2ðr − rhÞða2rþ a3Þx100ðrÞ þ a2x1ðrÞÞ
2a2N7=10f1ðrhÞ ffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p ; ð110Þ

and,

β

4N7=10ðr − rhÞ3=2x00ðrÞ4
ð2N7=10Fβ

4ðrhÞx0ðrÞð4ðrh − rÞx00ðrÞ2 þ x0ðrÞð6ðr − rhÞx000ðrÞ þ x00ðrÞÞÞ

þ ðr − rhÞx00ðrÞ4ð3F β
1ðrhÞ þ 3F β

2ðrhÞ þ 4N2x0ðrÞY1ðrhÞÞÞ

¼
4ða2rþ a3Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ r

q
ða2ð5rh − 4rÞ þ a3ÞFβ

4ðrhÞ

a22ðr − rhÞ3=2
ffiffiffiffiffiffiffiffiffiffiffiffi
F1ðrhÞ
Nf1ðrhÞ

q þ
4N2

ffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ r

q
Y1ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
F1ðrhÞ
Nf1ðrhÞ

q
þ 3F β

1ðrhÞ þ 3F β
2ðrhÞ

4N7=10 ffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p : ð111Þ

Therefore equation of motion corresponding to embedding x1ðrÞ for the island surface is given by:

2a2N2f1ðrhÞ2x1ðrÞ − F1ðrhÞ2ðx10ðrÞð5a2r − 4a2rh þ a3Þ þ 2ðr − rhÞða2rþ a3Þx100ðrÞ þ a2x1ðrÞÞ
2a2N7=10f1ðrhÞ ffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p

þ
4ða2rþ a3Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ r

q
ða2ð5rh − 4rÞ þ a3ÞFβ

4ðrhÞ

a22ðr − rhÞ3=2
ffiffiffiffiffiffiffiffiffiffiffiffi
F1ðrhÞ
Nf1ðrhÞ

q þ
4N2

ffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ r

q
Y1ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
F1ðrhÞ
Nf1ðrhÞ

q
þ 3F β

1ðrhÞ þ 3F β
2ðrhÞ

4N7=10 ffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p ¼ 0; ð112Þ

which near r ¼ rh simplifies to:

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ rh

q
ða2rh þ a3Þ2Fβ

4ðrhÞ

a22ðr − rhÞ3=2
ffiffiffiffiffiffiffiffiffiffiffiffi
F1ðrhÞ
Nf1ðrhÞ

q þ
N13=10x1ðrÞf1ðrhÞ − F1ðrhÞ2ðða2rhþa3Þx01ðrÞþa2x1ðrÞÞ

2a2N7=10f1ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p ¼ 0: ð113Þ
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The solution to (113) is given by,

x1ðrÞ ¼
8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ rh

q
ða2rh þ a3ÞFβ

4ðrhÞ log ðr − rhÞ
a2N3=10F1ðrhÞ

�
F1ðrhÞ
Nf1ðrhÞ

�
3=2 ; ð114Þ

implying,

xðrÞ ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2

þ r
r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F1ðrhÞ
Nf1ðrhÞ

s

þ βN
11
5

0B@8
�
rh þ a3

a2

�3
2Fβ

4ðrhÞ log ðr − rhÞ
F1ðrhÞ

�
F1ðrhÞ
f1ðrhÞ

�
3=2

1CA: ð115Þ

To determine the turning point via rT∶ 1=x0ðrTÞ ¼ 0, one
therefore obtains:

32βN11=5ða2rT þ a3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ rh

q
ða2rh þ a3ÞFβ

4ðrhÞ

a22ðrT − rhÞF1ðrhÞ
�

F1ðrhÞ
f1ðrhÞ

�
5=2

−
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3
a2
þ rT

q
ffiffiffiffiffiffiffiffiffiffiffiffi
F1ðrhÞ
Nf1ðrhÞ

q ¼ 0; ð116Þ

whose solution is given by

rT ¼ rh þ
128β2

a42F1ðrhÞ6
�
a2N17=5ða2rh þ a3Þ3f1ðrhÞ4Fβ

4ðrhÞ2 þ a2a33N
17=5f1ðrhÞ4Fβ

4ðrhÞ2

þ a42N
17=5r3hf1ðrhÞ4Fβ

4ðrhÞ2 þ 3a32a3N
17=5r2hf1ðrhÞ4Fβ

4ðrhÞ2 þ 3a22a
2
3N

17=5rhf1ðrhÞ4Fβ
4ðrhÞ2

�
∼ rh þ

289ð3
2
Þ2=3π17=3β2M2N17=5ð107 − 540 logð2ÞÞ2g7sκ6σκ2U1

log2 ðNÞð3a2a23rh þ 3a22a3r
2
h þ 2a32r

3
h þ a33Þ

50a32 log
2 ð2Þðlogð64Þ − 1Þ2N2=3

f r20h κ2λ5ð− logðrhÞÞ2=3
≡ rh þ δ ∈ IR; ð117Þ

in RD5=D5
¼ 1-units. One therefore obtains the Oðβ0Þ on-shell entanglement entropy:

Sβ
0;IS

EE

¼
Z

rhþδR
D5=D5

rh

dr

 
κλ5 logNMN17=10Nf

4=3rh2xðrÞ2 logðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logN−3 logðrÞ3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞþx0ðrÞ2Þ

p
r4α3θ1α

2
θ2

!

∼
Z

rhþδ

rh

dr

 
222=3MN3=10 logð2Þðlogð64Þ−1ÞN5=3

f g10=3s κλ5 logðNÞða2rhþa3ÞF1ðrhÞ logðrhÞ ffiffiffiffiffiffiffiffiffi
κακσ

p ðlogðNÞ−3 logðrhÞÞ2=3
8135=6π11=12a2

ffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
r5=2h f1ðrhÞ

!

∼

 ffiffiffi
δ

p
MN3=10N5=3

f g7=3s
ffiffiffiffiffi
rh

p
κακλ5 logðNÞða2rhþa3Þ logðrhÞj logðrhÞj2=3

a2
ffiffiffiffiffiffiffiffiffi
κακσ

p
!

∼
βM2N2N4=3

f g35=6s log2 ðNÞða2rhþa3Þj logðrhÞj4=3
a5=22 r19=2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2a23rhþ3a22a3r

2
hþ2a32r

3
hþa33

q
: ð118Þ

Now, this appears to present a contradiction—Sβ
0;IS

EE ∼ β.

The resolution, using (81), is that β ∝ r
3
2

h.
The Hawking BH entropy is given by:

SBH ∼
g7=4s MN3

fr
3
h logðNÞ log4 ðrhÞð2 − βðCBHzz − 2CBHθ1zÞÞ

N3=4 ;

ð119Þ
From the above equation we see that Oðβ0Þ contribution to
the black hole thermal entropy scale as Sβ

0

BH ∼ r3h log4 ðrhÞ.

The OðβÞ-corrections to the MQGP background of [36] as
worked out in [4] and as quoted in appendix A, were
worked out in the ψ ¼ 2nπ; n ¼ 0, 1, 2-patches, by setting
the OðβÞ-corrections to the M-theory three-form potential,
to zero. This required CBHzz ¼ 2CBHθ1z. One therefore sees that

the BH entropy receives no higher-derivative corrections
at OðR4Þ.
From (118) and (119), as well as β ¼ κβðgs; NÞ�
rh

R
D5=D5

�3
2α0 3 from the discussion beneath (118), one sees,
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Sβ
0;IS

EE

SBH
∼
κβðgs; NÞgs49=12 logNMN11=4ða2rh þ a3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a22a3rh2 þ 2a23rh3 þ 3a2a32rh þ a33

p
a25=2Nf

5=3rh11j logðrhÞj8=3
: ð120Þ

If a2rh ≫ a3 then,

Sβ
0;IS

EE

SBH
∼
κβðgs; NÞgs49=12 logNMN11=4

Nf
5=3rh17=2j logðrhÞj8=3

×

�
1þ

X∞
n¼1

An

�
a3
a2rh

�
n
�
; ð121Þ

where, e.g., A1 ¼ 7
4
;A2 ¼ 39

32
, etc. Now, one expects:

Sβ
0;IS

EE

SBH
¼ 2þ

X
n¼1

an

�
GD

N

rD−2
h

�
n

; ð122Þ

for a D-dimensional black-hole (the central charge for
conformal backgrounds is absorbed into the an’s) [71]; a3
in (121) is the nonconformal analog of the conformal
charge “c” figuring in [71]. It is rather nontrivial to obtain a
somewhat similar expression for the nonconformal back-
grounds considered in this paper in (121). To ensure that
(121)–(122), one needs to cure the large-N and IR (via
small rh) enhancements in the (121). Utilizing the estimate
in [68] of the r ¼ r0 ∼ rh∶ Neffðr0 ¼ 0Þ (Neff being the
effective number of color D3-branes in [34]—the type IIB
dual of thermal QCD-like theories), and in particular the
exponential N-suppression therein,8 we therefore propose

κβðgs; NÞ ∼ e−κlpN
1=3
, i.e.,

β ∼
�
g
4
3
sα02e−κlpN

1=3 rh
RD5=D5

�
3=2

: ð123Þ

In particular then,

Sβ
0;IS

EE ∼
M2e−

3κlp N
1
3

2 N4=3
f g35=6s log2 ðNÞj logðrhÞj4=3

r11=2h

: ð124Þ

Setting N ¼ 103.3;M ¼ Nf ¼ 3; gs ¼ 0.1, one sees
[without worrying about numerical multiplicative constants
in (124) and (119)] from (119), 11.4r3hj log rhj4 ¼ SBH.
This is solved to yield,

rh ¼ e
4
3
W

�
0.4S

1
4
BH

�
: ð125Þ

From Fig. 6 and using (125), it is evident that (121) ∼ (122)
implies there will be a lower bound on rh, the nonextre-
mality parameter in the M-theory dual of large-N ther-
mal QCD.
From Eq. (124) we find that entanglement entropy

contribution from the island surface reaches a constant
value. Now considering both the contribution together, i.e.,
Hartman-Maldacena-like surface and island surface, we
obtain the Page curve as follows. Initially entanglement
entropy of the Hawking radiation is increasing linearly with
time and will diverge at late times. But due to presence of
the island surface entanglement entropy contribution from
this surface dominates after the Page time and stops the
linear time growth of the entanglement entropy of the
Hawking radiation and reaches a constant value. In this way
we obtain the Page curve of an eternal black hole from
M-theory dual where bath is a nonconformal theory.

8To find an appropriate r0=rh it would be easier to work with the type IIB side instead of its type IIA mirror as the mirror a la SYZ
keeps the radial coordinate unchanged. To proceed then, let us define an effective number of three-brane charge as:

NeffðrÞ ¼
Z
M5

FIIB
5 þ

Z
M5

BIIB
2 ∧ FIIB

3 ;

where BIIB
2 ; FIIB

3 and FIIB
5 are given in [34]. The five-dimensional internal spaceM5, with coordinates (θi;ϕi;ψ), is basically the base of

the resolved warped-deformed conifold. As shown in [68],

Neffðr0Þ ¼ N þ 3gsM2 log r
10r4

	
18πrðgsNfÞ2 logN

X1
k¼0

ð18a2ð−1Þk log rþ r2Þ
�
108a2 log r
2kþ 1

þ r

�
þ 5ð3a2ðgs − 1Þ þ r2Þð3gsNf log rþ 2πÞð9gsNf log rþ 4πÞ

�
9a2gsNf log

�
e2

r3

�
þ 4πr2

�

;

¼ N

�
1þ 6π log rð3gsNf log rþ 2πÞð9gsNf log rþ 4πÞ gsM

2

N

�
þO

�
gsM2

N
ðgsNfÞ2 logN

�
:

Note that the assumption of small r0 is crucial here as the same implies the dominance of gsNfj log r0j over other constant pieces.
Solving for r0∶ Neffðr0Þ ¼ 0 yields r0 ∼ rh ∼ e−κrh ðM;Nf;gsÞN

1
3 .
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D. Page curve and an exponential(-in-N) hierarchy
of entanglement entropies up to OðR4Þ before/after

the Page time

In this subsection we will obtain the Page curve of an
eternal neutral black hole appearing on the gravity dual of
thermal QCD-like theories at intermediate coupling, and

show that a hierarchy in powers of e−κlpN
1=3

in the
entanglement entropies arising from the EHþ GHY terms
and the OðR4Þ corrections to the same, before and after the
Page time, naturally arises. For this purpose we will use the
results of Secs. VA and V C.
Since we are equipped with all the results therefore

we are going to obtain the Page curve in this subsection.
For this purpose we are plotting the entanglement entropy
contribution from the Hartman-Maldacena-like surface
obtained in Sec. VA and entanglement entropy of the
Hawking radiation coming from the island surface obtained
in Sec. V C.
Entanglement entropy of the Hawking radiation corre-

sponding to the Hartman-Maldacena-like surface is given
in Eq. (90) and for the island surface it is given in Eq. (124).
For the numerical values of the parameters of the model we
obtain the following plot.

We have plotted Sβ
0;HM

EE and SISEE in Fig. 7 for N ¼ 103.3;
M ¼ Nf ¼ 3; gs ¼ 0.1; κlp ¼ 0.47; c2 ¼ −108; c1 ¼ −103.
From Fig. 7 it is clear that initially entanglement entropy

of the Hawking radiation is increasing linearly with time.
After the Page time entanglement entropy of the Hawking
radiation coming from the island surface dominates there-
fore entanglement entropy stops increasing and we obtain
the Page curve. The values of SEE in Fig. 3 and Fig. 7
differ because, e.g., the latter did not include the factor
of ð2πÞ4 arising from integrations with respect to
ϕ1;2;ψ ; x10, etc.

The Page time is obtained by equality of the entangle-
ment entropies for the Hartman-Maldacena-like surface and
island surface (at the Page time). This yields:

tPage¼
3

4
c2

�
1−

935=6gs35=6MN7=10 log2 ðNÞj logðrhÞj4=3ffiffiffiffiffiffi
Nf

3
p

rh11=2ð−3ntb logðNÞþ2 logðc2c1ÞÞ17=6
�
:

ð126Þ

The Page time, implicitly assumes choosing the time
evolution of SHMEE which is (approximately) linear in time
up to the Page time beyond which, the constant contribu-
tion to the entanglement entropy from the island, takes
over. The behavior of the Page time as a function of the
Black-hole entropy [using (125)] is given in Fig. 8. This
also shows that positivity of the Page time requires an upper
bound on the black-hole entropy and therefore the IR cutoff
rh. Given that rh, the nonextremality parameter, is essen-
tially a constant of integration [72] and requiring the same

10 20 30 40 50
SBH

0.2

0.4

0.6

0.8

1.0

1.2

1.4

SEE
IS

SBH

FIG. 6. Sβ
0 ;IS

EE
SBH

-versus-SBH for N ¼ 103.3;M ¼ Nf ¼ 3; gs ¼ 0.1;
κlp ¼ 0.47.

FIG. 7. Page curve of an eternal black hole from doubly
holographic setup in M-theory dual. Blue line in the graph
corresponds to the entanglement entropy contribution from the
Hartman-Maldacena-like surface and orange line corresponds to
the entanglement entropy contribution from the island surface.

FIG. 8. Page time for N ¼ 103.3;M ¼ Nf ¼ 3; gs ¼ 0.1;
c2 ¼ −108; c1 ¼ −103.
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(in units ofRD5=D5
) to be less than unity, can be effected, e.g., by noting from (125) that rh is an increasing function of SBH,

and therefore: rhðSBHÞ → rhðSBHÞ
rhðS0BH∶tPageðS0BHÞ>0Þ

. Therefore, for the values of N;M; gs; c1; c2; ntb ; κlp chosen, this would

imply rh →
rhðSBHÞ

rhðSBH≈8Þ.
It appears we have disregarded SβEE;HM altogether. Let us now discuss why the same is justified and how a exponential-

large-N-suppression hierarchy is generated in the process.
One can show that:

SβEE;HM ∼
β4=3x2Rg

23
6
s M3N

2
3

f log
2 ðrhÞðlogðNÞ − 12 logðrhÞÞðlogðNÞ − 9 logðrhÞÞ

r
5
2

hðlogN − 3 log rhÞ76
×
�
−216

�
16þ

ffiffiffi
2

p �
gs4κλ1M

4Nf
2 logðNÞlog3ðrhÞ þ 9

�
16þ

ffiffiffi
2

p �
gs4κλ1M

4Nf
2 log2 ðNÞ log2 ðrhÞ

þ1296
�
16þ

ffiffiffi
2

p �
gs4κλ1M

4Nf
2 log4 ðrhÞ þ 4096

�
4þ

ffiffiffi
2

p �
π4κλ2

�
; ð127Þ

which in the j log rhj ≫ logN-limit, approximates to:

β4=3gs47=6M7N3=10Nf
8=3x2R logð2Þð− logðrhÞÞ41=6
rh5=2

: ð128Þ

Using (123), (128) yields,

gs47=6M7N3=10Nf
8=3x2Re

−2κlpN
1
3ð− logðrhÞÞ41=6ffiffiffiffiffi

rh
p : ð129Þ

Similarly,

SβEE;IS ∼
β2gs15=2

ffiffiffiffiffi
κα

p
κσ

5=2κU1
M2N log2 ðNÞða2rh þ a3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a22a3rh2 þ 2a23rh3 þ 3a2a32rh þ a33

p
a25=2κλ5rh

35=2ð− logðrhÞÞ2=3

×
�
6561

ffiffiffi
2

6
p �

1þ 8
ffiffiffi
2

p �
gs17=6κλ3M

6Nf
7=3rh8log6ðrhÞ þ 1048576

ffiffiffi
6

3
p

π47=6κα
2κZ1

N2ð− logðrhÞÞ2=3
�

≈
17β2gs15=2logN2M2N3ða2rh þ a3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a22a3rh2 þ 2a23rh3 þ 3a2a32rh þ a33

p
a25=2rh35=2

; ð130Þ

which in the a2rh ≫ a3-limit yields,

β2gs15=2logN2M2N3

rh15
: ð131Þ

Using (123), (131) yields:

gs15=2logN2M2N3e−3κlpN
1
3

rh12
: ð132Þ

From (90), (124), (129), and (132), one sees the following
hierarchy:

SHM;β0

EE ∶SIS;β
0

EE ∶SHM;β
EE ∶SIS;βEE ∼ γ

3
2∶γ3

2∶γ2∶γ3; ð133Þ

where γ ≡ e−κlpN
1
3 . From the above equation we can see

that OðβÞ corrections to entanglement entropies for the
Hartman-Maldacena-like and island surfaces are more
exponentially large-N suppressed. Therefore we have
disregarded those contributions for the computation of
Page curve.

VI. MASSLESS GRAVITON—THE PHYSICAL
REASON FOR EXPONENTIALLY SUPPRESSED

ENTANGLEMENT ENTROPIES

We now aim at presenting a physical reason behind the
exponential suppression of the entanglement entropies of
the HM-like and island surfaces in Sec. V D. The essence of
the discussion is the following. We will show that despite
the coupling of a nongravitational bath to the ETW-brane,
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(imposition of Dirichlet boundary condition at the horizon
on the radial profile of the graviton wave function) results
in the quantization of the graviton mass, which (for an
appropriate choice of the quantum number) can therefore
be taken to be massless. Usually in the context of AdSdþ1

gravity duals of CFTd on ∂AdSdþ1 at zero temperature,
massless graviton implies a vanishing angle between the
ETW/KR-brane and ∂AdSdþ1, which further implies the
islands cease to contribute [17,30]. However, as shown/
implied in Sec. III, the ETW-brane in our setup,
x1 ¼ constant, is orthogonal (in the x1 − r-plane) to the
thermal bath/QCD-like theory [after having integrated
out the angular directions of M6ðθ1;2;ϕ1;2;ψ ; x10Þ].
Despite the same, we will show that one obtains a massless
graviton in our setup.9 What is more interesting is that there
is a comparable exponential-in-N suppression in the
HM-like entanglement entropy which is why the two
can be compared at the Page time and one obtains a
Page curve.
As in [74], let us write the D ¼ 11 metric as:

ds2 ¼ e2AðyÞḡμνðxÞdxμdxν þ ĝmndymdyn: ð134Þ

As the resolution parameter a, up to LO in gsM2

N , is pro-
portional to rh [47,68,75], strictly speaking (134) is
applicable if one disregards Oða4r4Þ terms (working in the
IR-UV interpolating region would ensure the same).
The perturbed metric that will be considered is:fds2¼e2AðyÞðḡμνþhμνÞdxμdxνþ ĝmndymdyn, hμνðx;yÞ¼
h½tt�μν ðxÞψðyÞ (as ansatz under linear perturbations):

D̄μh½tt�μν ¼ ḡμνh½tt�μν ¼ 0, and [74]

−
e−2AðyÞffiffiffiffiffiffiffiffiffiffiffijĝðyÞjp ∂mð

ffiffiffiffiffiffiffiffiffiffiffi
jĝðyÞj

p
ĝmne4AðyÞ∂nψðyÞÞ ¼ m2ψðyÞ: ð135Þ

Under the simplifying assumption of localization
around, say, ðθ1; θ2Þ ∼ ðαθ1

N
1
5

;
αθ2

N
3
10

Þ near which one can show

that ψðr; θ1;2;ϕ1;2;ψ ; x10Þ → ψðr; θ1Þ, the eigenvalue

Eq. (135) up to LO in N in the IR-UV interpolating region
reduces to:

−
∂
2ψðr;θ1Þ
∂r2

þ16ðr4þr4hÞ
ðr4−r4hÞ

∂ψðr;θ1Þ
∂r

þκrθ1
N4=5r6

g3sM2N2
fðr2−3a2Þ2ðr4−r4hÞðlogN−9 logrÞ2ðlogrÞ2

×

�
∂
2ψðr;θ1Þ
∂θ21

−2
∂ψðr;θ1Þ

∂θ1

�
−m2ψðr;θ1Þ¼0; ð136Þ

or, equivalently, using separation of variables ψðr; θ1Þ ¼
RðrÞΘðθ1Þ:�
−

1

RðrÞR
00ðrÞþ 1

RðrÞ
16ðr4þr4hÞ
ðr4−r4hÞ

R0ðrÞ−m2

�
�
κrθ1

N4=5r6

g3sM2N2
fðr2−3a2Þ2ðr4−r4hÞðlogN−9logrÞ2ðlogrÞ2

�−1
¼ 1

Θðθ1Þ
ðΘ00ðθ1Þ−2Θ0ðθ1ÞÞ≡λ ð137Þ

The solution to Θðθ1Þ equation in (137):

eθ1ð1�
ffiffiffiffiffiffi
1þλ

p Þ; ð138Þ

which can be meaningful if λ ¼ 0; we hence obtain:
Θðθ1Þ ¼ Constant.
The EOM for the radial profile R from (137), is given as

under:

−R00ðrÞ þ
�

8

r− rh
−

4

rh
þOðr− rhÞ

�
R0ðrÞ−m2RðrÞ ¼ 0:

ð139Þ

As EOM (135) is homogeneous, ψ → m2ψðrÞ is also a
valid solution which yields:

m2c1U

�
−
8 − 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p ; 10;
2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
rh

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

q �
exp

�
rð−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
− 2Þ þ 9rh logðrh − rÞ
rh

�

þm2c2L9

8−5
ffiffiffiffiffiffiffiffiffiffiffi
4−m2rh

2
pffiffiffiffiffiffiffiffiffiffiffi
4−m2rh

2
p

�
2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
rh

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

q �
exp

�
rð−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
− 2Þ þ 9rh logðrh − rÞ
rh

�
: ð140Þ

9See [73] in the context of islands in black holes in AdS4 coupled to an external bath embedded in type IIB string theory supporting
light gravitons.
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If c2 ¼ 0 then

m2U

�
−
8 − 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p ; 10;
2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
rh

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

q �
exp

�
rð−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
− 2Þ þ 9rh logðrh − rÞ
rh

�

¼ e−2−
ffiffiffiffiffiffiffiffiffiffiffi
4−m2r2h

p

P
3
l¼0 clðmrhÞ2lΓ

�
−4 − 8ffiffiffiffiffiffiffiffiffiffiffi

4−m2r2h
p

� ½1þOððr − rhÞ2Þ�: ð141Þ

If one imposes Dirichlet b.c.10 at r ¼ rh∶ ψðr ¼ rhÞ ¼ 0 then one sees that one would require
−4 − 8ffiffiffiffiffiffiffiffiffiffiffi

4−m2r2h
p ¼ −n; n ∈ Zþ, i.e.,

m ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 8Þp

4rhð1 − nÞ ⟶
n¼8

0: ð142Þ

One notes that,

U

�
−
8 − 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p ; 10;
2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
rh

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

q �

× exp

�
rð−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −m2rh2

p
− 2Þ þ 9rh logðrh − rÞ
rh

�
⟶
m¼0 −

c1rh9Γð9; 4rrh − 4Þ
262144e4

¼ −
315ðc1rh9Þ
2048e4

þ c1ðr − rhÞ9
9e4

þOððr − rhÞ10Þ: ð143Þ

If c1 ¼ 0 then c2L9

8−5
ffiffiffiffiffiffiffiffiffiffiffi
4−m2rh

2
pffiffiffiffiffiffiffiffiffiffiffi
4−m2rh

2
p

�
2r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4−m2rh2

p
rh

−2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−m2rh2

p �
×exp

�
rð−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4−m2rh2

p
−2Þþ9rh logðrh−rÞ
rh

�
satisfies Dirichlet/

Neumann b.c. ∀m. In particular form ¼ 0, the above yields

c2e
−4r
rhðrh−rÞ9L9

−1ð4rrh−4Þ. Interestingly, dn
drn L

9
−1

�
4r
rh
− 4
�
¼

ð−4Þn 1
rnh
Lnþ9
−n−1

�
4r
rh
− 4
�
, implying limr→rhL

nþ9
−n−1

�
4r
rh
− 4
�
¼�

8
nþ9

�
¼ 0.

In the UV, the EOM up to LO in N;NUV
f ;MUV, is

−
∂
2ψUVðr; θ1Þ

∂r2
þ 16

r
∂ψUVðr; θ1Þ

∂θ1

− 2κrθ1
N4=5

g3sM2
UVN

2
frmUVðlogN − 9 log rÞ2ðlog rÞ2r2

×
∂ψUV

∂θ1
−m2ψUV; ð144Þ

whose solution is given as:

ψUV ∼
1

m17=2

�
c1
X3
l1¼0

al1ðmrÞ2l1þ1 cosðmrÞ

þ
�
c1
X4
l2¼0

al2ðmrÞ2l2 þ c2
X3
l1¼0

ðmrÞ2l1þ1

�
sinðmrÞ

�
:

ð145Þ

As the above, for m ≠ 0, is ill-behaved in the UV, one is
required to set m ¼ 0 for which

RUVðrÞ ¼ cUV1 r17 þ cUV2 : ð146Þ

For ψðrÞ to be normalizable, one has to set cUV1 ¼ 0

implying, as expected a constant graviton wave function
in the UV.
One thus sees the physical/intuitive reason for the

exponentially suppressed entanglement entropy for island
surface (124) is that the Laplace-Beltrami equation for the
internal coordinates (135) permits a vanishing graviton
mass—this is also related to the fact that our computations
are in the “near-horizon” limit (r < ð4πgsNÞ1=4) wherein
even the UV cutoff rUV<

∼ ð4πgsNÞ1=4 and hence the internal
manifold is not noncompact [74]. This is what is respon-
sible for the very small (involving exponential-in-N sup-
pression) entanglement entropy of the Island surface. What10Neumann b.c., ψ 0ðr ¼ rhÞ ¼ 0, is identically satisfied ∀m.
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is nontrivial and therefore extremely interesting is a
comparable entanglement entropy of the Hartman-
Maldacena-like surface in (90) near the Page time. The
vanishing graviton mass further manifests itself at OðβÞ in
the entanglement entropies of the IS-vs-HM-like surfaces
in (133)—the former is suppressed relative to the latter.
Now using r ¼ rheZ,

11 we can convert Eq. (137) into the
following Schrödinger-like equation

−R00ðZÞ þ VðZÞRðZÞ ¼ 0; ð147Þ

where

RðZÞ ¼ RðZÞerhð−8eZþ Z
2rh

þ8 tan−1ðeZÞþ8 tanh−1ðeZÞÞ ≈RðZÞeZ
2;

ð148Þ

and,

VðZÞ¼−
e2Zr2hððm2−64Þe8Z−2ðm2þ64Þe4Zþm2−64Þ

ðe4Z−1Þ2

þ 64e5Zrh
ðe4Z−1Þ2þ

1

4
ð149Þ

The above potential for massless graviton (m ¼ 0) is
plotted in Fig. 9; this potential is “volcano”-like with the
massless graviton localized near the horizon on the ETW
brane. This is similar to [15] wherein one can localize
gravity on ETW brane for nonzero brane tension due to
appearance of “crater” in “volcano” potential appearing in
Schrödinger-like equation of motion of graviton wave
function.
In our setup, the ETW-brane has nonzero “tension” (24)

and therefore it is possible to localize gravity on
ETW-brane. Using (143), one sees that in the massless-
limit of the graviton, the graviton wave function is indeed
localized near the horizon as shown in Fig. 10.
Alternatively, expanding VðZÞ of (149) around the horizon

Z ¼ 0 and obtaining: VðZ ∼ 0Þ ∼ 4rhð1þ4rhÞ
Z2 þ 4rhð1þ8rhÞ

Z −
1
12
ð−3þ 40rh − 896r2hÞ þOðZÞ, one obtains:

RðZÞ ¼ c1M− 4
ffiffi
3

p
rhð8rhþ1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

896r2
h
−40rhþ3

p ;4rhþ1
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
896r2h − 40rh þ 3

p
Zffiffiffi

3
p

�

þ c2W− 4
ffiffi
3

p
rhð8rhþ1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

896r2
h
−40rhþ3

p ;4rhþ1
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
896r2h − 40rh þ 3

p
Zffiffiffi

3
p

�
:

ð150Þ

Now, both Whittaker functions are complex for
Z < 0, i.e., r < rh. Setting c1 ¼ 0, one obtains

RðZÞ¼e−
Z
2W

− 4
ffiffi
3

p
rhð8rhþ1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

896r2
h
−40rhþ3

p ;4rhþ1
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
896r2h−40rhþ3

p
Zffiffi

3
p

�
, and hence

FIG. 11. Localization of the graviton wave function near the
horizon from the solution of the Schrödinger-like radial wave
Eq. (147).

FIG. 9. Volcano potential for massless graviton from (149).

FIG. 10. Localization of the graviton wave function near the
horizon from the m ¼ 0-limit of the solution (143) of (139).

11Advantage of using redefined radial coordinate is that r ∈
ð0;∞Þ maps to Z ∈ ð−∞;∞Þ so that we can see a nice
volcanolike potential on both sides of Z ¼ 0.
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the following plot which indicates a decay of the graviton
wave function away from the horizon.

VII. SUMMARY

Following is the summary of the key steps and results
that were obtained in this paper.
(1) We discussed the doubly holographic setup in the

context of M theory background in II B summa-
rized in Fig. 1. The main idea is that we consider an
ETW-brane at x ¼ 0 in Fig. 2, which contains the
black hole and then we couple the ETW-brane to a
nonconformal bath (QCD in 3 dimensions after
integrating out the angular coordinates and wick
rotation along x3). We then discussed how we can
calculate the entanglement entropy of Hawking
radiation using the prescription of [10] for higher
derivative gravity theories. We derived the ETW-
brane embedding in M-theory background in
Sec. III. First we considered the Einstein Hilbert
term and the GHY term along with the tension of
the ETW-brane and obtained the embedding (21).
By using the induced metric (20) on the ETW, we
computed various terms appearing in Eq. (21) and
found that at Oðβ0Þ the embedding of the ETW-
brane will be given by constant x [Eq. (25)]. Given
that in the MQGP limit of (4), the J0 dominates
over the E8 and t28G

2R3 terms in the OðR4Þ terms in
(14), we work with only the J0 term. We found that
the ETW-brane embedding obtained with just
EH-GHY terms, continues to hold even with the
inclusion of the J0 term as restricted to the same
(embedding) the boundary term involving covariant
derivative of the metric variation (that one would
have had to cancel by construction of an appro-
priate boundary term relevant to the J0 term),
vanishes.

(2) Given the robustness of the islands picture, the
M-theory dual of large-N thermal QCD at high
temperature constructed in [4,36] (based on [34])
too is thus expected to generate a Page curve.
The aforementioned top-down M-theory dual how-
ever offers the following additional conceptual
insights:
(a) There are very few papers (e.g., [22]) wherein the

authors discuss doubly holographic setup inhigher
derivative theory of gravity because of absence of
the knowledge of explicit forms of boundary
terms on the ETW-brane with the inclusion of
higher derivative terms. As we explicitly show in
Sec. III B, no boundary terms are generated from
the inclusion of the OðR4Þ terms.

(b) To the best of our knowledge, our model/
(aforementioned) M-theory dual is either the
only one (from M theory) or one of the very

few top-down models that obtain(s) the Page
curve for massless graviton12 in VI.

(c) In our top-down M-theory dual, we find that
ETW-brane to be a fluxed hypersurfaceW that is
a warped product of an asymptotic AdS4 and a
six-foldM6 whereM6 is a warped product of the
M-theory circle and a non-Einstenian generali-
zation of T1;1; the hypersurface W, can also be
thought of as an effective ETW-brane corre-
sponding to fluxed intersecting M5-brane wrap-
ping a homologous sum of S3 × ½0; 1� and
S2 × S2 in a warped product of R2 and an
SUð4Þ=Spinð7Þ-structure eight-fold. The ETW-
brane, W, then has nonzero “tension” and a
massless graviton localized near the horizon by a
volcanolike potential.

(d) Further, unlike almost all the papers in the
literature wherein the Page curve computation
is done for a CFT bath, in our model, the external
bath is a non-CFT bath (thermal QCD).

(e) Entanglement entropy contribution from
Hartman-Maldacena (HM)-like surface which
is responsible for increase of Einstein-Rosen
bridge in time, also exhibits a Swiss-cheese
structure in the large-N scenario (V B).

(f) With the inclusion ofOðR4Þ terms in the action,
our aforementioned M-theory dual yields a
hierarchy in the entanglement entropies of
the HM-like and island surface (IS) with respect
to a large-N exponential suppression factor,
physically arising from the existence of
massless graviton mode on the ETW-brane.
This suppression further implies that the Page
curve is unaffected by the inclusion of higher
derivative—OðR4Þ in particular—terms.

(g) To tame the IR- and large-N enhancement in the
IS entanglement entropy per unit BH entropy to
ensure the same is around 2 in Sec. IVA, along
with dimensional considerations of Sec. IVA, a
connection between the Planckian length and the
nonextremality parameter (the horizon radius) is
shown to arise in Sec. IVA.

(3) In Secs. IVA and IV B, using the Ryu-Takayanagi
formula (since we are not considering higher
derivative terms in the gravitational action in this
part), we calculated the entanglement entropies of
HM-like and islands surfaces (IS) by computing the
areas of the codimension two surfaces for the HM-
like and island surfaces. The entanglement entropy
for HM-like surface was calculated in (52) using
(47), which shows linear time dependence. If one

12See [59] in which author has discussed that one can get Page
curve for massless graviton in critical Randall-Sundrum II model
from a bottom-up approach.
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does not consider the island surface then (52)
implies that at late times [i.e., beyond the Page
time) we have infinite amount of Hawking radia-
tion. The entanglement entropy of the island sur-
face (65) was calculated using (63)]. If we are
below the Page time then entanglement entropy of
HM-like surface dominates which shows linear
time dependence and after the Page time the

entanglement entropy of island surface, which is
constant, dominates. Therefore combination of the
two produces the Page curve of an eternal black
hole in Fig. 3.
In RD5=D5

¼ 1-units, using (52), (65), (A7)

and rh ∼ e−κrhN
1
3 [68], the aforementioned is suc-

cinctly captured by:

SHM ¼ AHM

4Gð11Þ
N

∼
Oð1Þ × 10−4M2N6

fg
15=4
s N34=15e−6κrhN

1=3

Gð11Þ
N

tb; tb ≤ tPage;

SIS ¼ SIS

�
r̃T ≡ rT

rh
¼ ð1þ δ2Þ; rh

�
; tb ≥ tPage; ð151Þ

where δ2 in the turning point rT is as given in (A7).
(4) In Sec. V, we obtained the Page curve of an eternal

black hole in the presence of OðR4Þ terms in eleven
dimensional supergravity action. For this purpose
use the prescription of [10] as given in (66) to
calculate the entanglement entropies of HM-like and
island surfaces with the inclusion of OðR4Þ terms.
Since in the working action (26) only J0 term is
considered (as it is the most dominant in the MQGP
limit) therefore we need to calculate two type of
terms appearing in (66). These two type of terms are
given in (69) and (70) where we have used z ¼ xeit.
In Sec. VA, the entanglement entropy for HM-like
surface is calculated and it turns out that for
Einstein-Hilbert term Dong’s prescription [10] pro-
duces (72). For the J0 term there are two types of
terms mentioned earlier and these terms are given in
(74) and (75). Now if we combine the Einstein-
Hilbert and J0 terms’s contribution then we obtain
the total entanglement entropy (76) in terms of the
embedding function of HM-like surface tðrÞ and its
derivatives. We obtained the on-shell entanglement
entropy (91) for HM-like surface at Oðβ0Þ by
computing the solution to the EOM for the HM-
like surface embedding tðrÞ (80) and substituting
back into (76). Interestingly (91) also has linear time
dependence similar to (52).
In V B, with c1 and c2 being two parameters in the

family of HM-like surface embeddings, curiously,
δSHM;β0

EE
δjc2j > 0; δS

HM;β0

EE
δjc1j < 0, which along with jc2j∼

eκc2 jc1j
1
3 ; jc1j ∼ N, provides a perfect “Swiss-cheese”

(of the “single-big-divisor-single-small-divisor” va-

riety) structure to SHM;β0

EE ðjc1j; jc2jÞ (which essen-
tially is a codimension-two volume) wherein log jc2j
plays the role of the “big divisor” volume and

log jc1j plays the role of a solitary “small divisor”
volume, realizing what could be dubbed as a “Large
N scenario”(LNS). Alternatively, the entanglement
entropy for the Hartman-Maldacena-like surface can
be viewed as a Swiss-cheese-like open surface in the
two-dimensional (in the IR) space of family
of HM-like embeddings R2þðjc1j; jc2jÞ augmented
by the entanglement entropy that coordinatizes

R≥0ðSHM;β0

EE Þ.
In Sec. V C, we found that entanglement entropy

contributions from Einstein-Hilbert and J0 terms as
given in (99), (102), and (103). Combining all these
contributions we obtained the total entanglement
entropy in (105) in terms of embedding function of
island surface and its derivatives. We solved the
embedding EOM for the island surface similar to
HM-like surface and the solution is given in (115).
Now, using the solution we obtained the entangle-
ment entropy for island surface at the level of
EH-GHY terms by substituting back in (105). This
yields that the entanglement entropy will be of the
form given in (118). Given that the turning point
lies deep in the IR, the entanglement entropy for
HM-like and island surfaces atOðβ0Þ came out to be
proportional to β, an obvious but apparent contra-
diction. This was resolved by proposing a β=lp − rh
relation as discussed above (120) and its explicit
form as given in (123). The on-shell entanglement
entropy for island surface turns out to be (124).
Upon plotting the entanglement entropy contribu-
tions from HM-like (91) and island surfaces (124)
we obtained the Page curve shown in Fig. 7.
The aforementioned is neatly summarized below.

Using the HM-like embedding (80), and (89) and
(90), the on-shell entanglement entropy (EE) for
HM-like surface is given by:
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Sβ
0;HM

EE ∼ e−
3κlp N

1
3

2 MN13=10N5=3
f

�
1 −

4tb0
3c2

��
2

3
log

�
c2
c1

�
− ntb logðNÞ

�17
6

; κlp ≡
1

Oð1Þ ;

c1;2 < 0; jc2j ≫ jc1j; jc2j ∼ eκc2 jc1j
1=3
; κc1 ≡Oð1Þ

t ≤ tPage; ð152Þ

and using the embedding (115), and (124), (126), (128),
and (132), the on-shell EE for island surface is given by:

Sβ
0;IS

EE ∼
M2e−

3κlp N
1
3

2 N4=3
f g35=6s log2 ðNÞj logðrhÞj4=3

r11=2h

;

t ≥ tPage: ð153Þ

The above can be shown to be consistent with the RT
computation summarized earlier.13

(5) Positivity of the Page time—worked out in (126)—is
shown to provide an upper bound on the non-
extremality parameter—the black-hole horizon ra-
dius rh.

(6) We computed theOðβÞ contributions to the HM-like
and island surfaces as given in (128) and (131)
and we show in (133) that there is hierarchy between
the Oðβ0Þ and OðβÞ contributions. To be a bit more
specific, as the turning point for the Hartman-
Maldacena-like surface r�∶r� − rh ∼ β

2
3, and that

for Island surface rT∶rT − rh ∼ β2, one obtains the

following exponential hierarchy: SHM;β0

EE ∶SIS;β
0

EE ∶

SHM;β
EE ∶SIS;βEE ∼ γ

3
2∶γ3

2∶γ2∶γ3, where γ ≡ e−κlpN
1
3 .

Therefore we can neglect the OðβÞ contributions
to the entanglement entropy for both extremal

surfaces. The exponentially suppressed SIS;β
0

EE and
the suppression of SIS;βEE relative to SHM;β

EE is argued in
Sec. VI to be due to the existence of a massless
graviton. It is also rather nontrivial to have a similar
exponential suppression in SHMEE so that the same
could be matched with SISEE at the Page time, and a
Page curve obtained.

(7) Motivated by the requirement Sβ
0 ;IS

EE
SBH

∼e−κlpN
1=3

F ðM;N;Nf;rhÞ
h
1þP∞

n¼1An

�
a3
a2rh

�
n
i
[as obtained

in (122)] to be less than or equal to 2 up to leading

order in the dimensionless “Gð11Þ
N =r9h” [71], which

for us is a3
a2rh

[a2;3 parametrizing the
IS-surface embedding (115)], one needs to cure
the large-N and IR(via small rh) enhancements in
Sβ

0 ;IS
EE
SBH

. Utilizing the estimate in [68] of the
r ¼ r0 ∼ rh∶Neffðr0 ¼ 0Þ, and in particular the ex-
ponential N-suppression therein we therefore pro-

pose β ∼
�
g
4
3
sα02e−κlpN

1=3 rh
R

D5=D5

�
3=2

. This further

requires (see Fig. 6) a lower bound on the non-
extremality parameter—the black-hole horizon.
With the inclusion of the OðR4Þ terms in M
theory, the fact the turning point associated
with the xHartman-Maldacena-like surface is in
the deep IR, also require the aforementioned β- or
lp − rh relation.

Some open questions related to our work are
(i) How the holographic complexity will be modified in

the presence of OðR4Þ terms in the gravitational
action [76]?

(ii) What will be the effect of higher derivative [OðR4Þ]
terms on the reflected entropy [77]?

We will return to these issues in our future work.

ACKNOWLEDGMENTS

G. Y. is supported by a Senior Research Fellowship
(SRF) from the Council of Scientific and Industrial
Research, Govt. of India. A. M. is partly supported by a
Core Research Grant number SER-1829-PHY from the
Science and Engineering Research Board, Govt. of India.
One of us (G. Y.) would like to thank Arpan Bhattacharyya,
Xi Dong and Juan Maldacena for helpful clarifications.
Some of the results were presented by one of us (GY) at the
workshop, “Gravity: Current challenges in black hole
physics and cosmology”, organized by Yukawa Institute
for Theoretical Physics (YITP), Kyoto University,
Kyoto, Japan.

APPENDIX A: HM-LIKE/IS ANALYTICS/
NUMERICS

In this appendix, we discuss (i) the angular integrations
which have been used in the paper and have written the
expression for the area of Hartman-Maldacena-like sur-
face, and (ii) how to obtain an estimate on the turning
point in the context of island surface entanglement
entropy.

13Compatibility of (151) and (152) (using footnote 8)
requires κrh ; κlp ; κc2 : M

2N6
fg

15=4
s N34=15e−6κrhN

1=3
∼MN13=10N5=3

f

ð2
3
½κc2N1=3 − log jc1j� − ntb logðNÞÞ176 e−

3κlp N1=3

2 (for compatibility

of Sβ
0;HM

EE obtained from computation of the area of the HM-
like surface and from Wald entanglement entropy) and 11κrh <

3κlp (for Sβ
0;IS

EE to be well defined in the large-N limit).
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1. HM-like surface area

The angular integrations, in promoting the delocalized results around ðθ1; θ2Þ ¼
�
αθ1

N
1
5

;
αθ2

N
3
10

�
, to global results, disregarding

all contributions of O
�
Oð1Þ
Nα

�
; α > 1, have been performed as under. Promoting ðx; y; zÞ → ðϕ1;ϕ2;ψÞ via [36]:

dx ¼
ffiffiffiffiffi
h2

p
ðgsNÞ14

�
1þO

�
gsM2

N

�
þO

�ðgsM2ÞðgsNfÞ
N

��
sin θ1dϕ1;

dy ¼
ffiffiffiffiffi
h4

p
ðgsNÞ14

�
1þO

�
gsM2

N

�
þO

�ðgsM2ÞðgsNfÞ
N

��
sin θ2dϕ2;

dz ¼
ffiffiffiffiffi
h1

p
ðgsNÞ14

�
1þO

�
gsM2

N

�
þO

�ðgsM2ÞðgsNfÞ
N

��
dψ ; ðA1Þ

where h1 ¼ 1
9
þO

�
gsM2

N

�
; h2 ¼ 1

6
þO

�
gsM2

N

�
; h4 ¼ h2 þ 4a2

r2 [34,36],

1

α3θ1α
2
θ2

→ lim
ϵ1;2→0

Z
π−ϵ2

ϵ2

ffiffiffiffiffiffiffiffi
gsN

p
dθ2 sin θ2

Z
π−ϵ1

ϵ1

dθ1 sin θ1
1

ðN1
5 sin θ1Þ3ðN 3

10 sin θ2Þ2
∼ lim

ϵ1;2→0

j log ϵ2j
N

7
10ϵ1

: ðA2Þ

The principal(P) value of (A2) is obtained by approximating j log ϵ2j by logPþ j log ϵ2j;P ∈ Zþ and requiring
logPþ log ϵ2 ¼ −ϵ1, or ϵ2 ¼ e−ϵ1ffiffiffi

P
p ;P > 1. Similarly,

1

αθ1α
6
θ2

→ lim
ϵ1;2→0

Z
π−ϵ2

ϵ2

ffiffiffiffiffiffiffiffi
gsN

p
dθ2 sin θ2

Z
π−ϵ1

ϵ1

dθ1 sin θ1
1

ðN1
5 sin θ1ÞðN 3

10 sin θ2Þ6
→
P πð540 logð2Þ − 107Þ ffiffiffiffi

gs
p

720N3=2 : ðA3Þ

Assuming r� ∈ IR, approximating log r ≈ log rh for r ¼ υrh ∀ r ∈ IR, υ ¼ Oð1Þ, one obtains the following expression
after radial integration of Eq. (48):

AHM ∼
h
EM2

ffiffiffiffi
N10

p
N6

fg
17=4
s log2 ðrhÞðlogðNÞ − 3 logðrhÞÞ4

×
�
3r5�ðlogðNÞ − 9 logðrhÞÞ2 − 10r3�r2h logðNÞðlogðNÞ − 9 logðrhÞÞ

þ 15r�r4h log
2 ðNÞ − r5hð36 logðNÞ logðrhÞ þ 243 log2 ðrhÞ þ 8 log2 ðNÞÞ

�i
: ðA4Þ

2. IS turning point

In the context of IS entanglement entropy (65), to get an

estimate of the turning point r̃T , one notes that:
HðrTÞ
σðrT Þ ¼ C2,

up to LO in N, that obtains:

1458gs5=4M2N2=5Nf
6r4Tðr4T − rh4Þ log7 ðrTÞ

× ð7 logNr2T − 3a2 logNÞ
− 6561gs5=4M2N2=5Nf

6r6Tðr4T − rh4Þ log8 ðrTÞ

þO
�

1

ðlog rhÞ6
�

¼ C̃2: ðA5Þ

Writing r̃T ¼ 1þ δ2, upon substitution into (A5), and
assuming 0 < δ2 ≪ 1 and thereby approximating
log r ≈ log rh, yields the following:

1458δ2rh10 log7 ðrhÞð4ð47δ2 þ 6Þ logN
− 9ð15δ2 þ 2Þ logðrhÞÞ
− 5832

ffiffiffi
3

p
δ2ð11δ2 þ 2Þϵ logNrh10 log7 ðrhÞ

¼ M2N2=5Nf
6C̃2

gs5=4
: ðA6Þ

Assuming again j log rhj ≫ logN, the relevant solution to
(A6) is:

δ2 ≈
M2N2=5Nf

6C̃2

26244gs5=4rh10 log8 ðrhÞ
−

2

15
: ðA7Þ

Guided by the estimate of r ¼ r0 ∼ rh∶ Neffðr0Þ ¼ 0

obtained in [68], writing rh ∼ e−κrhN
1
3 , and assuming

C̃2 ¼ e−κCN
1
3 . Numerically, for M ¼ Nf ¼ 3; gs ¼ 0.1; N ¼

103.3 and assuming κC ¼ 1.37; κrh ¼ 0.1; C̃ ¼ 3 × 10−8 one
obtains δ2 ¼ 5.6 × 10−4.
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APPENDIX B: HARTMAN-MALDACENA-LIKE SURFACE MISCELLANIA

In this appendix we have listed various r dependent functions appearing in the entanglement entropy expression for the
Hartman-Maldacena-like surface at Oðβ0Þ and OðβÞ. Additionally we have also worked out the equation of motion for the
embedding function of the Hartman-Maldacena-like surface.

(i) The r dependent functions appearing in Eq. (72) are,

αðrÞ ¼ κα
r2ðNfgsð2 logðNÞ − 6 logðrÞÞÞ2=3ffiffiffiffi

N
p

g3=2s

;

σðrÞ ¼ κσ
Ngs − 3M2Nfg3s logðrÞðlogðNÞ − 6 logðrÞÞ

ðr4 − rh4Þ
;

λðrÞ ¼ κλ

�
−
MN17=10N4=3

f g5=2s ðr2 − rh2Þ logðrÞðlogðNÞ − 9 logðrÞÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrÞ3

p
r4α3θ1α

2
θ2

�

∼ −
MN21=20N4=3

f g13=4s ðr2 − r2hÞκλ logðrÞðlogðNÞ − 9 logðrÞÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrÞ3

p
3r4

; ðB1Þ

where κα, κσ and κλ are numerical pre-factors.
(ii) In Wald entanglement entropy term (74) for HM-like surface, we have the following r dependent functions:

λ1ðrÞ ¼ κλ1

�
M7N7=10N7=3

f g7s log4 ðrÞðlogðNÞ − 12 logðrÞÞ3ðlogðNÞ − 9 logðrÞÞ
r2α3θ1α

2
θ2
ðlogðNÞ − 3 logðrÞÞ5=3

�

∼
M7

ffiffiffiffi
N20

p
N7=3

f g31=4s κλ1 log
4 ðrÞðlogðNÞ − 12 logðrÞÞ3ðlogðNÞ − 9 logðrÞÞ

3r2ðlogðNÞ − 3 logðrÞÞ5=3 ;

λ2ðrÞ ¼ κλ2

�
M3N7=10

ffiffiffiffiffiffi
Nf

3
p

g3s log2 ðrÞðlogðNÞ − 12 logðrÞÞðlogðNÞ − 9 logðrÞÞ
r2α3θ1α

2
θ2
ðlogðNÞ − 3 logðrÞÞ5=3

�

∼
M3

ffiffiffiffi
N20

p ffiffiffiffiffiffi
Nf

3
p

g15=4s κλ2 log
2 ðrÞðlogðNÞ − 12 logðrÞÞðlogðNÞ − 9 logðrÞÞ

3r2ðlogðNÞ − 3 logðrÞÞ5=3 : ðB2Þ

κλ1 and κλ2 in the above equation are numerical pre-factors.
(iii) In the anomaly term (75) following are the r dependent functions: 6

L1 ¼ L2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ −

�
1 − r4h

r4

�
t0ðrÞ2Þ

r
t0ðrÞ2ðσðrÞ −

�
1 − r4h

r4

�
t0ðrÞ2Þ4

�
α0ðrÞðσðrÞ −

�
1 −

r4h
r4

�
t0ðrÞ2

�

þ αðrÞ
�
σ0ðrÞ − t0ðrÞ

�
4r4h
r5

t0ðrÞ þ 2

�
1 −

r4h
r4

�
t00ðrÞ

���
2

;

L3 ¼ L4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞ

�
σðrÞ −

�
1 − r4h

r4

�
t0ðrÞ2

�r
t0ðrÞ2 : ðB3Þ

(iv) Use has been made of the following for the computation of first and second term in entanglement entropy
computation in the presence of higher derivative terms:
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δJ0
δRM1N1P1Q1

¼ GM1M1GN1N1GP1P1GQ1Q1

�
RPN1P1QR

Q
RSQ1

þ 1

2
RPQP1Q1

RQ
RSN1

�
RM1

RSP

þ
�
δQ1

Q RHN1P1K þ 1

2
δN1

Q RHKP1Q1

�
RH

RSM1RQ
RSK

þGN1N1GP1P1GQ1Q1

�
RQ1MNQRM1MNK þ 1

2
RQ1QMNRM1KMN

�
RQ

N1P1K

þGM1M1

�
RPMNM1

RHMNQ1 þ 1

2
RPM1MNRHQ1MN

�
RH

N1P1P; ðB4Þ

and

δ2J0
δRM2N2P2Q2

δRM1N1P1Q1

¼ A1 þ A2 þ A3 þ A4; ðB5Þ

where

A1 ¼ GM1M1GN1N1GP1P1GQ1Q1

�
δM2

M1
GN2N2GP2P2GQ2Q2

�
RQ2N1P1QR

Q
N2P2Q1

þ 1

2
RQ2QP1Q1

RQ
N2P2N1

�
þ
�
δM2

P δN2

N1
δP2

P1
δQ2

Q RQ
RSQ1

RM1

RSP þ 1

2
δM2

P δN2

Q δP2

P1
δQ2

Q1
RQ

RSN1
RM1

RSP

�
þ
�
GM2M2δN2

R δP2

S δQ2

Q1
RM1

RSPRPN1P1M2
þ 1

2
GM2M2δN2

R δP2

S δQ2

N1
RM1

RSPRPM2P1Q1

��
≡GM1M1GN1N1GP1P1GQ1Q1

�
δM2

M1
GN2N2GP2P2GQ2Q2

�
RQ2N1P1QR

Q
N2P2Q1

þ 1

2
RQ2QP1Q1

RQ
N2P2N1

�
þ
�
δN2

N1
δP2

P1
RQ2

RSQ1
RM1

RSM2 þ 1

2
δP2

P1
δQ2

Q1
RN2

RSN1
RM1

RSM2

�
þ
�
GM2M2δQ2

Q1
RM1

N2P2PRPN1P1M2
þ 1

2
GM2M2δQ2

N1
RM1

N2P2PRPM2P1Q1

��
;

A2 ¼
��

GM2M2GQ2Q2GN2N1GP2P1RQ1
RSQ2

þ 1

2
GM2M2GN2N2GP2P1GQ2Q1RN1

RSN2

�
RM2

RSM1

þ
�
GQ2M1GN2N2GP2P2RM2N1P1K þ 1

2
GQ2M1GN2N2GP2P2RM2KP1Q1

�
RN1

N2P2Ka

þ
�
GM2Q1RHN1P1Q2 þ 1

2
GM2N1RHQ2P1Q1

�
RH

N2P2M1

�
;

A3 ¼
�
GN1N1GP1P1GQ1Q1

��
δM2

Q1
δQ2

Q RM1N2P2K þGM2M1GN2N2GP2P2GQ2KRQ1N2P2Q

þ 1

2
δM2

Q1
δN2

Q RM1KP2Q2 þ 1

2
GM2M1GN2KGP2P2GQ2Q2RQ1QP2Q2

�
RQ

N1P1K

þGM2M2δN2

N1
δP2

P1

�
RQ1MNM2

RM1MNQ2 þ 1

2
RQ1M2MNRM1Q2MN

���
;

A4 ¼ GM1M1

��
δM2

P δQ2

M1
RHN2P2Q1 þ GM2HGN2N2GP2P2GQ2Q1RPN2P2M1

þ 1

2
δM2

P δN2

M1
RHQ1P2Q2 þ 1

2
GM2HGN2Q1GP2P2GQ2Q2RPM1P2Q2

�
RH

N1P1P

þGN2N1GP2P1GQ2Q2

�
RQ2MNM1

RM2MNQ1 þ 1

2
RQ2M1MNRM2Q1MN

��
: ðB6Þ
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(v) The r-dependent functions appearing in Eq. (75) are given below:

ZðrÞ ¼ −κZ
MN37=10g35=6s logðrÞðlogðNÞ − 9 logðrÞÞ
r14α3θ1α

2
θ2
N4=3

f ðlogðNÞ − 3 logðrÞÞ7=3

∼ −
π23=6MN61=20g79=12s κZ logðrÞðlogðNÞ − 9 logðrÞÞ

r14N4=3
f ðlogðNÞ − 3 logðrÞÞ7=3

;

WðrÞ ¼ −κW
MN37=10g35=6s logðrÞðlogðNÞ − 9 logðrÞÞ
r14α3θ1α

2
θ2
N4=3

f ðlogðNÞ − 3 logðrÞÞ7=3

∼ −
MN61=20g79=12s κW logðrÞðlogðNÞ − 9 logðrÞÞ

r14N4=3
f ðlogðNÞ − 3 logðrÞÞ7=3

;

UðrÞ ¼ −κU
M2NNfg3s logðrÞðlogðNÞ − 45 logðrÞÞ

r4αθ1α
6
θ2
ðlogðNÞ − 3 logðrÞÞ3

∼ −
M2Nfg

15=4
s κU logðrÞðlogðNÞ − 45 logðrÞÞffiffiffiffi
N4

p
r4ðlogðNÞ − 3 logðrÞÞ3 ;

VðrÞ ¼ κV
M2NNfg3s

r4αθ1α
6
θ2
log2 ðrÞ ∼

M2Nfg
15=4
s κVffiffiffiffi

N4
p

r4 log2 ðrÞ ; ðB7Þ

where κZ, κW , κU and κV are the numerical factors including
�

8
qαþ1

�
.

(vi) To obtain the EOM for tðrÞ we need to calculate the following derivatives from Eqs. (72), (74)–(76):

δLHM
Total

δt0ðrÞ ¼ β

�ðr − rhÞ3=2pβ
4ðrhÞðA1t0ðrÞ þA2t00ðrÞÞ
N7=10t0ðrÞ2 þ pβ

5ðrhÞðA3t0ðrÞ þA4t00ðrÞÞ
N7=10t0ðrÞ2 þ ðr − rhÞ13=2pβ

7ðrhÞ
N57=10t0ðrÞ4

þ pβ
6ðrhÞ

ðr − rhÞN7=10t0ðrÞ þ
ðr − rhÞ3=2pβ

1ðrhÞ
N5=4t0ðrÞ þ N3=10pβ

8ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p
t0ðrÞ3 þ

N3=10pβ
9ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p

t0ðrÞ3 þ
pβ
2ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p

t0ðrÞ3

þ pβ
3ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p

t0ðrÞ3 þ N3=10ðr − rhÞ3=2Y5ðrhÞt0ðrÞ
�
þ N3=10ðr − rhÞ5=2p1ðrhÞt0ðrÞ; ðB8Þ

and

δLHM
Total

δt00ðrÞ ¼ βF βðrhÞðr − rhÞ5=2
N7=10t0ðrÞ ; ðB9Þ

where

p1ðrhÞ ¼ κp1

�
MN5=3

f g7=3s
ffiffiffiffiffi
κα

p
κλ logðrhÞðlogðNÞ − 9 logðrhÞÞðlogðNÞ − 3 logðrhÞÞ5=6

r3=2h
ffiffiffiffiffi
κσ

p
�
;

pβ
1ðrhÞ ¼ −κpβ

1

�
M2

ffiffiffiffi
N4

p
x2RN

4=3
f g17=6s

ffiffiffiffiffi
κα

p
κU logðrhÞðlogðNÞ − 45 logðrhÞÞ

r5=2h
ffiffiffiffiffi
κσ

p ðlogðNÞ − 3 logðrhÞÞ5=2
�
;

pβ
2ðrhÞ ¼ κpβ

2

�
M2x2RN

4=3
f g23=6s κU logðrhÞ ffiffiffiffiffiffiffiffiffi

κακσ
p ðlogðNÞ − 45 logðrhÞÞ

r9=2h ðlogðNÞ − 3 logðrhÞÞ5=2
�
;

pβ
3ðrhÞ ¼ −κpβ

3

�
M2x2Rð540 logð2Þ − 107ÞN4=3

f g23=6s
ffiffiffiffiffiffiffiffiffi
κακσ

p

r9=2h log2 ðrhÞðlogðNÞ − 3 logðrhÞÞ5=2

× ð28κVðlogðNÞ − 3 logðrhÞÞ3 − 27κUlog3ðrhÞðlogðNÞ − 45 logðrhÞÞÞ
�
;
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pβ
4ðrhÞ ¼ κpβ

4
Fðgs; rh; Nf;MÞ;

pβ
5ðrhÞ ¼ κpβ

5

Fðgs; rh; Nf;MÞ;

pβ
6ðrhÞ ¼ −κpβ

6

�
Mx4R

ffiffiffiffiffiffi
Nf

3
p

g2sκW logðrhÞðκακσÞ5=2ðlogðNÞ − 9 logðrhÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrhÞ6

p
r5=2h κ5σ

�
;

pβ
7ðrhÞ ¼ −κpβ

7

�
M

ffiffiffiffiffiffi
Nf

3
p

r25=2h κZ logðrhÞðκακσÞ5=2ðlogðNÞ − 9 logðrhÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrhÞ6

p
g3sκ10σ

�
;

pβ
8ðrhÞ ¼ κpβ

8

�
Mx4R

ffiffiffiffiffiffi
Nf

3
p

g3sκW logðrhÞðκακσÞ5=2ðlogðNÞ − 9 logðrhÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrhÞ6

p
r9=2h κ4σ

�
;

pβ
9ðrhÞ ¼ κpβ

9

�
M

ffiffiffiffiffiffi
Nf

3
p

g3sκZ logðrhÞðκακσÞ5=2ðlogðNÞ − 9 logðrhÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrhÞ6

p
r9=2h κ4σ

�
;

F β ¼ −κF β

�
M

ffiffiffiffiffiffi
Nf

3
p

g2sκ
5=2
α logðrhÞðlogðNÞ − 9 logðrhÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrhÞ6

p ðx4RκW þ 2κZÞ
r5=2h κ5=2σ

�
; ðB10Þ

where κp1
; κpβ

i¼1;…;9
and κF β are the numerical factors. From Eq. (76) and using Eqs. (B8) and (B9), the EOM

corresponding to the embedding tðrÞ, given by
dð δL

δt0ðrÞÞ
dr ¼ d2ð δL

δt00ðrÞÞ
dr2 turns out to be

β

�
−

N3=10pβ
8ðrhÞ

2ðr − rhÞ3=2t0ðrÞ3
−

N3=10pβ
9ðrhÞ

2ðr − rhÞ3=2t0ðrÞ3
−
3N3=10t00ðrÞpβ

8ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p
t0ðrÞ4 −

3N3=10t00ðrÞpβ
9ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p

t0ðrÞ4
�

þ N3=10ðr − rhÞ5=2p1ðrhÞt00ðrÞ þ
5

2
N3=10ðr − rhÞ3=2p1ðrhÞt0ðrÞ

¼ −
βM

ffiffiffiffiffiffi
Nf

3
p

g2s
ffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p
κ5=2α logðrhÞðlogðNÞ − 9 logðrhÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logðNÞ − 3 logðrhÞ6

p ðx4RκW þ 2κZÞ
4N7=10r5=2h κ5=2σ t0ðrÞ3

× ð8ðr − rhÞ2t00ðrÞ2 − 4ðr − rhÞt0ðrÞððr − rhÞtð3ÞðrÞ þ 5t00ðrÞÞ þ 15t0ðrÞ2Þ: ðB11Þ

APPENDIX C: ISLAND SURFACE MISCELLANIA

In this appendix we are listing the various functions appearing in the entanglement entropy of the island surface atOðβÞ.
We have also computed the derivatives of the Lagrangian of the island surface here which have been used in obtaining the
equation of motion of the embedding function of the island surface.

(i) λ3;4ðrÞ appearing in the Wald entanglement entropy term (102) of the island surface are given below:

λ3ðrÞ ¼ κλ3
M7N7=10N7=3

f g7sr14h logðNÞlog7ðrÞð5 logðNÞ − 12 logðrÞÞ3
r16α3θ1α

2
θ2
ðlogðNÞ − 3 logðrÞÞ14=3

∼
M7

ffiffiffiffi
N20

p
logð2Þðlogð64Þ − 1ÞN7=3

f g31=4s r14h κλ3 logðNÞlog7ðrÞð5 logðNÞ − 12 logðrÞÞ3
r16ðlogðNÞ − 3 logðrÞÞ14=3 ;

λ4ðrÞ ¼ κλ4
M3N7=10

ffiffiffiffiffiffi
Nf

3
p

g3sr14h logðNÞlog3ðrÞð5 logðNÞ − 12 logðrÞÞ
r16α3θ1α

2
θ2
ðlogðNÞ − 3 logðrÞÞ8=3

∼
M3

ffiffiffiffi
N20

p
logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g15=4s r14h κλ4 logðNÞlog3ðrÞð5 logðNÞ − 12 logðrÞÞ
r16ðlogðNÞ − 3 logðrÞÞ8=3 ; ðC1Þ

where κλ3 and κλ4 are the numerical factors.
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(ii) In the anomaly term (103) following are the r dependent functions:

Z1ðrÞ ¼ κZ1

MN37=10g35=6s r2h logðNÞ logðrÞ
r16α3θ1α

2
θ2
N4=3

f ðlogðNÞ − 3 logðrÞÞ7=3

∼
MN61=20 logð2Þðlogð64Þ − 1Þg79=12s r2h logðNÞ logðrÞκZ1

r16N4=3
f ðlogðNÞ − 3 logðrÞÞ7=3

;

W1ðrÞ ¼ κW1

MN37=10g35=6s logðNÞ logðrÞ
r8α3θ1α

2
θ2
N4=3

f r6hðlogðNÞ − 3 logðrÞÞ7=3

∼
MN61=20 logð2Þðlogð64Þ − 1Þg79=12s κW1

logðNÞ logðrÞ
r8N4=3

f r6hðlogðNÞ − 3 logðrÞÞ7=3
;

U1ðrÞ ¼ κU1

M2NNfg3sr12h log2 ðNÞlog3ðrÞðlogðNÞ − 17 logðrÞÞðlogðNÞ − 9 logðrÞÞ
r15αθ1α

6
θ2
ðlogðNÞ − 3 logðrÞÞ4 ;

∼
M2Nfg

15=4
s r12h κU1

log2 ðNÞlog3ðrÞðlogðNÞ − 17 logðrÞÞðlogðNÞ − 9 logðrÞÞffiffiffiffi
N4

p
r15ðlogðNÞ − 3 logðrÞÞ4 ;

V1ðrÞ ¼ −κV1

M2NNfg3sr8hlog
5ðNÞlog3ðrÞðlogðNÞ − 6 logðrÞÞ

r11αθ1α
6
θ2
ðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ3

∼ −
M2Nfg

15=4
s r8hκV1

log5ðNÞlog3ðrÞðlogðNÞ − 6 logðrÞÞffiffiffiffi
N4

p
r11ðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ3 ; ðC2Þ

where κZ1
; κW1

; κU1
and κV1

are the numerical prefactors which also includes
�

8
qαþ1

�
.

(iii) Using Eqs. (99), (102)–(105) we obtain:

δLIS
Total

δxðrÞ ¼ β

�
N3=10fβ1ðrhÞxðrÞffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p þ

�
fβ2ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p þ fβ3ðrhÞ
N1=4 ffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p

�
xðrÞ
x0ðrÞ2 þ

N3=10fβ4ðrhÞxðrÞ3ffiffiffiffiffiffiffiffiffiffiffiffi
r − rh

p
x0ðrÞ2 þ N13=10xðrÞY1ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p

�
þ N13=10f1ðrhÞxðrÞffiffiffiffiffiffiffiffiffiffiffiffi

r − rh
p ; ðC3Þ

δLIS
Total

δx0ðrÞ ¼ β

�
Fβ
1ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
xðrÞ2x0ðrÞ

N7=10 þFβ
10ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
xðrÞ4

N7=10x0ðrÞ þFβ
11ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
N7=10x0ðrÞ þN3=10Fβ

12ðrhÞxðrÞ4ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
x0ðrÞ3

þ N3=10Fβ
13ðrhÞffiffiffiffiffiffiffiffiffiffiffiffi

r− rh
p

x0ðrÞ3 þ
Fβ
2ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
xðrÞ2

Nx0ðrÞ þFβ
3ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
xðrÞ2

N5=4x0ðrÞ þ Fβ
4ðrhÞxðrÞ2ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
x0ðrÞ3 þ

Fβ
5ðrhÞxðrÞ2

N1=4 ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
x0ðrÞ3

þFβ
6ðrhÞðr− rhÞ3=2xðrÞ4ð2x0ðrÞ þ rx00ðrÞÞ

N7=10x0ðrÞ2 þFβ
7ðrhÞðr− rhÞ3=2ð2x0ðrÞ þ rx00ðrÞÞ

N7=10x0ðrÞ2

þFβ
8ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
xðrÞ4

N7=10x0ðrÞ þFβ
9ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
N7=10x0ðrÞ þN3=10xðrÞ2Y3ðrhÞx0ðrÞ

�
þN3=10F1ðrhÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
r− rh

p
xðrÞ2x0ðrÞ;

ðC4Þ

and,

δLIS
Total

δx00ðrÞ ¼ β

�
F β

1ðrhÞðr − rhÞ3=2
N7=10 þ F β

2ðrhÞðr − rhÞ3=2
N7=10

�
; ðC5Þ

where we have defined F1ðrhÞ; Fβ
i¼1;…;13ðrhÞ; f1ðrhÞ; fβi¼1;…;4ðrhÞ, and Yi¼1;3ðrhÞ for the island surface as:

GOPAL YADAV and AALOK MISRA PHYS. REV. D 107, 106015 (2023)

106015-38



F1ðrhÞ¼
κF1

M logð2Þðlogð64Þ−1ÞN5=3
f g7=3s

ffiffiffiffiffi
rh

p
κακλ5 logðNÞ logðrhÞðlogðNÞ−3 logðrhÞÞ2=3ffiffiffiffiffiffiffiffiffi
κακσ

p ;

Fβ
1ðrhÞ¼

κFβ
1
M3 logð2Þðlogð64Þ−1ÞN2=3

f g17=6s
ffiffiffiffiffi
rh

p
κα logðNÞlog3ðrhÞð5 logðNÞ−12logðrhÞÞffiffiffiffiffiffiffiffiffi

κακσ
p ðlogðNÞ−3 logðrhÞÞ13=3

×ð81ð16þ
ffiffiffi
2

p
ÞM4N2

fg
4
sκλ3 log

4 ðrhÞð5 logðNÞ−12 logðrhÞÞ2þ4096ð4þ
ffiffiffi
2

p
Þπ4κλ4ðlogðNÞ−3 logðrhÞÞ2Þ;

Fβ
2ðrhÞ¼−

κFβ
2
M2g3=2s κακU1

log2 ðNÞlog3ðrÞðlogðNÞ−17 logðrhÞÞðlogðNÞ−9 logðrhÞÞðNfgsðlogðNÞ−3logðrhÞÞÞ4=3ffiffiffiffiffi
rh

p ffiffiffiffiffiffiffiffiffi
κακσ

p ðlogðNÞ−3 logðrhÞÞ5
;

Fβ
3ðrhÞ¼

κFβ
3
M4N7=3

f g79=12s κα log4 ðNÞlog6ðrhÞ
r7=2h

ffiffiffiffiffiffiffiffiffi
κακσ

p ðlogðNÞ−9logðrhÞÞ6ðlogðNÞ−3 logðrhÞÞ23=3
×ððκV1

log3ðNÞð−9logðNÞ logðrhÞþ18 log2 ðrhÞþ log2 ðNÞÞ
−6κU1

ðlogðNÞ−17 logðrhÞÞðlogðNÞ−9 logðrhÞÞ4Þ2Þ;

Fβ
4ðrhÞ¼

κFβ
4
M2N4=3

f g23=6s κU1
log2 ðNÞlog3ðrhÞ ffiffiffiffiffiffiffiffiffi

κακσ
p ðlogðNÞ−17logðrhÞÞðlogðNÞ−9 logðrhÞÞ

r7=2h ðlogðNÞ−3logðrhÞÞ11=3
;

Fβ
5ðrhÞ¼−

κFβ
5

M4g21=4s log4 ðNÞ ffiffiffiffiffiffiffiffiffi
κακσ

p ðNfgsðlogðNÞ−3logðrhÞÞÞ7=3

r13=2h ðlogðNÞ−9 logðrhÞÞ6ðlogðNÞ−3 logðrhÞÞ10
×ðκV1

log3ðNÞlog3ðrhÞð−9 logðNÞlogðrhÞþ18log2 ðrhÞþ log2 ðNÞÞ
−6κU1

log3ðrÞðlogðNÞ−17logðrhÞÞðlogðNÞ−9 logðrhÞÞ4Þ2;

Fβ
6ðrhÞ¼−

κFβ
6

M
ffiffiffiffiffiffi
Nf

3
p

g2sκW1
logðNÞ logðrhÞðκακσÞ5=2

r5=2h κ5σðlogðNÞ−3 logðrhÞÞ2=3
;

Fβ
7ðrhÞ¼−

κFβ
7
M logð2Þðlogð64Þ−1Þ ffiffiffiffiffiffi

Nf
3
p

g2sκZ1
logðNÞ logðrhÞðκακσÞ5=2

r5=2h κ5σðlogðNÞ−3 logðrhÞÞ2=3
;

Fβ
8ðrhÞ¼

κFβ
8

M logð2Þðlogð64Þ−1Þ ffiffiffiffiffiffi
Nf

3
p

g2sκW1
logðNÞ logðrhÞðκακσÞ5=2

r3=2h κ5σðlogðNÞ−3 logðrhÞÞ2=3
;

Fβ
9ðrhÞ¼

κFβ
9

M logð2Þðlogð64Þ−1Þ ffiffiffiffiffiffi
Nf

3
p

g2sκZ1
logðNÞ logðrhÞðκακσÞ5=2

r3=2h κ5σðlogðNÞ−3 logðrhÞÞ2=3
;

Fβ
10ðrhÞ ¼ −

κFβ
10
M logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g2sκW1
logðNÞ logðrhÞðκακσÞ5=2

r3=2h κ5σðlogðNÞ − 3 logðrhÞÞ2=3
;

Fβ
11ðrhÞ ¼ −

κFβ
11
M logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g2sκZ1
logðNÞ logðrhÞðκακσÞ5=2

r3=2h κ5σðlogðNÞ − 3 logðrhÞÞ2=3
;

Fβ
12ðrhÞ ¼ −

κFβ
12
M logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g3sκW1
logðNÞ logðrhÞðκακσÞ5=2

r9=2h κ4σðlogðNÞ − 3 logðrhÞÞ2=3
;

Fβ
13ðrhÞ ¼ −

κFβ
13
M logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g3sκZ1
logðNÞ logðrhÞðκακσÞ5=2

r9=2h κ4σðlogðNÞ − 3 logðrhÞÞ2=3
;
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f1ðrhÞ ¼
κf1M logð2Þðlogð64Þ − 1ÞN5=3

f g10=3s κλ5 logðNÞ logðrhÞ ffiffiffiffiffiffiffiffiffi
κακσ

p ðlogðNÞ − 3 logðrhÞÞ2=3
r5=2h

;

fβ1ðrhÞ ¼
κfβ

1

M3N2=3
f g23=6s logðNÞ log3ðrhÞ ffiffiffiffiffiffiffiffiffi

κακσ
p ð5 logðNÞ − 12 logðrhÞÞ

r5=2h ðlogðNÞ − 3 logðrhÞÞ13=3

×
�
M3 logð2Þðlogð64Þ − 1ÞN2=3

f g23=6s logðNÞlog3ðrhÞ ffiffiffiffiffiffiffiffiffi
κακσ

p ð5 logðNÞ − 12 logðrhÞÞ
1572864

ffiffiffi
23

p
35=6π77=12r5=2h ðlogðNÞ − 3 logðrhÞÞ13=3

�
;

fβ2ðrhÞ ¼ −
κfβ

2
M2N4=3

f g23=6s κU1
log2 ðNÞlog3ðrhÞ ffiffiffiffiffiffiffiffiffi

κακσ
p ðlogðNÞ − 17 logðrhÞÞðlogðNÞ − 9 logðrhÞÞ

r7=2h ðlogðNÞ − 3 logðrhÞÞ11=3
;

fβ3ðrhÞ ¼
κfβ

3
M4g21=4s log4 ðNÞ ffiffiffiffiffiffiffiffiffi

κακσ
p ðNfgsðlogðNÞ − 3 logðrhÞÞÞ7=3

r13=2h ðlogðNÞ − 9 logðrhÞÞ6ðlogðNÞ − 3 logðrhÞÞ10
× ðκV1

log3ðNÞ log3ðrhÞð−9 logðNÞ logðrhÞ þ 18 log2 ðrhÞ þ log2 ðNÞÞ
− 6κU1

log3ðrÞðlogðNÞ − 17 logðrhÞÞðlogðNÞ − 9 logðrhÞÞ4Þ2;

fβ4ðrhÞ ¼
κfβ

4
M logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g3sκW1
logðNÞ logðrhÞðκακσÞ5=2

r9=2h κ4σðlogðNÞ − 3 logðrhÞÞ2=3
; ðC6Þ

F β
1ðrhÞ ¼ −

κF β
1
M logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g2sκ
5=2
α κW1

logðNÞ logðrhÞ
r3=2h κ5=2σ ðlogðNÞ − 3 logðrhÞÞ2=3

;

F β
2ðrhÞ ¼ −

κF β
1
M logð2Þðlogð64Þ − 1Þ ffiffiffiffiffiffi

Nf
3
p

g2sκ
5=2
α κZ1

logðNÞ logðrhÞ
r3=2h κ5=2σ ðlogðNÞ − 3 logðrhÞÞ2=3

; ðC7Þ

and,

Y1ðrhÞ ¼
κY1

Cθ1xMN5=3
f g10=3s log2 ðrhÞ ffiffiffiffiffiffiffiffiffi

κακσ
p ðlogðNÞ − 3 logðrhÞÞ2=3
r3=2h

;

Y3ðrhÞ ¼
κY3

Cθ1xMN5=3
f g7=3s r3=2h κα log2 ðrhÞðlogðNÞ − 3 logðrhÞÞ2=3ffiffiffiffiffiffiffiffiffi

κακσ
p ; ðC8Þ

where κF1
; κFβ

i¼1;…;13
; κf1 ; κfβi¼1;…;4

; κF β
1;2
; κY1;3

are numerical factors and Cθ1x is the constant of integration appearing in

the solution to Oðl6pÞ correction to the metric component along the toroidal analog T2ðθ1; xÞ of the vanishing two-
cycle S2ðθ1;ϕ1Þ.

APPENDIX D: POSSIBLE TERMS APPEARING IN HOLOGRAPHIC ENTANGLEMENT ENTROPIES

In this appendix we have listed all the possible terms that we obtain from differentiating Lagrangian of the M-theory dual
inclusive of OðR4Þ corrections. In appendix D 1, we have listed all the terms for Hartman-Maldacena-like surface and in
appendix D 2 we have listed all the possible terms for the island surface.

1. Hartman-Maldacena-like surface

Square root of the determinant of the induced metric (35) for the Hartman-Maldacena-like surface scale as N7=10 and is
given below:
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ffiffiffiffiffiffi
−g

p
∼

0B@MN7=10 ffiffiffiffi
gs

p ðNfðlogðNÞ − 3 logðrÞÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ −

�
1 − r4h

r4

�
t0ðrÞ2Þ

r
α3θ1α

2
θ2

ðNfgsðr2ðlogðNÞð2 logðrÞ þ 1Þ

þ 3ð1 − 6 logðrÞÞ logðrÞÞ − r2hðlogðNÞð2 logðrÞ þ 1Þ − 18ð6rþ 1Þ log2 ðrÞÞÞ þ 8πðr2h − r2Þ logðrÞÞ

1CA: ðD1Þ

There are four terms that we obtain from ∂J0
∂Rtxtx

:

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
ðGxxÞ2ðGttÞ2

�
RPxtQþ

1

2
RPQtx

�
Rt

RSPRQ
RSx

�
∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
r8hð−9 log2 ðNÞðlogðNÞ−6 logðrÞÞ2−13ðlogðNÞ−3 logðrÞÞ4−21ðlogðNÞ−3 logðrÞÞ2Þffiffiffiffi

N
p

r12N10=3
f

ffiffiffiffi
gs

p ðlogðNÞ−3 logðrÞÞ22=3
�
;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
RHxtKRH

RStRx
RSKþ

1

2
RHKtxRH

RStRQ
RSK

�
∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
1ffiffiffiffi

N
p

r12N22=3
f

ffiffiffiffi
gs

p
r8hðlogðNÞ−3 logðrÞÞ22=3

�
;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
ðGxxÞ2Gtt

�
RPxtQþ

1

2
RPQtx

�
Rt

RSPRQ
RSx

�
∼
Z

dV9

�
λ1ðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞ

�
σðrÞ−

�
1−

r4h
r4

�
t0ðrÞ2

�s �
;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
Gtt

�
RHMNxRPMNtþ

1

2
RHxMNRPtMN

�
RH

xtP

�
∼
Z

dV9

�
λ2ðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞ

�
σðrÞ−

�
1−

r4h
r4

�
t0ðrÞ2

�s �
: ðD2Þ

From Eq. (B2) it is clear that (iii) and (iv) terms scale as N7=10 whereas from Eqs. (D1) and (D2) we can see that (i) and
(ii) terms scale as N1=5. Therefore (iii) and (iv) terms are the most dominant terms in the large-N limit.
We obtain thirteen terms from ∂

2J0
∂Rxixj∂Rxmxl

KtijKtml which are listed below:

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞδimRr
TSxRj

TSlKtijKtml∼
Z

dV9

ffiffiffiffiffiffi
−g

p
 
−
M2NNfg3s log3ðrÞð23 logðNÞ−72 logðrÞÞ2ð29 logðNÞ−72 logðrÞÞð2 logðNÞ−3 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ− t0ðrÞ2Þ

p
r4αθ1α

6
θ2
ðlogðNÞ−9 logðrÞÞ3ðlogðNÞ−3 logðrÞÞ6t0ðrÞ2

!
;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ3ðGiiÞðGjjÞðGmmÞðGllÞRjmxQRQ
ixlKtijKtml∼0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGmmÞðGjlÞRr

TSxRi
TSxKtijKtml∼0;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGiiÞðGjlÞRr

TSxRm
TSiKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p
 
M3N13=10αθ1N

2
fg

9=2
s log3ðNÞðlogðNÞ−23 logðrÞÞ3ðlogðNÞþ18 log2 ðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ− t0ðrÞ2Þ

p
r4α10θ2 log

2 ðrÞðlogðNÞ−9 logðrÞÞ3ðlogðNÞ−3 logðrÞÞ5t0ðrÞ2
!
;
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ðvÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGiiÞðGllÞðGmmÞðGjjÞRjQxlRQ

ixmKtijKtml ∼
Z

dV9

�
ZðrÞ
2

L1

�
;

ðviÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGjmÞðGllÞRPxxlRx

ixPKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
M2NNfg3s log6ðNÞðlogðNÞ − 51 logðrÞÞðlogðNÞ − 23 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞð1 − σðrÞr0ðtÞ2Þ

p
r4αθ1α

6
θ2
log3ðrÞðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ5t0ðrÞ2

�
;

ðviiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGimÞðGllÞRxMNjRlMNxKtijKtml ∼ 0;

ðviiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGjjÞðGimÞRxMNlRjMNxKtijKtml ∼ 0;

ðixÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ
mxjRlixQKtijKtml ∼ 0;

ðxÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGimÞðGllÞRxjMNRlxMNKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
MN7=10r2N8=3

f g3=2s logðrÞðlogðNÞ − 9 logðrÞÞðlogðNÞ − 3 logðrÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
α3θ1α

2
θ2
t0ðrÞ2

× ð76800G1ðrÞ −
29

ffiffiffi
63

p
M4g4s log2 ðNÞ log2 ðrÞðlogðNÞ − 12 logðrÞÞ2ðlogðNÞ − 6 logðrÞÞ2
π4=3r4αðrÞ2N2=3

f ðlogðNÞ − 3 logðrÞÞ20=3ðσðrÞ − t0ðrÞ2Þ2

× ðσðrÞα0ðrÞ − α0ðrÞt0ðrÞ2 þ αðrÞðσ0ðrÞ − 2t0ðrÞt00ðrÞÞÞ2Þ
�
;

ðxiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGimÞðGjjÞRxlMNRjxMNKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
MN7=10r2N8=3

f g3=2s logðrÞðlogðNÞ − 9 logðrÞÞð2 logðNÞ − logðrÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
129600

ffiffiffi
2

p
35=6π19=6α3θ1α

2
θ2
t0ðrÞ2

×

�
450G2ðrÞ −

87
ffiffiffi
33

p
M4g4s log2 ðNÞ log2 ðrÞðlogðNÞ − 12 logðrÞÞ2ðlogðNÞ − 6 logðrÞÞ2ðlogðNÞ − 3 logðrÞÞ2

× ðσðrÞα0ðrÞ − α0ðrÞt0ðrÞ2 þ αðrÞðσ0ðrÞ − 2t0ðrÞt00ðrÞÞÞ2π4=3r4αðrÞ2N2=3
f ð2 logðNÞ − logðrÞÞ26=3ðσðrÞ − t0ðrÞ2Þ2

��
;

ðxiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ

mxiRlQxjKtijKtml ∼
Z

dV9

�
ZðrÞ
2

L1

�
;

ðxiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGjjÞðGilÞRx

mxPRPxxjKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p
 
−
M2NNfg3s log5ðNÞð5 logðNÞ − 211 logðrÞÞðlogðNÞ − 23 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
r4αθ1α

6
θ2
logðrÞðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ5t0ðrÞ2

!
; ðD3Þ

where G1ðrÞ and G2ðrÞ are N independent functions. Out of all the terms listed above (v) and (xii) terms are the most
dominant in the large N limit.
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Similarly find that there are thirteen terms arising from ∂
2J0

∂Rtitj∂Rtmtl
KtijKtml which are listed below:

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ2ðGmmÞðGllÞδimRt
TStRj

TSlKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p
 
−
M2NNfg3s log5ðNÞð23 logðNÞ − 72 logðrÞÞ2ðlogðNÞ − 27 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
r4αθ1α

6
θ2
ðlogðNÞ − 9 logðrÞÞ4ðlogðNÞ − 3 logðrÞÞ6t0ðrÞ2

!
;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ3ðGiiÞðGjjÞðGmmÞðGllÞRjmtQRQ
itlKtijKtml ∼ 0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGmmÞðGjlÞRt

TStRi
TStKtijKtml ∼ 0;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGiiÞðGjlÞRt

TStRm
TSiKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p
 
M3N13=10αθ1N

2
fg

9=2
s log3ðNÞðlogðNÞ − 23 logðrÞÞ3ðlogðNÞ þ 18 log2 ðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
1728

ffiffiffi
6

p
π7=2r4α10θ2 log

2 ðrÞðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ5t0ðrÞ2

!
;

ðvÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGiiÞðGllÞðGmmÞðGjjÞRjQtlRQ

itmKtijKtml ∼
Z

dV9

�
WðrÞ
2

L2

�
; ðD4Þ

ðviÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGjmÞðGllÞRPttlRt

itPKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p
 
M2NNfg3s log5ðNÞð5 logðNÞ − 211 logðrÞÞðlogðNÞ − 23 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
r4αθ1α

6
θ2
logðrÞðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ5t0ðrÞ2

!
;

ðviiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ2ðGimÞðGllÞRtMNjRlMNtKtijKtml ∼ 0;

ðviiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ2ðGjjÞðGimÞRtMNlRjMNtKtijKtml ∼ 0;

ðixÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ
mtjRlitQKtijKtml ∼ 0;

ðxÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGimÞðGllÞRtjMNRltMNKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
M5N7=10N2

fg
11=2
s G3ðrÞlog3ðNÞlog3ðrÞðlogðNÞ − 24 logðrÞÞðlogðNÞ − 9 logðrÞÞðlogðNÞ − 6 logðrÞÞ2

r2α3θ1α
2
θ2
αðrÞ2ðlogðNÞ − 3 logðrÞÞ5

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
ðσðrÞα0ðrÞ − α0ðrÞt0ðrÞ2 þ αðrÞðσ0ðrÞ − 2t0ðrÞt00ðrÞÞÞ2

t0ðrÞ4ðσðrÞ − t0ðrÞ2Þ2
�
;

ðxiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGimÞðGjjÞRtlMNRjtMNKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
MN7=10r2N8=3

f g3=2s logðrÞðlogðNÞ − 9 logðrÞÞð2 logðNÞ − logðrÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
α3θ1α

2
θ2
t0ðrÞ2

×

�
G4ðrÞ −

52
ffiffiffi
63

p
M4g4s log2 ðrÞðlogðNÞ − 12 logðrÞÞ2ðσðrÞα0ðrÞ − α0ðrÞt0ðrÞ2 þ αðrÞðσ0ðrÞ − 2t0ðrÞt00ðrÞÞÞ2

π4=3r4αðrÞ2N2=3
f ðlogðNÞ − 3 logðrÞÞ8=3ðσðrÞ − t0ðrÞ2Þ2

��
;
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ðxiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ

mtiRlQtjKtijKtml ∼
Z

dV9

�
WðrÞ
2

L2

�
;

ðxiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGjjÞðGilÞRt

mtPRPttjKtijKtml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p
 
−
M2NNfg3s log6ðNÞðlogðNÞ − 51 logðrÞÞðlogðNÞ − 23 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ − t0ðrÞ2Þ

p
r4αθ1α

6
θ2
log3ðrÞðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ5t0ðrÞ2

!
; ðD5Þ

where G3ðrÞ and G4ðrÞ are N independent functions. Out of all the thirteen terms listed above (v) and (xii) terms are the
most dominant terms in the large-N limit.
We find that at OðR4Þ, there are six terms coming from ∂

2J0
∂Rtitj∂Rxmxl

KtijKtml and listed below:

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞδimδtPδtRδjQRx
TSPRQ

TSlKtijKtml ∼
Z

dV9ðUðrÞL3Þ;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGiiÞðGjjÞðGmmÞðGllÞðGttÞδtxRjmxQRQ
itlKtijKtml ∼ 0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞðGttÞδiTδtSδjlRPmxtRx
TSPKtijKtml ∼ 0;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGmmÞðGllÞðGttÞδiTδtSδjmRPtxlRx

TSPKtijKtml ∼ 0;

ðvÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞðGttÞ2ðGiiÞðGjlÞRmxP
t RPitxKtijKtml ∼ 0;

ðviÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGxxÞðGjjÞðGiKÞδlKRmxP

t RPxtjKtijKtml ∼ 0: ðD6Þ

From the above terms we can see that it is the only first term which is nonzero. Therefore only this term will contribute to the
Lagrangian.
Similarly we found that at OðR4Þ, there are four terms coming from ∂

2J0
∂Rtixj∂Rxmtl

KtijKtml which are listed below:

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞδimRx
TSxRj

TSlKtijKtml ∼
Z

dV9ðUðrÞL4Þ;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ3ðGiiÞðGjjÞðGllÞðGmmÞRjmxQRQ
ixlKtijKtml ∼ 0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞðGttÞ2ðGjmÞðGllÞRx

ixPRPttlKtijKtml ∼
Z

dV9ðVðrÞL4Þ;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGttÞðGjjÞðGilÞRt

mtPRPxxjKtijKtml ∼
Z

dV9ðVðrÞL4Þ: ðD7Þ

From Eq. (B7) it is clear that all the three nonzero terms scale as N. Therefore we will keep all nonzero terms in the
Lagrangian.

2. Island surface

Square root of minus of determinant of the induced metric (53) for the island surface scale as N7=10 is given below:

ffiffiffiffiffiffi
−g

p ¼ MN7=10 ffiffiffiffi
gs

p ðNfðlogðNÞ − 3 logðrÞÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
144 65=6π19=6α3θ1α

2
θ2

ð18Nfgs log2 ðrÞðr2 − 3b2ð6rþ 1Þr2hÞ

þ logðrÞð8πðr2 − 3b2r2hÞ − 3r2NfgsÞ − Nfgs logðNÞð2 logðrÞ þ 1Þðr2 − 3b2r2hÞÞ: ðD8Þ

Similar to Hartman-Maldacena-like surface, there are four terms that we obtain from ∂J0
∂Rtxtx

:
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ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
ðGxxÞ2ðGttÞ2

�
RPxtQ þ 1

2
RPQtx

�
Rt

RSPRQ
RSx

�
∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
r8hð13ðlogðNÞ − 3 logðrÞÞ4 þ 21ðlogðNÞ − 3 logðrÞÞ2 þ 9 logðrÞð6 logðNÞ − 9 logðrÞÞ2Þffiffiffiffi

N
p

r12N10=3
f

ffiffiffiffi
gs

p ðlogðNÞ − 3 logðrÞÞ22=3
�
;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
RHxtKRH

RStRx
RSK þ 1

2
RHKtxRH

RStRQ
RSK

�
∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
r8hð−2gs log2 ðNÞðlogðNÞ − 12 logðrÞÞ2 − 5ðlogðNÞ − 9 logðrÞÞ2ðlogðNÞ − 3 logðrÞÞ2Þffiffiffiffi

N
p

r12N10=3
f

ffiffiffiffi
gs

p ðlogðNÞ − 9 logðrÞÞ2ðlogðNÞ − 3 logðrÞÞ16=3
�
;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
ðGxxÞ2Gtt

�
RPxtQ þ 1

2
RPQtx

�
Rt

RSPRQ
RSx

�
∼
Z

dV9ðλ3ðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

q
Þ;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p �
Gtt

�
RHMNxRPMNt þ

1

2
RHxMNRPtMN

�
RH

xtP

�
∼
Z

dV9ðλ4ðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

q
Þ: ðD9Þ

We find that (iii) and (iv) terms are the most dominant terms in the large N limit. There are thirteen terms that obtain from
∂
2J0

∂Rxixj∂Rxmxl
KxijKxml which are listed below:

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞδimRr
TSxRj

TSlKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−

M2NNfg3s log2 ðrÞð23 logðNÞ − 72 logðrÞÞ3
r4αθ1α

6
θ2
ðlogðNÞ − 9 logðrÞÞ2ðlogðNÞ − 3 logðrÞÞ6x0ðrÞ2

�
;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ3ðGiiÞðGjjÞðGmmÞðGllÞRjmxQRQ
ixlKxijKxml ∼ 0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGmmÞðGjlÞRr

TSxRi
TSxKxijKxml ∼ 0;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p Þ 1
2
ðGxxÞ2ðGiiÞðGjlÞRr

TSxRm
TSiKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
M3N13=10αθ1N

5
fg

15=2
s logðrÞð23 logðNÞ − 72 logðrÞÞ3ðlogðNÞ þ 18 log2 ðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
r4α10θ2 ðlogðNÞ − 3 logðrÞÞ5x0ðrÞ2ð4π − NfgsðlogðNÞ − 9 logðrÞÞÞ3

�
;

ðvÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGiiÞðGllÞðGmmÞðGjjÞRjQxlRQ

ixmKxijKxml ∼
Z

dV9

�
Z1ðrÞ
2

L1

�
;

ðviÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGjmÞðGllÞRPxxlRx

ixPKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
M2NNfg3s log3ðNÞð5 logðNÞ − 196 logðrÞÞð23 logðNÞ − 72 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
r4αθ1α

6
θ2
ðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ4x0ðrÞ2

�
;
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ðviiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGimÞðGllÞRxMNjRlMNxKxijKxml ∼ 0;

ðviiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGjjÞðGimÞRxMNlRjMNxKxijKxml ∼ 0;

ðixÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ
mxjRlixQKxijKxml ∼ 0;

ðxÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGimÞðGllÞRxjMNRlxMNKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
MN7=10r2N8=3

f g3=2s logðrÞðlogðNÞ − 9 logðrÞÞðlogðNÞ − 3 logðrÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
α3θ1α

2
θ2
x0ðrÞ2

×

�
M4g4s log2 ðrÞðlogðNÞ − 12 logðrÞÞ2ðσðrÞα0ðrÞ þ α0ðrÞx0ðrÞ2 þ αðrÞðσ0ðrÞ þ 2x0ðrÞx00ðrÞÞÞ2

64 62=3π4=3r4αðrÞ2N2=3
f ðlogðNÞ − 3 logðrÞÞ8=3ðσðrÞ þ x0ðrÞ2Þ2

− 200G5ðrÞ
��

;

ðxiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGimÞðGjjÞRxlMNRjxMNKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
MN7=10r2N8=3

f g3=2s logðrÞðlogðNÞ − 9 logðrÞÞðlogðNÞ − 3 logðrÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
14400 65=6π19=6α3θ1α

2
θ2
x0ðrÞ2

×

�
29M4g4s log2 ðrÞðlogðNÞ − 12 logðrÞÞ2ðσðrÞα0ðrÞ þ α0ðrÞx0ðrÞ2 þ αðrÞðσ0ðrÞ þ 2x0ðrÞx00ðrÞÞÞ2

64 62=3π4=3r4αðrÞ2N2=3
f ðlogðNÞ − 3 logðrÞÞ8=3ðσðrÞ þ x0ðrÞ2Þ2

− 200G6ðrÞ
��

;

ðxiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ

mxiRlQxjKxijKxml ∼
Z

dV9

�
Z1ðrÞ
2

L1

�
;

ðxiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ3ðGjjÞðGilÞRx

mxPRPxxjKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
M2NNfg3s log3ðNÞð5 logðNÞ − 196 logðrÞÞð23 logðNÞ − 72 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
r4αθ1α

6
θ2
ðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ4x0ðrÞ2

�
; ðD10Þ

where G5ðrÞ and G6ðrÞ are N independent functions. We find that (v) and (xii) terms are the most dominant terms in the

large N limit. There are thirteen terms that are obtained from ∂
2J0

∂Rtitj∂Rtmtl
KxijKxml:

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ2ðGmmÞðGllÞδimRt
TStRj

TSlKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
M2NNfg3s log4 ðNÞ log2 ðrÞð23 logðNÞ − 72 logðrÞÞ2ðlogðNÞ − 27 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
r4αθ1α

6
θ2
ðlogðNÞ − 9 logðrÞÞ4ðlogðNÞ − 3 logðrÞÞ6x0ðrÞ2

�
;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ3ðGiiÞðGjjÞðGmmÞðGllÞRjmtQRQ
itlKxijKxml ∼ 0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGmmÞðGjlÞRt

TStRi
TStKxijKxml ∼ 0;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGiiÞðGjlÞRt

TStRm
TSiKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
−
M3N13=10αθ1N

2
fg

9=2
s logðrÞð23 logðNÞ − 72 logðrÞÞ3ðlogðNÞ þ 18 log2 ðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞ þ x0ðrÞ2Þ

p
r4α10θ2 ðlogðNÞ − 9 logðrÞÞ3ðlogðNÞ − 3 logðrÞÞ5x0ðrÞ2

�
;
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ðvÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGiiÞðGllÞðGmmÞðGjjÞRjQtlRQ

itmKxijKxml∼
Z

dV9

�
W1ðrÞ

2
L2

�
;

ðviÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGjmÞðGllÞRPttlRt

itPKxijKxml∼
Z

dV9

ffiffiffiffiffiffi
−g

p

�
M2NNfg3s log3ðNÞð5 logðNÞ−196 logðrÞÞð23logðNÞ−72logðrÞÞðlogðNÞ−3 logðrÞ−1Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞþx0ðrÞ2Þ

p
r4αθ1α

6
θ2
ðlogðNÞ−9 logðrÞÞ3ðlogðNÞ−3 logðrÞÞ6x0ðrÞ2

�
;

ðviiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ2ðGimÞðGllÞRtMNjRlMNtKxijKxml∼0;

ðviiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ2ðGjjÞðGimÞRtMNlRjMNtKxijKxml∼0;

ðixÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGttÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ
mtjRlitQKxijKxml∼0;

ðxÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGimÞðGllÞRtjMNRltMNKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
MN7=10r2N8=3

f g3=2s logðrÞðlogðNÞ−9 logðrÞÞðlogðNÞ−3logðrÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞþx0ðrÞ2Þ

p
α3θ1α

2
θ2
x0ðrÞ2

×

�
13M4g4s log2 ðrÞðlogðNÞ−12logðrÞÞ2ðσðrÞα0ðrÞþα0ðrÞx0ðrÞ2þαðrÞðσ0ðrÞþ2x0ðrÞx00ðrÞÞÞ2

6462=3π4=3r4αðrÞ2ðlogðNÞ−3 logðrÞÞ2ðNfðlogðNÞ−3 logðrÞÞÞ2=3ðσðrÞþx0ðrÞ2Þ2 −25G7ðrÞ
��

;

ðxiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGimÞðGjjÞRtlMNRjtMNKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
MN7=10r2N8=3

f g3=2s logðrÞðlogðNÞ−9 logðrÞÞðlogðNÞ−3logðrÞÞ5=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞþx0ðrÞ2Þ

p
α3θ1α

2
θ2
x0ðrÞ2

×

�
13M4g4s log2 ðrÞðlogðNÞ−12logðrÞÞ2ðσðrÞα0ðrÞþα0ðrÞx0ðrÞ2þαðrÞðσ0ðrÞþ2x0ðrÞx00ðrÞÞÞ2

6462=3π4=3r4αðrÞ2ðlogðNÞ−3 logðrÞÞ2ðNfðlogðNÞ−3 logðrÞÞÞ2=3ðσðrÞþx0ðrÞ2Þ2 −25G8ðrÞ
��

;

ðxiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGiiÞðGjjÞðGllÞðGmmÞRQ

mtiRlQtjKxijKxml∼
Z

dV9

�
W1ðrÞ

2
L2

�
;

ðxiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ3ðGjjÞðGilÞRt

mtPRPttjKxijKxml

∼
Z

dV9

ffiffiffiffiffiffi
−g

p �
M2NNfg3s log3ðNÞð5 logðNÞ−196logðrÞÞð23logðNÞ−72 logðrÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðrÞðσðrÞþx0ðrÞ2Þ

p
r4αθ1α

6
θ2
ðlogðNÞ−9 logðrÞÞ3ðlogðNÞ−3 logðrÞÞ4x0ðrÞ2

�
; ðD11Þ

where G7ðrÞ and G8ðrÞ are N independent functions and (v) and (xii) terms are the most dominant terms in the large-N

limit. Similar to Hartman-Maldacena-like surface, there are six terms that we obtain from ∂
2J0

∂Rtitj∂Rxmxl
KxijKxml and only first

term is nonzero.

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞδimδtPδtRδjQRx
TSPRQ

TSlKxijKxml ∼
Z

dV9ðU1ðrÞL3Þ;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGiiÞðGjjÞðGmmÞðGllÞðGttÞδtxRjmxQRQ
itlKxijKxml ∼ 0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞðGttÞδiTδtSδjlRPmxtRx
TSPKxijKxml ∼ 0;
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ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGmmÞðGllÞðGttÞδiTδtSδjmRPtxlRx

TSPKxijKxml ∼ 0;

ðvÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞðGttÞ2ðGiiÞðGjlÞRmxP
t RPitxKxijKxml ∼ 0;

ðviÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGttÞ2ðGxxÞðGjjÞðGiKÞδlKRmxP

t RPxtjKxijKxml ∼ 0: ðD12Þ

Similar to Hartman-Maldacena-like surface, there are four terms that we obtain from ∂
2J0

∂Rtixj∂Rxmtl
KxijKxml and three terms are

nonzero and they scale as same power of N.

ðiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ2ðGmmÞðGllÞδimRx
TSxRj

TSlKxijKxml ∼
Z

dV9ðU1ðrÞL4Þ;

ðiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p ðGxxÞ3ðGiiÞðGjjÞðGllÞðGmmÞRjmxQRQ
ixlKxijKxml ∼ 0;

ðiiiÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞðGttÞ2ðGjmÞðGllÞRx

ixPRPttlKxijKxml ∼
Z

dV9ðV1ðrÞL4Þ;

ðivÞ
Z

dV9

ffiffiffiffiffiffi
−g

p 1

2
ðGxxÞ2ðGttÞðGjjÞðGilÞRt

mtPRPxxjKxijKxml ∼
Z

dV9ðV1ðrÞL4Þ: ðD13Þ

We have multiplied each term by 8
ðqαþ1Þ.
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